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Abstract

Let A :RY — R? d > 1, be an expansive linear map. The notion of A-approximate
continuity was recently used to give a characterization of scaling functions in a
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full description follows even for general self-adjoint expansive linear maps, too.
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1 Introduction

A multiresolution analysis (MRA) is a general method introduced by Mallat
[16] and Meyer [17] for constructing wavelets. On R? (d > 1) equipped with
the Euclidean norm || - ||, an MRA means a sequence of subspaces V;, j € Z
of the Hilbert space L?(R?) that satisfies the following conditions:

(i) Vj € Z, Vi C Vig;
(i) Vj € Z, f(x) eV, & f(2x) € Vjiq;
(iii) W =Ujez Vj = L*(RY);
(iv) there exists a scaling function ¢ € Vj, such that {¢p(x — k)}yeza is an
orthonormal basis for Vj.

We could consider MRA in a general context, where instead of the dyadic
dilation one considers a fixed linear map A : R — R? such that A is an
expansive map, i.e. all (complex) eigenvalues have absolute value greater than
1, and

A(z4 c 77, (1)

i.e., the corresponding matrix of A with respect to the canonical basis has every
entries belonging to Z. Given such a linear map A one defines an A—MRA as
a sequence of subspaces Vj, j € Z of the Hilbert space L*(R?) (see [15], [10],
[21], [24]) that satisfies the conditions (i), (iii), (iv) and

(iiy) Vj € Z, f(x) eV; & f(Ax) € V4.

A characterization of scaling functions in a multiresolution analysis in a general
context was given in [2], where the notion of A-approximate continuity is
introduced as a generalization of the notion of approximate continuity.

In this work |G|, denotes the d-dimensional Lebesgue measure of the set G C
R? and B, := {x € R? : || x ||< r} stands for the ball of radius r with
the center in the origin. Also, we write F'+x9 = {y +xo : y € F'} for any
F Cc R4, x4 € RL

Definition 1 Let an expansive linear map A : RY — R? be given. It is said
that xo € R? is a point of A—density for a measurable set E C R, |E|; > 0
iof for all r > 0,

y |EN(A™ B, + x0)la
11 .
j—oo  |ATIB, + Xol4

~1. 2)

Given an expansive linear map A : R4 — R, and given xo € R?, we define



the family of A-dense sets at xq as

Ea(x0) = {E C R* measurable set : Xq is a point of A—density for E}.

Furthermore, we will write £4 when Xq is the origin.

Definition 2 Let A : R? — R? be an expansive linear map and let f : R* —
C be a measurable function. It is said that xo € R™ is a point of A-approximate
continuity of the function f if there exists a measurable set E C R", | E' |,,> 0,
such that xq is a point of A-density for the set E and

lim_f(x) = f(x0) 3)

X—X0,XE

The relation between the behavior of the Fourier transform ¢ of the scaling
function ¢ in the neighborhood of the origin and the condition (iii) is described
in the following theorem of [2].

Theorem A. Let V; be a sequence of closed subspaces in L?(R?) satisfying
the conditions (i), (ii;) and (iv). Then the following conditions are equivalent:

(&) W =Ty V; = LA(RY)
(B) Setting |$(0)| = 1, the origin is a point of A*-approximate continuity of
the function |¢|.

As it was observed in [2, Remark 5, p. 1016], that the definition of points of
A-approximate continuity depends of the expansive linear map A.

The aim of the present paper is to study the following problem:

Problem 1: Characterize those expansive linear maps A;, Ay : R — R? for
which the concept of Aj-approximate continuity coincides with the concept of
Ag-approximate continuity.

Remark 1. ;From the definition of point of A-approximate continuity of a
measurable function on R?, it is easy to see that given xo € R? and given a
measurable set £ C R?, the point Xq is a point of A-approximate continuity
for the function

lifx € EU{xo0}

f(X) = XBUxo} (X) = OifxdE

if and only if £ € £(xg). Therefore, it suffices to study the notion of A-density,
and once E4,(x0) = €a,(X0), also the notions of Aj-approximate continuity
and As-approximate continuity coincide.



Moreover, clearly, E € €4 if and only if E 4 x¢ € £4(Xp)-
Thus, we can simplify Problem 1 in the following way.

Problem 1*: Describe under what conditions on two expansive linear maps
A, Ay i R — R we have that £4, = £4,.

In Corollary 20 we solve the problem for ezpansive self-adjoint linear maps
on R? without the extra condition (1). In the last section we discuss the
additional, essentially number theoretical restrictions, brought into play by
condition (1).

Characterization of expansive matrices satisfying (1) have been studied by
several authors.

In [14] a complete classification for expanding 2 x 2-matrices satisfying (1)
and | det M |= 2 is given. Their result is the following.

Call two integer matrices A and M integrally equivalent if there exists an
integer unimodular matrix C' such that C~'AC = M. Now, denote

02 02
A= Ay =

10 —-10

11 02
A = Ay =

—-11 —-11

Lemma B. Let M be an expanding 2 X 2-matriz satisfying (1). If det M = —2
then M s integrally equivalent to Ay. If det M = 2 then M is integrally
equivalent to one of the following matrices: Ay, + Az, £A,.

On the other side, a complete characterization for expanding 2 x 2-matrices
satisfying (1) and

M ' =nI for some I,neN (4)

is given in [6]. Their answer is given in the following theorem where they do
not write the trivial case that M is a diagonal matrix.

Theorem C. Given I,n € N, an expanding 2 X 2-matriz which satisfy (1)
and (4) ezists if and only if there exist two numbers Ay # Ay whose sum and
product are integral and satisfy A} = X, = n. Furthermore, then Ay and \y are
the eigenvalues of the matriz M in (4).



The following corollary is a classification of the expanding matrix M satisfying
(1), det M < 0 and (4).

Corollary D. Let M be an expanding 2 X 2-matriz satisfying (1) with det M <
0. Then M satisfies condition (4) if and only if trace M = 0 and det M = —n.

Especially
M?* =nl.

Moreover, they give a classification of the expanding matrix M satisfying (1),
det M > 0 and (4). They write the following theorem with the restriction to
the case that the eigenvalues are complex numbers because in other way, by
(4), M is a diagonal matrix. Here, [ will denote the minimal index for which
(4) holds, i.e., they neglect the trivial cases generated by powers of (4).

Theorem E. Let M be an expanding 2 X 2-matriz satisfying (1) with det M >
0 and eigenvalues \; ¢ R, i = 1,2. Then condition (4) can only hold for
[l =3,4,6,8 and 12. These cases can be classified as follows:

M3 =nl if and only if trace M = —n'® and det M = n?/3,
M*=nlI  if and only if trace M =0  and det M = n*/?,
MS =nI if and only if trace M =n"® and det M = n'/3,
M® = nl if and only if (trace M)* = 2nY* and det M = n*/*,
M2 = nl if and only if (trace M)?* = 3n"% and det M = n'/.

Moreover, the following factorization of expanding integer matrices for some
particular cases appears in [6].

Theorem F. Every expanding 2 x 2-matriz M satisfying (1) with det M =
—2% s € {1,2,3}, which satisfies (4) possesses a factorization

M = ADPA™!,

where A is a unimodular matriz, P a permutation matriz — that is, (Px); = x,
for some permutation m of {1,...,d} and for all x € R, — and D is a diagonal
matriz with entries d; € Z along the diagonal satisfying |didn)...dza-10:] > 1
for eachi=1,....d.

Furthermore, in [5], the following lemma is proved.



Lemma G. Suppose that M is an expanding d X d-matriz satisfying (1) with
the property
M* = +2].

If there exists a representative e € Z4/M7Z4, so that the matriz (e, Me, ..., M9~ 1e)
18 unimodular, then M possesses the factorization

M = ASTIA™!,

where A € SL(d,Z), S = diag(£2,+1, ..., +1) and I is an irreducible permu-
tation matriz.

If M is an expanding d x d-matrix satisfying (1) with the property M¢ = 21,
a family of compactly supported pairs of dual wavelet frames have been con-
structed from interpolating scaling functions in arbitrary dimensions with ar-
bitrarily high smoothness satisfying many optimality conditions (see [9]). Some
results for interpolating scaling functions, although not that closely related to
our topic, can also be found in [7,8]; in particular, the examples in [8] cover
MRA even for some non-selfadjoint matrices, like the quincunx matrix.

2 Basic notions

As a general reference regarding linear algebra, we refer to [11] and [13]. For
further use, and to fix notation, let us briefly cover some basic facts.

Given 7 > 0, we denote Q, = {x € R? : |z;] < r Vi =1,....,d} the cube of
side length 2r with the center in the origin.

Given a map A, we write d4 = | det A|. If A is a matrix of an expansive linear
map, then obviously d4 > 1. The volume of any measurable set S changes
under A according to |AS|q = da|S|a-

A subspace W C R? is called an invariant subspace under A if AW C W.
As is usual, W+ is is called the orthogonal complement of W with respect to
the canonical inner product on R¢. The orthogonal projection of w onto W is
Py (w) :==u.

Let W1, W5 be vector spaces then W; & Wy is the direct sum of Wi and Ws.
If A, : W, — W,, u=1,2 are linear maps, then we denote by 4; ® A, the
map on Wy @ Wy defined for any w, € W, p = 1,2 as (A1 ® As) (w1 +W2) =
A1W1 + A2W2.

If W is an Euclidean space and A : W — W is a linear map, then A* will be
the adjoint of A. A is a self-adjoint map if A = A*. Let Ay, Ay : W — W be
two linear maps. A; and A, are said to be simultaneously diagonalizable (see
[13], p. 177) if there exists a basis uy, ..., uy of W such that w;, [ =1, ..., d, are
eigenvectors of both A; and As.

The Spectral Theorem for self adjoint maps (see [11, Theorem 1, p.156]) tells



us that for any self-adjoint linear map A on R?, if 5; < ... < f3; are all the
distinct eigenvalues of A with respective multiplicities myq, ..., my, then for
each i = 1, ..., k, there exists an orthonormal basis

Wing+..ctmi_14+1y --+s Umo+...4mi_1+m;

where mg = 0, for the subspace U; of all eigenvectors associated with the
eigenvalue (3;, moreover, then R? = U; @ ... ® U, with

Ui = [umo+.~.+mi71+17 ) umo+“.+mi71+mi]

being mutually orthogonal, invariant subspaces. Furthermore, we can then
write A = ®@F_| A; where A; := A|y, are homothetic transformations x — 3;x,
Vx € UZ,Z:L,/{?

For a general linear map M on RY, one can similarly find a decomposition
R =U, @ ... ® U, of invariant subspaces, which, however, is not necessarily
be an orthogonal decomposition, see [11, Theorem 2, p.113].

Recall that a linear map A : R — R% s called positive map if it is self-adjoint
and all its (necessarily real) eigenvalues are also positive.

Let J : R? — R? be a positive map having a diagonal matrix J and let
A1, ., A\g € [0,00) be the elements in the diagonal. Then, if A : R — RY
is a linear map such that A = CJC~! where C is a d x d invertible matrix,
then the powers A?, t € R are defined as A' = CJ'C~!, where J! is a diagonal
matrix with elements \!, ..., in the diagonal.

3 Properties of sets having 0 as a point of A-density

The next monotonicity property is clear.

Proposition 3 Let A : R — R? be an expansive linear map. Let E, F C R?
be measurable sets such that E C F and E € £4. Then F € E4.

In the following propositions we give different equivalent conditions for the
origin to be a point of A-density for a measurable set £ C R¢. Put E¢ := R?\ E.

Proposition 4 Let A : R — R? be an expansive linear map. Let E C R?
be a measurable set. Then for any r > 0 the following four conditions are
equivalent:

. ’EnA_jBr‘d

(i) lim

. =1; 5)
Jj—00 |A7]Br|d ( )



(ii) lim |A7E(B.la = |Bla; (6)
j—00
|E°N AT B4

I )
(iv) lim [AE°()B,|a=0. (8)
j—o0

PROOF. (i) <= (ii) This is a direct consequence of the fact that for any
r > 0, and for any j € N,

|[ENA7B,|g |AENB;|4
|A_jBr|d |Br|d '

(i) <= (iii) Obviously, for any r > 0, and for any j € N,

1 — |EﬂA_jBT’d |ECﬂA_jBr’d
|AijBr|d |A7jBr|d

(iii) <= (iv) This follows since for any r > 0, and for any j € N,

|Ec ﬂ A_jBr‘d . ’AjEC ﬂ Br‘d

- = O
‘Ai]Br‘d |Br’d

Corollary 5 In order to E € E4, the validity of any of the above conditions
(1) — (iv), but required for all r > 0, are necessary and sufficient.

Two sets are termed essentially disjoint, if their intersection is of measure
Zero.

Corollary 6 For any expansive map A and two sets E, F C R?, which are
essentially disjoint, at most one of the sets can belong to €4.

PROOF. Assume, e.g., F € &£4. Note that F' € &4 if and only if F =
F\(ENF) € Ea, since deleting the measure zero intersection does not change
the measures, hence neither the limits in the definition of £4. But F C E°,
and E € &, entails that the limits (iii) and (iv) in Proposition 4 are zero,

hence E° ¢ £4. Obviously (or by the monotonicity formulated in Proposition
3), then neither I’ C E° can belong to £4. Whence F' ¢ £4. O

Proposition 7 Let A : R — R? be an expansive linear map. Let E C R?
be a measurable set and assume that for a certain ro > 0 some (and hence all)
of conditions (i)-(iv) of Proposition 4 are satisfied. Then E € E4. Conversely,
if for any ro > 0 any of the conditions (i)-(iv) of Proposition 4 fails, then
E ¢¢&,.



PROOF. Let r € Rand 0 < r < rg, and let j € N\ {0}, then A7 B, C
A7IB,,, hence by condition (i77)
|ECﬂA7jBT|d (@)dlEanijBrold
|A_jBr|d T |A_jBro|d

— 0, when j — +o00.

Now let r € R and r > r¢, and let j € N\ {0}. As the map A is an expansive
map, Im = m(r) € N such that B, C A™B,,. Then similarly to the above
|E‘c ﬂ Aij BT |d
|A_j B,«|d

|ECN A=t B, |4
| AT+ By

<dy — 0, when 7 — +o00. a

Proposition 8 Let A : R — R? be an expansive linear map, and let E C R?
be a measurable set. Assume that K C R? is another measurable set, and that
there exist r1,79 where 0 < ry < r9 < 00 such that B,, C K C B,,. Then
E € &4 if and only of

. |E ﬂ A_‘jKld
lim ———— =1 9
e |A-IK]q ’ )
or equivalently,
E‘NATK
lim EQAK (10)

J—00 |A_jK|d
PROOF. —) In view of the condition B,, C K C B,, we have

j—oo  JATK|s T j—e  |ATIB 4
¢ A
<12y g OBl
™ J—00 |A_]Br2‘d

=0,

because E € £4.

<) Again, by assumption we have

E‘NATB, E‘NATK
lim sup E°N 1la < (Q)d lim M =0,

j—00 |A_‘]B7~1|d - T1 J——00 |A_‘]K|d

using now (10). Finally, Proposition 7 tells us that the origin is a point of
A-density for E. O

Lemma 9 Let A: RY — R? be an expansive linear map. Assume that'Y C
R Y 2 RP, 1 <p<d, is an invariant subspace under A, and that also Y+



is an invariant subspace under A. Let E C R be a measurable set of the form
E:=Y +F, where F CYL. Then E € £4 if and only if F € Ealyy -

PROOF. As R? = Y @ Y, and moreover the subspaces Y and Y are
invariant subspaces under A, we can write A = Aly ® Aly..

We put K := K; + Ky, where K1 :={y € Y : |ly| <1},and Ky :={y € Y*:
|ly|| < 1}. Observe that K satisfies the conditions of Proposition 8.

With this notation, given j € N we arrive at

ENA7K=(Y + F)(Aly ® Aly+) (K1 + K>)
(Y + F)((Aly) 7 Ky + (Aly2) 7 Ka)
=(Aly) 7K1 + (F((Aly+) 7 Ky).

As the summands are subsets of Y and Y+, respectively, this last sum is also
a direct sum. Hence we are led to
[ENAYK)la _ [FN(Aly+) ™7 Kalap
|A~ K4 |(Aly2) ™7 Kala—p

Taking limits and applying Proposition 8 we conclude the proof. O

Lemma 10 Let A;, Ay : R — R? be expansive linear maps and assume that
W C RY is a subspace of R? such that both W and W+ are invariant subspaces
under both Ay and Ay. If Ea4, = Ea, then Eayy,, = E sl -

PROOF. We consider the cylindrical sets £ = F+W+. According to Lemma
9 we know that F' € &4, <= F € &, i = 1,2. Therefore, the lemma
follows. O

u‘W’

Lemma 11 Let A, A" : R? — R? be expansive linear maps and suppose that
there is a linear map C : R — R? with de > 0, such that A’ = C~1AC.
Moreover, let E C R%, |E|q > 0, be a measurable set. Then E € £, if and only
z’fC‘lE € 5A/, 1.e. E4=C0CE4.

PROOF. A, A, C and C! are invertible linear maps, thus we have that for
any j € N\ {0},

(CT'E)YNA™Bilq  |[E°NACBq
|A'=i By  |AHIOB4

(11)

10



Moreover, as C is an invertible linear map, there exists 0 < r; < ry < o0
such that B,, C CB; C B,,. Therefore, the statement follows from (11) and
Proposition 8. O

A direct consequence of Lemma 11 is the following

Corollary 12 Let A, Ay : R? — R? be simultaneously diagonalizable expan-
sive linear maps. If |)\§1)| = \A§2)|, it =1,...,d, where )\g”), w=1,21i=1,...d
are the eigenvalues of A,, p=1,2, then

Ea, = En,.

PROOF. As A; and As are simultaneously diagonalizable, there exists a
linear map C' : R? — R? with dc > 0, such that A, = C~'J,C, p = 1,2.
From Lemma 11, we know that

5A1 =5A2 <:>5J1 :5J2.

Finally, £;, = &, is true because from |A" | = A2 ,i=1,...,d it follows that
for any 7 € Z and for any r > 0 we have J{B, = J3B,. O

4 Some particular cases

Lemma 13 Let A : R? — R? be a diagonal, positive, expansive linear map
with the corresponding matrix

A 0
A= , /\1,)\2€IR7 1<)\1,)\2.
0 A

Let for any a > 0 E, C R? be the set

E, = {(x1,29) € R?: |zo| > |a1|*}.

Denote ays := ag2(A1, A2) := log\y/log\1. Then E, € E4 if and only if
o> Q2.

PROOF. For any j € N\ {0}, and because of the symmetry of the sets E¢
and A77(Q,

11



A7 A ALY

|EgﬂA7]Q1|2:4/ /1{12<$?}d:c2d:c1:4/mln(:ﬂ‘f,)\?)daﬁl, (12)
0 0 0

for any value of a > 0. Let us consider first the boundary case a = a4 5. Then
21" < A7 = )\57, hence the minimum is just z7"*, and we get

/\;j(al,zﬂ)

)\1_3
|E;1,2 ﬂA_jQ1|2 =4 / xtlxlzdﬂfl =14
0

12 + 1 ’
Therefore,
| s NATQuls X 1 ( Ay )j _ 1
|A=IQ1 |2 A{(a1’2+1)(a172 +1) ap+1 AL ayp+ 1

in view of Ay = A{"?. The quotient of the measures on the left being constant,
obviously the limit is positive but less than 1, hence by Proposition 8 and
Proposition 4 (i) and (iii) neither E,, ,, nor its complement £ , can belong
to & A-

Note that when a > «j9, then z¢ < 27"? (as 2; < 1), hence in (12) the
minimum is again z{. Therefore, a very similar calculation as above yields

1,29

lim [EeNA Q] = L lim & : =0
Jj—00 |A_jQ1’2 a + 1 Jj—00 )\(11 ’
because now we have Ay /¢ = A\{"*~% < 1. Whence Proposition 8 and Propo-

sition 4 (iii) now gives E, € 4.

Finally, let a@ < «aj. Observe that the coordinate changing isometry of R?
provides a symmetry for our subject: changing the role of the coordinates we
can consider now Eg = {(z1,25) € R®> : |z1| > |22]°}. Then obviously
E$ = int El/a C E1/a, and @19 = ag; = log A;/log A2 = 1/a; 9, hence from
the previous case and Proposition 3 we obtain ES € £4. But then E, ¢ Ea.
That finishes the proof of the Lemma. O

Lemma 14 Let A : R — R? be a positive expansive linear map. With the
notation in §2, given d > 0, we define the measurable set

Gii={x=ytz:yel, zeUb |z| <dlyl}

k
:{x:Zyi sy €Uni=1,.. 0k, |ly2+ ... + vkl <dlly1ll}-
i—1

12



Then in case dim U; < d, i.e. when not all the eigenvalues are equal to (1, we

have Gs € 4.

PROOF. Clearly, |B1NGs|q = [p, 1¢,dx, and 1g; — 1ga a.e. when d — oo,
so by the Lebesgue dominated convergence theorem we conclude

51Lm<>o|BlmG5|d = |Bl|d- (13)

Next we prove that for any given 6 > 0, G, ; C AGs. We can write AG; as
b1

k k
AG&Z{Z@% cyieU,i =1, ---Jf,z |y HZ< 52H}’1H2}
i=1 ;

k
, 1
:{Zzi cz €U i = Zﬁgll < 52?||Z1||2}~
i=1

Let x € Gp, 4. Then,
b1

2412 < 50 .

1 1
X = z1 + ... + z; such that —||zo|* + ... + — 5
5 e

7
and as (3; > (2, 7 = 3, ..., k, then

1 2 1 2 2 2 2 2
—|Z2||” + ... + = |2r]|” < Zo||“ + ... + = ||zr||” < —5 z1||%.

Hence we arrive at x € AGs proving Gg,; C AGs indeed. If now we iterate
B1

this and use (13), we infer

jhm |BlnAjG5|d Z Jhm |BlmG(§J)j5|d == |Bl|da
—00 —00 1

so by Proposition 4 (ii) and Proposition 7 we get G5 € £4. O

Lemma 15 Let A : R — R? be a positive expansive linear map, and simi-
larly to §2 let the different eigenvalues be listed as 1 < 3y < ... < B, Uy C RY
being the eigenspace belonging to (3y. Moreover, let V. C Ui be any subspace of
R? orthogonal to Uy, and write W = (U; @ V)1, We finally set for any § > 0

={x=utv+w: :ueclU,veV,we (U aV), |v|<dul}.

Then Fs € £4.

13



PROOF. We can combine Proposition 3 and Lemma 14, because Gy is con-
tained in Fs. O

5 The Main Result

Theorem 16 Let A;, Ay : R? — R? be positive expansive linear maps. Then
Ea, = Ea, if and only if I3t > 0 such that

Al = A,.
For the proof of Theorem 16, we first settle the case of diagonal matrices in

the following lemma. After that, we will apply the spectral theorem to prove
even the general case.

Lemma 17 Let A;, Ay : RT — R? be positive diagonal expansive linear maps
with the corresponding matrices

AW 0 0.0

0 Ao.. 0
A, = ,
0 0 0..A%

where AP e R, 1 < A\ < AW < . < )\é“), for w=1,2. Then €4, = Ea, if
and only if 3t > 0 such that

(A) = A,

PROOF. =) For an indirect proof, we assume that it is false that 3t > 0
such that(A;)" = As. Then 3i,l € {1,...,d}, i < I, such that ()\El))tl = )\52)
and (A2 = A® with 0 < ¢1,t5 but t; # t, i.e.

AP AP
mAY " Al

tl — U2,

or equivalently

A AP

A = —(~ Ay = .
™ T T P

14



Without loss of generality, we can assume that (1 <)ay < ay. Let a > 0 and
let us define

F:={(x;,1)) € R? - || > ||}

and
Eo={x=(r,..2a) €R! ¢ || 2 |w|*, ; €R (j #i,]) } * F R,

Then Lemma 9 tells us that F € €4, p=1,2<+= F €&y, p=1,2, where
M, M : R? — R? are expansive linear maps with matrices

= [ M0 1,2
= Y [’L: )
oo AW

However, making use of a; < «g, we can choose a value a; < o < g, and
then Lemma 13 gives F' € &y, but F ¢ &)y, contradicting to the assumption
Eay = Ea,.

<) As Ay = Al if and only if A; = Aé/t, it suffices to see that £4, C €4,. So
let £ € gAl.

Since A is a positive, expansive diagonal mapping, obviously for any 0 < s < 1
we have By C A{B; C A;B;. Now write, for any j € N\ {0}, the exponent ¢j
astj = lj—s; with [; := [tj], the least integer > tj, and s; := [tj]—tj € [0,1).
So we have

E°NABila _ [BSNACBila ) [BS DA Bl
A2 Bl AT Ba T AT B

Since {—[; + 1};en is an integer sequence and —I; + 1 — —oo when j — oo,
by condition E € &4,, Proposition 4 (iii) entails that the right hand side
converges to 0 with j — oo, whence

i |EN Ay Byl
A e e =
i—o |Ay'Bilq

According to Proposition 7 this means £ € £4,. O

Lemma 18 Let Ay, Ay : R4 — RY be positive expansive linear maps such
that 4, = Ea,. Then dim U NUP > 1.
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PROOF. Assume the contrary, i.e. UV NUP = {0}, hence V := 4
U1(2) = Ul(l)@Ul(2). Recall that by definition both Ul(l) and U1(2) are of dimension
at least one, and now dim Ul(l) + dim U1(2) = dimV := p < d, hence now
neither of them can have full dimension. Without loss of generality we can
assume V' = RP. First we work in V. Denote V,, := (Ul(“ )% (the orthogonal
complement understood within V') for p = 1,2.

If S is the unit sphere of V, S := {x € V' : ||x]| = 1}, then by he indirect
assumption also the traces T, := SN Ul(“ ) are disjoint for © = 1,2. As these
sets are compact, too, there is a positive distance 0 < p := dist(7},T3) < V2
between them.

Let us fix some parameter 0 < x < 1, to be chosen later. Next we define the
sets

Ky,={u+v : uecU™ veV,|vl|<xlu} (#=1,2).

We claim that these sets are essentially disjoint, more precisely K1NK, = {0},
if k is chosen appropriately. So let now g =1 or u = 2 be fixed, and consider
any x € K, with v := ||x|| # 0, i.e. x € K, \ {0}. From the representation
of x as the sum of the orthogonal vectors u and v, we get ||u|l < ||x|| =
VIl + [v]2 < /u)l? + s2|ul)2 = VI +#2|[ull. We put 3 == [u]. Let now
y := (1/7)x € S be the homothetic projection of x on S. Then

1
—X — —=Uu

SHy_ﬁX 573
1—g|+;||v||§(\/1—|—/€2—1)—|—/€<2/€.

1
dist(y, 7)) <|ly — 7"

Hl 1

<

Therefore, if we choose k < p/4, then y falls in the p/2 neighborhood of
T,,, whence the homothetic projections y, of elements x, € K,, u = 1,2,
can never coincide. But K, are cones, invariant under homothetic dilations,
therefore this also implies that K; N Ky C {0}, as we needed.

1
Let us write W := (Ul(l) D U1(2)> . Now we consider the sets

H,:=K,eW={x+w : xe K, welV}
={u+v+w:ueU veV,weWlv|<su]} (u=1,2),
which are also essentially disjoint, as H; N Hy = W and |W|; = 0 because
dim W < d. These sets are exactly of the form Fj in Lemma 15, thus H, € c‘fAM

for p = 1,2. It remains to recall Corollary 6, saying that essentially disjoint
sets can not simultaneously be elements of the same £4,, that is, H; € &y,
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but then Hy ¢ E4,, and Hy € E4,, but Hy ¢ E4,. Here we arrived at a
contradiction with €4, = £4,, which concludes our proof. O

Lemma 19 Let A;, A : RY — R? be positive expansive linear maps such
that €4, = Ea,. Then Ay and Ay are simultaneously diagonalizable maps.

PROOF. We prove the lemma by induction with respect to the dimension.
Obviously, the lowest dimensional case of d = 1 is true. Now let d > 1 and
assume that for any two positive expansive linear maps M;, M, : R — R?
such that &y, = &y, My and M, are simultaneously diagonalizable. We will
prove that the statement is true for dimension d 4+ 1. Let A;, Ay : R —
R¥*! be positive expansive linear maps such that €4, = £4,. From Lemma
18 we know that there exists a one dimensional subspace, say [u|, so that

] c 0" NUP.

As u is an eigenvector of the positive self-adjoint linear maps A; and As,
[u] is an invariant subspace of both A; and A,, and we have that also [u]*
is an invariant subspace under both A; and A,. Hence from Lemma 10, we
obtain that £y, = Eu, where M, := A, |+, # = 1,2. Then by hypothesis of
induction we know that the positive expansive linear maps My, M, : [u]t —
[u]* are simultaneously diagonalizable maps. Furthermore, as we can write
Ay = Ayl ® My, = 1,2, and u € [u] is an eigenvector of A; and Ay, we
can conclude that A; and A are simultaneously diagonalizable maps. O

Proof of Theorem 16 <=) From the spectral theorem we know that there
exists a linear map C : R — R? with d¢ > 0, such that A; = CJ;C~! where
Ji : R — R? is an expansive linear map with corresponding matrix

A0 0.0
0 MY0.. 0

J = 2 : AV eR 1< AP <AV << AW,
0 0 0..AY

According to the condition Ay = A} with ¢ > 0, we can write the corresponding
matrix of the map Ay as Ay = C(Jy)!'C~ 1.

Lemma 17 tells us that £;, = &(;,)¢. Also we have the equivalence

5J1 = 5(]1)t < C€J1 = Cg(Jl)t.
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Finally, Lemma 11 implies C&;, = €4, and C& ;) = E4,, hence

Cng = Cg(]l)t g 5A1 = 5,42.

This concludes the proof of the <=) direction.

=) According to Lemma 19, there exists an orthonormal basis for R%, uy, ..., ug,
such that A; and A; have a common diagonal representation matrix C' in
this basis. More precisely, the linear map C' : R — R¢ has matrix C :=
(ug, vy, ...,uy) (where u;, [ = 1, ..., d are column vectors, formed from the com-
mon eigenvectors of A; and A,), and we can write A, = C.J,C™, u = 1,2,
where J, : R — R? are expansive diagonal linear maps with the correspond-
ing matrices being

AW o0 0.0
0 AYo.. 0

J, = : CoAEeR T <l <<l
0 0 0..AW

Note that do = 1 > 0 because the orthogonality of the column vectors u,
(l=1,...,d).
JFrom Lemma 11 we get

Ea, =84, = CE) =CE), = &), =Ey,.

And finally, Lemma 17 tells us that
gjl = (‘:JQ <= ot > 0 such that (Jl)t = J,.

Therefore, we can write Ay = C(J;)!C~ = (A;)!, which concludes the proof
of Theorem 16. O

For a slightly more general result, let now A;, Ay : RY — R? be self-adjoint
expansive linear maps, without assuming that they are positive. We now con-
sider the diagonal matrices

AW 0 0.0
0 A%o.. 0

J, = ? , AW e R (14)
0 0 0..AW
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where A, = C’uJHC’;l, u = 1,2, with some invertible mappings C;, Cy : R —
R?. Let us denote

A0 0. 0
0 Ao 0
J, = . (15)

Then as a consequence of Theorem 16 and Corollary 12, we can say the fol-
lowing.

Corollary 20 Let A, Ay : R — RY be self-adjoint expansive linear maps.
Let Cy,Cy : R — R? be such that A, = C’MJNCM_l, pu = 1,2, where J, are
the respective diagonal maps as in (14). Then Ex, = Ea, if and only if I3t > 0
such that

Y
Al *A27

where A}, = CMJ;LC’*l, p=1,2, with J, in (15).

w

6 Application to multiresolution analysis

In this section we study equivalence among expansive matrices satisfying (1).
In general, the problem is still open. We look for some description of self-
adjoint expansive linear maps A;, Ay : R — R? satisfying (1), such that
Ea, = E4,. Hence we can get equivalent self-adjoint expansive linear maps for
MRA.

Above we obtained that if A;, Ay : RY — R? are expansive positive linear
maps, then €4, = €4, if and only if there exists ¢ > 0 such that A; = A%. The
general case of self-adjoint maps reduces to this case according to Corollary 20,
so in the following discussion we restrict to this case of positive equivalent
mappings. To meaningfully interpret the general requirement, one assumes
Ea, = Ea,, — s0 according to Theorem 16 we have Ay = A}, ¢t > 0 — and now
we look for further properties to ensure (1), too. So in the following let us
assume that (1) is satisfied by A; and by As.

To fix notations we have already settled with choosing Z? to be the funda-
mental lattice for our MRA. Therefore, we can assume that A; is written in
diagonal form in the canonical basis of Z¢ (otherwise considerations should
change to the fundamental lattice spanned by the orthogonal basis of eigen-
vectors for Ap). As a consequence of Ay, = Al also A, is in diagonal form with
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respect to the canonical basis. Therefore, (1) means that we require these di-
agonal entries — eigenvalues of A, — belong to Z, or, actually, to N as they are
positive matrices.

In case all eigenvalues of A; are equal, i.e. ﬁfl), by Ay = A} we have the same
property also for Ay, and the equation we must solve is that ﬂf) = (ﬂ%l))t eN
and ﬁfl) € N simultaneously. Clearly, with ¢ := log ﬁf) /log 6&1) this can always
be solved, so any two integer dilation matrices define equivalent MRA. Let us
remark that in the thesis [20] there is a complete analysis of equivalence (with
respect to the notion of points of A-density) to the dyadic dilation matrix,
among all expansive linear mappings, self-adjoint or not. However, our focus
here is different, as here we consider, under assumptions of self-adjointness,
equivalence of arbitrary, not necessarily dilation mappings.

In the general case when A; (and hence also As) are not dilations, there must
be two different entries (eigenvalues) in the diagonal of A; (and of Ay). As
equivalence is hereditary in the sense that the restricted mappings on eigensub-
spaces of A, must also be equivalent, we first restrict to the case of dimension
2.

In dimension 2, we thus assume that A; has diagonal elements a # b belonging
to N'\ {0,1} and zeroes off the diagonal, and we would like to know when do
we have with some ¢ > 0 that a, b, a,b" € Z (or € N). Obviously, if t € N\ {0}
then this condition holds for any a,b € N. Also, in case a and b are full ¢*®
powers, we can as well take t = p/q € Q with arbitrary p € N. That system
of solutions —a = a?, b = 39, t = p/q with «, 5,p € N — form one trivial set
of solutions for our equivalence.

Another trivial set of solutions arises when b = a* with some & € N. Then it
suffices to have a' € N, which automatically implies b* € N. More generally,
if b = a*/™ is a rational relation between a and b, then by the unique prime
factorization we conclude that a is a full m*® power and that b is full £** power,
and again we find a system of solutions for all ¢ € Q of the form t = ¢/k.

All these trivial solutions can be summarized as cases of rational relations
between a, b and t: once there is such a relation, one easily checks, if the
respective matrix entries really become integers. So we find that systems of
trivial solutions do exist if either ¢ is rational, or if loga and logb are ratio-
nally dependent (are of rational multiples of each other). We can thus call
these cases the trivial equivalence of self-adjoint expansive linear maps with
respect to MRA construction. These explain the next definition.

Definition 21 Let A, (11 = 1,2) be two self-adjoint expansive linear maps,
with A, = C’MJNCM_l, where J,, are the respective diagonal maps as in (14), and
A, = CNJ/QCljl, p=1,2, with Jj, in (15) for p = 1,2,. We say that Ay and A,
are trivially equivalent, if either A} = Ay with a rational t = p/q € Q, with
all diagonal entries |/\§-1)\ €N (j=1,...,d) being full ¢"* powers (of some,
perhaps different natural entries), or if with some natural numbers a,b € N
we have ]A§1)| =a" withn; € N (j = 1,...,d) satisfying (n1,...,n4) = q,
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and with t =m/q - logb/loga, where m € N.
With this notion we can summarize our findings in the next statement.

Proposition 22 Let Ay, Ay : RY — R? be self-adjoint expansive linear maps,
with A, = C’MJHC’Jl, = 1,2, where J, are the respective diagonal maps as
in (14). Then according to Corollary 20, Ea, = Ea, if and only if there exists
t > 0 such that At = AL, where Al = CJCoY = 1,2, with J), in (15).
Moreover, if the respective matrices are trivially equivalent in the above sense,

then they both satisfy (1), and thus form two equivalent expansive linear maps
for MRA.

The next question is to describe solutions of (1) for a and b in the diagonal of
a 2 by 2 matrix A; with linearly independent logarithms over Q, and t ¢ Q.
We can conjecture that such equivalences do not occur, i.e. if A; and A, are
equivalent positive expansive matrices in R?*? satisfying (1), then they are
from the above described trivial classes (including, of course, both the cases
when A, are dilations, as then a = b, and when A; = Ay, as then t = 1 is
rational).

We can not prove this conjecture, but we can say that a well-known conjecture
of number theory would imply this, too. Namely, we can now recall the so-
called “Four Exponentials Conjecture”, see e.g. [22, p.14].

Conjecture 23 (Four Exponentials Conjecture) Let z;, xo be two Q-
linearly independent complex numbers and vy, yo also two Q-linearly inde-
pendent complex numbers. Then at least one of the 4 numbers

exp(zy;), (=12, j=1,2)

18 transcendental.

Indeed, if the conjecture is right, we can choose x, :=loga , x5 :=logb, y; :=1
and ys := t. If 1 and x5 are linearly independent over Q and y; and y, are
also linearly independent over Q, then either of the four numbers a = €8¢,
b=elosl gt =etloge and bt = e!1°8® must be transcendental, therefore one can
not have a,b,at, b € Z. So in case the Four Exponentials Conjecture holds
true, we must necessarily have either a = b? where ¢ € Q, or t € Q.

The same argument can be implemented even in dimension d.

Proposition 24 Assume that the above Four Exponentials Conjecture holds
true. Then the two self-adjoint expansive linear maps Ay and As generate
equivalent MRA if and only if the conditions of Proposition 22 above hold
true: At = Al and, moreover, Ay and Ay are trivially equivalent matrices.
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PROOF. Assume first that ¢ ¢ Q. Then ¢ and 1 are linearly independent
(over Q), hence for any pair of indices 1 < j, k < d applying the Four Ex-

ponential Conjecture we conclude linear dependence of z; := log |)\§-1)| and
Ty 1= log|)\,(€l)|, ie. |)\,(€1)| = ])\Sl)|’"jvk/sivk, with ;5,55 € N. So in view of
the unique prime factorization, |)\§~1)| = o} (and also A = ai) with

some «j ) € N. Now, for each k € {1,...,d} we compare the different expres-

sions |A] = o, j € {1,...,d}, thus, taking the Lcm. of the numbers 7,
j=1,...,d we can define rj, :=[...7;;...] and, again from the unique prime

factorization, we find that |/\,(€1)| must be a full rith power, i.e. |/\,(€1)| = a,f
with some «y € N. . Consequently, for any fixed pair of k,j € {1,...,d},
alt =AW = | A;l)‘rj,k/sj,k = (a;j )Tj’k/sj’k, so again by the unique prime factor-
ization all the ays have the same prime divisors, and we can write |)\,(€1)\ = Q'
(with some o € N and u, € N) for £ = 1,...,d. We can even consider

v:=max{y : a=a", a,p € N}, and with this v write |/\,(€1)| = a", where
ng :=vug (k=1,...,d).

Observe that the same reasoning applies to the diagonal entries of the second

matrix A}, hence we also find |A”| = b, where b € N and my, € N (k =
1,...,d).
Now write (nq,...,nq) = ¢, and apply the equivalence condition A% = A, to

get tnyloga = mylogb for all k = 1,...,d. By the linear representation of the
g.c.d, we thus obtain tqloga = mlogb, where m € N is a linear combination
of the exponents my (and hence is divisible by p := (my,...,my)). In any
case, we have obtained the case t = m/qloga/logb of the trivial equivalence
above.

Second, let t = p/q € Q. Then, for each j = 1,...,d, we have the equation
AZ) = D= APl s0 AP = a? and (Y] = o, with a; € N otherwise
arbitrary: and this is the other case of trivial equivalence, as defined above. O

In all, we found that under the assumption of the truth of the Four Exponen-
tials Conjecture, equivalence with respect to the notion of A, ,-approximate
continuity (or, equivalently, A,-density at 0) and fulfilling condition (1) im-
plies trivial equivalence of the expansive self-adjoint linear matrices A; and
As.
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