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Abstract

This paper has been motivated by previous work on estimating lower bounds for the no
homogeneous polynomials which are products of linear forms. The purpose of this work is to
tigate the so-callednth (linear) polarization constantcn(X) of a finite-dimensional Banach spaceX,
and in particular of a Hilbert space. Note thatcn(X) is an isometric invariant of the space. It h
been proved by J. Arias-de-Reyna [Linear Algebra Appl. 285 (1998) 395–408] that ifH is acomplex
Hilbert space of dimension at leastn, thencn(H) = nn/2. The same value ofcn(H) for real Hilbert
spaces is only conjectured, but estimates were obtained in many cases. In particular, it is kno
thenth (linear) polarization constant of ad-dimensional real or complex Hilbert spaceH is of the
approximate orderdn/2, for n large enough, and also an integral form of the asymptotic qua
c(H), that is the (linear) polarization constant of the Hilbert spaceH , where dimH = d, was ob-
tained together with an explicit form for real spaces. Here we present another proof, we fi
explicit form even for complex spaces, and we elaborate further on the values ofcn(H) andc(H). In
particular, we answer a question raised by J.C. García-Vázquez and R. Villa [Mathematika 46 (199
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315–322]. Also, we prove the conjecturedcn(H) = nn/2 for real Hilbert spaces of dimensionn � 5.
A few further estimates have been also derived.
 2004 Elsevier Inc. All rights reserved.

1. Introduction and notation

Throughout this paperX will be a Banach space overK, whereK is the real or com-
plex field andX∗ will denote the dual space. The closed unit ball and the unit sphe
will be denoted byBX andSX , respectively. A functionP :X → K is a continuousn-
homogeneous polynomialif there is a continuous symmetricn-linear formL :Xn → K for
which P(x) = L(x, . . . , x), for all x ∈ X. In this case it is convenient to writeP = L̂. We
define

‖P‖ := sup
{∣∣P(x)

∣∣: x ∈ BX

}
.

For general background on polynomials, we refer to [8]. Iff1, f2, . . . , fn are bounded
linear functionals on a Banach spaceX, then the product(f1f2 · · ·fn)(x) := f1(x) ×
f2(x) · · ·fn(x) is a continuousn-homogeneous polynomial onX. R.A. Ryan and B. Turet
have shown (see Theorem 9 in [23]), in their study of the strongly exposed points
predual of the space of continuous 2-homogeneous polynomials, that there existsCn > 0
such that

‖f1‖‖f2‖ · · · ‖fn‖ � Cn‖f1f2 · · ·fn‖.
For complexBanach spaces, Benítez et al. [6] have obtainedCn � nn, where the constan
nn is best possible. On the other hand, forreal Banach spacesX, Ball’s solution of the
famousplank problemof Tarski, see [4], yields the same general result. However
estimate “nn” can be improved for specific spaces. Whence the following definition
introduced in [6].

Definition 1 (Benítez et al.[6]). Thenth (linear) polarization constantof a normed spac
X is defined by

cn(X) := inf
{
M > 0: ‖f1‖ · · · ‖fn‖ � M · ‖f1 · · ·fn‖ (∀f1, . . . , fn ∈ X∗)

}
= 1

/
inf

f1,...,fn∈SX∗
sup

‖x‖=1

∣∣f1(x) · · ·fn(x)
∣∣. (1)

Obviouslycn(X) is a nondecreasing sequence. Its growth, asn → ∞, is closely related
to the structure of the space, hence the asymptotic value is of interest. In particular,
characteristic number is thelinear polarization constantof the spaceX.

Definition 2 (Révész and Sarantopoulos[22]). The linear polarization constantof a
normed spaceX is

c(X) := lim
n→∞ cn(X)1/n. (2)
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In fact, we should have put onlyc(X) := lim supn→∞ cn(X)1/n as a definition. However
it was proved recently that the limit does exist, see [22, Proposition 4]. Note thatc(X) can
be infinity as well. More specifically, from [22, Theorem 12] we have.

Theorem A (Révész and Sarantopoulos [22]). LetX be a real or complex normed spac
Thenc(X) = ∞ if and only ifdim(X) = ∞.

In the special case whereX is a Hilbert space, it is easy to see that

cn(X) = sup
{
cn(Y ): Y is a closed subspace ofX, dimY � n

}
. (3)

The Banach–Mazur distanced(X,Y ) between two isomorphic Banach spacesX andY

can be used in comparing thenth polarization constants of these spaces, see [6, Lemma
Recall that the Banach–Mazur distance is defined as

d(X,Y ) := inf
{‖T ‖ · ∥∥T −1

∥∥: T :X → Y is an isomorphism
}
.

Proposition A (Benítez et al. [6]). If X andY are isomorphic normed spaces, then

cn(X) � dn(X,Y )cn(Y ). (4)

It seems very likely thatcn(X) � cn(�
n
2) (∀n � dimX), but to our knowledge this is no

known. However, for eachn ∈ N, Hilbert spaces have the smallestnth polarization constan
amonginfinite-dimensionalnormed spaces.

Proposition B (Révész and Sarantopoulos [22]). If X is an infinite-dimensional norme
space, then

cn(X) � cn

(
�n

2

)
, ∀n ∈ N. (5)

Note that for anyn-dimensional Banach spaceX we have

d
(
X,�n

2

)
�

√
n, (6)

which is due to F. John [13]. Thus, to determinecn(R
n) is interesting not only in the

context of Hilbert space theory. For example, a combination of (3), (4), (6), and (5), y
the following result.

Theorem B. LetX be an infinite-dimensional normed space overK and letH be the space
�2 overK. If Kn = Rn or Cn, that is the space�n

2 overK, then we have

cn(H) = cn(K
n) � cn(X) � nn/2cn(K

n) = nn/2cn(H) (n ∈ N). (7)

In this work we focus our attention on the problem of estimating the linear polariz
constants of Hilbert spaces. Although this isa classical topic, [15–17], there has bee
flourishing activity on this field even in the last ten years, see [2,3,6,11,14,20,22] an
recently also [1,18,19,21].

Ideally, one should look for the exact values ofcn(�
d
2) = cn(K

d), for any d,n ∈ N,
which, in view of (3), reduces tod � n ∈ N. In fact, this question is posed in [14], attribut
to the referee of the paper. In this direction a remarkable success is Arias-de-Reyna’s re
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Theorem C (Arias-de-Reyna [2]).

cn(C
n) = nn/2.

An even more precise description was obtained recently by K. Ball [3]. Estimatin
cn(R

n) seems to be a harder task. In particular, the proof of the stronger result d
K. Ball relies heavily on complex function theoretic tools which are not valid in the
of R

n. Observe also that Arias-de-Reyna’s entirely different technique, based on p
nents, multilinear algebra and probability theory (Gaussian random variables in particu
strongly depends on the complex structure ofCn. As Arias-de-Reyna has mentioned in [2
his Theorem C leads to an upper estimatecn(R

n) � 2nnn/2 even for the real case. This h
been improved in [11,14], until a more refined approach was worked out in [20], usin
natural complexification of a real Hilbert space. This has led to the best estimate we
aware of.

Theorem D (Révész and Sarantopoulos [22]).

nn/2 � cn(R
n) � 2n/2−1nn/2.

In Section 4 we shall discuss the real approach in detail. This seems to be interest
even though the resulting exponential factorfalls, unfortunately, only between

√
2 and 2, as

this approach avoids any reference to the complex case. Let us mention here the followi
conjecture, mentioned already in [2,6] and formulated also in [22].

Conjecture.

cn(R
n) = nn/2. (8)

In all, for a Hilbert spaceH of infinite dimension we only know thatc(H) = ∞ and
logcn(H) ∼ 1

2n logn. On the other hand, if dimH = d is fixed then by Theorem 12 in [22
c(H) must have a finite value asn → ∞.

Trying to determinecn(K
d) for arbitraryd � n ∈ N, by natural extrapolation one mig

have thought thatcn(K
d) = dn/2. However, this fails by a recent result [1] which conne

polarization constants toChebyshev constants.

Definition 3. Thenth Chebyshev constantof a subsetF ⊆ X in a metric space(X,ρ) is

Mn(F) := inf
y1,...,yn∈F

sup
y∈F

ρ(y, y1) · . . . · ρ(y, yn). (9)

In particular, ifX is a normed space and thusρ(x, y) = ‖x − y‖, then

Mn(F) := inf
y1,...,yn∈F

sup
y∈F

‖y − y1‖ · . . . · ‖y − yn‖. (10)

Theorem E (Anagnostopoulos and Révész [1]). We have

cn

(
R

2)= 2n/Mn

(
S1) and cn

(
C

2)= 2n/Mn

(
S2), (11)

whereSm denotes the unit sphere inRm+1, for anym ∈ N.
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This result is instructive for two reasons. First, sinceMn(S1) = 2 is well known and
easy to derive, we immediately obtain not onlyc2(R

2) = 2, as we wanted, but also th
cn(R

2) > 2n/2 for all n > 2. Second, the constantMn(S
2) is not known and to find its

exact value seems to be out of reach. In fact, this problem leads to nontrivial geometrical
problems fitting into geometric discrepancy theory and known as “Whyte’s problem
[1,26]. The situation clearly suggests that to determinecn(K

d) is, in general, even mor
hopeless. On the other hand, some estimates on the Chebyshev constants are kno
best known estimate is due to G. Wagner [25], which leads to

Corollary A (Anagnostopoulos and Révész [1]). We have

c
(
R

2)= 2 and c
(
C

2)= √
e. (12)

In the course of proof of Theorem 12 in [22], Révész and Sarantopoulos have
that

cn

(
K

d
)
� e−nL(d,K). (13)

Here and throughout the constantL(d,K) is defined by

L(d,K) :=
∫

S
Kd

log
∣∣〈x, s〉∣∣dσ(x) (< 0) (K = R or K = C), (14)

wheredσ(x) denotes the normalized surface Lebesgue measure ofSKd and s ∈ SKd is
arbitrary. Furthermore, it has been mentioned in [22, Remark 3], that by more ela
analysis asymptotic sharpness of (13) can be shown. However, the authors of [22
not aware of the fact that for real Hilbert spaces this has already been obtained by Gar
Vázquez and Villa [11].

Theorem F (García-Vázquez and Villa [11]). We havec(Rd) = e−L(d,R), with the con-
stantsL(d,R) defined by(14).

The outset of the present paper was to accomplish the work hinted in [22]. The rea
being already known, the new part of our result is the following.

Theorem 1. We havec(Cd) = e−L(d,C), with the constantsL(d,C) defined by(14).

We present our unified, different proof for Theorems F and 1 in Section 2. While [1
based on a result for symmetric functions oncompact metric spaces, our direct appro
avoids use of anything like that, and is based on probabilistic as well as potential the
arguments. For completeness, we describe the full proof, although some overlapping
naturally at some points. In particular, we present the explicit exact formula ofL(d,K) in
Lemmas 10 and 11, although the real case has already been computed in [11].

Remark 1. As the direct calculation ofL(2,R) andL(2,C) shows, Corollary A is in fac
a special case of Theorem 1 ford = 2. However, the connection ofcn(K

d) andMn(S
m),

which is special to the geometry ofK2 only, does not extend to arbitraryd .
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Still, we can provide some information concerning a few low-dimensional cases w
seem to support our conjecture.

The next statement has already been claimed (forn = 2,3,4), cf. [6, Lemma 10], bu
no proof has been published yet.

Theorem 2. We havecn(R
n) = nn/2 for n = 2, 3, 4, and5. Therefore, forn � min{d,5}

we also havecn(R
d) = nn/2.

Further relations and estimates on the values of the polarization constants will b
cussed in Section 4.

2. Common proof of Theorems F and 1

By the Riesz representation theorem the polynomialPn(x) := f1(x) · · ·fn(x), where
fk ∈ SH ∗ , 1� k � n, can be written in the form

Pn(x) = 〈x, y1〉 · 〈x, y2〉 · . . . · 〈x, yn〉, (15)

whereyj ∈ S∗
H = SH .

For any system of points{yj }nj=1 ⊂ SH let us consider the discrete measure

µn := 1

n

n∑
j=1

δyj , (16)

whereδy stands for the Dirac measure concentrated aty. Clearly 0� µn and‖µn‖ = 1.
We consider(Sd−1,B, σ ) as a probability space, whereB is the sigma algebra of Bore
measurable sets. When thought of as the probability space, we denoteSd−1 asΩ . Now
our basic random variableξ from Ω to Sd−1 is a random selection of a pointx ∈ Sd−1

according to the uniform distributionσ , that isP(ξ ∈ A) = σ(A) for setsA ∈ B. Moreover,
we consider now totally independent copiesξk for k ∈ N of the aboveξ = ξ1. On the
product probability space orsample spaceΩ∞ :=∏∞

k=1 Ωk, whereΩk are identical copies
of Ω , a random event orsampleis a sequenceω = (yk)

∞
k=1. First we prove the following.

Lemma 3. For any given continuous functionf ∈ C(Sd−1) we have

lim
n→∞

∫
f dµn =

∫
f dσ with µn = µn(ω) for a.a.ω ∈ Ω∞. (17)

Here forω = (yk)
∞
k=1 µn(ω) is defined in(16)with the points(yk)

n
k=1.

Proof. With ξ as above, we defineζ := f (ξ) = ∫
S f dδξ . Thenζ is a real valued random

variable onΩ . From the normalizing conditions we have that the expectation (mea
m := E(ζ ) = ∫

Ω
f (ξ(ω)) dP (ω) = ∫

S
f dσ . Consider now the totally independent cop

ζn := f (ξn) of the random variableζ = f (ξ) for all n ∈ N. So we have a sequence(ζn) of
independent, identically distributed random variables with common meanm. The assertion
is that the average of these variables tend to the mean almost surely, i.e., we havσn :=
1(ζ1 + · · · + ζn) → m for n → ∞ a.s.

n
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For these random variables thestrong law of large numbersapplies, cf. Theorem o
[10, X. 7, p. 244]. That is, for any givenε, δ > 0 we haveP(|σn − m| � ε) > 1− δ when
n � N := N0(δ, ε). This formulation of the law from [10, X. 7. p. 243] is equivalent
state that for a.a.ω ∈ Ω∞ we haveσn(ω) → m, cf. footnote 12 on p. 243 of [10]. (Thi
comprises a straightforward application of the Borel Cantelli lemma in the product
Ω∞.) Whence the lemma obtains.�

We will need the following, seemingly plausible assertion, which requires a proof

Lemma 4. There exist appropriate choice of points{yn
1, . . . , yn

n} ⊂ Sd−1 so that with the

corresponding sequence of measures(µn) of the form(16)we haveµn
weak∗−→ σ (n → ∞),

whereσ denotes the normalized surface measure ofSd−1.

Proof. Let F := {fj : j ∈ N} be a countable, dense subset ofC(Sd−1), and let us fix first
any functionf := fj ∈F . In view of the above Lemma 3, there is a subsetΩj ⊂ Ω∞ with
P(Ωj) = 1 (whereP is probability measure on the product spaceΩ∞), so that (17) holds
for all ω ∈ Ωj .

It follows that for almost all sequencesω ∈ Ω∞ we have (17) simultaneously forall
functionsfj ∈ F . Now if g ∈ C(Sd−1), ε is any given positive number, and‖g − fj‖ < ε,
then for a “good”ω ∈ Ω∞ we have by (17)

−ε � lim inf
n→∞

∫
g dµn −

∫
fj dσ � lim sup

n→∞

∫
g dµn −

∫
fj dσ � ε, (18)

that is lim supn→∞
∫

g dµn − lim infn→∞
∫

g dµn � 2ε, and the limit exists: moreove
(18) implies that then the limit is equal to

∫
g dσ , as asserted.�

Remark 2. During the period when we were looking for a concise proof or direct refer
for this Lemma 4, J. Diestel [7] gave us the suggestion of using W. Maak’s proof fo
existence of a Haar measure (see, e.g., [9]), while V. Totik [24] suggested use of the
Milman Theorem. Both ideas lead to alternative proofs of the lemma. However, we s
not know any direct reference which would cover the statement as it is.

Consider now the polynomials (15) determined by the points{yn
1, . . . , yn

n} ⊂ SH defined
in Lemma 4. Clearlycn(H) � 1/‖Pn‖. Hence by definition (1), for a lower estimate
cn(H) we need an upper estimate of‖Pn‖. Since dimH = d < ∞, SH is compact, and
‖Pn‖ = |Pn(zn)| for somezn ∈ SH . Thus, by the compactness ofSH , zn has a convergen
subsequence. Without loss of generality we can supposezn → z.

Now let ε > 0 be fixed and consider the functionφ(x) := log|〈x, s〉| for x ∈ SH and
s = (1,0, . . . ,0) ∈ SH . Clearly −∞ � φ � 0 on SH , andφ is dσ integrable. Sinceφ
is upper semi-continuous on the compact setSH , there exits a sequenceφm ∈ C(SH )

of continuous functions, which converges toφ monotonically. In fact, it suffices to tak
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φm := max{φ,−m}. Thus sinceφ ∈ L1(σ ) we also haveφm ∈ L1(σ ) and by the monoton
convergence theorem∫

SH

φm(x) dσ(x) →
∫
SH

φ(x) dσ(x) asm → ∞. (19)

So withε given, choosem0(ε) so that∫
SH

φm(x) dσ(x) <

∫
SH

φ(x) dσ(x) + ε (m > m0). (20)

For the following,m and thusφm ∈ C(SH ), will be fixed. Note that by definition (14) an
that ofφ(x) above we have∫

SH

φ dσ = L(d,K). (21)

So now we can write

∥∥Pn(x)
∥∥1/n = ∣∣Pn(zn)

∣∣1/n = exp

{
1

n

n∑
j=1

log
∣∣〈zn, y

n
j

〉∣∣}

= exp

{∫
SH

log
∣∣〈zn, y〉∣∣dµn(y)

}

� exp

{∫
SH

max
{
log

∣∣〈zn, y〉∣∣,−m
}
dµn(y)

}

= exp

{∫
SH

Ψn(y) dµn(y)

} (
with Ψn(y) := max

{
log

∣∣〈zn, y〉∣∣,−m
})

.

(22)

Take nowΨ := max{log|〈z, y〉|,−m}. Since the functionα(u) := max{log|u|,−m} be-
longs toC ([−1,1]), andβn(y) := 〈zn, y〉 converges uniformly toβ(y) := 〈z, y〉, it is easy
to see that the functionsΨn are uniformly convergent toΨ , asΨ = α ◦β andΨn = α ◦ βn.

Hence asµn
weak∗−→ σ we get∫

SH

Ψn dµn →
∫
SH

Ψ dσ asn → ∞. (23)

Taking nown0 = n0(ε,m) sufficiently large we obtain forn > n0∫
SH

Ψn(y) dµn(y) <

∫
SH

Ψ (y) dσ(y) + ε =
∫
SH

φm dσ + ε, (24)

by the symmetry ofΨ (y) = max{log|〈z, y〉|,−m} and φm(y) = max{log|〈s, y〉|,−m}
with respect toz or s. Collecting (20), (23), (24), and (21) now gives

‖Pn‖1/n � exp
{
L(d,K) + 2ε

}
(n � n0). (25)
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As noted above, (25) now leads to

cn(H)1/n � exp
{−L(d,K) − 2ε

}
(n � n0),

and thus by taking limits we obtain

c(H) � exp
{−L(d,K) − 2ε

}
. (26)

Since (26) holds for allε > 0, the lower estimatec(H) � e−L(d,K) is established.
Now let y1, . . . , yn ∈ SH . By compactness, we can even choose these points to b

tremal, that is, take 1/cn(H) = maxx∈SH

∏n
m=1 |〈ym,x〉|. Similarly to (22), we are dealin

with the quantity

1

cn(H)
= max

x∈SH

n∏
m=1

∣∣〈ym,x〉∣∣= exp

(
max
x∈SH

n∑
m=1

log
∣∣〈ym,x〉∣∣

)
=: exp

(
max
x∈SH

ϕ(x)
)
.

Note thatϕ(x) is bounded from above by 0 and is upper semicontinuous, hence it
has a maximum over the compact setSH . To estimate the maximum valueM of the func-
tion ϕ(x), we use averaging over the unit sphere. That is, we integrate with respect
normalized surface measuredσ of SH . Then we are led to

M := max
x∈SH

ϕ(x) �
∫
SH

ϕ(x) dσ(x) =
∫
SH

n∑
m=1

log
∣∣〈ym,x〉∣∣dσ = nL(d,K), (27)

since, independently of the particular value of the unit vectorsym, we have∫
SH

log
∣∣〈ym,x〉∣∣dσ = L(d,K) (m = 1, . . . , n).

Collecting the facts above leads to

cn(H) = e−M � e−nL(d,K), (28)

which concludes the proof of Theorems F and 1.
García-Vázquez and Villa point out on [11, p. 319] that

inf
n∈N

1

cn(Rd)1/n
= eL(d,R), (29)

and expose the question whether this infimum is actually a minimum. Analyzing the
proof, we can answer this question to the negative both for real and complex spaces

Proposition 5. For all n ∈ N we havecn(K
d) < e−nL(d,K).

Proof. It suffices to see that in the upper estimate ofcn(H) the averaging overSH

with respect todσ leads to strict inequality, that is,M > nL(d,K) in (27). As ϕ(x)

is integrable with respect todσ , for equality in (27) we should haveϕ(x) = M for σ -
a.e.x ∈ SH . However, considering any pointym, we find that in the “equatorial strip
{x ∈ SH : |〈x, ym〉| � δ} the inequalityϕ(x) � logδ holds. For smallδ > 0 the strip is still
a positive measure subset ofSH with values strictly less thanM, hence the average diffe
from the maximum valueM and the inequality is strict. �
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3. Proof of Theorem 2

We start with a lemma which was communicated to Y. Sarantopoulos by A.M. Ton

Lemma 6. Let H be a real Hilbert space and letak ∈ SH , k = 1, . . . , n, be arbitrary unit
vectors. Suppose that for some unit vectorξ ∈ SH and with someδ > 0 we have

max
‖x‖=1, |x−ξ |�δ

∣∣〈a1, x〉∣∣ · · · ∣∣〈an, x〉∣∣= ∣∣〈a1, ξ〉 · · · 〈an, ξ〉∣∣, (30)

that is,ξ is a local(conditional) maximum onSH . Then we have

nξ = a1

〈a1, ξ〉 + · · · + an

〈an, ξ〉 . (31)

Proof. [22] mentions a variational proof: we will give a more transparent geometric a
ment. A slight advantage of this approach is that it makes no use of linear independe
the vectorsak . So let us write

P(x) :=
n∏

k=1

〈ak, x〉.

Any sequence of vectorsa1, . . . , an can be supposed, for the present purposes, as
in Rn. Clearly, if ξ is a local maximum we must haveP(ξ) �= 0 andξ ∈ SH . So we also
suppose, as we may,H = Rn, and we consider the vector

v := 1

P(ξ)
· gradP(ξ) =

n∑
k=1

ak

〈ak, ξ〉 . (32)

If u ∈ Rn is any vector, then we have

P(ξ + tu) = P(ξ) + P(ξ)〈v, tu〉 + o
(
t2) (t → 0). (33)

Clearly for all vector with〈u, ξ〉 < 0 andt sufficiently small but positive‖ξ + tu‖ < 1, and
P being homogeneous, by condition of maximality|P(ξ + tu)| < |P(ξ)|. Thus (33) leads
to 〈v, tu〉 + o(t2) � 0, i.e.,〈v,u〉 � 0 whenever〈u, ξ〉 < 0. It follows thatv can only be an
outer normal of the unit sphere atξ , that is,v = λξ with λ � 0. Substituting this into (32)
and taking inner product withξ we obtain

λ = 〈λξ, ξ〉 = 〈v, ξ〉 =
n∑

k=1

〈
ak

〈ak, ξ〉 , ξ
〉
= n. (34)

Hencev = λξ = nξ and (32) entails (30). �
Proof of Theorem 2. Note that the casen = 2 is already contained in Theorem E, f
M(S1) = 2 is obvious. Let nown = 2,3,4 or 5, and let the linear functionals be fixed
a1, . . . , an ∈ SRn . Consider the Gram matrix

A := (〈ai, aj 〉
)
i,j=1,...,n

∈ R
n×n. (35)

By an appropriate change of signsεi = ±1 of the vectorsai , which does not change nor
of P , we want to achieve that the row (and thus the column) sums of the entriesA
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are all add up to at least 1. To get this, select signsεi to maximize‖∑n
i=1 εiai‖2. Write

a :=∑n
i=1 εiai for this (or, any) maximal vector. If 1� j � n is an arbitrary index, putb :=

−2εjaj + a: then‖b‖2 � ‖a‖2 by assumption. On the other hand, by the parallelog
law ‖−εj aj + a‖2

2 + ‖εj aj‖2
2 = 1/2(‖a‖2

2 + ‖b‖2
2) � ‖a‖2

2, that is,〈εj aj , a − εjaj 〉 is
nonnegative. Obviously this implies〈a, εjaj 〉 � 1, as needed. So without loss of genera
we can assume

y1 := 〈a1, a1〉 + 〈a1, a2〉 + · · · + 〈a1, an〉 � 1,

y2 := 〈a2, a1〉 + 〈a2, a2〉 + · · · + 〈a2, an〉 � 1,

...

yn := 〈an, a1〉 + 〈an, a2〉 + · · · + 〈an, an〉 � 1. (36)

Let us note that the above argument is the special caserj = 1 (j = 1, . . . , n) of a more
general version, known as Bang’s lemma, see [5]. For this special case the argumen
several places, see, e.g., [17] or [14, Lemma 2.4.1(i)]. Now let us consider the mean vect

x := a

‖a‖2
= a1 + · · · + an

‖a1 + · · · + an‖2
. (37)

The theorem will be proved once we show the following lemma.�
Lemma 7. Letn � 5. Suppose that the signs of the unit vectorsai (i = 1, . . . , n) are chosen
so that(36)holds. Then the mean vector(37)satisfies|P(x)| � n−n/2.

Proof. By definition and (36), we have 1� yi � n (i = 1, . . . , n). The assertion is equiva
lent to state that the inequality

y2
1y2

2 · · ·y2
n �

(
y1 + y2 + · · · + yn

n

)n

(38)

holds true for all the possible vectorsy := (y1, y2, . . . , yn), which arise from Gram matri
ces (35) of unit vector systems satisfying (36). However, it is rather difficult to describ
exact set of the arising vectorsy, so we settle with the following. �
Lemma 8. Letn � 5. Then(38)holds true for ally ∈ [1, n]n.

Proof. First we remark thatn2 � (2− 1
n
)n for n = 2, 3, 4, and 5, while it is false forn > 5.

However,n2 � (2− 1
n
)n is just the special case of (38) wheny = (1, . . . ,1, n), whence in

general (38) fails aty = (1, . . . ,1, n) for n > 5.
So letn � 5 and let us exploit the fact that (38) holds wheny = (1, . . . ,1, n). First let us

consider the variable valuesy(t) := (1, . . . ,1, t) in the interval 1� t � n. For these specia
values the left-hand side of (38) ist2 and the right-hand side is( n−1+t

n
)n, hence (38) is

equivalent toq(t) � 0 with q(t) := 2 logt −nlog( n−1+t
n

). By the above we haveq(n) � 0,
while q(1) = 0, hence it suffices to show thatq(t) is, in fact, a concave function on[1, n].
This follows from computing

q ′′(t) = −2
2

+ n

2
= (n − 2)t2 − 4(n − 1)t − 2(n − 1)2

2 2
< 0,
t (n − 1+ t) t (n − 1+ t)
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the last inequality being valid between the two rootst
(n)
1 , t

(n)
2 of the quadratic polynomia

in the numerator. (Here, again, one has to use the restricted range ofn when calculating
[1, n] ⊂ [t(n)

1 , t
(n)
2 ].)

Let nowm be the number of indices of coordinatesyj with 1 < yj � n. Whenm = 0,
(38) degenerates to 1= 1, and whenm = 1, we obtain (38) from the above considerat
for y(t). So we argue by induction. Let now 1� m < n, suppose that (38) holds for th
values when at mostm of the variables differ from 1, and let us prove (38) for the vectory =
(1, . . . ,1, yk, yk+1, . . . , yn), wherek := n − m. First let us apply the inductive hypothes
for y = (1, . . . ,1, yk+1, . . . , yn) to get

y2
k+1 · · ·y2

n �
(

k + yk+1 + · · · + yn

n

)n

. (39)

Now put t := 1 + n(yk−1)
k+yk+1+···+yn

. Then obviously 1� t � yk , hence by them = 1 case of
y(t) we get

y2
k � t2 �

(
1+ t − 1

n

)n

=
(

1+ yk − 1

k + yk+1 + · · · + yn

)n

. (40)

Multiplying together Eqs. (39) and (40) gives (38).�
The above approach was crude in two respects. First, the conjecture can be valid ev

if the mean vector (37) fails to satisfy|P(x)| � n−n/2. In fact, this is necessary only fo
the vectorξ in (31), when also the 2n possible choices of signs ofak can be varied. In
fact, for all system of signs the correspondingξ is a local maxima of|P(x)|, but there is
no guarantee, that among all 2n local extremal values just the one used here will be
global maximum place. Still, in the orthogonal case all mean vectors will coincide with the
extremal points, and the approach seem to work. So one can ask the following, eve
daring question than the above conjecture.

Question. Is it true, that for anyn and unit vectorsai (i = 1, . . . , n), with suitably chosen
signs of the unit vectorsai (i = 1, . . . , n), the mean value vector (37) satisfies|P(a)| �
n−n/2?

Second, it is rather optimistic for one to seek the validity of (38) over the whole[1, n]n.
We have seen that this fails forn > 5 aty(n) = (1, . . . ,1, n), however, note that thisy(n)

can never be exhibited as a vector arising from the Gram matrix (35). Indeed, ifyn = n,
then〈aj , an〉 = 1 for all j , and thus allaj are equal andyk = n for all k. It remains to future
work to exploit the intrinsic geometric features hidden in the restriction on the admis
values ofy.

4. Some further calculations

First we aim at finding the constantsL(d,K) defined by (14). For this, we need th
exact value of some definite integrals. To express parity conditions we define

ε(k) =
{

1 if k odd, (41)

0 if k is even.
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Recall that the semifactorialsm!! are defined asm!! :=∏m
k=1 kε(m−k+1) and the logarithmic

factorial functionψ is defined by the series

ψ(z) = −C +
∞∑

n=0

(
1

n + 1
− 1

z + n

)
(z ∈ C),

whereC := limn→∞(
∑n

m=1 1/m − logn) = 0.5772. . . is Euler’s constant.
For our purposes we shall make use of the following two integrals which can be

in [12], see formulas 4.241/5, p. 533, 4.246, p. 534, and 4.253/1, p. 535:

1∫
0

√(
1− x2

)2n−1 logx dx = − (2n − 1)!!
4 · (2n)!! π

[
ψ(n + 1) + C + ln4

]

= − (2n − 1)!!
(2n)!! · π

4

[
2 ln2+

n∑
k=1

1

k

]
(42)

and
1∫

0

xµ−1(1− xr
)ν−1 logx dx = 1

r2
B

(
µ

r
, ν

)[
ψ

(
µ

r

)
− ψ

(
µ

r
+ ν

)]
, (43)

whereB is the beta function, Reµ > 0, Reν > 0 andr > 0.
To calculate the integral

∫ 1
0 (1 − x2)n/2 logx dx, if n is odd we just apply (42). Ifn is

even, then we have to apply (43) withµ = 1, ν = (n + 2)/2 andr = 2. As for the integra∫ 1
0 (1 − x2)nx logx dx, we apply (43) withµ = 2, ν = n + 1 andr = 2. After some easy

calculations we eventually derive the following formulas.

Lemma 9. For anyn ∈ N we have

1∫
0

(
1− x2)n/2

logx dx =



− n!!
(n+1)!!

∑n/2
m=0

1
2m+1 if n is even,

− n!!
(n+1)!!

π
2

(∑(n+1)/2
m=1

1
2m

+ log2
)

if n is odd,
(44)

and
1∫

0

(
1− x2)nx logx dx = − 1

4(n + 1)

n+1∑
k=1

1

k
. (45)

Here, as usual, empty sums are considered0.

In the followingσm stands for the surface area of the unit sphereSm−1 in R
m, that is,

σm =



πm/2m
(m/2)! = 2m/2πm/2m

m!! for m even,

2(m+1)/2π(m−1)/2m
m!! for m odd.

(46)

Let us consider first the real caseK = R.
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Lemma 10 (García-Vázquez and Villa [11]). Treating empty sums as0, for anyd � 2 we
have

−L(d,R) =
{∑(d−2)/2

m=1
1

2m
+ log2 if d is even,∑(d−3)/2

m=0
1

2m+1 if d is odd.
(47)

Proof. Standard calculus gives

L(2,R) = 1

2π

2π∫
0

log|cosφ|dφ = − log2,

as expected. Ford � 3 we use polar coordinates to obtain withS+ := S ∩ {x: x1 > 0} and
dσ = 1

σd
dA, with A the surface area measure onS,

L(d,R) = 2

σd

∫
S+

logx1dA(x) = 2

σd

1∫
0

logx1 · 1√
1− x2

1

σd−1

(√
1− x2

1

)d−2
dx1

= 2σd−1

σd

1∫
0

(
1− u2)(d−3)/2 logudu. (48)

Substituting (44) forn = d − 3 and using the values (46) in (48) yields Lemma 10.�
Lemma 11. With empty sums treated0 as above, we have

−L(d,C) = 1

2

d−1∑
k=1

1

k
(∀d ∈ N). (49)

Proof. Observe thatz = (z1, . . . , zd ) ∈ SCd if and only if z ∼ (x1, y1, . . . , xd, yd) ∈ SR2d .
Hence the surface area isσ2d . Moreover, for z ∈ SCd we have |〈z, e〉| = |z1 · 1| =√

x2
1 + y2

1 = r1. Using again the directional cosine
√

1− r2
1, the length of the circle|z1| =

r1, and the 2d −3 measure of the set{z ∈ S: z1 = r1e
θ } (which isσ2d−2 · (1− r2

1)(2d−3)/2),
we obtain

L(d,C) =
∫

S
Cd

log
∣∣〈z, e〉∣∣dσ(z) = 1

σ2d

1∫
0

logr1 · 2πr1 · σ2d−2
(
1− r2

1

)d−3/2 dr1√
1− r2

1

= 2πσ2d−2

σ2d

1∫
0

(
1− r2

1

)d−2 · r1 logr1 dr1

= (2d − 2)

1∫
0

(
1− x2)d−2

x logx dx.

Thus substituting the value (45) forn = d − 2 leads to (49). �
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Remark 3. The asymptotic estimate of Theorems F and 1 give back the upper es
(28), which is equivalent to the estimate already obtained in [22] (cf. the proof of T
rem 12 there), and [11] in the real case.

Indeed, ifaj (j = 1, . . . , d) arecd(Kd) extremal vectors, then for anym ∈ N we have

1

cd(Kd)
=
∥∥∥∥∥

d∏
j=1

〈x, aj 〉
∥∥∥∥∥

S
Kd

=
(∥∥∥∥∥

d∏
j=1

〈x, aj 〉
∥∥∥∥∥

m

S
Kd

)1/m

�
(

min

{∥∥∥∥∥
md∏
k=1

〈x, bk〉
∥∥∥∥∥

S
Kd

: bk ∈ SKd (k = 1, . . . ,md)

})m

= cdm

(
K

d
)−1/m

. (50)

Here the right-hand side tends toc(Kd)−d whenm → ∞, so by Theorems F and 1 (2
obtains.

Now let us define

q(d) := q(d,K) := −L(d,K) − 1

2
log d (d ∈ N). (51)

With C denoting Euler’s constant, it is not difficult to see that the exact formulae of L
mas 10 and 11 imply

Proposition 12. For the constantq(d,K) defined in(51), we have

lim
d→∞q(d,R) = 1

2
log2+ C

2
and lim

d→∞q(d,C) = C

2
. (52)

The real case was already given in [11] and in [14].

Remark 4. Note the somewhat surprising difference between the real and complex cas
Its meaning is the following. When estimatingcn(R

d) by natural complexification (as, e.g
in [22, Corollary 11]), we getcn(R

d) � 2n/2cn(C
d), what involves a factor of 2n/2. Now

Proposition 12 means that this estimate is roughly best possible whenn is large whiled is
kept fixed, or at least relatively small. In contrast, the above Conjecture is just expr
that in casen = d the factor 2n/2, arising from estimating via the natural complexificatio
would be fully unnecessary.

In view of Theorems F and 1,−L(d,K) has to be increasing. But we even have t
alsoq(d) is increasing.

Lemma 13. The quantityq(d) := q(d,K), defined in(51), is strictly increasing in function
of d ∈ N.

Proof. Since logb − loga = ∫ b

a du/u > (b − a)/b for 0 < a < b, we easily get this fo
K = C from (49), whereas for the real caseq(d + 2,R) > q(d,R) follows the same way
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However, to see the full real caseq(d,R) > q(d−1,R), we need a more refined estimatio
To start with, use the well-known Leibniz series of log2 to get

k∑
m=0

1

2m + 1
−

k∑
m=1

1

2m
− log2=

∞∑
j=2k+2

(−1)j

j
(53)

and that
k∑

m=1

1

2m
+ log2−

k−1∑
m=0

1

2m + 1
= −

∞∑
j=2k+1

(−1)j

j
. (54)

After elementary reformulations and applying geometric series expansion we get

∞∑
�=0

(−1)�

n + �
=

∞∑
�=0

1

(n + 2�)(n + 2� + 1)
=

∞∑
�=0

∞∑
m=1

1

(n + 2� + 1)m+1 . (55)

Utilizing monotonicity ofu−m, change of order of summation in (55) leads to

∞∑
�=0

(−1)�

n + �
>

∞∑
m=1

∞∑
�=0

1

2

n+2�+3∫
n+2�+1

1

um+1
du = 1

2

∞∑
m=1

1

m(n + 1)m

= −1

2
log

(
1− 1

n + 1

)
, (56)

where Taylor series expansion of log(1 − x) at x = (n + 1)−1 is applied in the last step
Comparing (47), (51), (53), and (54) leads to

q(d) − q(d − 1) =
∞∑

�=0

(−1)�

d − 1+ �
+ 1

2
log(d − 1) − 1

2
log d (57)

both for oddd = 2k + 3 and for evend = 2k + 2. To conclude the proof it only remains
combine (57) and (56) (withn = d − 1). �

Soq not only converges, but converges monotonically. Whence we also have

Corollary 14. LetC be Euler’s constant and putQ = √
2eC = 1.8874. . . . Then we have

cn

(
R

d
)
� enq(d,R)dn/2 � Qndn/2 (n, d ∈ N) (58)

and

cn

(
C

d
)
� enq(d,C)dn/2 �

(
eCd

)n/2
(n, d ∈ N). (59)

In particular, for the infinite-dimensionalrealHilbert spaceH := �2(R) we have

nn/2 � cn(H) = cn(R
n) � enq(n,R)nn/2 � Qnnn/2 (n ∈ N). (60)

The real case (58) and (60) were already covered by [11,14]. Observe that (60
independent, but slightly weaker estimate than Theorem D. However, here we did n
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the somewhat involved Theorem C of Arias-de-Reyna and subsequent complexifi
as in [22]. ForcomplexHilbert spaces Corollary 14 does not provide any new informa
for the “diagonal case”n = d , but the general case estimate is best possible whenn is
large compared tod . The value of the asymptotic constant

√
eC = 1.334. . . is remarkably

smaller than in the real case.
As noted above, choosing any orthonormal vector system the lower estimatecn(R

n) �
nn/2 is obvious. Below we utilize the same simple idea in a slightly more complex con

Proposition 15. For anyn,m ∈ N we have

cnm(Rnm) � nnm/2cn
m(Rm). (61)

Proof. RepresentRnm as the orthogonal direct product ofn copiesHj (j = 1, . . . , n) of
R

m, and takea1, . . . , am to be acm-extremal unit vector set ofRm. Let the vector system
bj,k (j = 1, . . . , n, k = 1, . . . ,m) be defined so thatbj,k is the vector inHj equivalent to
ak in Rm.

Because of orthogonality, any vector splits as the orthogonal sum of its compone
the factorsHj , that is,x = x1 + · · · + xn with xj ∈ Hj (j = 1, . . . , n). Consequently, if
P(x) = ∏n

j=1
∏m

k=1〈x, bj,k〉, then with the unit vectorsyj := xj/|xj | (j = 1, . . . , n) we
obtain

∣∣P(x)
∣∣= n∏

j=1

m∏
k=1

(|xj |
∣∣〈yj , bj,k〉

∣∣)�
n∏

j=1

(
|xj |m 1

cm(Rm)

)
� n−mn/2 1

cn
m(Rm)

, (62)

since
∏n

j=1 |xj | � n−n/2 by the orthogonal case, and extremality ofbj,k in Hj is assured
by construction. (It is easy to see that (62) is sharp.) The assertion is immediate.�
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