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Abstract

This paper has been motivated by previous work on estimating lower bounds for the norms of
homogeneous polynomials which are products of linear forms. The purpose of this work is to inves-
tigate the so-calledth (linear) polarization constan, (X) of a finite-dimensional Banach spake
and in particular of a Hilbert space. Note that X) is an isometric invariant of the space. It has
been proved by J. Arias-de-Reyna [Linear Algebra Appl. 285 (1998) 395-408] thasihcomplex
Hilbert space of dimension at leastthenc, (H) = n"/2, The same value af, (H) for real Hilbert
spaces is only conjectured, but estimates were obtained in many cases. In particular, it is known that
thenth (linear) polarization constant of&dimensional real or complex Hilbert spaggis of the
approximate orded”/2, for n large enough, and also an integral form of the asymptotic quantity
c¢(H), that is the (linear) polarization constant of the Hilbert spaicevhere dimH = d, was ob-
tained together with an explicit form for real spaces. Here we present another proof, we find the
explicit form even for complex spaces, and we elaborate further on the valug&bf andc(H). In
particular, we answer a question raised by J.@rd&-Vazquez and R. Villa [Mathematika 46 (1999)
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315-322]. Also, we prove the conjectured H) = n"/2 for real Hilbert spaces of dimensian< 5.
A few further estimates have been also derived.
0 2004 Elsevier Inc. All rights reserved.

1. Introduction and notation

Throughout this papeX will be a Banach space ovét, whereK is the real or com-
plex field andX* will denote the dual space. The skd unit ball and the unit sphere
will be denoted byBx and Sy, respectively. A functionP: X — K is a continuous:-
homogeneous polynomiéthere is a continuous symmetrniclinear formL : X" — K for
which P(x) = L(x,...,x), forall x € X. In this case it is convenient to write = L.We
define

| P|l :=sup{|P(x)|: x € Bx}.

For general background on polynomials, we refer to [8]f1f f2, ..., f» are bounded
linear functionals on a Banach spa&e then the productfifo--- f,)(x) := fi(x) x

f2(x) - fu(x) is a continuoug-homogeneous polynomial gfi. R.A. Ryan and B. Turett
have shown (see Theorem 9 in [23]), in their study of the strongly exposed points of the
predual of the space of continuous 2-hmgeneous polynomials, that there exi€ts> 0

such that

Il f2ll - Ml < Call frf2- -~ fall.

For complexBanach spaces, Benitez et al. [6] have obtaifigek n", where the constant

n" is best possible. On the other hand, feal Banach space¥, Ball's solution of the
famousplank problemof Tarski, see [4], yields the same general result. However, the
estimate #"” can be improved for specific spaces. Whence the following definition was
introduced in [6].

Definition 1 (Benitez et al[6]). Thenth (linear) polarization constanbf a normed space
X is defined by
ca(X) :=inf{M > 0: | fall- - N full SM -1 full VfL -0, f € X))
=1/ it Sup[fi()--- fulx)]. (1)

Lyeees fHESX* H)CH=1

Obviouslyc, (X) is a nondecreasing sequence. Its growth, as oo, is closely related
to the structure of the space, hence the asgtiptalue is of interest. In particular, a
characteristic number is thimear polarization constantf the spacex.

Definition 2 (Révész and Sarantopoul@®?]). The linear polarization constanbf a
normed spac« is

c(X) = lim cn (XY™, ()
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In fact, we should have put only(X) :=limsup,_, ., c,(X)Y/" as a definition. However,
it was proved recently that the limit doesigt, see [22, Proposition 4]. Note thatX) can
be infinity as well. More specifically, from [22, Theorem 12] we have.

Theorem A (Révész and Sarantopoulos [22]gt X be a real or complex normed space.
Thenc(X) = oo if and only ifdim(X) = oco.

In the special case whepgis a Hilbert space, it is easy to see that
cn(X) =sup{c,(Y): Y is a closed subspace &f dimY <n}. (3)

The Banach—Mazur distand€X, Y) between two isomorphic Banach spaseandY
can be used in comparing théh polarization constants of these spaces, see [6, Lemma 12].
Recall that the Banach—Mazur distance is defined as

d(X,Y):=inf{|T|-|77]: T:X — Y is an isomorphist

Proposition A (Benitez et al. [6])If X andY are isomorphic hormed spaces, then
en(X) < d"(X, Y)en(Y). (4)

It seems very likely that, (X) > ¢, (£3) (Yn < dimX), but to our knowledge this is not
known. However, for each € N, Hilbert spaces have the smalle#h polarization constant
amonginfinite-dimensionahormed spaces.

Proposition B (Révész and Sarantopoulos [22]) X is an infinite-dimensional normed
space, then

cn(X) =>cy (ég), Vn e N. (5)

Note that for any:-dimensional Banach spadewe have

d(X, 63) </, (6)

which is due to F. John [13]. Thus, to determingR") is interesting not only in the
context of Hilbert space theory. For example, a combination of (3), (4), (6), and (5), yields
the following result.

Theorem B. Let X be an infinite-dimensional normed space olesind letH be the space
£z overK. If K" =R" or C", that is the spacé;, overkK, then we have

en(H) = e (K") < en(X) <n"2c,(K") =n"?c,(H) (neN). 7)

In this work we focus our attention on the problem of estimating the linear polarization
constants of Hilbert spaces. Although thisai€lassical topic, [15-17], there has been a
flourishing activity on this field even in the last ten years, see [2,3,6,11,14,20,22] and just
recently also [1,18,19,21].

Ideally, one should look for the exact values@i¢%) = c,(K%), for anyd,n € N,
which, in view of (3), reduces té < n € N. In fact, this question is posed in [14], attributed
to the referee of the paper. Ini$ direction a remarkable success is Arias-de-Reyna’s result.
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Theorem C (Arias-de-Reyna [2])
e (C") = n"/2,

An even more precise description was ahed recently by K. Ball [3]. Estimating
cn(R") seems to be a harder task. In particular, the proof of the stronger result due to
K. Ball relies heavily on complex function theoretic tools which are not valid in the case
of R”. Observe also that Arias-de-Reyna’s entirely different technique, based on perma-
nents, multilinear @ebra and probability theory (Gaussian random variables in particular),
strongly depends on the complex structur&bf As Arias-de-Reyna has mentioned in [2],
his Theorem C leads to an upper estimgtR”) < 2"n"/? even for the real case. This has
been improved in [11,14], until a more refined approach was worked out in [20], using the
natural complexification of a real Hilberpace. This has led to the best estimate we are
aware of.

Theorem D (Révész and Sarantopoulos [22])
nn/2 < Cn(Rn) < 2n/2—lnn/2’
In Section 4 we shall discuss the real amo in detail. This seems to be interesting
even though the resulting exponential fadtils, unfortunately, only betweew2 and 2, as

this approach avoids any reference to tbeplex case. Let us mention here the following
conjecture, mentioned already in [2,6] and formulated also in [22].

Conjecture.
ey (R") = n"/2, (8)

In all, for a Hilbert spaceH of infinite dimension we only know that(H) = co and
logc, (H) ~ %n logn. On the other hand, if difHl = d is fixed then by Theorem 12 in [22]
c(H) must have a finite value as— oo.

Trying to determine, (K¢) for arbitraryd < n € N, by natural extrapolation one might

have thought that, (K¢) = d"/2. However, this fails by a recent result [1] which connects
polarization constants ©6hebyshev constants

Definition 3. Thenth Chebyshev constanf a subset C X in a metric spaceéX, p) is

M,(F):= inf suppo(y,y1)-...-p(y,yn). 9
V1seees YIzereF

In particular, if X is a normed space and thpéx, y) = [|x — y||, then

My(F):= inf  suplly —yill-... Iy — yall. (10)
V1seees YIzereF

Theorem E (Anagnostopoulos and Révész [1)Ye have
cn(R?) =2"/M,(SY) and ¢,(C?) =2"/M,(S?), (11)

whereS™ denotes the unit sphere &+, for anym € N.
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This result is instructive for two reasons. First, sindg(S1) = 2 is well known and
easy to derive, we immealiely obtain not only»(R?) = 2, as we wanted, but also that
cn(R?) > 2"/2 for all n > 2. Second, the constai,,(52) is not known and to find its
exact value seems to be out of reach. In fact titoblem leads to nortial geometrical
problems fitting into geometric discrepancy theory and known as “Whyte’s problem,” see
[1,26]. The situation clearly suggests that to determin&¢) is, in general, even more
hopeless. On the other hand, some estimates on the Chebyshev constants are known. The
best known estimate is due to G. Wagner [25], which leads to

Coroallary A (Anagnostopoulos and Révész [1)e have
c(R?)=2 and ¢(C?) = e. (12)

In the course of proof of Theorem 12 in [22], Révész and Sarantopoulos have shown
that

e (K) LK), (13)
Here and throughout the constdini/, K) is defined by
L(d,K):= / log|(x, s)|do(x) (<0) (K=RorK=C0), (14)
Skd

wheredo (x) denotes the normalized surface Lebesgue measufg.0obnds € Skq is
arbitrary. Furthermore, it has been mentioned in [22, Remark 3], that by more elaborate
analysis asymptotic sharpness of (13) can be shown. However, the authors of [22] were
not aware of the fact that for real Hilbertages this has already been obtained by Garcia-
Vézquez and Villa [11].

Theorem F (Garcia-Vazquez and Villa [11]We haver(R?) = e~ L@-R®) with the con-
stantsL(d, R) defined by(14).

The outset of the present paper was to accomplish the work hinted in [22]. The real case
being already known, the new part of our result is the following.

Theorem 1. We have:(C¢) = ¢~L@-0) with the constanté (d, C) defined by(14).

We present our unified, different proof for Theorems F and 1 in Section 2. While [11] is
based on a result for symmetric functions@mpact metric spaces, our direct approach
avoids use of anything like that, and is based on probabilistic as well as potential theoretic
arguments. For completeness, we describe the full proof, although some overlapping occurs
naturally at some points. In particular, we present the explicit exact formulghfK) in
Lemmas 10 and 11, although the real case has already been computed in [11].

Remark 1. As the direct calculation of.(2, R) and L (2, C) shows, Corollary A is in fact
a special case of Theorem 1 féi= 2. However, the connection of,(K%) and M, (S™),
which is special to the geometry B only, does not extend to arbitrasy
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Still, we can provide some information concerning a few low-dimensional cases which
seem to support our conjecture.

The next statement has already been claimedi(fer2, 3, 4), cf. [6, Lemma 10], but
no proof has been published yet.

Theorem 2. We haver,(R") = n"/2 for n = 2, 3, 4, and5. Therefore, fom < min{d, 5}
we also have, (R?) = n"/2.

Further relations and estimates on the values of the polarization constants will be dis-
cussed in Section 4.

2. Common proof of TheoremsF and 1

By the Riesz representation theorem the polynomiak) := fi(x)--- f,(x), where
fx € S+, 1 < k < n, can be written in the form

Pl‘l(x):(-x7y1>'<xay2>""'<xayﬂ>7 (15)

wherey; € S}, = Sy.
For any system of point{y,}’}=l C Sy let us consider the discrete measure

1 n
1= X;ayj, (16)
]:

whereé, stands for the Dirac measure concentrated. &learly 0< p, and|luw,| = 1.
We consider$¢—1, B, o) as a probability space, whefgis the sigma algebra of Borel
measurable sets. When thought of as the probability space, we d&fidtes 2. Now
our basic random variabke from 2 to =1 is a random selection of a pointe $9~1
according to the uniform distributian, thatisP (¢ € A) = o (A) for setsA € 5. Moreover,
we consider now totally independent copigsfor k € N of the abovet = &1. On the
product probhility space oisample spac€ := [];=; 2k, wheres2; are identical copies
of £2, arandom event @amples a sequence = (yx);2 ;. First we prove the following.

Lemma 3. For any given continuous functiofie C(5?~1) we have

lim / fdu, = / fdo with u, = u,(w) fora.a.w € 2. a7

n—o00

Here forw = (yk)2; ua(w) is defined in(16) with the points(yg);_; .

Proof. With & as above, we defing:= f(¢) = fS fdée. Then¢ is a real valued random
variable on$2. From the normalizing conditions we have that the expectation (mean) is
m:=E(¢)= [, f(§(w))dP(w)= [ fdo. Consider now the totally independent copies
Zn = f(&,) of the random variable = f (&) for all n € N. So we have a sequen¢g,) of
independent, identically distributed random variables with common medihe assertion

is that the average of these variables tend to the mean almost surely, i.e., we, have
%(§1+---+§,1)—>mf0rn—> oo a.s.
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For these random variables ts&#ong law of large numberapplies, cf. Theorem of
[10, X. 7, p. 244]. That is, for any given § > 0 we haveP (|o,, — m| <€) > 1 —§ when
n > N := Ng(8, €). This formulation of the law from [10, X. 7. p. 243] is equivalent to
state that for a.aw € 2, we haveo, (w) — m, cf. footnote 12 on p. 243 of [10]. (This
comprises a straightforward application of the Borel Cantelli lemma in the product space
2+.) Whence the lemma obtainsc

We will need the following, seemingly plausible assertion, which requires a proof.

Lemma 4. There exist appropriate choice of poirftsy, ..., y;} C §9-1 50 that with the

corresponding sequence of measuieg) of the form(16) we haveu, Vﬂa‘f o (n — o0),
whereo denotes the normalized surface measursoft.

Proof. Let F :={f;: j € N} be a countable, dense subset¢§?~1), and let us fix first
any functionf := f; € . In view of the above Lemma 3, there is a suh@étc 2., with
P(£27) = 1 (whereP is probability measw on the product spac@,.), so that (17) holds
forall w e £2/.

It follows that for almost all sequencase 2., we have (17) simultaneously fal
functionsf; € 7. Now if g € C(S971), € is any given positive number, anig — f;| <e,
then for a “good’w € 2., we have by (17)

—egliminf/gdun—/f,'dcrglimsup/gdun—/fjdage, (18)
n—oo

n—o00

that is limsup_, o, [ gdun — liminf,_.o [ gdu, < 2¢, and the limit exists: moreover,
(18) implies that then the limit is equal §og do, as asserted. O

Remark 2. During the period when we were looking for a concise proof or direct reference
for this Lemma 4, J. Diestel [7] gave us the suggestion of using W. Maak’s proof for the
existence of a Haar measure (see, e.g., [9]), while V. Totik [24] suggested use of the Krein—
Milman Theorem. Both ideas lead to alternative proofs of the lemma. However, we still do
not know any direct reference which would cover the statement as it is.

Consider now the polynomials (15) determined by the pdisits. .., y, } C Sy defined
in Lemma 4. Clearly,(H) > 1/| P,|. Hence by definition (1), for a lower estimate of
cn(H) we need an upper estimate |pP,||. Since dimH = d < oo, Sy is compact, and
| P, |l = | Pa(zn)| fOr somez, € Sy. Thus, by the compactness §f, z, has a convergent
subsequence. Without loss of generality we can supppse z.
Now let ¢ > 0 be fixed and consider the functigr(x) := log|(x, s)| for x € Sy and
s =(1,0,...,0) € Sy. Clearly —oco < ¢ < 0 on Sy, and¢ is do integrable. Sincep
is upper semi-continuous on the compact Sgt there exits a sequenag, € C(Sy)
of continuous functions, which convergesgamonotonically. In fact, it suffices to take
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ém :=max(¢, —m}. Thus sincep € L1(o) we also have,, € L1(c) and by the monotone
convergence theorem

/¢m(x) do(x) — /qb(x)dcr(x) asm — oo. (29)
SH SH

So withe given, chooseng(¢) so that

/¢m(x)d0(x) </¢(X)dG(X)+8 (m > mo). (20)
SH SH

For the following,m and thusp,, € C(Sg), will be fixed. Note that by definition (14) and
that of ¢ (x) above we have

/QSdU:L(d, K). (21)
SH

So now we can write
1 n
|2 o[ = [ Patan " =exp{;2'09|(1n’y?>\}
j=1

= eXp< / |Og|<Zn7 y)‘ d“’ﬁ(y)}
SH

< exp; /max{log|(zn,y) ,—M}dun(y)}

SH

= exp) / wn(ywun(y)} (with @, (y) := max{log|(zx, y)
SH

,—m}).
(22)

Take now¥ := max{log|(z, y)|, —m}. Since the functiomx(x) := maxlog|u|, —m} be-
longs toC ([—1, 1)), andB, (y) := (zx, y) converges uniformly t@(y) := (z, y), it is easy
to see that the functions, are uniformly convergentt#, as¥ =« o 8 and¥, =« o §,.

weak
Hence ast, — o we get

/Wndune/llfdcr asn — 0. (23)
Su Su
Taking nowng = ng(e, m) sufficiently large we obtain fot > ng

/Wn(y)dun(y)</¥’(y)d6(y)+8=/¢mdo+s, (24)
SH SH SH

by the symmetry of¥(y) = maxlog|(z, y)|, —m} and ¢, (y) = maxlog|(s, y)|, —m}
with respect ta; or s. Collecting (20), (23), (24), and (21) now gives

1Pl " < exp{L(d, K) +2¢} (1> no). (25)
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As noted above, (25) now leads to
cn ()" > exp{—L(d, K) — 26} (n > no),
and thus by taking limits we obtain
c(H) >exp{—L(d,K) — 2¢}. (26)
Since (26) holds for alt > 0, the lower estimate(H) > ¢~L@-K) js established.
Now let y1, ..., v, € Sy. By compactness, we can even choose these points to be ex-

tremal, that is, take /&, (H) = maxces, [ 1,1 |(ym. x)|. Similarly to (22), we are dealing
with the quantity

1 " n
i :)?2?:”!:[1|(ym,x)| = exp(P;?Z(mZleog|(ym,x)|) — exp()p;?[){((p(x)).

Note thatp(x) is bounded from above by 0 and is upper semicontinuous, hence it really
has a maximum over the compact $gt. To estimate the maximum valué of the func-

tion ¢(x), we use averaging over the unit sphere. That is, we integrate with respect to the
normalized surface measufe of Sy. Then we are led to

M= maX¢(x)>/<p(x)da(x)=/ Zlog|(ym,x)|dcr=nL(d, K), (27)
xeSH
Sy Sy m=1
since, independently of the particular value of the unit vectgrsve have

/I09|<ym,x>|dcr =Ld,K) (m=1,...,n).

SH
Collecting the facts above leads to
cn(H)=e ™M LMK (28)

which concludes the proof of Theorems F and 1.
Garcia-Vazquez and Villa point out on [11, p. 319] that

inf ———— =L@k 29

neN ¢, (R4)1/n ¢ (29)

and expose the question whether this infimum is actually a minimum. Analyzing the above
proof, we can answer this question to the negative both for real and complex spaces.

Proposition 5. For all n € N we haver, (K%) < ¢ "L(@K),

Proof. It suffices to see that in the upper estimatecpfH) the averaging ovefSy
with respect todo leads to strict inequality, that ISV > nL(d,K) in (27). As ¢(x)

is integrable with respect tdo, for equality in (27) we should have(x) = M for o-
a.e.x € Sy. However, considering any point,, we find that in the “equatorial strip”
{x € Sy: |{x, ym)| <8} the inequalityp(x) < logé holds. For smalb > 0 the strip is still

a positive measure subset$)f with values strictly less thamf, hence the average differs
from the maximum valu@/ and the inequality is strict. O
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3. Proof of Theorem 2
We start with a lemma which was communicated to Y. Sarantopoulos by A.M. Tonge.

Lemma 6. Let H be a real Hilbert space and let, € Sy, k=1, ..., n, be arbitrary unit
vectors. Suppose that for some unit veéter Sy and with somé > 0 we have

max |<al7x>|"'|(an7x>|:|(al:§>"'<an:§> k] (30)
lxll=1, |x—§|<35
that is, ¢ is a local(conditiona) maximum ory . Then we have
ng=—2_ 4.4 2 (31)

@t T ey

Proof. [22] mentions a variational proof: we will give a more transparent geometric argu-
ment. A slight advantage of this approach is that it makes no use of linear independence of
the vectorsi,. So let us write
n
P(x) = J(ax, x).
k=1
Any sequence of vectorsy, ..., a, can be supposed, for the present purposes, as lying
in R™. Clearly, if ¢ is a local maximum we must have(¢) # 0 andé € Sy. So we also
suppose, as we mak = R”, and we consider the vector

n
Aagk

= ——.gradP(§) = . 32
V= pe SO =2, 0 42

If u € R" is any vector, then we have
P& +1tu) = PE) + PE) (v, tu) +0(?) (- 0). (33)

Clearly for all vector with(u, &) < 0 andr sufficiently small but positivéé +ru| < 1, and
P being homogeneous, by condition of maximaliB(& + tu)| < | P(£)|. Thus (33) leads
to (v, ru) +0(r?) < 0, i.e., (v, u) < 0 whenevelu, &) < 0. It follows thatv can only be an
outer normal of the unit sphere gtthat is,v = A& with A > 0. Substituting this into (32),
and taking inner product with we obtain

n

ak
; (ax, &) (34

Hencev = A& = n& and (32) entails (30). O

Proof of Theorem 2. Note that the case = 2 is already contained in Theorem E, for

M (S1) = 2 is obvious. Let now: = 2, 3,4 or 5, and let the linear functionals be fixed as
ai,...,a, € Sge. Consider the Gram matrix

A= ((ai, aj))i,j:l,...,n e R™", (35)

By an appropriate change of siggs= +1 of the vectorsy;, which does not change norm
of P, we want to achieve that the row (and thus the column) sums of the entrigs of
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are all add up to at least 1. To get this, select sigrn® maximize|| Y "_; €;a;|l2. Write
a:=)_;_j€a; forthis (or, any) maximal vector. If X j < n is an arbitrary index, put :=
—2¢ja; +a: then|b|2 < ||lall2 by assumption. On the other hand, by the parallelogram
law || —€;a; + all + llejajll5 = 1/2(lall5 + [613) < llal3, that is, (¢ja;, a — €;a;) is
nonnegative. Obviously this implids, € ja;) > 1, as needed. So without loss of generality
we can assume

y1:=(a1,a1) + {a1,a2) +--- + (a1, an)

=1,
yo :=(apz,a1) + (az,a2) +---+ {az,an) > 1

)

Yn i={an,a1) +{ap, az) +---+ {ap, an) = 1 (36)

Let us note that the above argument is the special casel (j =1,...,n) of a more
general version, known as Bang's lemma, see [5]. For this special case the argument occurs
several places, see, e.g., [17] or [14, LemnmaLi)]. Now let us consider the mean vector

. a  a+---+ay
©llallz e+ 4 anll2”
The theorem will be proved once we show the following lemma.

(37)

Lemma7. Letn < 5. Suppose that the signs of the unit vectgr§ =1, ..., n) are chosen
so that(36) holds. Then the mean vect(®7) satisfies P (x)| > n~"/2.

Proof. By definition and (36), we haved y; <n (i =1, ...,n). The assertion is equiva-
lent to state that the inequality

yity2+-+y\"
shgofs (B (38)

holds true for all the possible vectoys= (y1, y2, ..., y»), which arise from Gram matri-
ces (35) of unit vector systems satisfying (36). However, it is rather difficult to describe the
exact set of the arising vectoys so we settle with the following. O

Lemma 8. Letrn < 5. Then(38) holds true for ally € [1, n]".

Proof. First we remark that? > (2— %)” forn =2, 3,4, and 5, while it is false for > 5.
Howevern? > (2 — %)" is just the special case of (38) when= (1, ..., 1, 1), whence in
general (38) failsay = (1,...,1,n) forn > 5.

So letn < 5 and let us exploit the fact that (38) holds whea: (1, ..., 1, n). Firstlet us
consider the variable valuesr) := (1, ..., 1, ¢) in the interval 1< ¢ < n. For these special
values the left-hand side of (38) i$ and the right-hand side is%)”, hence (38) is
equivalent tgg () > 0 with g (¢) := 2 logr — nlog(”j—}*’). By the above we havg(n) > 0,
while ¢ (1) = 0, hence it suffices to show thatr) is, in fact, a concave function da, n].
This follows from computing

n _(n—2)t2—4(n—1)t—2(n—1)2<

= 0,
(n—141)2 t2(n —1+41)2

”(t)___2+
¢ 0=—
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the last inequality being valid between the two ronffé, té") of the quadratic polynomial

in the numerator. (Here, again, one has to use the restricted ramg@toén calculating
[1,n] C [1]”, 15"].)

Let nowm be the number of indices of coordinatgswith 1 < y; <n. Whenm =0,
(38) degenerates to2 1, and whenn = 1, we obtain (38) from the above consideration
for y(¢). So we argue by induction. Let now<m < n, suppose that (38) holds for the
values when at most of the variables differ from 1, and let us prove (38) for the vegter
Q,..., 1 vk, Yk+1, - --» Yn), Wherek := n — m. First let us apply the inductive hypothesis
fory=(,...,1, yx+1,..., yn) to get

k+yker+-+ )"
2 2 + n
yk+l"'yn>( .

n
Now puts :=1+ Hy’;(jl"i;l)ﬂ Then obviously K ¢ < yi, hence by then = 1 case of
y(t) we get
—1\" -1 "
2>t2>(1+t ) :<1+ H ) 40
M n k+Yey1+ -+ (40)
Multiplying together Egs. (39) and (40) gives (38)a

(39)

The above approach was crude in two exgp. First, the conjecture can be valid even
if the mean vector (37) fails to satisfy?(x)| > n~"/2. In fact, this is necessary only for
the vector¢ in (31), when also the™2possible choices of signs af, can be varied. In
fact, for all system of signs the corresponding a local maxima of P(x)|, but there is
no guarantee, that among all Bbcal extremal values just the one used here will be the
global maximum place. Still, in #northogonal case all mean verg will coincide with the
extremal points, and the approach seem to work. So one can ask the following, even more
daring question than the above conjecture.

Question. Is it true, that for any: and unit vectorg; (i =1, ..., n), with suitably chosen

signs of the unit vectors; (i =1,...,n), the mean value vector (37) satisfig®(a)| >
n="/27

Second, it is rather optimistic for one to seek the validity of (38) over the wiolg”.
We have seen that this fails fer> 5 aty(n) = (1, ..., 1, n), however, note that thig(n)
can never be exhibited as a vector arising from the Gram matrix (35). Indegd=if:,
then(a;, a,) = 1forall j, and thus alk; are equal angy = » for all k. It remains to future
work to exploit the intrinsic geometric features hidden in the restriction on the admissible
values ofy.

4. Somefurther calculations

First we aim at finding the constanigd, K) defined by (14). For this, we need the
exact value of some definite integrals. To express parity conditions we define

s(k):[l if £ odd

0 ifkiseven (41)
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Recall that the semifactoriats!! are defined ag!! := [/, k*™*~*+1 and the logarithmic
factorial functiony is defined by the series

> 1 1

n=0

whereC :=lim,_(}_),_11/m —logn) = 0.5772.... is Euler’s constant.
For our purposes we shall make use of the following two integrals which can be found
in [12], see formulas 4.241/5, p. 533, 4.246, p. 534, and 4.253/1, p. 535:

1
/(1 (@ -=Dlt
/ 1—x2 |Og dx 2 @ [y (n+1)+C+In4]
0

@2n-" =«
=G .4[2| 2+Z } (42)

[y g 2ot ) [o() o (2 )] @
0

whereB is the beta function, Re > 0, Rev > 0 andr > 0.

To calculate the integrq:fol(l — x2)"2logx dx, if n is odd we just apply (42). Ik is
even, then we have to apply (43) with=1, v = (n + 2)/2 andr = 2. As for the integral
fol(l — x?%)"x logx dx, we apply (43) withy = 2, v =n + 1 andr = 2. After some easy
calculations we eventually derive the following formulas.

and

Lemma 9. For anyn € N we have

! I /2 1 .
1 "2 loax dx — — DT om0 I if n is even ”
( —X ) ogxdx = nl n+1)/2 1 loa?) if nis od (44)
0 T DN 2 (Zm 1 + 0g ) if n is odd
and
! 1 n+1 1
1- logxdx = —. 45
/( x)x gxdx = 4(n+1)2]:. (45)
0

Here, as usual, empty sums are considdred

In the followingo,, stands for the surface area of the unit sprﬂ-i?fél in R™, that is,

T[m/Zm _ 2)71/27.[m/2m

o = ) 2 = T for m even (46)
m— (m+1)/2, (m—1)/2
2o tm e form odd

Let us consider first the real cake= R.
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Z;(j;o?’)/z Tlﬂ if d is odd

(47)

Proof. Standard calculus gives
L 2
L2, R)= o / log|cosp|dp = —log 2,
JT
0

as expected. Faf > 3 we use polar coordinates to obtain wih := S N {x: x1 > 0} and
do = U—ld dA, with A the surface area measure n

5 d—2
Ud—l( 1—xl> dx1
0d

1
2 2
L(d,R):a—dflogxldA(x)z—/logxl- -
0 1—x7

1
20,4 _
=2 l/(l—uz)(d 3)/Zlogudu. (48)
[op
¢ 0
Substituting (44) fon = d — 3 and using the values (46) in (48) yields Lemma 1t

Lemma 11. With empty sums treatdéllas above, we have
1971
—L, (C):EI;% (Vd € N). (49)

Proof. Observe that = (z1, ...,24) € Sca if and only if z ~ (x1, y1, ..., Xg, ya) € Sp2a.
Hence the surface area i&;. Moreover, forz € Sca We havel(z,e)| = |z1 - 1] =
/X2 + y? = r1. Using again the directional cosiQéI — rZ, the length of the circlézs| =

r1, and the 2 — 3 measure of the s¢t € S: z1 =r1e} (Which isozs—2- (1 —r2)2=3/2),
we obtain
1

Ld,C)= f log|(z, e)|do (2) = % / logry - 21 - 021 — 1) Y241
St d 0 1- r12
1
= 72710%_2 (1 — rlz)d_2 -r1logridr
024 5

1
=2d—-2) /(1 — xz)d_zx logx dx.
0

Thus substituting the value (45) far=d — 2 leads to (49). O
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Remark 3. The asymptotic estimate of Theorems F and 1 give back the upper estimate
(28), which is equivalent to the estimate already obtained in [22] (cf. the proof of Theo-
rem 12 there), and [11] in the real case.

Indeed, ifa; (j =1,...,d) arecy(K4) extremal vectors, then for amy € N we have

d d m 1/m
l_[ X, a] ( l_[ X, a] )
j=1 j=1 Sd

K
md
> (min:
Syd

[ ] be)
= cgm (K9 T, (50)

Cd(Kd )~

Sid

m
D by € Ska (k:l,...,md)})

k=1

Here the right-hand side tends ¢0K?)~¢ whenm — oo, so by Theorems F and 1 (28)
obtains.
Now let us define

q(d)=qd.K):=—L(, K)—%Iogd d eN). (51)

With C denoting Euler’s constant, it is not difficult to see that the exact formulae of Lem-
mas 10 and 11 imply

Proposition 12. For the constang (d, K) defined in(51), we have

. 1 C . C
dImeq(d, R) = > log2+ > and dILmooq(d, C) = 5 (52)

The real case was already given in [11] and in [14].

Remark 4. Note the somewhat surprising differee between the real and complex cases.
Its meaning is the following. When estimating(R¢) by natural complexification (as, e.g.,

in [22, Corollary 11]), we get, (R?) < 2"/2¢,(C%), what involves a factor of’22. Now
Proposition 12 means that this estimate is roughly best possible misdarge whiled is

kept fixed, or at least relatively small. In contrast, the above Conjecture is just expressing
that in case: = d the factor 2/2, arising from estimating via the natural complexification,
would be fully unnecessary.

In view of Theorems F and L L(d, K) has to be increasing. But we even have that
alsog(d) is increasing.

Lemma 13. The quantity; (d) := ¢ (d, K), defined in(51), is strictly increasing in function
ofd e N.

Proof. Since logp — loga = [ab du/u > (b — a)/b for 0 < a < b, we easily get this for
K = C from (49), whereas for the real cagél + 2, R) > ¢(d, R) follows the same way.
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However, to see the full real cagél, R) > g (d — 1, R), we need a more refined estimation.
To start with, use the well-known Leibniz series of log 2 to get

k k 00 i
1 1 (=1)/
Y- Y —haz= Y O )
m=0 2m +1 m=1 2m Jj=2k+2 J
and that
k k-1 00 ;
1 1 (=1)/
Y o tlog2- Y 5 o= Y (54
.1 2m w02+l o

After elementary reformulations and applying geometric series expansion we get

(D' 5 1 e 1
;nﬁ_;(n+22)(n+2z+1)_;n;m- (55)

Utilizing monotonicity ofu =™, change of order of summation in (55) leads to

+20+43
IR iilf SHPPEE S ppa
> — ——du= - _
+1
£=0 n+tt m=1¢=0 2n+2€+l u™ 2 m=1 m(n + 1)m
1 1
=——log|1- — 56
2 g< n+1>’ (56)

where Taylor series expansion of ldg- x) atx = (n + 1)~ is applied in the last step.
Comparing (47), (51), (53), and (54) leads to

o0

g d)—qd—-1)=Y

=0

both for oddd = 2k + 3 and for evenl = 2k + 2. To conclude the proof it only remains to
combine (57) and (56) (with=d — 1). O

(=1°

1 1
——~— +>log(d - 1) — Zlogd 57
d_11¢ " 209@-1D—3log (57)

Sog not only converges, but converges monotonically. Whence we also have

Corollary 14. Let C be Euler's constant and pu® = v/2¢€ = 1.8874.... Then we have

en(RY) < e 4Bgn/2. < 0"/ (n,d e N) (58)
and

cn(C?) < "4 G2 < (Cd)'? (n,d €N). (59)
In particular, for the infinite-dimensionakalHilbert spaceH := £2(R) we have

"% <ew(H) = cn®") <M Pn"2 < QM2 (n e N). (60)

The real case (58) and (60) were already covered by [11,14]. Observe that (60) is an
independent, but slightly weaker estimate than Theorem D. However, here we did not use
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the somewhat involved Theorem C of Arias-de-Reyna and subsequent complexification,
as in [22]. ForcomplexHilbert spaces Corollary 14 does not provide any new information
for the “diagonal caseh = d, but the general case estimate is best possible whisn
large compared td. The value of the asymptotic constantC = 1.334. .. is remarkably
smaller than in the real case.

As noted above, choosing any orthonormal vector system the lower esting&te) >
n"/? is obvious. Below we utilize the same simple idea in a slightly more complex context.

Proposition 15. For anyn, m € N we have
Cam (an) > nnm/Zc:ln (Rm) (61)

Proof. RepresenR™" as the orthogonal direct product efcopiesH; (j =1,...,n) of
R™, and takeuy, ..., a, to be ac,,-extremal unit vector set @&™. Let the vector system
bjr (j=1,...,n, k=1,...,m) be defined so thalt; ; is the vector inH; equivalent to
ay in R™,

Because of orthogonality, any vector splits as the orthogonal sum of its components in
the factorsH;, that is,x = x1 + --- 4+ x, with x; € H; (j =1,...,n). Consequently, if
Pb(ic)_z [Tj=1[Ti=1(x. bj k), then with the unit vectors; := x;/|x;| (j =1,...,n) we
obtain

n 1 1

‘P(X)‘ = l_[ H('xj”(yj?bj,k)‘) < 1_[1<|lemm) <n7mn/2c

—, (62
j=1k=1 Pl (R™) (62)

n
m

since[]}_; |x;| < n~"/2 by the orthogonal case, and extremalityvgf; in H; is assured
by construction. (It is easy to see that (62) is sharp.) The assertion is immediate.
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