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PBRIODIC DECo§lPosITIoNS oF FUNCTIONS

1. Let f :R--} R be a reaI function and let dl" ",án

be given real nunüers, We say tl'at f=f ,+" ,*f'' is an

(al, ..,",.,)-d9cornpo9ltign of f if fi is períodic

mod .i for every i=lr " ",,,, If § i,s a class of real

functlons ancl each ft be}ongs to § then we say that

f=f ,+. . .*f ,, is an (ár, . , , ,,r) -decomposition in S

LetA"d.enotethedifferenceoperator,thatislet

a.f (x) =f (r:*a) -f (x) (x € R; f :F{-+ [1) ,

If

^
a.

]-

we

(r)

f=f ,+. . . *f 
'., 

is
fj "o for every

ob.aln

an (al, . . ., u.) -oecomposition then

i u.,á, as the operators O., commute,

^ 
.,.A^ f = O,

'1 
on

A class 'F of real :functions ís said to have the

clecomposition p::operLy (d,pr,) if , for every f € § ancl
l-

;,,..;J.a n,-tI).implies that f has an (a1, ",'r)
deconrpositicn ín § , Neither the class of all real

functions,llorc(ü1),t}reclassofallcontinulrsfunctions

function f (x)=x then AuAof=O for every a,b € lR, On tl

other.harrcl,iflSaY,ö=bLr:€IIfdoesnothavean(a,b)-
decornposition since f is not períodic,

The ,folIowíng result shows that BC(R) ,

all bounded and continuous functions has the

TtiEOREtl }. L9! d.,r...,a.
J ll

bc real numbers

t!rs. f Lrag 3l (a}, , , , ,u.) -§s,",pg=j§"" i" C (R) if
gld. glrv !{ (1) holds,

t a-
lLv

the class of
d.pr.

and f € BC (§1) .



A special
and uI/u2 1s

2, By the
mean ,T?T llfrlll{l*n '

case of the
irrationa1,

norm of the

continuous

theorem above,
was proved by

deóomposítion

namely when

M. Wíerd1 in

oo , where llg ll ..= sup I

f=f .+...+f.In
[rt"t| : xé lRJ

n=2

lrl.
we

We denote by C. the grea,test lower bound of all positive
numbers c with the property that whenever f € Bc (R)

satl"sf J.es (1) then t has a continuous (alr. . . ,án) *decom-
position of norm 1 C llf lloo .

THEOREM 2. For every n Z 2 we have ar*2n-2.
In certaln cases better estímates can be proved.

THEOREM 3. Suppose tl-;t f € BC(R) satlsfies (1) ,
where -1, . . . ,an are pairwisg lTrcommensurable. Then f
has a contl"nuous (?r, . . . , an) -decomposlt1-on wlt.ll ngrm
pot excee.dinq (r-*l llf ll .n' '. .. oo

Probably neither of the bounds 2n-2 and 2-I 1snsharp; the problem of finding the best constants in these
theorems p:,oves to be surprisingly diffl-cult. The next two
theorems gJ-ve sharp estl-mates in some special cases.

THEOREM 4.,Suppose !!a! f € Bc(fi) satlsfies (1) l
where glther n=2 or n=3 anq .1r.2r.3 are paírwise
incommensurab}e. Then f has a continuous (alr.. . ,u.) -
dgcomposltlon with norm not excee{inq llr li *" .

THEOREM 5. Suppose t§at L/al,...,7/un are linearly
1n9ependent over the rationals. l: f € BC(R) sa.isfies
(1) then

n
l
t§

tl

l

l

I

(i) supf=

hold for every

n
r<-í

inf f = Linf f .
.l _l J-
I- J-

(a1l . . . |arr) -decompositíon

nz
i=1

sup f.-]-

of fi
(ii) ,there 1s a conti'nüous

§!_ch that ll

, a_ ) -decomposition
n

á,|fílt"ön

(a1,

fll oo
f =f ,*. . .*f
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3. Among the (not nec.]ssarlly bounded) contlnuous
funct,ions satisfying (1) are the polynomials of degree
less than n. Thls observaLion leads to the following
probleml which functions f can be written in the form
;=p*fl+...*f.,vlherepisapo1ynomia1ofdegree<
and A_ f ,=O (l=1 ,... rn)., We call guch a representatlon

'i1an (alr... r&n)-quasi-deconlposítíon of f .

Tf f € C(R) has a continuous (alr... ran)-quas1--
decomposition then (1) must hold. i.ow€v€f 7 it was shown
by T.Z, Ruzsa and l"1. Szegedy that (r) is not sufflcient
for the existence of such a decomposl-tíon. lnle can give
the exact ,_-ondition ín terms of the n-th modu] us of
contínuity of fz

6n (f) = 1.: ll oil, li 
^,, 

= =,,n l l_i_ 
(- 1) 

j 
(3)n € íR 'oO 

§=o

f (x+jn'l , x,h€R\.

TIiEOREI,1 6. A function f € C (IR') has an (alr... r.r) -
(1) andq.uasí-decompositíon il C (R) if an{ only

6n (f ) < l>o |,olg símultaneously.
if

As a simple applicatíon of this condltion, we obtain
TIIEoREM 7

oecomr)os]_ t].on
(r) n"ad=.*

. A functíon f has an (a- ,, l,
1n C (R) with a llnear p

... rar)
if and

-quasi-
on}y if

is uniformly continuous.

4. Let S be a non-empty set and let T be a map
of S ínto itself . A function 9!S -+ ü1 is said to be
T-periodic, if 9oT=9 oí r equívalently, íf ,, Ar9=o, where
At9 = 9 gcT. Now let Tlr... rTn be maps of i into
itself u.r9 ler: f=f ,+. . .*f, where fi ís Tr-periodíc
for every i=lr...'ít. If the maps Tí commute, i.e.
T.o T. = T.oT, ho}cl for every I,) , then the operatorsl]]1
A- also commute and we have

J".
1

(2) Ar....^T f = o.
In

Let § be a class of real valued functlons defined
128



on S. We say that } has the decomposition property

(d.pr.) with.respect to the maps (w,r,t,) Tl"",T. if

f or every f €'§ , conditlon l2l implies that there

exists a (Tlr...rTr)-9ecomposition of f rn§ , i,e,

f=fl+...+frr, where- fl€§ and Arrfl=O (i=1 ,""D),

Supposethattheclass§ísclosedurrder.ll.near
operations and let ,j" be a map of S into ltself , Then

Af = f foT (r e§ ) defines a J_anear operator o, §

suchthatKerAconsístsofalIT-periodicfúnctions
from § This observation together with the next theo-

rem show that soIT:^ Banach sPaces of 'functions possesS

the d. pr. w. r . t. " reasonable" mappirrgs ,

x be a linear Fpace over R, ll ,\lTIIEOREM 8. Let
be g norry o_n X aru!

that tx€ X, 11 xl\
T be. t yeclor topoloqv on

< Lt § T -.q9!pg9!, an4 i{
3!g ll xxll,+ o then *k,9 o ln

be cgmmutlqq, T -conti.nuous

X such

Tx,ex
Let

1inear

(k=I ,2,...)
AIr...rAn

Then xer (A1. . . A.,)

srranned bv the nu.

maps of into itself such that

,as 9 linea! subspace of X, is
)-. spaces Ker Aí (í=1,, , , ,D) ,

Tlre conclitions of this theorem are satisfjr 1 if x

is a reflexive Banach space with T beÍng Lhe weak toPo-

logy. It,can be shown that the assertion of the theorem

does not hold for every Banach space X and for every

systemofcorrmutingIinearoperatorsAisatisfying

Applyin9 this theorem

classes for r4 p<ú
measurable maps wlrich do

o-f inite spaces Ly) (S)

nreasurable maps wtriclr do

it, can be proved that the r,P(S)

posse§s the d.pr. w.r, commuting

not decrease measure, and ín
has the d. pr. w. r. t. cornmuting

not map sets of positive measure

l29



into sets of nleasure zela. Also, the class of all bounded,

functlons deflneö on S has the d.pr. w.r"t. every
commuting. system of maps.

As f or classes of real functions, víe trave the f o11owin9

immedlate corollary.
THEoREI,í g. !9§ § bg g translq§ion-invariant normed

space of íR -> R fr$gtlor}§. Suppos_c that theTg is a

trans1.1ti.on-iny§l,*"§ vector I9p9]_99x T o. F such !l'&
{f é F , li .i il É u rs '?' -comp_ac.tr gnd whenever fn €'§.-

* 
Lh"r, F has theand ll f ,r ll * o !ne". frr* o ín 'í

d.pr. (w.r.t.' translatlons) -
- É

Making use of this conditíon, one can prove that each

of the fo]-lowinq classes has the d.pr.
b-BVl = [f :[1 -, B, l f is bounded and, sup V (f ; [x,x+l] ) <co}

x
b-Lip = {3:R -} F{ : f is bounded and Lipschltz}

s bounded, f (k-1) exists
everywhere and is Lipschitz}.

We remark that the d.pr. of the class BC(R) does

not follow from Theorem 9. It was proved by V. Totik, that
there does not exist a vector topclogy on BC (R) satís-
f ying the concli.tions of Theorem 9.

5. We'conc_ude with the fo}lowing problem:
,

1s every bcrq_lég§, g_gnlingous solutíon € e lromoqeneo9s

di f f e rencp egu.at j__on

n

Z .r' (x+a, ) = O
j-= }

(3)

a)

ne ces s.ari 1._v_ 9!]§grrnry, continuous?
(We rern.rrk tlrat if we replace (3) by the more general

convolution equation U*f=O then the answer is negative;
see [r]. lle also point out the connecti.on of tiris problem

107



vrlth the J_nvestigations of S. Bochner and others con-

cernl,ng eontinuous solt_:+lons of dlfference equatlons;
see Lrl . )

íf the answer to thJ_s prob}em ls af f irmatlve, it
provl_des a slnple proof of Qur Theorem 1. We note first
that (1) !s a homoge:ieoug dlfference equatj_on. Now, tf
f € Bc(11) ls unlformly cont{nuous and satlsf|es (1)

then an elementary constructíon 91ves a continuous
(a', ...,arr)-decomposltion of f vl"a the Arzela-Ascoll
lemma. ,Another approach !s the followJ_ng. Any solutJ.on
of (3} ls mean-perj.od|c, and any bounded and unj_fonnly
contl_nuous ]nean periodlc function J.s uniformly almost
perlodJ.c (see Ll], p,43). Then we also can fl_nd afi

uslng the Fourier

R3rERENcEs

(alr . . .,arr)-decomposition of f
serles of f (see [r] l .
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