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PERIODIC DECOMPOSITIONS OF FUNCTIONS

1. Let f:R—> R Dbe a real function and let al,...,a

be given real nunbers. We say that f=fl+...+fn is an

(al,...,an)—gecomposition of £ if f.l is periodic

n

mod ay for every i=l,...,n. 1f ¥ is a class of real
functions and each fi belongs to - then we say that

. . . . (e
f—f1+...+fn is an (al,...,an) decomposition 1in ¥
Let b, denote the difference operator, that is let

Aaf(x)=f(x+a)~f(x) (x ER; f:R-—> R).

If f=fl+...+fn is an (al,...,an)~decomposition then

A fjno for every i and, as the operators o4, commute,
i

we ob.ain

(1) & wxeb_ £ = O,

A class 'Y of real functions is said to have the
decomposition property (d.pr.) if, for every fFe’y and
al,...,anéi R, (1) implies that f has an (al,...,an)—

decompositicn in % . Neithrer the class of all real

functions, nor C(R), the class of all continucus functions
defined on R has the d.pr. Indeed, if £ is the identitvy
function f(x)=x then AaAbf=O for everyy a,b €& R. On t!
other hand, if, say, a=b taen f does not have an (a,b)~
decomposition since £ is not periodic.

The following result shows that BC(R), the class of

all bounded and continuous functions has the d.pr.

THEOREM 1. Let al,...,an be real numbers and f & BC(R).

Then £ has an (al,...,an)—decquosition in C(R) if
and only if (1) holds.

n-
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A special case of the theorem above, namely when n=2

and al/a2 is irrational, was proved by M. Wierdl in (63.

2. By the norm of the decomposition f=f oo+ f we

£ , wh | = £(x)| : 'R} .
mean 1?611:11“ i“oo where ”guoo sup{l x\ X &

We denote by Cn the greatest lower bound of all positive
numbers C with the property that whenever f & BC(R)
satisfies (1) then f has a continuous (al,..

.,an)—decom—
position of norm <% Cnf”co .

2
THEOREM 2. For every n 2> 2 we have c,<2 .

In certain cases better estimates can be proved.

THEOREM 3. Suppose tl.t f & BC(R) satisfies (1),

where 2yre..0a  are pairwise incommensu:iable. Then f

has a continuous (ay,...,a )-decomposition with norm
; 1
not exceeding (2 H)”f"oo .

Probably neither of the bounds 2n~2 and 2—% is
sharp; the problem of finding the best constants in these
theorems p:oves to be surprisingly difficult. The next two
theorems give sharp estimates in some special cases.

THEOREM 4. Suppose that f € BC(R) satisfies (1),
where either n=2 or n=3 and

al,az,a3 are pairwise
incommensurable. Then f has a continuous (a,,.

decomposition with norm not exceeding “f”DO .

.,an)—

THEOREM 5, Suppose that l/al,...,l/an are linearly
* independent over the rationals. Ic £ € BC(R)

sacisfies
(1) then n n
(i) sup f =;Z:sup fi y inf f = ;E:inf fi
i=1 i=1
hold for every continuous (al,...,an)—decomposition
of £
(11) ~ there is a continuous (al,...,an)~decomposition
N
£=f£ +...+f  such that |lell__ = i—l“fi““"
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3. Among the (not nec.:ssarily bounded) continuous
functions satisfying (1) are the polynomials of degree
less than n. This observation leads to the following
problem: which functions f can be written in the form
f=p+fl+...+fn where p is a polynomial of degree < n
and Aa.fi=0 (i=1,...,n), We call such a representation

i
an (al,...,an)-guasi—decomposition of ¢£.

If f & C(R) has a continuous (al,...,an)—quasi—
decomposition then (1) must hold. i.owever, it was shown

by I.Z. Ruzsa and M. Szegedy that (1) is not sufficient
for the existence of such a decomposition. We can give
the exact ~ondition in terms of the n-th modulus of
continuity of f:

6n(f) = hj;g “Agf}hx>= sup%

n !
Zi_bqu(g)f(x+yﬂ\: x,héim%.
3:0

THEOREM 6. A function f & C(R) has an (al,...,an)~
quasi-decomposition in C(R) if and only if (1) and
6n(f)<::mo hold simultaneously.

As a simple application of this condition, we obtain

THEOREM 7. A function £ has an (al,...,an)~guasi—
decomposition-in C(R) with a linear p if and only if

(1) holds and f is uniformly continuous.

4. Let S be a non-empty set and let T be a map
of S into itself. A function g:S-> IR is said to be
T-periodic, if geT=g or, equivalently, if" ATg=O, where
ATg = g - geT. Now let Tl,...,'l‘n be maps of  into
itself and lec f=fl+...+fn where fi is Ti—periodic
for every i=1,...,n. If the maps Ti commute, i.e.

Ti°Tj = TjoTi hold for every i,j, then the operators

AT also commute and we have
i

(2) AT ...AT f = 0,
1 n

Let Y be a class of real valued functions defined
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on S. We say that 3: has the decomposition property
(d.pr.)'yigg.rgsgect to the maps (w.r.t.) Ty,...,T, if
for every f& ¥ , condition (2) implies that there
exists a (Tl,...,Tn)-decomposition of £ in'y r du,

f=fl+...+fn, where fi€r§ and ATifi=o (1=%, ¢ o g01) -

Suppose that the class & is closed under linear

operations and let ¥ be a map of S into {Egelfs Then
Af = £ - foT (£ €% ) defines a linear operator on iy
such that Ker A consists of all T-periodic functions
from ¥ . This observation together with the next theo-
rem show that sorm~ Banach spaces of functions possess

the d.pr. w.r.t. "reasonable" mappinys.

THEOREM 8. Let X be a linear space over R, -\

ke a norm on X and ‘U be a vector topology on X such
that {x¢€ X : WxW<1 1is 'C -compact, and if
xké} X ¢ {k=l,2;::0) B0d \kaH~%> O then x —> 0 in € -
Let Ay,....B, be commuting, ‘C -continuous
linear maps of X into itself such that
NA.l—I”él (i=1,...,n).
Then Ker(Al...An) ,as a linear subspace of X, is

spanned by the nu’ 1 spaces Ker Ai [A=1, «un 70 .

The conditions of this theorem are gatisfic 1€ X
is a reflexive Banach space with ¢ being the weak topo-
logy. It can be shown that the assertion of the theorem
does notfhold for every Banach space X and for every
system of commuting linear operators Ai satisfying
», - 1l € 1.

Applying this theorem it can be proved that the LP (s)
classes for lé’ p £ &© possess the Ld.pr. w.r.-. commuting
measurable maps which do not decrease measure, and in
oc-finite spaces LDO(S) has the d.pr. w.r.t. commuting

measurable maps which do not map sets of positive measure

129



into sets of measure zero. Also, the class of all bouvnded
functions defineda on S has the d.pr. w.r.t. every
commuting system of maps.

As fdr classes of real functions, we have the following

immediate corollary.

THEOREM 9. Let T be a translation-invariant normed
space of R-—>R functions. Suppose that there is a
translaticn-invariant vector topology T on T such that
(fe¥ : il <ip is ‘C ~-compact, and whenever £, € ¥
and || f_ ||~ 0 then £ =0 in T . Then % has the
"d.pr. (w.r.t. translations).

Making use of this condition, one can prove that each

of the following classes has the d.pr.

b—-BV:L = {f:R—> R

£ is bounded and sup V(f;[x,x+1]) <o)
x

b-Lip = {£:R-> R f 1is bounded and Lipschitz}

oo

b—Lipk= {(f:R—>R : f 1is bounded, f(k_l) exists

everywhere and is Lipschitz}.

We remark that the d.pr. of the class BC(R) does
not follow from Theorem 9. It was proved by V. Totik, that
there does not exist a vector toposlogy on BC(R) satis-

fying the conditions of Theorem 9.
5. We conc.ude with the following problem:

Is every bounded, continuous solution of a homogeneous

difference equation
n

(3) gi:cif(x+ai) =

i=1

necessarilv uniformly continuous?

(We remark that if we replace (3) by the more general
convolution eguation uxf=0 then the answer is negative;

see [31. We also point out the connection of this problem
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with the investigations of S. Bochner and others con-
cerning continuous solv*tons of difference equations;
see LZ] )

If the answer to this problem is affirmative, it
provides a simple proof of our Theorem l. We note £iret
that (1) is a homogeneous difference equation. Now, if
f € BC(R) 1is uniformly continuous and satisfies (1)
then an elementary construction gives a continuous
(al,...,an)-decomposition of £ wvia the Arzela-Ascolil
lemma. -Another approach is the following. Any solution
of (3) is mean-periodic, and any bounded and uniformly
continuous mean periodic function is uniformly almost
periodic (see [}1 p.43) . Then we also can find an
(al,...,a )~-decomposition of f using the Fourier
series of £ (see [i])
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