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Uniqueness of Markov-Extremal Polynomials
on Symmetric Convex Bodies

Szilárd Révész

Abstract. For a compact setK ⊂ Rd with nonempty interior, the Markov constants
Mn(K ) can be defined as the maximal possible absolute value attained onK by the
gradient vector of ann-degree polynomialp with maximum norm 1 onK .

It is known that for convex, symmetric bodiesMn(K ) = n2/r (K ), wherer (K ) is
the “half-width” (i.e., the radius of the maximal inscribed ball) of the bodyK . We study
extremal polynomials of this Markov inequality, and show that they are essentially
unique if and only ifK has a certain geometric property, called flatness. For example,
for the unit ballBd(0,1) we do not have uniqueness, while for the unit cube [−1,1]d

the extremal polynomials are essentially unique.

1.

Denote byK ⊂ Rd a convex body (K is bounded and intK 6= ∅), symmetric with
respect to the origin. The Markov constant ofK is

Mn(K ) := sup

{‖|gradp|‖C(K )
‖p‖C(K ) : p ∈ πd,1

n

}
,(1)

whereπ`,mk denotes the set of polynomials with̀variables andm coordinates having
maximal total degree not exceedingk. For polynomials mapping the variable space into
Rwe useπd

n = πd,1
n as well. Note that forp ∈ πd,1

n the derivative or gradient polynomial
gradp = (∂p/∂x1, . . . , ∂p/∂xd) lies inπd,d

n−1 and the absolute value|gradp| is the usual
Euclidean norm inRd. AlsoC(K ) norm is the usual sup norm. SinceK is compact, both
C(K ) norms in (1) are actually a maximum, and also the sup in the definition ofMn(K )
is attained for somep ∈ πd,1

n . We also know the exact value of this constant.

Theorem (Sarantopoulos [4], Baran [1]).Mn(K )= n2/r (K ),wherer(K ) := inf{|y| :
y ∈ ∂K } = sup{r : B(0, r ) ⊂ K } and B(0, r ) denotes the ball centered at the origin
and having radius r.
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Naturally for K being compact the definition ofr (K ) can be written with min and
max in place of inf and sup. That is, we can always find pointsa ∈ ∂K with |a| = r (K ).
For any such pointa ∈ K 0 := B(0, r (K ))∩ ∂K one can take the following “canonical”
extremal polynomial or Chebyshev polynomial

g := gn,a(x) := Tn

( 〈x,a〉
r 2(K )

)
= Tn

( 〈x,a〉
|a|2

)
,(2)

whereTn denotes the usual one-dimensional Chebyshev polynomial

Tn(t) = cos(n arccost) = 2n−1
n∏

j=1

(t − zj )

(
zj := zj,n := cos

(
2 j − 1

2n
π

))
.(3)

Plainly,‖g‖C(K ) = 1 and

gradg(x) = T ′n

( 〈x,a〉
r 2(K )

)
· a

r 2(K )
,(4)

hence

|gradg(x)| = 1

r (K )
·
∣∣∣∣T ′n ( 〈x,a〉r 2(K )

)∣∣∣∣
and

‖|gradg(x)|‖C(K ) = 1

r (K )
·
∥∥∥∥T ′n

( 〈x,a〉
r 2(K )

)∥∥∥∥
C(K )

= T ′n(1)
r (K )

= n2

r (K )
.(5)

Thus g = gn,a furnishes an extremal polynomial to the theorem of Sarantopoulos.
Clearly, for geometrically different bodies, the setK 0 can be small in some cases and
can be large for other cases. For many bodiesK 0 consists of onlyaand−a, while forK =
B(0,1) all points of∂K belong toK 0 and the corresponding Chebyshev polynomials
will furnish essentially different examples of extremal polynomials. Moreover, in this
case alsoTn/2(〈x, x〉) can be a totally different example whenevern is even.

Thus we can see that the polynomials (2) do not necessarily exhaust all the possible
types of the extremal polynomials. However, they are typical in the following sense:

Theorem A (Kroó [2]). For any K (symmetric, convex body inRd) and any Markov-
extremal polynomial pn ∈ πd

n satisfying‖|gradpn|‖C(K ) = n2/r (K ) and also‖pn‖C(K )
= 1, there existsa ∈ ∂K with |a| = r (K ), so that

±pn(ta) ≡ Tn(t) ≡ gn,a(ta) (∀ t ∈ R).(6)

Denoting`a := {ta : t ∈ R} the line spanned by{−a,a}, this result says that at
least on a linè = `a the otherwise arbitrary extremal polynomialp coincides with a
canonical example.

Note that one particularpn can coincide with several differentgn,a on different lines
`a, simultaneously. See, e.g., the caseK = B(0,1), n even, andpn = Tn/2(〈x, x〉)).

Still, the connection betweenpn and (any of the occurring)gn,a is even stronger. That
will be clear from our Theorem 1 below.



Uniqueness of Markov-Extremal Polynomials 467

Theorem 1. Suppose K is a symmetric convex body inRd, p ∈ πd
n is a Markov-

extremal polynomial, anda ∈ ∂K is such that

pn|`a ≡ gn,a|`a.

Then we also have(with the very samea) the relation

gradpn|`a ≡ gradgn,a|`a.(7)

The proof of Theorem 1 will be given in the next section. In the remaining part of this
introduction we present the idea of the paper and describe the organization of it.

Our goal is to find the connection between the set of Markov extremal polynomials
and the geometric features of the bodyK . This geometric characterization of unicity
of Markov extremal polynomials was first investigated by Kro´o in [2]. Also, similar
questions were studied for Chebyshev-type extremal polynomials by Kro´o in [3]. In
particular, Kroó was the first to notice the intrinsic connection between unicity on one
hand, and second-order approximation ofK ataby its tangential hyperplane on the other
hand. However, he could completely settle the cased = 2 only. To formulate his result,
let us quote the following simple notion, which was used by Kro´o only for dimension
d = 2, i.e., forK ⊂ R2.

Definition. We call a pointy ∈ ∂K flat, if no disk touching the tangential lineLy of
K aty containsK .

With this definition and the above notation ofK 0 Kroó has proved:

Theorem B (Kroó [2]). In order that every extremal polynomial for Markov inequality
on K coincides with cTn(〈x, y〉/r 2(K )) for somey ∈ K 0 and c∈ R it is necessary and
sufficient that eachy ∈ K 0 is flat.

The present work continues investigation in this direction and extends the results of
Kroó to arbitrary dimension. In retrospect, we see that “jumping up” to higher dimensions
needed two additions to the previous work: the corresponding geometric property had
to be found, and a somewhat more complicated analysis (allowing sufficiently exact
treatment of partial derivatives) had to be carried out. Those are the novel technical
features of the present paper.

In Section 2 the proof of Theorem 1, handling first partial derivatives, will be given.
In Section 3 we proceed to explore the second-order partial derivatives’ behavior. We
present a series of lemmas on this question. Then to formulate the needed geometric
property, we select a particular type of second-order smooth support of surfaces, and
define the notion of “parabolically close support” and “parabolical separation” (see
Definitions 1 and 2). Points on the boundary with this parabolically close supporting
property will again be called “parabolically flat.”

Finally, in Section 4, we present the main results of the paper. Our Theorems 3 and
4, when read together, lead to the following description of the necessary and sufficient
condition for unicity of extremal polynomials in Markov’s inequality.
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Theorem 2. Suppose K is a symmetric convex body inRd anda ∈ K 0 is a given bound-
ary point of minimal length. All Markov-extremal polynomials pn ∈ πd,1

n , normalized
by

‖pn‖C(K ) = 1,(i)

and also satisfying

pn|`a ≡ gn,a|`a,(ii)

must necessarily coincide with gn,a if and only ifa is parabolically flat.

Corollary 1. In order that every extremal polynomial for Markov inequality on K
coincide with cgn,a for somea ∈ K 0 and c∈ R, it is necessary and sufficient that each
a ∈ K 0 is parabolically flat.

In dimension 1 the Markov extremal polynomials form a one-dimensional set. In
higher dimensions the size of this extremal set depends on the geometry of the particular
setK . Similarly to dimension 2, explored earlier by Kro´o, we have:

Corollary 2. The extremal polynomial in Markov’s inequality for K is unique up to a
constant factor if and only if K0 = {±a} for some parabolically flat pointa.

Concerning the proofs we point out that the proof of the “if part,” Theorem 3, closely
follows the corresponding argument of Kro´o from [2]. The new elements of this work
are built in the proof of Theorem 4, which provides us with the “only if” part of the
characterization.

2. Proof of Theorem 1

Note that considering−pn if necessary, we can take the plus sign from the two possible
signs in (6), and thus by Kro´o’s theorem we always have at least one line`a satisfying
the conditions.

First we show that withg = gn,a defined by (2) we have

gradpn(a) = gradg(a).(1)

The right-hand side is known (see (4)) to be

gradg(a) = T ′n(1)
r 2(K )

a= n2

r 2(K )
· a.(2)

For the left-hand side of (8) we have witha∗ := a/|a| = a/r (K ):∣∣∣∣∂pn

∂a∗
(a)

∣∣∣∣ = |〈gradpn(a),a∗〉| ≤ |gradpn(a)| ≤ Mn(K ) · ‖pn‖C(K ) = n2

r (K )
,

while from (6) we get

∂pn

∂a∗
(a) = d

du
pn(a+ u · a∗)

∣∣∣∣
u=0

= d

du
Tn

(
1+ u

r (K )

)∣∣∣∣
u=0

= T ′n(1)
r (K )

= n2

r (K )
.
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Hence|〈gradpn(a),a∗〉| = |gradpn(a)| = n2/r (K ) and so

gradpn(a) = ∂pn

∂a∗
(a) · a∗ = n2

r (K )
· a∗.(3)

Now comparing (9) and (10) we get (8).
Denote now

h := hn,a(x) := pn(x)− g(x).(4)

In view of the condition of the theorem we now have

h|`a ≡ 0,(5)

while

gradh(a) = 0(6)

according to (8). We put

aj := tj · a, tj := cos

(
jπ

n

)
( j = 0,1, . . . ,n).(7)

As B(0, r (K )) ⊂ K , we easily see that

B(aj , δ) ⊂ K with δ := 2 sin2 π

2n
r (K ) ( j = 1, . . . ,n− 1).(8)

Let H := a⊥ := {b ∈ Rd : 〈b,a〉 = 0} and considerHj := aj +H . Plainlyg is constant
on any hyperplanes orthogonal toa, thusg|Hj ≡ g(aj ) = (−1) j . On the other hand, (15)
entails

|pn(aj + b)| ≤ ‖pn‖C(K ) = 1 (b ∈ H, |b| ≤ δ, j = 1, . . . ,n− 1)(9)

whence

(−1) j pn(aj + b) ≤ 1= (−1) j g(aj + b) (b ∈ H, |b| ≤ δ, 1≤ j ≤ n− 1)

or, equivalently,

(−1) j h(aj + b) ≤ 0 (b ∈ H, |b| ≤ δ, 1≤ j ≤ n− 1).(10)

Sinceh(aj ) = 0 ( j = 1, . . . ,n− 1), (17) entails

∂h

∂b∗
(aj ) = 0 (b∗ ∈ H, |b∗| = 1).(11)

In other words, gradh(aj ) is orthogonal to (all vectors of)H , i.e.,

gradh(aj )‖a, i.e., gradh(aj ) = 〈gradh(aj ),a〉a
r 2(K )

.(12)

However, (12) entails(∂h/∂a)|`a = 0, hence(∂h/∂a)(aj ) = 0, and so

gradh(aj ) = 0 ( j = 1, . . . ,n− 1).(13)

Consider now the polynomialϕ(t) := gradh(ta) ∈ π1,d
n−1. (ϕ(t) = ϕ1(t), . . . , ϕd(t)),

whereϕ`(t) = (∂/∂x`)h(ta) ∈ πn−1). In view of (13) and (20) we findϕ(tj ) = 0 for
j = 0,1, . . . ,n− 1, and being a polynomial of degree less thann, ϕ can have thesen
zeros only ifϕ ≡ 0. Thus∂h|`a ≡ 0 and the proof is complete.
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3.

In the following we are going to make repeated use of the following well-known property
of polynomials:

Lemma (Weak Sign Changes Property). Let P ∈ πn be a univariate polynomial of
degree at most n. Suppose that for a sequence of n+ 2 distinct points x0 < x1 < · · · <
xn < xn+1, P changes sign weakly, i.e., we have(−1) j P(xj ) ≥ 0 ( j = 0, . . . ,n+ 1).
Then P≡ 0 identically.

In the following lemmas we keep the notations already introduced in the proof of
Theorem 1. Namely,a ∈ ∂K is a (fixed) boundary point ofK , p := pn is a (fixed)
Markov-extremal polynomial, and we also use the difference polynomialh as defined
in (11). We also keep the notationH := a⊥ as well. With these notations fixed, now we
proceed to analyze the second derivative∂2 p ∈ πd,d×d

n−2 .
For a smooth functionf : Rd → R, ∂2 f can be represented as a square matrix(· · · ∂2 f/∂xk ∂x` · · ·

)
k,`=1,...,d, which is symmetric in view of the commutativity of the

partial derivation. For a fixed pointz ∈ Rd the symmetric matrixB = ∂2 f (z) is a bilinear
mapping fromRd×Rd toR, mapping the vector pairu, v ∈ Rd to B(u, v) = 〈Bu, v〉 =
〈u, Bv〉. (Here the symmetry ofB is exploited asB> = B iff B is symmetric.) Now the
“diagonal” of this bilinear mapping is a quadratic formQ(x) := B(x, x), which defines
the symmetric matrix (bilinear form) uniquely asB(x, y) = 1

4(Q(x+ y)− Q(x− y)).
Standard calculation yields

∂2 f

∂b2
(z) = Q(b) (b ∈ Rd)

representing the connection between the quadratic form and successive directional
derivation. Note that restrictingf to the line`b(z) throughz and in directionb, an
application of the usual Taylor formula with the Lagrange remainder term of the second
order will give, withb∗ := b/|b|, |b∗| = 1, andρ ∈ R:

f (z+ ρb∗) = f (z)+ ∂ f

∂b∗
(z) · ρ + 1

2

∂2 f

∂b∗2
(z+ ξρb∗) · ρ2(1)

with some suitable 0≤ ξ ≤ 1 depending on all quantities involved. This Taylor formula
can be applied to deduce

Lemma 1. Witha, H , and h as above, we have for anyb ∈ H (i.e., b ⊥ a) (∂2h/∂b2)

(a) ≥ 0. Moreover, if it is zero, then(∂2h/∂b2)|`a ≡ 0 identically.

Proof. We can restrict ourselves tob∗ ⊥ a, |b∗| = 1, since forb = β ·b∗, (∂2h/∂b2)(a)
= β2 · (∂2h/∂b∗2)(a). We refer to (17) and the above Taylor formula to deduce for any
|ρ| ≤ δ and 1≤ j < n:

0 ≥ (−1) j h(aj + ρb∗)(2)

= (−1) j

{
h(aj )+ ∂h

∂b∗
(aj ) · ρ + 1

2

∂2h

∂b∗2
(aj + ξρb∗) · ρ2

}
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or, using thath(aj ) = 0, gradh(aj ) = 0, and1
2ρ

2 > 0 (ρ 6= 0):

0≥ (−1) j ∂
2h

∂b∗2
(aj + ξρb∗).

Now for ρ → 0 continuity of∂2h/∂b∗2 ∈ πd,1
n−2 leads to

0≥ (−1) j ∂
2h

∂b∗2
(aj ) (1≤ j ≤ n− 1).(3)

If (∂2h/∂b∗2)(a) ≤ 0, i.e., (23) holds also fora0 = a, i.e., j = 0, we obtainn weak sign
changes of the polynomialψ(t) := (∂2h/∂b∗2)(ta) ∈ πn−2. Hence by the Weak Sign
Changes Property of univariate polynomials we are led toψ ≡ 0, i.e.,(∂2h/∂b∗2)|`a = 0.
That is, (∂2h/∂b∗2)(a) ≤ 0 entails that it is identically zero oǹa, and this proves
Lemma 1.

Lemma 2. Suppose that for someb ∈ H (∂2h/∂b2)(a) = 0. Then we have

h(ta+ sb) ≡ 0 (t, s ∈ R).(4)

Proof. As in Lemma 1, we can restrict ourselves to the caseb∗ ⊥ a, |b∗| = 1. Put

F(t, s) := h(ta+ sb∗) (t, s ∈ R).(5)

Theorem A of Kroó statesF(t,0) ≡ 0 (t ∈ R), and Theorem 1 states gradhn|`a =
0, hence(∂F/∂s)(t,0) = 〈gradhn(ta),b∗〉 ≡ 0 (t ∈ R). Moreover, the condition
(∂2h/∂b2)(a) = 0 and Lemma 1 furnishes(∂2h/∂b∗2)|`a ≡ 0, i.e.,(∂2F/∂s2)(t,0) ≡ 0
(t ∈ R). Hence, forF ∈ π2

n , we get

F(t, s) = s3F̂(t, s) (t, s ∈ R)(6)

with someF̂ ∈ π2
n−3. We argue as in the proof of Theorem 1 recalling (17) in the form

(−1) j h(aj + sb∗) ≤ 0 (|s| ≤ δ, 1≤ j ≤ n− 1).(7)

Plainly (26) and (27) entails

(−1) j F̂(tj , s) ≤ 0 (0< s< δ, 1≤ j ≤ n− 1)(8)

and the Weak Sign Changes Lemma (applied to any fixeds0 and the polynomialηs0(t) :=
F̂(t, s0) ∈ π1

n−3) yields F̂(t, s0) ≡ 0 (∀ t ∈ R). As it holds for an open interval(0, δ) of

s, this also holds for alls ∈ R henceF̂ ≡ 0 (t, s ∈ R) andF ≡ 0 proving Lemma 2.

We proceed further showing a combination of Theorem 1 and Lemma 2.

Lemma 3. If for someb ∈ H , (∂2h/∂b2)(a) = 0, then we also have

gradh(ta+ sb) ≡ 0 (t, s ∈ R).(9)
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Proof. Without loss of generality, we can restrict ourselves tob = b∗, |b∗| = 1. In
view of Lemma 2, we immediately get(∂h/∂a)(ta+ sb) ≡ 0, hence it suffices to show

Gv(t, s) := ∂h

∂v
(ta+ sb∗) ≡ 0 (s, t ∈ R)(10)

for all v⊥ a, |v| = 1. Now applying (17) to the vectorsb∗ + r v ∈ H with |s|, |r | < δ/2
we obtain

(−1) j h(tj a+ sb∗ + r v) ≤ 0

(
j = 1, . . . ,n− 1, |s|, |r | < δ

2

)
,(11)

while Lemma 2 also entails

h(tj a+ sb∗) = 0 ( j = 1, . . . ,n− 1, s ∈ R) .(12)

Comparing (31) and (32) we immediately get (30) fort = tj ( j = 1, . . . ,n−1) and first
for |s| < δ/2, but then by analytic continuation also for alls ∈ R. Thus for any fixed
s0 ∈ R, Gv(t, s0) ∈ π1,1

n [t ] has at leastn − 1 zeros, while its degree is at mostn − 1
being a derivative ofh. Moreover, fors0 = 0 we knowGv(t,0) ≡ 0 (t ∈ R) by Lemma
1 in view of the condition(∂2h/∂b∗2)(a) = 0. Hence we can also write

Gv(t, s) = Gv(t, s)− Gv(t,0) = 1sb∗
∂h

∂v
(ta) = 1sGv(t,0)

and it shows thatGv(t, s0) ∈ π1,1
n [t ] has degree at mostn−2 in t . But we also haven−1

zeros ofGv(t, s0), hence it is identically zero for allt ∈ R, ands0 ∈ R being arbitrary,
we arrive to (30). This proves Lemma 3.

In the following we introduce some geometric properties of the convex symmetric
bodyK which is closely connected to the uniqueness of Markov-extremal polynomials.

Let K be a convex, centrally symmetric body inRd, let a (and so also−a) be any
point of K 0 = B(0, r (K )) ∩ ∂K , and letH ∼= Rd−1 a tangential hyperplane ata, i.e.,
suppose thatK lies between the affine hyperplanesa+ H ,−a+ H , or, equivalently,

|〈a∗, x〉| ≤ 〈a∗,a〉 (∀ x ∈ K )(13)

for a normal vectora∗ of H (with 〈a∗,a〉 > 0).

Definition 1. We say thatK is parabolically separated from H in directionb ∈ H if
there exists a constantc > 0 such that

〈b, x〉2 ≤ cmin{〈a∗,a− x〉, 〈a∗,a+ x〉} (∀x ∈ K )(14)

Geometrically, the left-hand side of (34) is just the square of the distance in the
direction ofb ∈ H of x and the linè a, while the right-hand side is just the distance
of x ∈ K from the closest of the tangential affine hyperplanes{a+ H , and−a+ H}.
Observe that sincea is minimal, i.e.,a ∈ K 0, the vectorsa anda∗ are parallell and thus
b ∈ H is perpendicular toa anda∗ as well. Thus, in particular, we can write〈b, x− a〉
in place of〈b, x〉 for a ∈ K 0.
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The above definition of “parabolic separation” thus means that not only the hyper-
planes, but also the parabolic surfaces

P+ := {y ∈ Rd : 〈y− a,a∗〉 + δ〈y− a,b〉2 = 0},(15)

P− := {y ∈ Rd : 〈y+ a,a∗〉 − δ〈y− a,b〉2 = 0},

contain amongst them the bodyK (with someδ = 1/c > 0).
We also define close supporting.

Definition 2. For a convex, centrally symmetric bodyK ⊂ Rd, a (and also−a) in K 0

and H⊥a∗ with (33) (i.e.,H being a supporting hyperplane with outer normal vector
a∗), we say thatH supportsK at a “parabolically close,” or that “a is a parabolically
flat point of support with respect toH ,” if there is no directionb ∈ H with parabolic
separation in the sense of Definition 1, i.e., if for allb ∈ H,b 6= 0 and for allε > 0
there existsx ∈ K satisfying

〈a∗,a− x〉 < ε · 〈b, x〉2.(16)

(Note that the other option〈a∗,a+ x〉 < ε〈b, x〉2 comes together with (36) asK is
symmetric with respect to the origin.)

As an example, we mention that a ballB(0, r ) has parabolic separation at all boundary
points in all tangential directions, while for a cube only edge and vertex points can be
separated, and pointsa on side surfaces (inside the squares) are all flat points of support.
(Note that even vertex or edge points are flat with respect to some special tangential
hyperplanes.)

It turns out that “parabolic flatness” is closely connected to Markov-unicity. We also
note that fora ∈ K 0, H is unique, hence fora ∈ K 0 in the definition of flatness we may
drop the direct reference to the tangential hyperplaneH and can say loosely the shorter
term “a is (parabolically) flat.”

4.

Theorem 3. Suppose K is a symmetric convex body inRd anda ∈ K 0. If K is parabol-
ically separated ata from the(unique) tangential hyperplane H+ a in some direction
b∗ ∈ H , |b∗| = 1, then there exists a polynomial pn ∈ πd,1

n , distinct from g(defined in
(2)), such that

‖pn‖C(K ) = 1,(i)

pn|`a ≡ g|`a,(ii)

gradpn|`a ≡ gradg|`a.(iii)

Note that (2), (4), and (iii) clearly entails that gradpn(a) = (n2/r 2(K ))a, |gradpn(a)|
= n2/r (K ) = Mn(K ), hencepn is Markov-extremal and there is no uniqueness in this
case.
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Proof. Denote

Vn−2(t) := Tn(t)

(t − z2
1)
= Tn(t)

(t − z1)(t − zn)
= 21−n ·

n−1∏
j=2

(t − zj ).(37)

We shall need the following properties ofVn−2 ∈ π1,1
n−2. First, we compute

‖Vn−2‖C[−1,1] = max{‖Vn−2‖C[−z2,z2], ‖Vn−2‖C[z2,1]}

≤ max

{
‖Tn‖C[−z2,z2]

z2
1 − z2

2

,21−n
n−1∏
j=2

(1− zj )

}

= max

{
1

z2
1 − z2

2

,
Tn(1)

1− z2
1

}
= 1

1− cos2π/2n
,

hence

‖Vn−2‖C[−1,1] = 1

sin2π/2n
= Vn−2(1).(38)

Second, we have, for any 0≤ 1 ≤ 1, the inequality

Tn(t)+1 · (1− t)Vn−2(t) ≤ 1 (z1 ≤ t ≤ 1).(39)

Indeed,Tn is convex in [z1,1], and so

Tn(t) ≤ Tn(1)− Tn(z1)

1− z1
(t − 1)+ Tn(1) = 1

1− cosπ/2n
(t − 1)+ 1

in this interval, while (38) yields

Tn(t)+1(1− t)Vn−2(t) ≤ Tn(t)+ |1| · 1

sin2π/2n
(1− t),

hence we get that the left-hand side of (39) cannot exceed

1+
( |1|

sin2π/2n
− 1

1− cosπ/2n

)
· (1− t) ≤ 1

if

|1| ≤ sin2π/2n

1− cosπ/2n
= 1+ cos

π

2n
.

Third, we also have

|Tn(t)+1(1− |t |)Vn−2(t)| ≤ 1
(
−1≤ t ≤ 1, 0≤ 1 ≤ sin2 π

2n

)
(40)

since forz1 ≤ |t | ≤ 1, |Tn(t)+1(1− |t |)Vn−2(t)| ≤ Tn(|t |)+1(1− |t |)Vn−2(|t |), and
(39) applies, while for|t | ≤ z1, Tn and1(1− |t |)Vn−2(|t |) are of different signs or zero
in view of (37), and thus

|Tn(t)+1(1− |t |)Vn−2(t)| ≤ max{|Tn(t)|, 1|Vn−2(t)|}
≤ max

{
‖Tn‖C[−1,1], sin2

( π
2n

)
‖Vn−2‖C[−1,1]

}
= 1.

(41)
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Now let us choose ac > 0 which satisfies (34). Set

q(x) := 〈b, x〉2 ∈ πd,1
2(42)

and note that in view of (34) we have

0≤ q(x) ≤ cmin{〈a,a− x〉, 〈a,a+ x〉}.(43)

With ε > 0 to be specified later, put

kn(x) := ε · q(x) · Vn−2

( 〈a, x〉
r 2(K )

)
∈ πd,1

n ,(44)

and denote

t := 〈a, x〉
r 2(K )

.(45)

Then we have by (42), (43), and (44) that{
sgnkn(x) = sgnVn−2(t) (x ∈ K , x /∈ `a),

|kn(x)| ≤ ε · cr2(K )(1− |t |)|Vn−2(t)| (x ∈ K ).
(46)

Finally, we define

pn(x) := gn,a(x)+ kn(x) ∈ πd,1
n .(47)

Plainly the definitions (42), (44), and (47) immediately give (ii) and (iii), while it remains
to show (i). This is also clear in view of (2), (43), (44), (46), and (47) whenever (40)
applies, i.e., when

|pn(x)| = |Tn(t)+1(x, t)(1− |t |)Vn−2(t)| ≤ 1 (|t | < 1, x = ta)(48)

holds with

1(x, t) := ε · q(x)
1− |t | .(49)

Now by (42), 0≤ 1(x, t), and (42), (45) entails1(x, t) ≤ ε · cr2(K ). Wheneverε
is chosen not exceeding(sin2π/2n)/cr2(K ), we conclude 0≤ 1(x, t) ≤ sin2π/2n
and (48) follows from (40). Hence‖pn‖C(K ) = 1 and the validity of condition (i) of
Theorem 3 is proved, too.

In the next section we reverse this statement and prove that parabolic flatness ensures
unicity of Markov-extremal polynomials.

Theorem 4. Suppose K is a symmetric convex body inRd and pn ∈ πd,1
n is a given

Markov-extremal polynomial normalized according to

‖pn‖C(K ) = 1.(i)

Leta ∈ K 0 be such that

pn|`a ≡ g|`a(ii)
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also holds true. If a is parabolically flat, then we also have

pn ≡ g(50)

on the whole ofRd.

(Note that by the theorem of Kro´o somea ∈ K 0 satisfying (ii) must always exist to
any Markov-extremalpn.)

Proof. Let us consider now the symmetric matrix or bilinear formA = Rd−1×Rd−1→
R and the corresponding quadratic form defined by

M(b) := ∂2h

∂b2
(a) (b ∈ H ' Rd−1),(51)

where here, as usual, we writeh = pn−g. Recall thatA (i.e.,M) determines a setuj ∈ H
( j = 1, . . . ,d−1) of orthonormal eigenvectors with eigenvaluesλ1 ≤ λ2 ≤ · · · ≤ λd−1

satisfyingAuj = λj uj .
Now Lemma 1 means that the quadratic formM has only nonnegative values, i.e.,M

is positive semidefinite, which has a number of useful structural consequences.
First, 0≤ λj entails that there exists somek ∈ N, 0 ≤ k ≤ d − 1, with 0= λ1 =
· · · = λk < λk+1 ≤ · · · ≤ λd−1, and thus

H = N ⊕U, i.e., b = n+ u (∀b ∈ H) (n ∈ N, u ∈ U ),(52)

where⊕ is to denote the direct sum of subspaces and

N := span{u1, . . . ,uk}], U := span{uk+1, . . . ,ud−1}.(53)

(We should remark here that the bilinear formA and the spacesU andN depend on the
point a, so that we might have putAa,Ua, andNa as well. That more precise notation
will be used at the end when turning to the case of the other point−a.)

Second, we easily obtain thatM(b) = M(n+u) = 〈n+u, A(n+u)〉 = 〈n+u, Au〉 =
〈u, Au〉 = M(u) and

N = {b ∈ H : M(b) = 0} = {b ∈ H : Ab = 0} = Ker A.(54)

Moreover, ifk < d − 1, then

inf

{
M(u)
〈u,u〉 : u ∈ U

}
= min{λj : j = k+ 1, . . . ,d − 1} = λk+1 > 0(55)

and also

M(b) ≥ λk+1|u|2 (b ∈ H, b = n+ u, n ∈ N, u ∈ U ).(56)

In order to prove Theorem 3, it suffices to show that we have

H = N, U = {0},(57)

as this is the very case when Lemma 2 can be applied to allb ∈ H and (24) ensures (50).
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Thus it sufficies to show that in caseU 6= {0}, a cannot be parabolically flat, i.e.,K is
parabolically separated ata in some directionb ∈ H . We will show below that indeed,
K is parabolically separated (fromH ) at a in anydirectionu0 ∈ U , |u0| = 1. We start
with the observation that for allu ∈ U , (56) entails (with someδ0 > 0):

∂2h

∂u2
(a+ v) ≥ 1

2λk+1|u|2 (u ∈ U, v ∈ H, |v| ≤ δ0)(58)

in view of the uniform continuity of the second partial (directional) derivative polynomial
∂2h/∂u2 ata.

Now letx ∈ K be arbitrary and denote

x′ := a+ ρ(x− a), y := x′ + ρ 〈a− x,a〉
r (K )2

· a, ρ := δ0

diamK
,(59)

where diamK is the diameter of the convex setK . Clearlyx′ ∈ K , y ∈ H + a, and
|y− a| ≤ δ0, hence for

v := y− a ∈ H, v = n+ u (n ∈ N, u ∈ U )(60)

we can apply (58) to get

∂2h

∂u2
(a+ vξ ) ≥ 1

2λk+1|u|2 (0≤ ξ ≤ 1, vξ := n+ ξu).(61)

Next we apply the Taylor expansion formula (21) forh at the pointa+ n and get, using
also Lemmas 2 and 3 ata+ n, that

h(y) = h(a+ n)+ ∂h(a+ n)
∂u

+ 1

2

∂2h

∂u2
(a+ n+ ξu)(62)

= 0+ 0+ 1

2

∂2h

∂u2
(a+ vξ ) ≥ 1

4λk+1|u|2.

On the other hand, for any fixed unit vectoru0 ∈ U :

〈u0, x〉2 = 〈u0, x− a〉2 = 1

ρ2
〈u0, x′ − a〉2 = 1

ρ2
〈u0, y− a〉2(63)

= 1

ρ2
〈u0, v〉2 = 1

ρ2
〈u0,n+ u〉2 = 1

ρ2
〈u0,u〉2 ≤ 1

ρ2
|u|2,

hence for the fixed unit vectoru0 ∈ U we get, by (62):

h(y) ≥ λk+1

4
ρ2〈u0, x〉2.(64)

Next we estimateh(y) from above. Clearly

h(y) = p(y)− g(y) ≤ |p(y)− p(x′)| + p(x′)− g(y) ≤ |p(y)− p(x′)|
sinceg(y) = g(a+ H) = 1 andx′ ∈ K entailsp(x′) ≤ 1. Certainly the segment [x′, y]
lies in the cylinder{z ∈ Rd : |〈z,a〉| ≤ r 2(K ), |dist(z, `a)| ≤ diamK } = K̂ , which is a
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compact subset ofRd and thus‖gradp‖C(K̂ ) =: L <∞. Thus we get with this constant
L <∞ that

h(y) ≤ L · |y− x′| = L
〈a− x,a〉

r (K )
ρ.(65)

Comparing (64) and (65) we obtain the inequality

〈a− x,a〉 ≥ λk+1 · r (K ) · ρ
4 · L 〈u0, x〉2(66)

which is just the same as

〈u0, x〉2 ≤ c1〈a− x,a〉 (u0 ∈ U, |u0| = 1).(67)

A similar argument can be used for−a to show

〈u0, x〉2 ≤ c2〈x+ a,a〉 (u0 ∈ Ũ , |u0| = 1).(68)

Now the only thing to be checked is thatU = U (a), the subspace spanned by the positive
eigenvectors ofAa, is the same as̃U = U (−a), the subspace spanned by the positive
eigenvectors ofA−a. Now U := N⊥ andŨ := Ñ⊥ (Ñ := Ker A−a), hence it suffices
to showN = Ñ. However, this is an easy consequence of our Lemma 1 (applied to
botha and to−a). Thus (67) and (68) cover the same set of vectorsu0 ∈ U , and with
c = min{c1, c2} we arrive at (34) as stated. The proof is complete.
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