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Uniqueness of Markov-Extremal Polynomials
on Symmetric Convex Bodies

Szilard Révész

Abstract. For a compact seét ¢ RY with nonempty interior, the Markov constants
Mnh(K) can be defined as the maximal possible absolute value attain&dmnthe
gradient vector of an-degree polynomiap with maximum norm 1 orK.

It is known that for convex, symmetric bodi&é,(K) = n?/r (K), wherer (K) is
the “half-width” (i.e., the radius of the maximal inscribed ball) of the b&dywe study
extremal polynomials of this Markov inequality, and show that they are essentially
unique if and only ifK has a certain geometric property, called flatness. For example,
for the unit ballB4(0, 1) we do not have uniqueness, while for the unit cubé,[1]¢
the extremal polynomials are essentially unique.

1.

Denote byK ¢ RY a convex body K is bounded and ik # @), symmetric with
respect to the origin. The Markov constantofis

ligradpliice) . . nd,1}7

Q) Mn(K) := sup{ n
I Pllck)
wheren,f’m denotes the set of polynomials withvariables andn coordinates having
maximal total degree not exceedikgFor polynomials mapping the variable space into
R we user! = %! as well. Note that fop € 7! the derivative or gradient polynomial
gradp = (ap/9X, ..., dp/IXq) lies inn,?;dl and the absolute valygradp] is the usual
Euclidean norm iRY. Also C(K) norm is the usual sup norm. Sinkeis compact, both
C(K) norms in (1) are actually a maximum, and also the sup in the definititvy, 0K )

is attained for som@ € 7 81. We also know the exact value of this constant.

Theorem (Sarantopoulos [4], Baran [1]). Mn(K) = n?/r (K),wherer(K) :=inf{ly| :
y € dK} = sugr : B(0,r) ¢ K} and B0, r) denotes the ball centered at the origin
and having radius r
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Naturally for K being compact the definition @#fK) can be written with min and
max in place of inf and sup. That is, we can always find pantsdK with |a] = r (K).
For any such poira € K° := B(0, r (K)) N dK one can take the following “canonical
extremal polynomial or Chebyshev polynomial

2) g:=gnaX) =Ty < (x, a) ) — T, ((x, a)) ’

r2(K) |a?

whereT, denotes the usual one-dimensional Chebyshev polynomial

(3) Ta(t) = cosnarccog) = 2" [ [t — 2) <21 I=2Zjn = cos<2j2; 1;1)) .

j=1

Plainly, lgllck) = 1 and

o (X, a) . a
(4) gradg(x) = T, (rZ(K)> 2K
hence

_ X 8

[gradg(x)| = 0 T, (r%K))‘
and
_ X&) T n2

) llgradgllics = e - ‘Tn (rZ(K)> o, =T =T

Thusg = gna furnishes an extremal polynomial to the theorem of Sarantopoulos.
Clearly, for geometrically different bodies, the $€? can be small in some cases and
can be large for other cases. For many bo#i€sonsists of onlpand—a, while forK =
B(0, 1) all points ofdK belong toK° and the corresponding Chebyshev polynomials
will furnish essentially different examples of extremal polynomials. Moreover, in this
case alsdp2({X, X)) can be a totally different example whenewes even.

Thus we can see that the polynomials (2) do not necessarily exhaust all the possible
types of the extremal polynomials. However, they are typical in the following sense:

Theorem A (Kro6 [2]). For any K (symmetrigconvex body ifRY) and any Markov-
extremal polynomial pe n,ﬁ‘ satisfying|||gradpallick) = n?/r(K) and also|| Pnllck)
= 1, there exista € K with |a] = r (K), so that

(6) Epa(ta) = Ta() = gha(ta) (VL eR).

Denoting?, := {ta : t € R} the line spanned by—a, a}, this result says that at
least on a ling = ¢, the otherwise arbitrary extremal polynomialcoincides with a
canonical example.

Note that one particulap, can coincide with several differegt, 5 on different lines
L5, simultaneously. See, e.qg., the c&se= B(0, 1), n even, ando, = Ty /2((X, X))).

Still, the connection betweepy, and (any of the occurring, 4 is even stronger. That
will be clear from our Theorem 1 below.
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Theorem 1. Suppose K is a symmetric convex bodyRh p € =¢ is a Markov-
extremal polynomialanda € dK is such that

Pnlea = On.alea-

Then we also hav@vith the very sama) the relation
(7) gradpn e, = gradgn ale,-

The proof of Theorem 1 will be given in the next section. In the remaining part of this
introduction we present the idea of the paper and describe the organization of it.

Our goal is to find the connection between the set of Markov extremal polynomials
and the geometric features of the body This geometric characterization of unicity
of Markov extremal polynomials was first investigated by &ra'[2]. Also, similar
guestions were studied for Chebyshev-type extremal polynomials by ikr@3]. In
particular, Kr@ was the first to notice the intrinsic connection between unicity on one
hand, and second-order approximatioiikadita by its tangential hyperplane on the other
hand. However, he could completely settle the ahse2 only. To formulate his result,
let us quote the following simple notion, which was used byd<omly for dimension
d=2,ie.,fork c R?

Definition. We call a pointy € 9K flat, if no disk touching the tangential line, of
K aty containsK.

With this definition and the above notation ¥f Kroo has proved:

Theorem B (Kro6 [2]). Inorder that every extremal polynomial for Markov inequality
on K coincides with cJ{(x, y)/r?(K)) for somey € K% and ce R it is necessary and
sufficient that eacly € K9 is flat

The present work continues investigation in this direction and extends the results of
Krob to arbitrary dimension. In retrospect, we see that “jumping up” to higher dimensions
needed two additions to the previous work: the corresponding geometric property had
to be found, and a somewhat more complicated analysis (allowing sufficiently exact
treatment of partial derivatives) had to be carried out. Those are the novel technical
features of the present paper.

In Section 2 the proof of Theorem 1, handling first partial derivatives, will be given.

In Section 3 we proceed to explore the second-order partial derivatives’ behavior. We
present a series of lemmas on this question. Then to formulate the needed geometric
property, we select a particular type of second-order smooth support of surfaces, and
define the notion of “parabolically close support” and “parabolical separation” (see
Definitions 1 and 2). Points on the boundary with this parabolically close supporting
property will again be called “parabolically flat.”

Finally, in Section 4, we present the main results of the paper. Our Theorems 3 and
4, when read together, lead to the following description of the necessary and sufficient
condition for unicity of extremal polynomials in Markov's inequality.
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Theorem 2. Suppose K is a symmetric convex bodifranda € K°is a given bound-
ary point of minimal lengthAll Markov-extremal polynomialspe 7%, normalized

by

0) [ Pnllck) =1,
and also satisfying
(”) pn|€a = gn.a|la,

must necessarily coincide with gif and only ifa is parabolically flat

Corollary 1. In order that every extremal polynomial for Markov inequality on K
coincide with cg , for somea € K° and ce R, it is necessary and sufficient that each
a e K9is parabolically flat

In dimension 1 the Markov extremal polynomials form a one-dimensional set. In
higher dimensions the size of this extremal set depends on the geometry of the particular
setK. Similarly to dimension 2, explored earlier by Kxoive have:

Corollary 2. The extremal polynomial in Markov’s inequality for K is unique up to a
constant factor if and only if K = {4-a} for some parabolically flat poira.

Concerning the proofs we point out that the proof of the “if part,” Theorem 3, closely
follows the corresponding argument of Kréfom [2]. The new elements of this work
are built in the proof of Theorem 4, which provides us with the “only if” part of the
characterization.

2. Proof of Theorem 1

Note that considering-py, if necessary, we can take the plus sign from the two possible
signs in (6), and thus by Kol theorem we always have at least one lipeatisfying
the conditions.
First we show that witly = g, 4 defined by (2) we have

1) gradpn(a) = gradg(a).
The right-hand side is known (see (4)) to be
T/ 2

n(D) a=—""_.a
r2(Ky - ra(K)
For the left-hand side of (8) we have wih := a/|a] = a/r (K):

(2 gradg(a) =

d —n2
o @] = l(gradpy(@. &) < lgradpy(@] < Ma(K) - IPallcc) = i
while from (6) we get
9Pn d d - Tn(D) "’
83*(a) dupn(a+u a)u=0 du n< +r(K)> u=0 r(K) r(K)
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Hence|(gradp,(a), a*)| = |gradpn(a)| = n?/r (K) and so
2

©) gradpn(a) = gz: (@-a* = r(nK) -ar.
Now comparing (9) and (10) we get (8).
Denote now
(4) h:= hn,a(X) = pPn(¥) — g(Xx).
In view of the condition of the theorem we now have
(5) hlea =0,
while
(6) gradh(a) =0
according to (8). We put
(7) a =t-a, tj = cos(%) (j=0,1,...,n.

As B(O,r (K)) c K, we easily see that
8 B@.s)cK  wih s ::25inz% rK)  (j=1,....n—1).
LetH :=a :={b e RY: (b,a) = 0}and consideH; := a; + H. Plainlyg is constant

on any hyperplanes orthogonaldahusg|y, = g(a) = (—1)!. On the other hand, (15)
entails

9) [pn(ay +b)| < lIpnllck) =1 (beH, bj<s, j=1,...,n=1)
whence
(=DM pn(@ +b) <1=(-1lg@ +b) (beH, |bj<s 1<j<n-1

or, equivalently,

(10) (-1)'h(@ +b)<0 (beH, |bj<s 1<j<n-1).
Sinceh(a) =0(j =1,...,n—1), (17) entails

ah
(11) —(@)=0 (b*eH, [b*|=1).

ab*
In other words, grati(a;) is orthogonal to (all vectors ofji, i.e.,
(gradnh(a)), a)a

(12) gradh(a;)lla, i.e., grad(a) = 2(K)
However, (12) entail$dh/da)|,, = 0, hencgdh/da)(a;) = 0, and so
(13) gradh(a;) =0 (j=1,...,n=1).

Consider now the polynomiab(t) ;= gradh(ta) nr}fl. () = 1), ..., @q(t)),
whereg,(t) = (3/dx,)h(ta) € mn_1). In view of (13) and (20) we fingp(t;) = O for
j =0,1,...,n—1, and being a polynomial of degree less tharp can have these
zeros only ifo = 0. Thusah|,, = 0 and the proof is complete. ]
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3.

In the following we are going to make repeated use of the following well-known property
of polynomials:

Lemma (Weak Sign Changes Property)Let P € n, be a univariate polynomial of
degree at most.rSuppose that for a sequence ofr2 distinct points ¥ < x; < -+ <
Xn < Xni1, P changes sign weaklive., we have(—1)! P(xj)>0(j =0,...,n+1).
Then P= Oidentically.

In the following lemmas we keep the notations already introduced in the proof of
Theorem 1. Namelya € 9K is a (fixed) boundary point oK, p := p, is a (fixed)
Markov-extremal polynomial, and we also use the difference polynomés defined
in (11). We also keep the notatidth := a* as well. With these notations fixed, now we
proceed to analyze the second derivative e ng;d;d

For a smooth functionf : RY — R, 32f can be represented as a square matrix

(-+-9%f/0% 0% -+), ,_y 4> Which is symmetric in view of the commutativity of the

partial derivation. For afixed poiate RY the symmetric matriB8 = 32 f (z) is a bilinear
mapping fromRY xRY to R, mapping the vector pair, v € RY to B(u, v) = (Bu, v) =
(u, Bv). (Here the symmetry oB is exploited aB" = B iff B is symmetric.) Now the
“diagonal” of this bilinear mapping is a quadratic fol@(x) := B(x, x), which defines
the symmetric matrix (bilinear form) uniquely &x, y) = %(Q(x +y)— QXX —Y)).
Standard calculation yields

32 f

ab?
representing the connection between the quadratic form and successive directional
derivation. Note that restricting to the line¢,(z) throughz and in directionb, an

application of the usual Taylor formula with the Lagrange remainder term of the second
order will give, withb* := b/|b|, |b*| = 1, andp € R:

M .y L 92 f
ab 7 P T hpe2

with some suitable 6 ¢ < 1 depending on all quantities involved. This Taylor formula
can be applied to deduce

2 =Q(b) (beRY

(1) f(z+pb*) = f(2)+ (Z+&pb*) - p?

Lemma 1. Witha, H, and h as aboveve have for anp € H (i.e, b L a) (8%h/db?)
(@) > 0. Moreoverif it is zero, then(d%h/ab?)|,, = 0 identically.

Proof. We can restrict ourselveshd L a, |b*| = 1, since folb = 8-b*, (3%h/db?)(a)
= B2.(9%h/3b*?)(a). We refer to (17) and the above Taylor formula to deduce for any
lp| <dand 1< j <n:

(2) 0 > (—1)'h(a + pb*)

v

. ah 1 4%h
(-1’ {h(a,-) + %(a;) o+

Ew(aj + &pb”) - ,02}
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or, using thah(aj) = 0, grach(a;) = 0, and%p2 >0 (p #0):

. 9%h .
0> (—1)Jw(aj +&pb®).

Now for p — O continuity ofa2h/ab*? e =, leads to

. 9%h .
3) 0> (—D'W(a;) 1l<j=<n-1.

If (32h/9b*?)(a) < 0, i.e., (23) holds also faay = a, i.e.,j = 0, we obtaim weak sign
changes of the polynomiat (t) := (92h/9b*?)(ta) € mn_». Hence by the Weak Sign
Changes Property of univariate polynomials we are lefd to 0, i.e.,(azh/ab*z)ua =0.
That is, (azh/ab*z)(a) < 0 entails that it is identically zero oy, and this proves
Lemma 1. [ ]

Lemma 2. Suppose that for sontee H (3%h/db?)(a) = 0. Then we have

(4) h(ta+sb)=0 (t,seR).

Proof. AsinLemma 1, we can restrict ourselves to the daise: a, |b*| = 1. Put
(5) F(t,s) := h(ta+ sb*) (t,s e R).

Theorem A of Kr@' statesF (t,0) = 0 (t € R), and Theorem 1 states gragl,, =

0, hence(dF/ds)(t,0) = (gradh,(ta),b*) = 0 (t € R). Moreover, the condition
(8%h/3b?)(a) = 0 and Lemma 1 furnishe8?h/db*?)|,, = 0, i.e.,(3?F/3s?)(t,00 = 0

(t € R). Hence, forF € 2, we get

(6) F(t,s) =s°F(t,s) (t,seR)

with someF e n2 5. We argue as in the proof of Theorem 1 recalling (17) in the form
(7) (—Dh@aj +sb") <0 (s| <8, 1<j<n-1).

Plainly (26) and (27) entails

® (-DIFt.9)<0 (O<s<s 1<j=<n-1

and the Weak Sign Changes Lemma (applied to any ixadd the polynomiajs, (t) :=
F(t,s0) € n} ) yieldsF(t, sp) = 0 (Yt € R). As it holds for an open intervaD, §) of
s, this also holds for as € R henceF = 0 (t, s € R) andF = 0 proving Lemma 2m

We proceed further showing a combination of Theorem 1 and Lemma 2.

Lemma 3. If for someb € H, (3%h/db?)(a) = 0, then we also have

(9) gradh(ta+sh) =0 (t,seR).
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Proof. Without loss of generality, we can restrict ourselvebte b*, |b*| = 1. In
view of Lemma 2, we immediately géth/da)(ta+ sb) = 0, hence it suffices to show

(20) Gy(t,s) = %(tajL sb*) =0 (s,t eR)

forallv L a, |v| = 1. Now applying (17) to the vectab* +rv € H with |s|, |[r| < §/2
we obtain

. 1)
(11) (—D’ha+sb*+rv) <0 <j =1...,n=1,1s|, Ir| < 5)’

while Lemma 2 also entails
(12) h(tja+sb*) =0 (j=1,....,n—1 seR).

Comparing (31) and (32) we immediately get (30)ffet tj (j =1, ..., n—1) and first
for |s| < &/2, but then by analytic continuation also for ale R. Thus for any fixed
S € R, Gy(t, o) € 7} [t] has at leash — 1 zeros, while its degree is at most- 1

being a derivative ofi. Moreover, forsy = 0 we knowG, (t, 0) = 0 (t € R) by Lemma
1 in view of the condition(d°h/3b*?)(a) = 0. Hence we can also write

ah(ta) = AsGy(t, 0)

GV(tv S) = Gv(t» S) - Gv(t» O) = Agp v

and it shows thaB, (t, ) € 7 >*[t] has degree at most— 2 int. But we also have — 1
zeros ofG, (t, s), hence it is identically zero for all € R, andsy € R being arbitrary,
we arrive to (30). This proves Lemma 3. ]

In the following we introduce some geometric properties of the convex symmetric
body K which is closely connected to the uniqueness of Markov-extremal polynomials.

Let K be a convex, centrally symmetric bodyf, let a (and so alsc-a) be any
point of KO = B(0,r(K)) N 3K, and letH = RY-! a tangential hyperplane ati.e.,
suppose thak lies between the affine hyperplarees- H, —a + H, or, equivalently,

(13) [(@", x)| < (a*, a) (Vx e K)

for a normal vectoe* of H (with (a*, a) > 0).

Definition 1. We say thaK is parabolically separated from H in directiom € H if
there exists a constaat> 0 such that

(14) (b, x)2 < cmin{(a*, a— x), (@, a+ x)} (Vx € K)

Geometrically, the left-hand side of (34) is just the square of the distance in the
direction ofb € H of x and the linet,, while the right-hand side is just the distance
of x € K from the closest of the tangential affine hyperplates- H, and—a + H}.
Observe that sincais minimal, i.e.,a € K9, the vectorsa anda* are parallell and thus
b € H is perpendicular ta anda* as well. Thus, in particular, we can writb, x — a)
in place of(b, x) fora € K.
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The above definition of “parabolic separation” thus means that not only the hyper-
planes, but also the parabolic surfaces

(15) P, = {yeR%:(y—aa")+s(y—ah)?=0},
P.:={yeR%:(y+aa*) —sy—ab?=0}

contain amongst them the bo#y (with somes = 1/c > 0).
We also define close supporting.

Definition 2.  For a convex, centrally symmetric bo#ty c RY, a (and also-a) in K°
and H L a* with (33) (i.e.,H being a supporting hyperplane with outer normal vector
a*), we say thatH supportsK at a “parabolically close,” or thatd is a parabolically
flat point of support with respect td,” if there is no directiorb € H with parabolic
separation in the sense of Definition 1, i.e., if forfale H,b # 0 and for alle > 0
there existx € K satisfying

(16) (@,a—x) < ¢- (b, x)>2

(Note that the other optiore*, a + x) < (b, x)?> comes together with (36) &§ is
symmetric with respect to the origin.)

As an example, we mention that a bBI0, r ) has parabolic separation at all boundary
points in all tangential directions, while for a cube only edge and vertex points can be
separated, and poinaon side surfaces (inside the squares) are all flat points of support.
(Note that even vertex or edge points are flat with respect to some special tangential
hyperplanes.)

It turns out that “parabolic flatness” is closely connected to Markov-unicity. We also
note that fora € K, H is unique, hence faa € K in the definition of flatness we may
drop the direct reference to the tangential hyperpldrend can say loosely the shorter
term “ais (parabolically) flat.”

4.

Theorem 3. Suppose K is a symmetric convex bodgfranda € K°. If K is parabol-

ically separated at from the(uniqué tangential hyperplane H- ain some direction
b* € H, |b*| = 1, then there exists a polynomia}, 721, distinct from g(defined in
(2)), such that

(i) IPnllcky = 1,
(ii) Pnlea = Qleas
(iif) gradpn|e, = gradge,.

Note that (2), (4), and (iii) clearly entails that gragia) = (n?/r?(K))a, |gradp,(a)|
=n?/r(K) = Mn(K), hencep, is Markov-extremal and there is no uniqueness in this
case.
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Proof. Denote

T To(®) =0 7]
. Vo) = _ =2+ "n. t—1z).
(37) 2(t) t—22) (t—z)(t—2) 111( zj)

We shall need the following properties %_ € = -,. First, we compute

[Vh—zllci-1,y = maxX{||Vh-2lic(-z,z> IV 2||C[z2 1}

:
S max{n ootz - ”]‘[(1—zj }

Z—
— max 1 Tn(l) _ 1
- Z2-2"1-7) 1-cogm/2n’
hence
1
38 Vo_alleper1) = ——— = V2(D).
(38) IVa—2llci-1.11 sitazn 2(1)
Second, we have, for any9 A < 1, the inequality
(39) Th+A- A-)Vh2) =1 (z=t=1).
Indeed,T, is convex in f, 1], and so
Tn(l) - Tn(zl) 1
T ——t-D+TW(H)=——t-D+1
n(0) = T =D T = o =D+

in this interval, while (38) yields
1
Ta() + AL = )Vh2(t) < Ta() + A+ —5—7= (1 - 1),
sirfzr/2n

hence we get that the left-hand side of (39) cannot exceed

1+< AL _ ! )~(1—t)<l
sifz/2n  1—cosm/2n -

Third, we also have
(40) ITa® +AQ-[thVho®I =1 (-1=t=1 0= A <si %)

since forz; < [t] < 1, [Ta(t) + AL — [t) Va2 < To(ItDh + A1 — [t]) Va_2(t]), and
(39) applies, while foit| < z;, T, andA(1 — |t])Vh_2(|t]) are of different signs or zero
in view of (37), and thus

(A1) ITa® + A [tV 2(0] = MaX(Ta®], ANa-2()])
< max{ I Tler-v.u. S (- ) [Va-zllcr-aa} = 1.
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Now let us choose a > 0 which satisfies (34). Set

(42) () = (b, x)? € 75"

and note that in view of (34) we have

(43) 0 <q(x) <cmin{(a,a—x), (a,a+ Xx)}.

With ¢ > 0 to be specified later, put

. . (a, x) d1
(44) kn(X) ==& - q(X) Vn2<r2(K)> €y,
and denote
__ {ax)
(45) = 2Ky

Then we have by (42), (43), and (44) that

46) isgnmx) = SgNVp_2(t) (x € K, X & La),

lka ()| < & - cr2(K)(1— [t])[Vaa(t)| (X € K).
Finally, we define
(47) Pn(0) 1= Gna(¥) + kn(X) € 75",

Plainly the definitions (42), (44), and (47) immediately give (ii) and (iii), while it remains
to show (i). This is also clear in view of (2), (43), (44), (46), and (47) whenever (40)
applies, i.e., when

(48) [P =ITa(t) + AX, DA = thVho®OI =1 (| <L x=ta)

holds with

_€-q(X)
1t
Now by (42), 0< A(x,1), and (42), (45) entaila\(x,t) < e - cr?(K). Whenevere
is chosen not exceedingir? /2n)/cr?(K), we conclude 0< A(x,t) < sirfz/2n

and (48) follows from (40). Hencgpnllcky = 1 and the validity of condition (i) of
Theorem 3 is proved, too. ]

(49) A(X, 1)

In the next section we reverse this statement and prove that parabolic flatness ensures
unicity of Markov-extremal polynomials.

Theorem 4. Suppose K is a symmetric convex bodRfhand g, € 73! is a given
Markov-extremal polynomial normalized according to

0] I Pnllck) = 1.
Leta € K9 be such that

(ii) Pnlea = lea
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also holds truelf ais parabolically flat then we also have
(50) Ph=9g

on the whole oRY.

(Note that by the theorem of KeoSomea e K° satisfying (i) must always exist to
any Markov-extremapy.)

Proof. Letus consider now the symmetric matrix or bilinear folra= R4-1xR4-1 —
R and the corresponding quadratic form defined by

b) : 82h b ~ Td—1

(51) M(b) := W(a) (beH~R"™),

where here, as usual, we write= p,—g. RecallthatA (i.e., M) determinesaset € H
(j =1,...,d—1) of orthonormal eigenvectors with eigenvalugs< A, < --- < Aq_1

satisfyingAu; = Aju;.
Now Lemma 1 means that the quadratic fakrhas only nonnegative values, i.M,
is positive semidefinitavhich has a number of useful structural consequences.
First, 0 < A; entails that there exists sorkee N, 0 < k <d — 1, with0= x; =
cor = Ak < Aky1 < -+ - < Ag_1, and thus

(52) H=No&U, ie, b=n+u (VbeH) (neN,uel),
whered is to denote the direct sum of subspaces and
(53) N :=spariuy, ..., Ucl], U :=spafuki1, ..., Ug_1}.

(We should remark here that the bilinear foArand the spacdd andN depend on the
pointa, so that we might have pWi,, Us, andN, as well. That more precise notation
will be used at the end when turning to the case of the other pairjt

Second, we easily obtain thielt(b) = M (n+u) = (n+u, A(n+u)) = (n+u, Au) =
{(u, Au) = M(u) and

(54) N={beH:Mb) =0 ={beH:Ab=0}=KerA.

Moreover, ifk < d — 1, then

M
(55) inf{(u(E; :ueU}:min{Aj cj=k+1,...,d=1} =i 1 >0
and also
(56) M) > Aalu?>  (beH, b=n+u neN, uel).

In order to prove Theorem 3, it suffices to show that we have
(57) H =N, U = {0},

as this is the very case when Lemma 2 can be appliedioalH and (24) ensures (50).
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Thus it sufficies to show that in cake=£ {0}, a cannot be parabolically flat, i.&K is
parabolically separated atin some directiob € H. We will show below that indeed,
K is parabolically separated (froi) ata in anydirectionug € U, |ug| = 1. We start
with the observation that for all € U, (56) entails (with soméy > 0):

9%h 1 2

(58) 32 @+ V) = shkcilul (ueU,veH, |v| <)
in view of the uniform continuity of the second partial (directional) derivative polynomial
8%h/du? ata.

Now letx € K be arbitrary and denote

/ (a - Xa a) 80

59) X :=a+ p(x—a), =X4+p—— -8, :
(59) o( ) y o (K2 P

"~ diamK’

where dianK is the diameter of the convex skt Clearlyx’ € K,y € H 4+ a, and
ly — al < 8o, hence for

(60) vi=y—aeH, v=n+u (neN,uel)

we can apply (58) to get

92h
(61) SE@T Ve = Ihalu?  (0<E <1 vii=n+éu).

Next we apply the Taylor expansion formula (21) Foat the pointa + n and get, using
also Lemmas 2 and 3 at+ n, that

2
ha+n) + sh@+n + }ﬂ(a+n+§u)

(62) h(y) " 5302

2

10¢h
=0+0+ ém(a‘l‘Vg) > %)\.k+1|U|2.

On the other hand, for any fixed unit vectgy € U:

1 , 1
(63)  (Up.X)* = (Up,x—a)* = J3{Uo.X - a)? = Sa(Uo.y = a)?
1 1 1 1

= S(Uo. V)2 = S5 {Up, N + )% = = (U, u)? < S uf?,
P P P P

hence for the fixed unit vectary € U we get, by (62):
A

(64) hiy) = = p*(uo. X)°.

Next we estimatéi(y) from above. Clearly

h(y) = p(y) — g(y) < [p(y) — p(X)| + p(X) — g(y) < [p(y) — p(X)|

sinceg(y) = g(a+ H) = 1 andx’ € K entailsp(x’) < 1. Certainly the segmentT y]
lies in the cylinder(z € RY : |(z, a)| < r2(K), |dist(z, £3)| < diamK} = K, whichis a
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compact subset @9 and thusg|gradpllck, =: L < co. Thus we get with this constant
L < oo that

/ <a — X, a)
65 h L.ly—xX|=L—2%
(65) W =L-ly=X| 0
Comparing (64) and (65) we obtain the inequality

e - T(K) -
(66) (a — X, a) > M(uo’ X>2
4.L

which is just the same as
(67) (Up, ) <crf@a—x,a (U €U, [up| = 1).
A similar argument can be used fera to show
(68) (Uo, X)* < Cox+a,@  (UpeU, Jugl =1).

Now the only thing to be checked is that= U (a), the subspace spanned by the positive
eigenvectors of\,, is the same a8 = U(—a), the subspace spanned by the positive
eigenvectors ofA_,. Now U := N+ andU := Nt (N := Ker A_,), hence it suffices

to showN = N. However, this is an easy consequence of our Lemma 1 (applied to
botha and to—a). Thus (67) and (68) cover the same set of vectpre U, and with

¢ = min{c,, C;} we arrive at (34) as stated. The proof is complete. ]

Acknowledgment. Supported by the Hungarian National Foundation for Scientific
Research, Grant # T023441 and T032872.

References

1. M. BARAN (1994): Bernstein-type theorems for compact set®fhrevisited J. Approx. Theory,79:
190-198.

2. A. KRoO (2001):On multivariate polinomials with largest gradients on convex badiesdath. Anal.
Appl., 253322-333.

3. A. KRoO (1999):Chebishev-type extremal problems for multivariate polynomials on convex bBdigs
J. on Approx.5:211-221.

4. Y. SARANTOPOULOS(1991):Bounds on the derivatives of polynomials on Banach spadath. Proc.
Cambridge Philos. Soc110307-312.

Sz. Révész

Alfr'ed Rényi Mathematical Institute of the
Hungarian Academy of Sciences

Budapest

Redltanoda u. 13-15

1053 Hungary

revesz@renyi.hu



