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l,. ínveatlgatlng the dlstríbutíon of prJ.meq E. Phragrmen

[Z] proved the following functlon-theoretical r&su].t about
the connection of the oscillat!.on of a functlon and the
sJ.ngularlties of ltE Dírlchlet-Laplace transform.

Th€or,em (Phragrmen). If r(x) ls a pJ,ece-wíse contin-
uous complex functlon wlth Dlrl,chlet-Laplace transform R(s) l
converglng in a rtght halfplane, í.e.

R(s) = (o>A)
oo

J*-"a.t*l
1

anit tf R cqn
(a<A) , then
and for any e

be meromorphlcally contlnued to' o ) a

for any sJ.ngularJ.ty a*it of R l-n a ( o < A
> O we'have

r (x) = n (xo-Ei .

In the 1mportant special caae, when r(x) l,s the
rernaínder term of var1,ous forms of, the prime number theorem,
this relation was sharpened by E. Schmtdt [8], and in case
of the prlme ldeal theorem by E. Landau [nl. However these
results vrere lneffectJ.ve ones, and Llttlewoodls [5l question
for expllctt 0 -resu].ts was unansíbred for more thdn two

decades. Tbe }breakthrough was maáe by P. Turán [11], who :,,:,,.
cou].d use hls famous power-sum method for provlng an explJ.elt
osc1].latortcal theorern on A(x) = Y(x)-x . After ttrts, ttre ,

aim was to ftnd the correct síze of osclllatlon "caused byn

a 9o = Bo*lyo zero of g (s) (l.e. a pole of -{t"l - ;ft ,
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tbe transform of 
^ 

(x) ). This problem was settled by
J. Plntz [e], vrho 

- roughly speaking 
- 

cou}d bring down
the e from ttre exponent (see Corollary 2). Developing
certain effective results ín the theory of the distribution
of the prime ideals, W. Sta3 and K. !{iertelak [rO] began to
1nvestlgate the possíbility of provlng general and explicit
function-theoretical oscillation theorems. In the present
paper we show, that the theoratica]-ly expectable largest
oscillation can be proved for general function-classes too.
As corollaries, we will get back the above mentioned result
of J. Pintz, and corresponding results in algebraic number
flelds; due to the present authoi [Z].

The author withes to express his thank to ,J. Pintz for
the stimulating consultations duríng his work.

2. We call a function (rea1 or complex valued) píece-
wise continuous, íf it ís contirtuous in every finite interval
except a finite number of jumps. For simplicity, we will
suppose, that pur functl9ns are teft continuous, and thatb b:o
any integraI § means J , when a or b ís a jump of

a a-o
the corresponding integrand. For any functíon f , let, fl=f,
fu*r(x) = t(fv(x) ) , i.e. fu is the v-tímes iterated f
function. we introduce for z €c

Log z := max[loglzl ,2)
i

Complex variables are written ,in the form s = o+it (o = Re s),
and an integral on a verticaI 1ine wíth real part o wil1
be denoted by §(o)

we use the Landau o and o notations and the vinogradov
({'notation as well. K' tK2t... are positive paraneters,

fixed once for all, and cltc2t... are explicitly calculable
absolute constanst { (independent of any parameter).}
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Definition. We sáyr that reR., 1f the following con- ',;

ditions hold: '.

r. r(x):Ltr-) + § , r(1) - o 1 r piece-wise con- a

tinuous' 
. "u K. 

:

lr(x) l ( xrxr,Qg lx .l-

TI. The Dirich}et-taplace transform of I .a 
.

.oo09c-c r

can be Presetrted as the negative of,the logarithmic derivative
ofafunction F, regulartoi o)o except forapossible
pole at s=l !

TllR(s)=-i(s) (o>O)
I,

III.For O3o34
K

lr(s) (s-l) l . *l(ltl+1) 4

IV. |F(2+it) l ) xu .

Remark. By I and II, r(s) l O for o ) 1 Let us
denote the order of the singularity of F at s=l by }1 i ..

i.e. x=I , íf F has a pole, and x=O , if not. (Tt is not ':

Ímportant, that Ín III }re set r(s).(s-1) 
- 

we could do 'a

.:

everything with F(s),(s-r)" u" we1l _ but at present by .

III we have x S I. ) If r is real and, monotone, and x=l ,

then by WienerIs Tauberian theorem [rl] the,relation

(2.1) .

is equívalent to

(2.2)

r(x) ^, x (x * oo)

F(t+it) lo (téR).

But, by an application of a classical theorem of Landau [sl,
it can be proved that for such an r we have x=l . Further,
by the well-known method of De 1a Vallée Poussin, it can be
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proved, that (2.2) holdsl so (2.1) follows for any real and
monotone r . when r is not such, we donot have the corre-
sponding asymptotical results, but nevertheless, we can prove
the same oscillation. I.e. we have

Theorem. Let r € Q, , let x be the order of the sin-
gularity of F at s=l , and

(2.3) d(x) 3= r(x)-x.x

tet O<e(1 bearbítrary, 9o=Bo*iyo azeroof F wíth.|vv\J

Bo>árand

Q.a7 y ) max{cre'oo',exp(9),KlrK4r"('**r)',*,}" (x- - K:.

e, t = 
- ,K'} (Kl:=logq),

Then there exists an

(2.5) x€t",""r(Knlog(lool)+K')] ,

for which
Bo

(2.6) ld(x)l> (1_e),* ,Ipol

3.Propositlon1.If A>L, O(a§1 and x)1 l
we have

_ A*a2
(3. 1) LogAx S ea .xo ,.

Proposition 2. If u and v are arbltrary complex
numbers, vle have

(3.2) Log(u+v) 3 Log(u).Log(v)

Propositign 3. For 
" = *

(3.3) J.-*'d* ( e-B2
'"
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PropositíoJr4.For a)O, b complex, c)O we
have

(c) 2 {na i€t

Lemma 1. (The contlnuous form of the povrer-srrm tbeorem
of J.w.s. Cassels [1l.) For h > 1 , n€ll and ai complex
(j=lr...,n) we have I J

In the fo}lowlng vre suppose that F satisfies III,
IV and V, and collect general versions of well-known facts
in the theory of the Rlemann zeta function.

The complex number p = B+iy represents a zero of
F , Z is extended over all zeros satlsfylng the indlcated

v
condítíons under the summation slrmbol, and for any a ) o
and T]_, T2, T real

(3.6) N(alTlrT2) := X 1 , N(arT) := N(ar-TrT) .
p

B)a
Tl<vST2

Lemma2.For O<a<1, T real

(3.7) N,(a,T-lrT+1) a. *(KnLogT+Kl )

le§qn,a-]! For L > 1, O ( a ( 1 and any rea1 T

(3.8) N(alT-L,T+L)..*(Knl,og(lTl+g)+K,) ,

and
la

(3.9) N(a,T) << l3l_!l(KoLog( lTl+g)+K, ) .
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Lemma 4. For

fal

}{"1 =

D(s) =

1

c_ 
^D-a

O<a, 2a<- b<1 \Me have uniformly
inb

(3.10)

(4.1)

Let

x
sl<

--l-S-l o (TGf,1 (KnLogt+K, ) )lp-

( 3. 11)

whenever s €L or t is the imaginary part of any horiaontal
segmentof L and bSoS 4,

As for the proofs, Lemtna 2 use§ ,Jensenls inequality
2+i (T+ka)

Lemma 4 uses
R=2-a,

r$r=t t .. jtKnl,ogt+K,) 2

2t*] times fo, R=2 1 t = \ÍEET , "J. =
(X]trr...,Jt*l), Lemma 3 follows from Lemma 2,
the Borel-Caratheoöory 1emma with ,o o )+it ,
r = 2-b , G(z) = t,(z) (z-l)x and ts.gl r and the
of L can be done in view of Lemmas 1 and 4 by
zeros of F as much as possible. Compare [rO].

Lenima5.rf o<b<
slrmmetric to the real axis,
vertical segments, 1ies ín
for that part belonging to

,l

i , then there exists a poligon Ll
which consists of horigontal and
b < g < 2b , has arc length ,< 2T
OSt<Trandfor,which

construction
avoiding the

D (s+por.ks2+msds =

-s-o - 2
1*r.k= **=d" 

=

4. Let us denote by D the Dirichlet-Laplace transform
ofd,

krm)lranddefine

@oo

-§at*l4*-= = 
'r*1I

t-Ja t*l6$t*
1

u = U(po) Ic.=_l' 2lti J
(2)

(4.2) 1c
2ni r)

(2)

36 , KotrlnneKcHbIü AHanns H IIpu[o)KeHufr'85 561
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J,

sínce m < 1ogB

,

í logx . By the same substitution u =. :-..

§ .-.'-(Bo-c) 
(2fPu+m)+2{Éu+mdu 

=

u/2{F

1oqx-lI
2,Íi

:, .,i

lug| < MI

(4 .7,

(4.9)

: ,,]

(( llrextrl ( (1+o-Bo) m*u'( lia: B

"dv<<
fJe

u/z{í-,[T(I+o-Bo;

2t - !l-ro' 4k'

Now, if .f9r a constant, C
!, . .,,

(4. 8) ld (x) l < öx

then for U., we get
/.

v/e suppose

Bo
x e[a,a] ,

Bi
lu2l 

= ;1fu 5",1o#-oolexp,-(logl-m)2l* =

^ 
,/2nG 

2

* J '**ool.-"d,,tlrr _r7rfp'lk v

],

(lp^| * 1.)c
L, ,Gí

22Ju-V-*|p^le-V')dv 
=lk.,
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From (4.5),
any ,o ( {t

(4. 10) lU l

Now, &11
,:,:the chol-ce

(4.7) and (4.8)
< 1 , '4k ( u 3

k>1 andfor

in (5. 1)

^for 
m) lool,

im Tre infer

3 ( l ool-frlc + o(lrlrexp(m(l-Bo+9)tu (ltcr:-$o) ,?

conditions on ttre parameters are satisfied wlt
]':'.,, , .'],"

of

2
u
4k

tl
'i ],

|",, 
"

-]-'Z,,

j:].ji:+:+

,:,::.:.r|:!.

} } ..r.,..

: :ij,.i:;*É,j

, ._F;ii:+

F'i( 4 ;,I1)

ánd we

that :,

(4.12)

].
ff=-9^ z,]:

concluile

r ],. 1ll = l2k

f rom (4. J.O)

:!{? - =

' ] ',

j-n view of (2.4) and Bo

:',),,t,.o(!,11,x-8) < clool (r{) +lUl < C(lool+f,
e6,

5.Fortheestimationfrombelow,wetransformtheway.
or integration to thé bl9ken_line L-po (which ls justified1,

by Lerurra 5, e
,2-

"ks-*ms = g19-t-) and III), and get a sum of

be laige for,a proper choice of k according

to Lemma l.
Namely, from the left_hand side of

-)where Z.' indicates lhe restri,cted
'

f rom r,. . witnitn. notation ";'

(5.I)

.M1(oo) ;1,' knlog [:§u,,l 
j: ]$'

5 ánd (3.2),:fof, the intégr,alwe get from L9mma,]
n
\

.zb-o
" 2bm+k-B m

lúLo O
.rr9

,íE U'
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and from Lemma 2 and (3.2) for any 0 > 1 that

Ti) 
"* 

( r-oo) 2+m(o-no} 

,
p

I v-vo l >C

3 §"'1-go)m+ 
(1-so) 2x- 

( j+g) ?t
j=o

As for the remaining summand,s, theír number n ls at most
N(bryo-Llyo+{,; , so by Lemma 3

(5. 5) n((
MzL l,ógt,

-5-- 
,

Applying Lemma 1 for the remaining finite sum we obtain a

(5.6)

with

(5.7)
p

, lt-yJ se

Now for this special

k e,f1o9Yr2n.1o9Y]

K , choose
I

i1r] !

-l t6
)

(5.8)

(5.9)

:

and by (4.11) , (5.5) , (5.6) and ''(s. a) we concludé. that'the-
interval (2.5) contaíns [are] , defined in, (4.3) . Moreover,
by (2-4t, (4.11) and (5.B), we get from (5.1), (5.3), (5.4)
and (5.7) that P

nú2
Ft_

,ÍF "4M2.-9k>1-;
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Compa'ring (4. 12).

(5.ro} , c>

which proves the

where

with (5.9), we see that

-2l _-é,,3-
'§:-.*.r+j_

lo ol (1{)

existence

.\ l-e
Po

of it_},. , x €'[A;3] satisfyíng (2.6) .

6. Number theoretical app}i,catlons. T,et l(j]..-

gebraic number fíeld, n the degree and A the
of it. The remainder of the prime ídeal theorem

a* (x) ;=, tx !x) -x , = E Á* (m) -x
rn<x "

be arr al-
o]-scr]_m]_nant

ís defined by

An (m) = Z_ 1ogNp ,
Prk

tlók=m

where P runs over the prime ideals of K , k €B{ , and
N9 is the norrn of the ídeat P . For e*(s)l the Dedekind
zeta function of K , we have

- 'i ,.,, =' + Á* (m)

r .-' 4 c . ,-K m=l m"

With these notati-ons, it follows (see e.g. [9l)

Lemma 6. V,, €Q. , and we have for n > 2

K_ - n \r=?, _ll=L, K3 = .!ta l3/2, K4 = }n+2, K5"1 1og2' L'2:, L,
,

iFor the mo§t lrnportant case K=Q r wé have ,

K1 =3, x2=or K3=.6, *a=}, *u=él-Z-T

Corollarv 1 ([7l). If o < e ( 1 , 90= Botiyo ,

= tjln
lL

.5§6



y );max t.l 
oo I

then there exists an

.^, 2L2/ e1€ ,"7n,cr1o9lÁl)

8

- (1-e)x'O
' -l e;T- '

pintz [o]l. rf o < e ( L ,

x e [v,y'9'Lo9 
| ool+cro'ogl Á l 

1

for which

, la*(x)l

Corollary 2 (,r.

e (oo) = Q , and
og =. u"]""

,ft"
is' re'a1-

O.'f , ''''', ,

rqsults)

Ip_l ,^,2Y ) max {crr re ., ,e'"/' l

then there exists an

x e[y,ycl2199lool3

for which

'Bo
la (x) t > (I-e)ft_T .-,o,

.:i

Remark.'rn the above ínvestigat,ions we deflne,d
as a class of complex va]-ued functions. But, if r
valuedr,W€.:cqr,l prove molei either regarding the value
oscillationr of concerning the sign of r (i.e. $+
To these questions we shalI return later.
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