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1. Tnvestigating the distribution of primeg E. Phragmen
[2] proved the following function-theoretical résult about
the connection of the oscillation of a function and the
singularities of its Dirichlet-Laplace transform.

Theorem (Phragmen). If r(x) is a piece-wise contin-
uous complex function with Dirichlet-Laplace transform R(s),
converging in a right halfplane, i.e. !

co

R(s) = Sx-sdr(x) (¢ > A)
1

and if R can be meromorphically continued to o > a

(a < A) , then for any singularity oa+it of R in a <o <A
‘and for any ¢ > O we have o

r(x) = 2(x*"9.

In the important special case, when r(x) is the
remainder term of various forms of the prime number theorem,
this relation was sharpened by E. Schmidt [(8], and in case
of the prime ideal theorem by E. Landau [4]. However these
results were ineffective ones, and Littlewood's [5] question
for explicit @ -results was unansWered for more than two
decades. The “breakthrough was made by P. Turdn [llj, who

could use his famous power-sum method for proving an explicit

oscillatorical theorem on A(x) = ¥(x)-x . After this, the
aim was to find the correct size of oscillation "caused by"

- i s
a p, = so+iyo zero of ¢(s) (i.e. a pole of - C(s) m s

’



the transform of A(x)). This problem was settled by
J. Pintz (6], who — roughly speaking — could bring down
the ¢ from the exponent (see Corollary 2). Developing
certain effective results in the theory of the distribution
of the prime ideals, W. Stas and K. Wiertelak [10] began to
investigate the possibility of proving general and explicit
function-theoretical oscillation theorems. In the present
paper we show, that the theoratically expectable largest
oscillation can be proved for general function-classes too.
As corollaries, we will get back the above mentioned result
of J. Pintz, and corresponding results in algebraic number
fields, due to the present author [7].

The author wishes to express his thank to J. Pintz for
the stimulating consultations during his work.

2. We call a function (real or complex valued) piece-
wise continubus, if it is continuous in every finite interval
except a finite number of jumps. For simplicity, we will
suppose, that gur functiogs are left continuous, and that

any integral S means S » when a or b is a jump of
a a-o

the corresponding integrand. For any function f , let  f.=£f,

1
fv+l(x) = f(fv(x)), i.e. fv is the v-times iterated £

function. We introduce for =z e&C
Log z := max{loglzl,2}.

Complex variables are written in the form s = o+it (o = Re s),
and an integral on a vertical line with real part ¢ will

be denoted by S A
(o)

We use the Landau o and O notations and the Vinogradov
<< notation as well. Kl’Kz"" are positive parameters,
fixed once for all, and CysCys... are explicitly calculable
absolute constanst {(independent of any parameter)}.
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Definition. We say, that reXR, if the following con-
ditions hold:

I. r(x):[1,9 ~¢C, r(l) =0, r piece-wise con-
tinuous, and

%5
lr(x)] < K,xLog “x .

ITI. The Dirichlet-Laplace transform of r

&

" : 0o o0

R(s) = Sx—sdr(x) = -Sg(x)dx—s (o0 > 1),
1 1

can be presented as the negative of the logarithmic derivative

of a function F , regular for o = O except for a possible
pole at s=1 :

R(s) = - E-(s) (5-80) .

III. For O £ 0 < {4

K

IF(s) (s-1)1 < Ky(lt1+1) 4,

IV. IF(2+it)] 2 K; .
Remark, By I and 1II, F(s) # 0 for o > 1 . Let us
denote the order of the singularity of F at s=1 by = 3
i.e. »=1, if F has a pole, and x=0 , if not. (It is not
important, that in III we set F(s):(s-1) — we could do
everything with F(s):(s-1)" as well — but at present by
III we have x < 1.) If r is real and monotone, and x=1

then by Wiener's Tauberian theorem [13] the relation

7

(2.1) | r(x) ~ x (x = 00)
is equivalent to
(2.2) F(l+it) # O (t €R).

But, by an application of a classical theorem of Landau {31,
it can be proved that for such an r we have x=1 . Further,

by the well-known method of De la Vallée Poussin, it can be
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proved, that (2.2) holds, so (2.1) follows for any real and
monotone r . When r 1is not such, we donet have the corre-

Sponding asxjmptotical results, but nevertheless, we can prove
the same oscillation. I.e. we have

Theorem. Let r €R , let x be the order of the sin-
gularity of F at s=1 , and

(2.3) d(x) 2= r(x)-»x-x .
Let O < e <1 be arbitrary, Py = Bo+iyo a zero of F with
1
N - (1+K,) ° X,
(2.4) Y 2 max{cl,e ,exp(:i),Kl,K4,e K"} (K'::logig).

Then there exists an

c,(K,Log(lp _|)+K"')
(2.5) xely,y 2 4 %

for which
xﬁo
(2.6) ld(x)| > (l-e)T——— .
pol

3. Proposition 1. If A > 1
we have

r 0<as<1 and x 21,

: - A %Az a
(3.1) Log'x S e “x

Proposition 2. If u and v are arbitrary complex
numbers, we have

(3.2) Log (u+v) < Log(u) - Log(v) .
p 1
roposition 3. For B 2 5
Co
_J2 el
(3.3) Sexdx<eB 3 -
B
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Proposition 4. For a> 0 , b complex, ¢ > O we

have
® 2
1 as +bs 1 b
(3.4) ToT S = exp (-—) .
i i 2455 Le

Lemma 1. (The continuous form of the power-sum theorem
of J.W.S. Cassels [1].) For h> 1, né€N and oy complex
(j=1,...,n) we have ‘

a.u

-alu n
(3.5) max le S el 121
h<u<(2n-1)h j=

In the following we suppose that F satisfies 111,
IV and V, and collect general versions of well-known facts
in the theory of the Riemann zeta function.

The complex number p = B+iy represents a zero of

F , Ei is extended over all zeros satisfying the indicated
p

conditions under the summation symbol, and for any a > o0
and Tl, Tz, T real

(3.6) N(a,Ty,Tp) := > 1,  N(a,T) := N(a,-T,T) .
[5)

B=a
Lemma 2. For 0<a<l1l, T real

(3.7) N(a,T-1,T+1l) << %(K4LogT+K') .

Lemma 3. For L >1, O0< a< 1 and any real T

(3.8) N(a,T-¢,T+0) << %(K4L09(1TI+Q)+K') "
and
(3.9) N(a,T) << 'T'+1(x Log(ITI+Q)+K') :



Lemma 4. For 0 < a, 2a <b <1 we have uniformly
in b <90 < 4

(3.10) E—;(s) = = g}? - O‘(mf-?)(K4Logt+K'))

lp-sl<b-a

Lemma 5. If 0 < b < % » then there exists a poligon L,
symmetric to the real axis, which consists of horigontal and
vertical segments, lies in b £ ¢ £ 2b » ‘has arc . length. < 2T
for that part belonging to 0 £ t < T , and for which

(3:41) IF—E"('s)l << b—%(K;Logt+K')2
whenever s €L or t 1is the imaginary part of any horizontal
segment of L and b < o < 4 .

As for the proofs, Lemma 2 uses Jensen's inequality
2[%] times for R=2 , r = \‘(2—a)2+a2 y Sy, = 2+i(T+ka)
(k=il,...,i[%]), Lemma 3 follows from Lemma 2, Lemma 4 uses
the Borel-Caratheodory lemma with g 2+it , R = 2~-a ,
r =2-b , G(z) =,F(z)(z-l)x and (3.8) y and the construction
of L can be done in view of Lemmas 1 and 4 by avoiding the
zeros of F as much as possible. Compare [10].

4. Let us denote by D the Dirichlet-Laplace transform
Of d ?

o oo
(4.1 ps) = -famaxs =KSx'de<x> =iRis)'r 222"
% 1

Let k,m 21 , and define

2
_ s sl S ks“+ms,_ _
U= U(po) '~_2ni D(s+po)e ds =

(2)

. 0o '
S=p 2
(4.2) = S (—Sd(x)d—i(x Velye'™ Mgy

@1
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P
(4.2) = —Sd(x)ag{x © —L exp(- AOgXIM )y ay =
g 2Ntk
@ ’
2
o 3 S d(x) logx m (logx-m)
TRy X " t Pplexpls S=p=idx
1

where we applied (3.4) and interchanged the order of the
integrations and the derivation. The first and the last rep-

resentations of U in (4.2) give the way to estimate U
from above and from below, resp. Split up U to

AT B o
g% S sk e S r e S
i 1 A B

(A = e p B=e G O Cip S 3%).

For any O < a < % we have by (3.1)

> K2+l
K2+l (l+K2) +
(4.4) m << e b

7

and so by I, using (3.3) we have for any m 2 Ipol, m = u+dk,

X
l £k = 7

K

2
L A (K Log 2x+x)x O(m lo X0 l)exp(—ilg%g—ml—)dx

u.l <
L 27k

e (Y

m=u 2

e lo e m) B

El K S Bologx
1

2+

IA

e dx <<
\ﬁE

5 1

- 2¢ 2 '
(1+K;) "+ u/ -u“-g_(2¥ku+m)
od Ko 2 o eam e o e2\Iku+mdu >

-m/2{k -
(4.5) ; At 2 g
a

2
e ¥ dv

u/25§-{f(1-80)

em(l—eo+u)+k(l—80)

IA
=
o
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2
<< Mlexp(m(l g +(X)+]J(l B )—4k)

K, +1

(M) = M, (a¢) = K,e 23

Similarly for m > lpol, m> u+dk , 1 £ k =< % » and M

1
defined as in (4.5),
M, ¢ 2
(4.6) 1031 < = lexp{(a-8,)logx - logxom® s,
(% o
B
since m < logB < logx . By the same substitution u = Logx-m
2\k
oo 2
-u -(Bo-a)(2{2u+m)+2¢iu+m
n/2{k , - :
(l+a—Bo)m+k(l+a-Bo) L3R
(4.7) = Mle e dv <<
u/2€i—{i(1+a-eo)
<< Mlexp((l+a—80)m+u(l+a~30) - ZE) .
Now, if for a constant C we suppose
o
(4.8) ld(x)] < Cx x €[a,B]
then for U2 we get
B ' 5
Uyl s —= Sc'loggkm 0o | exp (-1 107N -
2\1k
u/2‘f— ,
: ) 2 32
(4.9) = < I-Fpo Vay < 2 5( Ze™V +lp )dv =
G —u /2K '

1
Upgl +—=1C
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From (4.5), (4.7) and (4.8) for m > |pol, k =21 and for
any 0<a<l, 4k <us %m we infer
tk

(4.10) Ul = (lool+:%:)c % O(Mlexp(m(l—80+a)+u(l+a—Bo) - By,

Now, all conditions on the parameters are satisfied with
the choice of

(4311) © - w =g, ciw = A2k mo= 16k, k.2 dog¥,
and we conclude from (4.10) in view of (2.4) and Bo 2 % .
that -
(4.12) Ul € Cllo 1+S) + oMY 8) s clo 1145 + £

. = 06 1 Po 3 6 °

5. For the estimation from below, we transform the way-
of integration to the broken line L-pO (which is justified

ks2+ms _ -t2
by Lemma 5, e = O(e ) and III), and get a sum of
residues, to bLe large for a proper choice of k according

to Lemma 1.

Namely, from the left-hand side of U in (4.2) we get

2
2 , k(p=p ) “+m(p=p )
(5.1) U = Zii S D(S+po)eks +msds + : & o) fo)
L—

’

Po
) - '

where 2 indicates the restricted sum over the zeros right

from L . With the notation

(5.2) | M2 = Mz(po) := K4Log|pol +K!

we get from Lemma 5 and (3.2) for the integral in (5.1)

2 : 27,29
M (2b-g _)m+ (B _-b) "k Pl
|Sl << -%-e 5! 4 gLogzte Bt <<
L B o}
(5. 3) 2 2bm+k-80m
Mze
<< 5
Jk b
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and from Lemma 2 and (3.2) for any €2 1 that

2. 2 : 2
k(p=p_)“+m(p=-p ) 2 (1-8_ )m+(1-8_)“k=-(j+@)*k
l EE:) & o] o) | < :E:e o] o] .
~ b
ly=v 1>¢
(5.4) -{N(b,yo+€+j,YO+&+j+l)+N(b,Yo-e-j,Yo-t-j-l)} <<
2 : 5
M, (1-8_)m+(l-g )k &2 .2 M,Logl 2(1-8 )m-2“k
2 A o o Z.e J kLogj << 2 o

o s vl - e
b ; TR ] b

As for the remaining summands, their number n is at most
N(b,Yo-E,YO+Q) , SO by Lemma 3

(5.5) n<< S,

Applying Lemma 1 for the remaining finite sum we obtain a

(5.6) k €[logY,2n-logY]

with

2.m
(p=p ) +=(p=p ) k
(5.7) | S e 9 BT8R g

P
ly-vd <€

Now for this special k , choose

(5.8) =5 , b=
"and by (4.11), (5.5), (5.6) and (5.8) we conclude that the

interval (2.5) contains [A,B] , defined in (4.3). Moreover,
by (2.4), (4.11) and (5.8), we get from (5.1), (5.3), (5.4)

and (5.7) that ’

(5.9) lul =21 -
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Comparing (4.12) with (5.9), we see that

2
Loy 1-¢
(5.10) ¢z —— > p“

Iool(l+§) o

which proves the existence of an x €[A,B] satisfying (2.6).

6. Number theoretical applications. Let K be an al-

gebraic number field, n the degree and A the discriminant

of it. The remainder of the prime ideal theorem is defined by

bp(X) 1= ¥ (x)=x := S _A.(m)-x
K K mex K
where ¥

Ay (m) = > logN? ,
P,k
N¥ '=m

where ¥ runs over the prime ideals of XK , k€N , and

NP is the norm of the ideal P . For tx(s), the Dedekind
zeta function of K , we have

L o0 A_(m)
- Eﬁ(S) = Z. ! -S °
K m=1 m .

With these notations, it follows (see e.g. [9])

Lemma 6. \er& , and we have for n > 2
- n . . o R 3/2 = - (8

For the most important case K=Q@ , we have

K, =3, K,=0, Ky=

Corollary 1 ({7])..3f 0 <.e €1 , Po = Botivg v
CK(DO) =0 , and
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le | 2
Y > max{e = ,e12/E ,c7n,0810glAl}

then there exists an

cqonLoglp l+c, logla]|
X e[Y,Y 3 = L ]
for which
B
(1-¢e)x <
IAK(X)l > —TE—O—I—-— W
Corollary 2 (J. Pintz [6]). If O0<e <1 , Po = Botiv, o
. t(p,) =0, and \
lp | 2
Y > max{e,.,&8 ° ,elZ/e }
11
then there exists an
c,,loglpe |
Xé[Y,Y 12 (e}
for which
B

' o
Ia(x)] > (1-5)¥E—T .
o

Remark. In the above investigations we defined R
as a class of complex valued functions. But, if r is real-
valued, we can prove more:either regarding the value of

oscillation, or concerning the sign of r (i.e. 1y results),.
To these questions we shall return later. ‘
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