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ABSTRACT. The present work is inspired by Edmund Landatt's famous book, "Handbuch der
Lehre von der verteilung der primzahlen", where he posed tw,o €xtr€fial questions on cosine
polynomials and deduced various estimates on the distribution oJ primes using known estimates of
the exíremal quantities. Although since then better theoretical results are available for the error
term rlf the prime number Jormula, Landttu's method is still the best in finding explicit bounds. In
particular, Rosser and Schonfeld used the method in their work "Approximate.fotmulas for some

Junctions oJ' prime numbers".
In the presení work we introduce general coeJJicient conditions, which enables us to handle

the cases of Jixed degree n e N cnd thctt tf .free degree a uniJied way. Our goctl is to describe
the basic.ftmction a(a) that plays a crucial role in both extremal problems of Landau. We prove
that a(a) is identical to another exíremal quantit!-, thaí can be considered the dual of our basic
funcíion. While the approximation of this dual quantity was in the heart of the method of van der
Waerden, our duttlity theorem reveal.s why his estimate was so sharp.

As we shttll present in afttríhcoming paper, íhe new insight into íhe structure ofthe problem
also helps to improve upon the best known upper and klwer esíimaíes of French, Steckin and van
der Waerden. The proof of the dualiry theorem uses functionttl rlnalysis comparable to linear
progrttmming.

RESUMÉ. Ce travail est inspiré par l'oeuvre céLébre t]'Edmuncl Lttndau, clont le titre est "Hand-
buch der Lehre von der Verteilung der Prim7.ahlen", et dans laquelLe Landau a posé deux questions
extrémales, concernantes des polynomes cosinus, dont il a déduit de différentes estimations pour
kt distribution des nombres premiers en utilisant tluelques résultaís sur des problémes extrémales.
On a obtenu de meilleurs résultats pour le terme d'erreur depuis-lö, fuüt de méme la méthode de
Landau est la meilLeur pour trouyer des limites expLicites. Rosser et Schonfeld ont utilisé cette
méthode dans leur oeuvre "Approximaíe.formulasfor somefunctions of prime numbers".
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Dans ce travail on introduit des conditions de coefftcient générales, qui rendent possible

la cliscussion unfotme des cas différants oú les degrés sont libres ou.fixés /? € N . On prend

pour but de décrire la fonction a(a) qui joue un róle importaní dans tous les deux problémes

extrémales de lltndau. On démuúre que a(a) est identique d une autre quantité exírémale, qui

peut étre considérée comme Le duel de notre fonction de base. Comme l'essence du méthode de

van der Waerden a été l'approximation de cette quantité duelle, le présent théoreme de réciprocité

erplique, pourquoi l'estimation de van der Waerden est si exacte.

Comme on va démontrer dans un article suivant, l'inspectbn de la structure du probléme

nous aide á améliorer les meilleures estimations connues; celles de French, Steckin et van der

waerclen, Let démonstration du théoréme du réciprocité utilise l'anall,se,fonctionelLe, avec un

argument similaire d la programmation Linéaire.

1. Introduetion

1.1.

Let']f : RlZltZ be the circ|e gfoup and C(Tl) and BM(ll) be the sets of continuous functions

and Borel measures on ]l, Let T,, be the set of trigonometric polynomia|s of degree not exceeding

nandT bethesetof alltrigonometricpolynomials, Letusconsiderforanytwosubsets M,L C
N2 :: {2,3, ...} : Za[2, oo) the set

F(a, M ,.) ,: 
{./ 

e C(]l): ,f : o,

F

I txl - l -t rt cos* + rúlt cosk,{.

at <O(kíM),ar>O(nÉDI
(1.1)

( 1.2)

of nonnegative, even continuous functions and the set

T(a, M, q :: |í eT: f e F(a, M, D| :T. F@, M, L)

of nonnegative cosine polynomials,
In this paper we investigate the functions

a(a, M, L) :: inf {l (0): / e F(rl, M , Q| (1.3)

and their twin pairs

a(a, M, L) :: inf Íí(0):./ e T(a, M, L)|. (1.4)

Foranyparticulaíae]R.andM,tcNzthedeterminationofcvorcyconstitutesanextremalproblem,
and this extremal problem is usually nontrivial. On the other hand, both in analytic number theory

and analysis itself, there are many problems related to extremal problems of this kind, and valuable
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information on the values of cy or cy have important corollaries. Since we are not going to present

these applications here, let us refer to the book ofLandau t3, §§65 and'79) and also to the papers of
Rosser-Schonfeld [8], Ruzsa [9], and Steökin [1 1].

In the present work we give an analysis of the above general definition and prove that some

seemingly quite different extremal quantities of BM(ll) are in fact equal to cv. This dual description

of a will provide essential help and new results in the analysis of these important extremal quantities

and of extrema] problems introduced by Landau in his Handbook [3] that we are going to publish in

the subsequent paper [7],

1.2.

Throughout the paper we use the symbol of integration without specifying the domain of the

integration for integrals over']f, i.e.,

(1,5)

The scalarproduct of f e C(ll) and p e BM(ll) is

(1.6)

481

í:í,

,*í,(J',dll):

and Fourier coefficients of pl (or /) are always

aoO.L): (|,dlr),

at (lt) : Z(cos kx, d p(r))

bt1l) :2(sin kx, d pt(x))

dp,

(k:1,2,..,),
(k: |,2,...)

tF1 c 1l measurable).

(or the similar integral with /(.x
usually by requiring aoQ,l) :
normalized measure with

(|.7)

) dr in place of d p,(x)). Since we normalize measures and functions

or ao( í) : l, in our terminology the Dirac delta measure is the

ó. (f1) :

We write

ó:óo

and define the "even atomic measure at z" to be

2lt,
o

zeH,
7.é H,

( 1.8)

(1.9)

( l .l0)lu":-(ó,+ó-,).,2
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These have the Fourier series expansions

Sz. Gy. Révész

di,(x) - 1+2|{.o, kzcoskx * sinkzsintx),
k:l

rc

dökl - l + 2rcosk,r.
k:l

€
dv-|x)- | +2 ) coskzcoskx.

,{_!

For the convolution operator we use the same normalized integration, hence

(I.1l)

(1.12)

( 1.13)

(1. l4)

( 1. 16)

(1.17)

( 1.18)

(í * ltltx,,: ;; Í '', 
- t) dpt(t): |.f {.x - t),dlt()),;

and for eyer? measufes

3ar(u)-t/ xi.r){x) - l +L -ff 
fu1,11lcoskx*btt f)sinkx) (dptxl:d/l(-,r)). (1.15)

k:l

In particula1 convolution by á : óo : uo is the identity operator. The Dirichlet, Fejér, and
poisson kernels are

N

D7y(x): 1+2Dcosl?J:
n:l

sin ((N + l 12) x)
sin (x l2)

Flv(x): I
)sin 11N * 1) r /2-,É(, - ,h)cos,?,r : sin ({)

€ l_r2
P, t.rl : l + 2 rr" cosn.r : ;------;-------- .

n:t |-zrcosx+r-

,i( )'

respectively. For any function rp from R to R the domain of deflnition and the range of the values are
D(p) and R(9), respectively. We note that we define inf a : *oo; hence we attribute a meaning to
(1.3)or(1.4)evenifF(rl,M,L):aorT(a,M,L):0,butinlhesecasesthevaluesofa(a,M,L)
(resp. a(a, M, L)) are not in ]R. and a (D(a( , M, L)) orD(a( , M, L)),respectively.

Note that the most important special cases are when l : {4 and M : Nz or M : |2, nl. For
easier use we write
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( 1 .l9)F(a) :: F(a, M, L), a(a) :: a(a, M, L)

and similarly

T(a)::T(a,M,L), a(a):cx(a,M,L) (1,20)

whenever no confusion can arise as for the sets M and t. We use 7, for the trans|ation opefator bY

íaS

(T, f )(x) : Í@ -f r) (7 e cir;),
tl(T,tl)(x) : dp(x * r) (p e BM(1l)).

(1.21)

Natura|ly we can apply 7" to subsets of C(ll) or BM(ll) as well. Now if a measufe, a function,

or a set of those satisfy some conditions of the coefficients, then the trans|ated objects satisfy some

coefficient conditions of a similar type. More precisely, if the coefficient conditions of the original

object can be described by M,L C N2 as in (1.1), then the translated object satisfies coefflcient

conditions with a new pair of index sets r (M , L) : (M' , |'), where

M' : (M n2N) U (r n 1zx+ t;), L' : (M n (2N+ l))U (rn2N). (1.22)

In particular, one can check easily that

T,F(a, M, L) : f (-a, M' , L').

For later reference we introduce the relative comp|ementer sel

(1.23)

K:Nz\K (KCN2). |1.24)

Properties of CI (o, M, L) and a (a, M, L)2.

2.1. Proposition

i. We always have|_1,1] cD(a( , M, D) cD(a( , M, L)) q e2,2).
ii. D("( , M, L)) is a finite interval.

iii. D(sr , M, L)) is an interval with the same endpoints as D(a( , M , L)),
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Proof. (i) For -l < a < l thefunction l *acos;r always belongstothe set(1.2), hence
a e D(a( ,M,L)) The second inclusion is obvious from the definitions (1.1)-(1.4). The last
assertionisalsowellknown,butletusproveitforcompleteness, Leta e ]R, "f e F(a, M,I). Then

l'>0and/eC(ll)isnotidentica|lyO,FromthesepropertieswededuceforarbitraryneNthe
relation

la,(.f)l <2dO(/) (/ e C(ll), í >0, í +0, n e N).

Considering the scalar product of the nonnegative functions

(:2.1)

0 < (l + cosn-r, .f) : r,to(.f) +)a,0,

, . (, _=:):: (,-:): .,

(2.2)

we immediately obtain (2.1) with < in place of <. Now let us observe that in case of equality the

corresponding scalar product must vanish, hence supp ./ is contained in the set of zeros of l + cos iu x
or 1 - cosnx. Since / e C(T) vanishes outside of a discrete set, / is identically zero. Hence for

f + 0 (2.1) holds with strict inequality. Plainly for ./ e F(a, M, L), ao(.f) : l, al(í) : a, and
(i) follows.

(ii) and (iii) Let 0 < a' < a, We prove the following two assertions.

If a e D("r ,r,U),then a' e D(a( ,r,tl) ("positive part"), Similarly, if -et e
D("r , 

', 
U),then -a' e D(a( , M, L)) ("negative part").

First let a e D(u( , M, L)) and choose N to satisfy

(2.3)

We also put

(N * l)a'
Ntt

(2.4)

observe that

aN>-
a-a'

(:2.5)

hence with the values (2.3), (2.4) the positive definite kernels of Fejér ( 1 .17) and Poisson ( l .l8) can
be used, By condition, f (a, M,'L) is not empty, hence we can choose a function / belonging to it.

Now consider the convolution

8(;r) : (Í ,o Fx * P,)(x). (:2.6)
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Plainly 8 €TN becauseof F1,,,andg > 0sincel,= o, Frv - 0, andP, > 0. FortheFourierseries
of g we have
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,q(.r) :' -É alí[\,( - ri)rtcoskx.t:l
(2.,7)

(2.8)

(2.9)

hence using at(.f) : a and(2.4) we have at(il : a'. obviously at(g) is of the same sign as a1(/)
(k e Nz); that is, we are led to g e T(a' , M, L) and a' e D(cx( , M, L)), as stated,

The "negative part" can be proved similarly or deduced from the "positive part" Proven above,

Indeed, -a e D(u( , r, tl) means fl-a.. M, L) l a, hence from (1 .23) we conclude that

F(a,M,,L) + a and cl e D(at ,M,.L,l). Applying the "positive part" for M, and L,, we

conclude that T (a' , M' , L') l [J. Note that similarly to ( l ,23) we also have

T,T(-a' , M, L) : Tla' , M' , L'1,

hence T (-a' , M , L) l a and the "negative part" follows.

Now the above two assertions really imply (ii) and (iii) since if

A(M , L) :: inf D(a( , M , L)),

B(M, L):: supD(&( , M, L)),

,!,.-
B',:

<)

L))
B .< 2 according to (i) and all numbers a' e (A, B) belong to

D
then -2 < A (< -l) and (l
D(q( , M, L)) c D(a( , M,

))
To determine the quantities (2.9) provides a nontrivial extremal problem itself. The translation

operator 7, relates these type of quantities since it follows from (1 .23) that

A(M, L) : -B(M,, L,).

Another useful relation is the duality-type formula

(2,l0)

B(M, L) : 
^i, 

o,
where the "conjugate pair of sets to (M, t)" are defined as

M* : M', L* : L'

(2.11)

(2.12)
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with the notation of (1.22) and (1.24). The result (2. 1 l ) can be found in [4]. 
l

Trivial examples of M : l, : Nz and M : L :0 show thatD(a(, M, L)) : (-2,2) and,
D(u( , M, L)) : [-l, 1] can occur. Still, the exact values of Á and B are known only for some
particular cases, For example, for the most important special case M : Nz, L : íl1 we know

B(N2, í]) :2, (2.13)

but we do not know the exact value of

1
AtN:. l) : -Bt2N. 2N+ l) : = ^i_a(l. N2)

2, l;rl <

l, lxl :
0, lxl >

(2.14\

(2.16)

(cf. t6]),
Finally let us see some examples. First we see that an endpoint of the domain , say B(M, L),

may lieoutof thedomain D("( , M,L)) evenfor B(M, L) <2.LetM : L:2N* l;then

B(2N+ 1,2N+ |)

í \ t (2,15): supla..1,f > 0. /txl- |-lacosx -|I.rlcos{t2k + |rxtl.l 
^-_í |

and it is well known (cf. the end of Il0]) that B : f and the unique extrema| function is

: 4t_ ll|
F(x) : | + L "," - Dcos(t2k 

+ ltx) :
l:0 /' \ Z^ -T

í
z,
í
1,
T
z,

whichisalmostlnr(!,2N+1,2N+|),exceptthatitisnotcontinuous. HencehereB(2N-|
1,2N+ l) (D(u(,2N+ |,2N+ l)).

Next we present an example with D(cv( , M , L)) ; D(a( , M, L)), to which the only pos-
sibilityisthatanendpointof thedomain,saynow A(M,L),belongstoD(a( ,M,L)) butnotto
D(sr , M, L)).Now let M : L: 2N, and consider

ft ft -a 2(-I)Á+l
f tx\ :7(lcosx] - cosx) : | - , cosx 1 

L-ae _, cos(2k,r l. Q.l7)

lLet us take the opportunity to correct a mistake in íormula (6) of ta], where in the definition of the conjugate sets
the role ol the even and odd integers (or, equivalently, the two sets) are changed. The correct formulation is given
in (1.22) and (2.12) of the present work.
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plainly í e F (-+,2N,2N) andhence Á(2N,2N) < -l12. If g belongs to F(a,2N,2N) with

u e D(a(, 2N, 2N)), then scalar multiplication of g and F of (2.16) gives

2
0<(g,F) :l+-a|

1T

(2.18)

hence a > -7r12 and equality can occur only if (g, F) : 0 and g vanishes on [-tl2,rl2],
That is, Á(2N,2N) : -l12, and F(-t12,2N,2N) contains no polynomials; hence -tl2 e

D("( ,2NJ,2N)), but not inD(a( ,2N,2N)),

2.3. Proposition

Both a( , M, L) anda( , M, L) are convexfuncíions ort D(a( , M, L)) andD(u( , M, L)),

respectively.

Proof. We prove the proposition only for a : a( , M, L), the other case being simi|ar. If

í e F(a)and g e FQt'),thenforany0 < ), < l wehave

h : X/+ (1 - Dg € r(X() 1 (1 - ),)a').

Substituting 0 and taking the infinum over F(Xa + (1 - ),)a'), definition (1,3) gives

lim cv(a') < a(a)

(2.20)

and as (2.20) holds for any f e f @) and 8 e F(a'), taking the infinum over those sets we obtatn

the proposition. D

Note that convexity entai]s that these functions are continuous and have one-sided derivatives

everywhere in the interior of their domain. To extend the result to the endpoints (2.9) requires some

more consideration and will be analyzed only later (cf. Proposition 2,6).

2.4. Proposition

a(cl, M, L) : a(a, M, L) for all a e D(u{. , M, L))).

Proof. Suppose a :0 first. If L : a, then both functions obviously take the value 1;

andif t * a,thenforany n € L, 1-cosnx e T(O,M,L)and hencebothfunctionscy and

a take the value zero, We can now suppose that a > 0, since the,case a < 0 can be reduced to

ihi, .ur. using the translation opefator 7" similarly to the proof of Proposition 2.1. Because of

T(a, M, L) c F(ct, M, L), we trivially have a(a) < q(a).We wil| prove that

(2.19)

(2,2l)
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As a is continuous, (2.21) entails a(et) < a(a) and the proposition follows. Now let í e F(a)be
arbitrary, Since l € C(ll), we know that ,/ is Cesaro-Fejér summable and so

(F7,,x l')(0) --, l'(0) (N -+ oo).

However, Ftt * .f e 7 (ffi) and

/Na\al _ l<tF"xl')tOl- \/i + l /

Since cv is continuous, (2.22) and (2,23) yield

1l/,r,||sN{rnl :+ Ílí,,1:} Í ',:r,

(2.22)

(2.23)

(2.24)

Since (2.24) is valid for all / e f (a), ( l,3) entails (2.21), proving the proposition. tr

2.5. Proposition

Letussupposeíhat L C Nz i.s afiniteinderset, n^hile M CNzisarbitrary. If T(a, M, L) + a,

i.e. a e D("( , M, Q), then

a(a, M, r; : min{/(0): .l' e F(a, M, Q} (2,25)

proof. we define

dp,(x) : .f,,(x) dx (2.26)

where l,, e f (a) satisfy .í, (0) --> a(a). Clearly for the total variation norm of BM(ll) we have

(2.27)

hence (i_t,,) is a bounded sequence in BM(T), Recall that every norm-bounded subset of BM(T) ts

re|atively compact in the weak [|], or, as other authors term it, the weak x [2] topology of BM(ll)
defined to be the weakest topology with the property that all functionals (./, .):BM(ll) -+ R. with

./ e C(1l) are continuous functionals. (See, e.g., Il, 4. l0.3. Theorem and Remarks]. Consequently,
we can select a subsequence of (p,) that converges weakly {< to some measufe p e BM(ll).

For convenience, let us assume that (p,,') is already conyergent. Since all p,, are positive and
even, so is pr; and in view of that (|,lt,) : 1 and (cosx, p,,) : al2 identica|ly, we get for the

Fourier expansion of p the form
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F

d p,(x) - 1 i a cosx *L"ocoskí. (2.28)

l

P (,t) : d cos'r t I a1 cos ftr (2.29)

495

Moreover, since the functionals (coskx, .) are continuous on BM(ll) (in the weak * topology), all
ak are the limits of al (p ,) (n - oo) and thus a1 are subject to the same coefficient conditions as all
the ap(trl,,).

Nextwemakeuseof thefinitenessof l,. If /isthemaximal elementof rU{l},thenfork> l,
k * 1 and k é L;hence a1 (p,,) > 0 and ar > 0 by definition of F (a, M, L). Now define

!

P,(x) : a cos _]r -lIarQt,,) cos kx,

and

dv,,(r) : dp,,,(x) - P,,(x) dx, dv(x) : dtL(x) - P(x) dx. (2.30)

Clearly u,, e BM(TI) and u,, -+ u in the weak * topology, and P,, --> P is valid even in the supremum

norm as / is fixed and at Ot,,) --> ak (n -+ oo). Similarly to (2.2) we also have

|u1l1-t,,l . 2. lu| < 2 (k e N), (2.31)

and this entails tha{

||P,,||- < 2l, ||P||- < 2l (2.32)

while the Fourier expansions

tlv,,(r)- 
'* i a*(Ll,)coskx,

k:l+ |

have only nonnegative coefficients, Now for any N e N

dv(x)- l+ 

' 

al,coskx
t:1+ l

(2,33)

since l, - P,, is positive definite and
letting N -+ oo we conclude

: (Frv, u) : lim (Fru, u,) : lim (Flv, .f, - P,,)
,i>N n+É

< lim |]l,, - P,,ll_ : lim (í,(0) _ &(0)) Q,34)
il -} //-@'

: a(a) - P(0) < a(a) + 2l,

its norm is attained at 0. From (2.34) and a* > 0 (k :. l),

,n*i, (,-#)'-
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N

| - )- ut < a(a) l2l;
l_J

k:l+l
(2.35)

hence the series expansion of du in(2.33) is absolutelyconvergent anddv(x): 8(x)dr, where

8 € C(Tl) with the same absolutely convergent series expansion. Thus dpr(x) : .í'(x)dx with

f : g* P. Wetriviallyhave f € C(ll) and/ e F{a,M,I). Finally,if N > l,atO-L,) > 0for
t > Nandalln € N;hence(D7y, í) 

= 
í,(0)andn --+ ooyields lDN, í') < limn_* í"(0):u(a).

The absolute conveígence of the Fourier series of J' implies after N -+ oo that .f (0) 
= 

o(a), and in
viewof definition(1.3)and f ef(et,M,L), /(0):cv(a). Inotherwords,a(a)isattainedfor./
and the infinum is actually a minimum.

2.6. Proposition

Let us suppose that L C Nz is a finite index set while M C Nz is arbitrary. With the noíation
(2.9) we have that

i. either lima* a(a) : +oo or A € D("( , M, D) andliml1 u(a) : qln},

ii. eitherlimy_ a(a):lcnor B e D(a( ,M,L))andlim6_ a(a):gy131.

Proof. We prove only (i) since (ii) is quite similar. Observe that the convex function a
always has a finite or infinite limit at Á from the right, and suppose that 1im1.. a(a) : C < oo. We

argue similarly to the proof of Proposition 2.5. Namely, we can select a sequence d p,,(x) : ;f,,{r) dx,
weakly x convergent in BM(ll) to some measure p, so that f,, e F(A,,) with Á,, -+ Á and

.á(0) -- C, (According to Proposition 2.5, we even can take í,(0) : d{A"), but that is not
necessary.) Then the same proof works with the only changes that here (cos x, trr,, ) : A, /2 is not
identically A12,but only converges to it, and in (2.29) in the first place Á, is to be put in place

of a while in the second expression A is to be put in place of a. Then the same argument gives

dp(x) : f (x) dx with J' e F(A) and /(0) : C. Thus we otrtain that in the case of a finite limit
A e D(a) and a(Á) í ,f (0) : C, while liml;- u(a) < a(A) is obvious (cf. Proposition2.4 and
(2.21)).

2.7.

tf |tl : oo, Proposition 2.6 is no longer valid, as the case M : L: 2N + |, B :4ll and
(2.16)shows, Indeed,herethelimitof cr(a)atB-is2,whileF ÉC(]l) andB éD(a).

2.8. Lemma

Suppose that F:1l -+ IR. is a measurable, nonnegative, bounded, even.function having Fourier
series expansion

-
F(x} - | +acos" + rdtcosk,r (2.36)
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,,t,here ap < )for k é M and ap > }for k f L. Denote

F1o; : lim sup F,
0

Then we have

lim a(a' , M, L) < F (0)

incasea>Oand

lim a(ct', M, D =FQ)tl +tt*

incasea<0.

Proof. Let r < 1 be arbitrary, and consider (cf. ( 1 ,14)-( | .1 8))

íf":F*Pr,

We have í, >_g, /, e C(ll) and from (2.36) and (1.15)-(1.18)

F,(x) - | t ar cosx +iorrrcoskx;
k:2

hence /, e ?(ar, M, L).As is we|l known,

lim sup J;(0) < F(0).
r+j-0

If a:0, í, e F(O, M, L) and cy(O) < /,(0);hence from(.2.42) we gain
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(2.31)

(2.38)

(2.39)

(2.40)

(2.4|)

(2.42)

a(0) 
= 

F(o) (a :0). {2.43)

Since a : 0 is in the interior of D(a) (Proposition 2.1) and cy is convex, hence continuous according

toProposition2,3,(2.43)clearlyentailsboth(2.38)and(2.39)fora:0.IfalO,í,eF(ar,M,L)
entails u(ra) < /,(0) and so (2.42) implies (2.38) in case d > 0 and (2.39) in case et < 0. !

2.g.

we do not know if proposition 2,5 remains valid for l l' l : oo or not,
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The above analysis gave that a is convex and, thus, is continuous in the interior of the domain.
For |ri < oo We essentially proved continuity at the endpoints, too in 2.6. However, the above
considerations do not answer the prob|em in general. From convexity, or from 2,8 we have

'jT" = 
q(A)if A e D(a) and |jT" 

= 
u(B)it B eD(u),

but equality does not follow from these arluments.
Another natural question is if A f D(u) but limaa a - ( --oo, then there exist functions F

like (2.16) and in 2.8 or not. In particular, if they exist, do we always have C : inf F(0) or even
c : minF(0)?

Letuspointoutonemoreusefulsideresultoftheargumentin2.8, Withtheconstruction(2.40),
(2.4l) we have found a strictly positive function /}, since we have f,{x) : |F(t), P,(x - t)), >
(F(/), ]#) : ]# = 0. As aconsequence, we see thatfor A(M,L) < cl < B(M,L) the set
f (a, M,l,) contains strictly positive functions, too.

2.10. Lemma

Suppose that J' e F(a,M,L) is strictly po.sitive. Then either lal < 1 and L : a or
"f 

(0) > a(a, M, L) and A(M, L) < a. .< B(M, L).

Proof. If ,f (x):1l a cosx, then positivity of ./ implies lctl < l. Moreover, if forthis
particular Í o:./(0): l +a,then L:a fo|lowsfromtheminimalityof cv, otherwisethe
Fourier expansion of./, as given in (1,1), has other nonzero terms and thus at : ar(í) l O for
somek e N2. Let m,.:min./. Byassumption,0 <m < l. Also lor(.ill<2@f.(2.|)), Hence
8(x):: Í'(x) - !larIcos kx > .í'(x) - m > 0, and Fourier coefficients of g are also of the type
(1.1);hence g e F(a, M, L).Now we get./(0) > 8(0) > a(a, M, L) in view of the definitions of
g and (1.3).

Finally, it is clearthat0 < .f (x) +,??cos-]r e f kltm, M, L);hence a cannotbe an endpoint
of D(a( , M, D), and the last assertion of the lemma follows. n

3. The Extremal Quantity a(a, M, L)

3.1.

Let us introduce for l,. M c Nl the sets
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o(a, M, Z) :: sup{r e R:] z < M(a, M, L) with7 + ó > / .^}. (3.2)

Note that the SetS (3.1) are never empty, since the zero measure 0 is an eleme nt of M(0, M , L) and
thus (with b :0) belongs to all M(a, M, L). As a consequence, al(a, M, L) . 0 (a e jR), and
we can restrict the supremum in (3.2) for measures satisfying 7 + ó > 0, i.e, r > -ó. Any such
measure generates the set

. It>O:ó*T>t.X} (3,3)

and plainly this set contains zero, hence it is nonvoid. Also it is bounded and closed. Thus it has a
maximum
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M(0, M, U,: {r e BM(]l): dttx| -ir*.orrr,l t:t

l1 € JR, t* <0(k í M).tt > otr + rt},
I

M(a,M,U,:[r e BM(11.1: dr(xl - r(r -?ror*) -É tl,coskx, (3,1)l\o/r:,

ö e ]R, t1, <0(k í M),n: O1k 41;}
I

:Í..BMtlll: r: u lurvrt L ,, , - -rr,(ro)}, + ru. 70 € ttttO. U. tl|.

the second alternative being defined fo r all a e ]R and a l 0 with using d/"(x) : dx for the Lebesgue
measure. Recalling ( 1 .9) we define

t(t) :: max{r (> 0):ó * T > t .X|,

and we can write in place of (3.2) the expression

co(cl, M, L) ;: sup{r(r):t e M(a, M,r), r > -ó}.

Note that (3.2) or (3.5) is defined for all, a,butD(a( , M, L)) - Icl e ]R: a;(a, M, L) <

(3.4)

(3.5)

*oo}.



500

a)

Now let us take a function F satisfying the conditions of Lemma 2.8. (In Particular, all

functions of the class f (a, M,L) can be taken.) Using also the notation (1,24), consider also a

measure t e M(a, M,L) satisfying r > -ó. Note that

S:, 6_1: Rávás;

,(a, M,L) : sup{r(r):t e Mla, U,b,. = -ó}

according to (3,5), observe thatif a l0 and á e ]R is arbitrary, we have

(3.6)

(3.1)

therelore for arbitrary ./ € R.

(.,, (, - 3..,,)1 
: o,

1X
(F.r) :O*;Ic/1/1 <0.

as can easily be seen from the coefficient conditions, Now using (3.7) and the nonnegativity of F

we obtain

(F, ó) > (F, ó + T) > (F, t(z) ,^) : t(r),

and (3.6) immediately gives

F10,1 : (F.ó) } al,t. M.Tl.

Since (3,9) is valid for all F e f (a, M , L), ( 1,3) also gives

(3.8)

(3.9)

a(a, M, L) :, o(a, M, L). (3. l0)

Note that (3.10) immediately gives D(r( , M ,D) _> D(a( , M , D),and example (2. l6) shows

that inequality of these sets is possible.

3.3. Lemma

Sttppose that there exísts a nonne7ative normalized measure o in M|a, U,Tl tlnt is,

a!

0<clo(r)- l- 1.or**I.^coskx. st <0 (k4M\, s1 >0 tk{L}, (3,1l)
a
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thenfor all ct' > a fu-e have @(a',

thenfor all a' < a we have @(al ,
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M,L):
M,D:

i. IJ'a > 0,

ii, If a <0,

*oo,

*oo,

Proof. First let us note that a :0 cannot occur since M(0, M ,l) contains only measures
withconstanttermO,Nowputr,.:ala',andwiththisre(0, I)considerthemeasurep:o*P,
rvith the Poisson kernel ( l. l8). Clearly

2r-
0.< dp(x\ - | -,cosx iEr*r*cosftx € M(a',M,T),

and as P, (,r) , ]# ," get the estimate

|-r
P:oxP,7 |+rX.

For any given K > 0 consider the measure

l+rr::b.p with b:: r_rK.

(3.12)

(3. l 3)

(3.14)

letting K --- +oo we obtainPlainly T € M(al, U.T; andr * ó >

the lemma. D
t > KX hence r(z) > K, and

3.4. Lemma

The following assertiotts are equivalení

a É (A, B) (i.e., either et < A(M, L) or a > B(M, L)).

There exists a norutegative, normaliz.ed measure (3. l l ) in M\u , M .T).

Proof. (ii)implies(i)inviewof (3,10)andLemma3.3,asfor A(M,L) <cl'< B(M,L),
a(a' .M,T) . o(o',M,L) < -|a. Now we prove the converse, For the proof we fix any

a > B(M, t) andconstructao satisfying (3.11), (Asthecase a,< A(M, Z) is simi|ar, orcanbe
transformed to a positive case using T, , we omit the proof for this negative case,) Note that in view

of the construction in Lemma 3.3, it suffices to present our construction for a : B; asfor a' > ct, p

will be a mea§ure of the required form once o has been constructed. However, we do not use this

remark and take a > B(M, t) arbitrary. We consider the Banach space C(1l), equipped with the

usual infinity norm, and take the two sets

n :: |f e c(ll): l , 0} (3.1 5)

1.

ii-
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and

2 is an open, nonempty convex cone of the Banach space C(1l), while 9 is also convex and is closed

inC(ll).Notethatl+acosxe9,henceg*a.Nextweobservethat2andQaredisjointsets.
Indeed, Pag:Paf@,M,L): í4inview of a> B(M, t),Proposition2.1,andLemma2.10,

Now we can apply the separation theorem of convex sets (cf. e.g., Il, Corollary 2.2.2]) to

obtain a nontrivial linear functional 1 and a constant u e R so that

I9<w<IP. (3. l 7)

Since 2 is a convex cone. so is IP C R and, as 12 is bounded from below, we have IP C [0, @).
As / is nontrivial and C(ll) - P -P, IP + P}.

Hence we can select some p e P with Ip . 0. Now 0 < p < K :: maxp, the function

q::2K-pisalsostrictlypositive,andsolq>O.Using|inearityweget0<Ip<Ip*Iq:
2KIl,hence I1 + O and we can normalize by supposing 11 : l. Similarly, for any f e P,
,f , m::min/ > 0entails IJ'. - > 0; whence IP: (|0,oo),androcanbetakenOin(3.17),
Finally substituting 1 by the even functionat j (i 17'1x;; + l ( l (-,t))) if necessary, we can suppose

that 1 is even in the sense that (1/(í)) : t (1r-r)) for all ./ e C(ll).
Now we can apply the Riesz representation theorem (cf., e.g., I l , Theorem 4. l0. l ]) to obtain

a measure p e BM(ll) satisfying

e ,:{se C1ll):8(x) - 1-1-acosr +iorcoskx,t - 
*_)

at <0(k#M),ar>0(k4D]|

I : (,dtl}, Ig <0 < IP, dtt(x)-' *i bl,coskr.

0 > /(l +acos,y |: l ++,)

(3.1 6)

(3.1 8)

(3. l9)

Note that the Fourier series expansion of p is a pure cosine series with constant term l since 1 ls

even and norma|ized. Also 4, is even, normalized, and positive, and similarly to (2.2) or (2.3|) we

immediately have |á1 | . 2 (k e N). Next we deduce more precise bounds for these coefficients

using 1§ < 0,

First, take 1 * acosx e 9 to deduce

Second, forany m € M and K > 0consider 1 + acosx J- Kcos mx € g and obtain

0 > .í(| rdcosx * Kcos mxJ:'*+ * 1O- (m e M,K > 0). (3.20)
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Third, for any l e L and K > 0 consider l * a cos;r - K cos lx € g to get

ub,
0 > 1(l *acosx - Kcos/x) :1+-:; - Kh i e L. K > 0).

Dividing by K and letting K + *oo yield from (3.20) and (3,2|) the bounds

b,,<0<b2 (Ym e M, Yl e L),

,,l hile (3.19) gives

.)

bl < 
-(< 

0).
Cl
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(3.21)

(3.22)

(3.23)

In al1, the measure p, is normalized and nonnegative, and from (3, l 8) and (3 .22) it is clear that
,/ ^ _-\

u = 
,V ( -}, t,t,Z), Hence lf (3.23) holds with equality, that is, a : -2lbt, then the measure p{

\nt /
itself isoithetype(3.1l)andwearedone. Finally,if (3.23)holdswithinequality,thenwetake
r :: ű a§,J and consider o : & * P,, Plainly o is even, nonnegative, and normalized, and

o e M@ , M ,L) accordlng to (3 .22), (3 .23), the choice of r, (3. 1 8), and the definitions (3. 1 ) and

r 1 .l8). The proof is complete, D

3.5. Proposition

i. D(u,t( ,M,b) e |etru,D,B(M,|)] (: clD(a( ,M,D)).
ii, For a ( D(.( ,u,Tl), in particular for et < A(M,L) or a > B(M,L) we have

a(a, M,Z) : +*.

Proof. The proof of the proposition follows from (3. l0), Lemma 3.3, and Lemma 3.4,

3.6. Theorem

For arbitraql M, L C Nz and A(M, L) < a < B(M , L) we have

q(a, M, L): a(a, u,Tl. (3.24)

Proof. We are entitled to prove the converse inequality of (3.10). Since M and L are

fixed, letusomitthemanduse a,Fand1o,Minplaceof a(a,M,L),Fkl,M, t)and a(a,M,L),
M(a, M,Z), respectively.

Letusfirstconsidertheeasiercase |a| < 1 and L:a. Inthiscaseany l e .FhasaFourier
expansion with nonnegative coefficients and Á(x) : 1 l clcos x has ihe minimal possible value at
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0amonga|l /e .F, (Asla|1<l,wehave.fo>_}andhence foe F.)Thusa:lla. Ontheother
hand. the measure

belongs to M(a,í4,Nz) (with b: etif a l0,) and a c U, T:a: Nu shows t11€ M(a, M,D.
It is immediate that /(70) : l l a: cv, whence al > a and this case is settled.

Forthe remaining cases ourproof will be similarto the proof of Lemma 3,4 with some additional
and more precise calculation. We again consider the sets (3.15) and (3.16), but here f l a and 8 

"Pcan be nonvoid as well, However, for any .f e 9 a2 we have íiom Lemma 2. |0 that "f(0), cv save
the case la l < 1 and L :0, which has been settled above. Hence with

H:: 1g e 9:g(0) < cv} (3.26)

we have P aH: 0 while tl is convex and closed just |ike 9. It remains to check H + a Now if
a > 1+a,then/z(x) : lletcos,]r € ]1. Ontheotherhand,if cv < lla,thencertainly L laand,
withanyleL,thefunctionh(x'| :l*acosx-(|+a-a)cosir€tl.Whence}lisnonvoid,
and we can app|y the same machinery with the application of the separation theorem of convex sets

and the Riesz representation theorem similarly to the proof of Lemma 3,4, but now for P and']1 in
place of P and 9. That leads to the linear functional 1 and the corresponding measure p € BM(ll)
with

r6(x) :: (1 -| ct)}" - 3 - a- 2 |cosftx
t:I

I : {,clp), I']1 <0 < IP, clrl(x) -' *i bl,coskr.
k:l

K
- -h,2"l\

(3.25)

(3.2,7)

(3,28)

(3.29)

(3.30)

Firstof all,forany m € M,l e L, K > 0,and h eH,thefunction h(x)+r cos/,?í-Kcos/x
belongs to 7l; hence

0 z I (h(x) t Kcos mx - Kcos/x) : Ih +

and after a smal| calculation and letting K - +- we obtain

b,, < bt (Ym e M, Yl e L).

Now let us define the bounds

K

'b"

,S :: sup ö.,
n€M

T :: i\frh.
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As in (3.21), (3.22) we can deduce
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r>0 (3.3l )

making use of the functions 1 * acosx - Kcos/x for any l e L and K * +oo, as for K >

max{0, 1 + a - a} these functions belong to tl. Summing up, (3.29)-(3.3l) means

b,,< S <T <h (Ym eM,Yl eL), and T >0. (3.32)

Nowif s<O,then(3.32) entatls(3.22)andwegetp{ € a(i ,.T),whilepisnonnegative
and normalized. Hence Lemma 3.4 can be app|ied to show that *2lb1 is either < A(M,L) or
>. B(M,t). The same reasoning applies to the case T :0 as well. Now observe thatitwould
followa s_ ! =A\M,L) 

(<0)ora. -2lbt> B(M,Z) (>0),contradictingtoourhypothesisn| -
whenever we have had

2labt<0. (3.33)

Toprove(3.33)wecanuse 1tacosx eHand(3.19)incasecy > 1+a, Ontheotherhand,if
cv< l*a,thenL*aandforalll eL,l-t61cos,T-(|*ct-a)cos/xe }l; whencefrom(3.2'l)

0 > 1(1 +rrcos-rr - (| + a - q)coslx) :' *+ -

and simple calcu|ation yields

(|-la-q)bt

(1 -la-ct)T>2+ab|. (3,34)

Summingup, weseethat fora e (erru,D,B(M,r)) ando > 1*4 onecannothave S < 0(as
itwouldleadtoacontradiction)andforrle(,l1U,L),B(M,t)) andcx <1laonecannothave
T : 0 as in this case (3.34) entails (3.33), and we are led to the same contradiction,

Now we have only two cases. The first case is when cy > 1 * a and S > 0, and the second

case is when cy < 1 * cl and T > 0. As we have already seen, we can u§e (3.33) in the first case and

(3.34)inthesecond. Moreover, iía > | *a, then l -Facosx + (cv - 1-a)cos mx eH(Ym e M)
and

0 > 1(l iacosx+(cy - l -a)cos mx) : l +++ (cv - | - r)+22

yieIds

(cv-l-a)S<-(2,1ab1), (3.35)
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At this point we can unify the two cases introducing

r.L ,_

Indeed, (3.34) forthe case 0 < 1 + d and

2,o: a - | *cu,

Making use of C > 0 and (3.37) we obtain

/ (l \ -ab,\-z) rl: , lu

which entails the nonnegativity of the parameter

(3,36)

l * a together give for all cases(

s

T

if a - l

if a < l

-l a,

la.

3,35) in case cy >

2-p,: Zp - ó * cv ,.i", tlp(x) - ro + I rl,coskx. (3.39),C

/ For the coefflcients ,,t with k e N2, (3.38), (3.39) immediately gives the coefficient conditions

(q-|-cl)C<-(2-1abl),

while (3.32), (3.36), and the above specification of the nonvoid cases entail

b-<C<h(YmeM,Yle L) and C>0

Now we introduce the measure

t,, 10(meM), 11 >0(le L)

Next we consider the first two coefficients

r? 37\

(3,38)

(3.40)

(3.4l)

(3.42)

(3.43)

2b,,C

-l:ro,
2

> -+d-C

(-a l2l .rl - rő'.>
1 -f a2l2|a|



i
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llll
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Let us define

dt(x) ,.: dp(x) -| y

@

clt(x) - á * ccosx + D ro coskx.

Computing the first coefficients we get

b:ro-t-Y, ,: r, + hY,

rvhence

501

(, - ű.o,,)r",

Since /1 : rr for a|l k e N2 trivially, (3.40), (3.44), and (3.46) imply

r e Mkt, M, L).

Plainly, (3.39) and (3,44) ensure

(-;), : -t,, * #, : -1,,,*, - (, - #)

- y -;,, -l(;),, - ,,): u,

r*ó: 2
-11C,

r a), * , (' * 
á."r-) 

clx > cx .),

(3.44)

(3,45)

(3.46)

(3.47)

(3.48)

asy,C, (l *cosx) dx,andpareallnonnegative(cf,(3.43),(3.38), and(3.27)). Now(3,48)leads
to t (z) > a, and this implies a > cl in view of (3.47). The theorem is proved. tr

3.7.

The construction of the above proolalsogave cr;(rt. U,Tl: /(T) forsome í e Mta. U.Tl.
thus proving that the sup in the definition (3.2) of rr.r is actually a máximum at least for A(M, L) <

a < B(M,L). Naturally, for a < A(M,L) or a > B(M,L),the supremum is essential, as

a(ct, M ,Z; : -1-oo according to Proposition 3.5. The only question.is whether for the border cases

A(M, L) e D(a( , M,b) or B(M, Q e D(at . U.Tl) the supremum is attained or not.



508 Sz,. G1:. P!y65,

References

tl]

I2]

t3]

t4]

Edwards,R.E.,(l965), Functionalanalllsls.Holt,Rinehart,andWinston,NewYork,Toronto,andLondon.

Hille, E., and Phillips, R. S., (1957). Functional analysis and semi-groups, Amer. Math. Soc. Colloq. Pttbl.,vol.
31, Amer. Math. Soc,, Providence, RI.

Landau, E., (1909). Handbuch der Lehre von der Veríeilung der Primzahlelr. Teubner, Leipzig, Berlin.

Révész, Sz. Gy., (1990). Extremal problems and a duality phenomenon. Approximation, Optimiiation and Com-
putin7 (A. G. Law and C. L, Wang, eds.). Elsevier Science Publishers B. V (North-Hol1and), New York,279-28|.

(l99l). Some trigonometric extremal problems and duality. J. Austral. Math, Soc. Ser. A, 50, 384-390.

(|995). Minimiz.ati()n (í'múxima ofnonnegative and positive definite cosine pol1,nomials with prescribed

,first coe,fficients. Acta Sci, Math. Hung. (Szeged), to appear.

(1993). On some extremttl problems ofLandtta, manuscript.

Rosser, B., and Schonfeld, L., (1962). Approximate íbrmulas íor some functions of prime numbers, Illinoís J.
Math.6,64-94.

Ruzsa, I. Z,, (l98l'). Connections between the uniíbrm distribution of a sequence and its diíí-erences. Topics
in Classical Number Theory (P. Erdos and G. Halász, eds.), Colloq. Math. Soc. János Bolyai, vol. 34, North-
Holland/Akadémiai Kiadó, Amsterdam/Budapest, l419-1443.

Schoenberg, I. J., (1958). Some extremal problems for positive definite sequences and related extremal convex
conformal maps of the circle. lndag, Math. 20,28-37 .

Steökin, S. B., (l970). On some extremal properties olnonnegative trigonometric polynomials. Mat. Zametki 7,

4I1-422. (Russian)

( l 970). On the zeros ol the Riernann zeta function. Mat. Zametki 8, 419429. (Russian)

Received September, l993

Mathematical Institute, Hungarian Academy of Sciences, Budapest, P.O.B l2'7, l364 Hungary

t5]

t6]

17)

t8]

t9l

t l0l

t1l]

U2l


