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ON MARKOV CONSTANTS OF HOMOGENEOUS
POLYNOMIALS OVER REAL NORMED SPACES
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Let P: X — Y be a homogeneous polynomial of degree < m be-
tween the normed spaces X and Y. In 1997 L. A. Harris proved that
the Fréchet derivative of P satisfies the Markov inequality || D* P|| <
Cm,k||P||, where the best constant ¢y, can be obtained as a solution
of an extremal problem for polynomials on the real line. He also gave
upper and lower estimates to ¢.,,» and computed exact values up to
m = 20. Here we obtain improved estimates and thus we find that
the exact order of magnitude of ¢,k is the (mlog m)k order of the up-
per estimate of Harris for at least £ = 1,2. Our method relies on the
technique of potential theory with external fields, what we apply with
varying weights and at a border-case situation.
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1. Introduction

To estimate the norm of the derivatives of a polynomial under normalizing
or further restrictions is a central field of interest. Applications range from
approximation theory to the theory of holomorphic mappings over infinite
dimensional spaces and from estimations of various polarization constants to
characterization of particular Banach spaces.
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In 1997 L. A. Harris proved, that for homogeneous polynomials over real
normed spaces, the optimal Markov constant can be identified with an ex-
tremal quantity which may be called “Bernstein-Markov constant of a weighted
space of polynomials at z = 0”. We shall call this quantity “the Harris-Markov
constant”. Let us recall its definition from [H1].

Definition. The Harris-Markov constant ¢y, 1, 0 < k <m, k,m € N, is
(L1) ey = max{[p®(0)]: p € Py, Ip(t)] < (1 + )™ (t € R)}.

Here and throughout the paper, P,, denotes the set of real polynomials of
degree not exceeding m. Polynomials from X to Y, where X and Y are real
normed spaces, will be denoted by P,,(X,Y) with the understanding of m
as the bound for the degree of polynomials in P,,,(X,Y). For definitions and
basic facts concerning polynomials between normed spaces we refer to the
recent monographs [D, Chapter 1] or [H, Appendix A].

Harris wrote: “Although we are unable to obtain a general formula for
the constants ¢, k, we do establish elementary upper and lower bounds and
provide a good estimate on their asymptotic growth. We determine the value
of some low dimensional cases and find associated extremal polynomials...”
cf. [H1, p. 476]. Actually, Harris went on to compute ¢, 5 for all k,m < 20
in [H2]. In general, the best estimates he obtained were the following.

Theorem A (Harris). For all 0 < k <m,

mm

Cm,k m mm/2
kk(m —k)ym=k = kI = \ k) kk/2(m — k)(m=k)/2"

Moreover, there exists an absolute constant M such that

(1.2)

(1.3) Cmk < (M m logm)*
forall0<k<m,m>1.

Harris also investigated the analogous questions when in (1.1) the bound
(14¢])™ is changed to ¢(¢)™ with some positive, continuous and even function
satisfying some of the conditions

() olx) > 4(0).
(i) lim g(e)r=A  (A#£0),
(i) o(x) > Ala]  (A#0),

) l2lé(1/z) = 6x)  (z#0)

Note that all these conditions hold if (i) and (iv) hold true. A particular
example of importance is when ¢(z) = (1 + |2[P)'/?, which satisfies (i)-(iv)
(with A =1) when 0 < p < 0.

(1.4)

(iv
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The importance of such questions lies in the fact that they are closely
related to estimations of norms of derivatives of polynomials over normed
spaces. We quote [H1, Theorem 2] here.

Theorem B (Harris.) Let X, Y be real normed spaces and ¢ be a non-
negative function satisfying

(1.5) P +y) <o)+ vl (z,y€X)

and let P: X —'Y be a polynomial satisfying

(1.6) [1P(@)]| < p(x)™  (z€X).

Then we have

(1.7) |ID*P(z)|| < emid(@)™*  (zeX, 0<k<m).

Moreover, if X = (*(R?), Y =R and ¢(z) = |||, then for each m and k there
exists a homogeneous polynomial P € P, (X,Y), depending only on k and m,
such that equality holds in (1.7) for some x with ¢(x) any given non-negative
number.

In this theorem ﬁkP(a:) denotes the homogeneous polynomial associated
with the k-th order Fréchet derivative D¥ P(z) and is given by

R k
(1.8) DFP(z)y = d—P(a: +ty

Ttk )|t=0'

The extremal polynomial of the above theorem is constructed from the ex-
tremal polynomial p = p, x(¢) in (1.1) the following way:

Py)=a"p (L) (@#0).

Clearly, (1.1) constitutes the most important special case of all possible weigh-
ted variants with ¢ defined according to (1.4), since the weight (1 + [¢|)™ can
be used to obtain estimates in the full generality of real normed spaces. Other
weights are of interest, however, if we consider some special normed spaces.
The sharpness statement of Theorem B suggests that the worst case is (as
in many extremal problems and inequalities for real normed spaces), the ¢!
space case. For Hilbert spaces, e.g., one can work with (1 + t2)™/2 see [H3,
Corollary 5].

Let us point out that analogous statements hold for complex normed
spaces but there the corresponding Markov constants were found by Har-
ris cf. [H1, Theorem 2|, complex part, with the exact values being c% b=

m™ k!
EF(m—k)m—F *

work is to sharpen Harris’ estimates on the value of the constants (1.1), find-
ing the correct order of magnitude and even the probable asymptotic value

Hence, we restrict ourselves to the real case. Our goal in this
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of ¢y, when m increases to infinity. We accomplish this by an application of
a powerful technique in recent approximation theory, namely, potential the-
ory. The application is of interest even in itself, being a delicate border-case
matter. Actually only a slight reduction of the degree, provided by the prop-
erty (iv) of (1.4), can help us out to achieve the crucial technical necessity of
p(z)w(x) — 0 (x — o0). Since all our estimates are worked out for varying
weights and spaces, a sufficiently precise calculation and a number of theoret-
ical information is needed to obtain the desired conclusion. Our first result
is
Theorem 1. We have, with some absolute constant ¢; > 0,

(1.9) comlogm < ¢y < 3mlogm.

Further results, in particular for ¢, with & > 2, follow in the sequel.
However, let us observe right here that iteration of Theorem B yields
Cmk < H§:1 Cm;.k; With any system of natural numbers ki,...,k; and
my = m, m; = mj_1 — kj_1 > 0 for j = 2,...4. It follows that we also
have ¢ 1 < H§=1 Cm,k,; for k1 + -+ k; < m. This iterative property of the
Harris-Markov constants ¢, , is not seen from the definition of ¢, in (1.1).

Harris has obtained a couple of appealing properties of the weighted ex-
tremal polynomials and the underlying space, such as oscillation points, ex-
istence of simultaneously extremal polynomials P and @ (for even and odd
differences m—k) etc., see [H2], [H4]. We do not rely on these, which is under-
standable as nowadays potential theory essentially comprises these properties
(although in disguised forms sometimes).

A recent work of Kilgore [K] aims at the determination of the Bernstein-
Markov constants of weighted polynomial spaces with similar weights. In this
work both the background and the method are different from ours, but the
results partly overlap. In these instances our estimates are even sharper, due
to the strength of the potential theoretic approach.

Another connection to previous work in approximation theory was pointed
out to us after we published the first version of this work as Preprint
# 4/2001 of the Mathematical Institute of the Hungarian Academy of Sci-
ences. It was recognized after the work of Harris that earlier investigation of
the Bernstein-Markov factors of the so-called self-reciprocal polynomial spaces
by Kroé and Szabados [KS] and also by Borwein and Erdélyi, (see p. 339 of
[BE]), fits into this context. In fact, the upper estimate (1.3) of Harris with
some unspecified, large constant M obtains directly from these works (see
e.g. Lemma 4 of [KS]). Our estimate is a bit sharper providing an explicit
constant. On the other hand, the lower estimates (and the proofs) of [KS] and
[BE] involved the norm of the derivative of polynomial over an interval. The
cimlog m lower estimate, and thus the precise order of magnitude of ¢y, 1, is
obtained in Theorem 1 for the first time.
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We are deeply indebted to Professor V. Totik for detecting a technical gap
in the proof of the first version and giving hints to fill the gap. This concerns
the unpleasant logarithmic singularity of the density function v, (z) of the
equilibrium measure at the origin (see the discussion in §2). In the earlier
preprint version we simply overlooked this singularity and assumed that wv,,
is continuous at 0 (which is not true for the deviation of the right-hand side
and left-hand side derivatives of the weight function w(z) at 0). Fortunately,
very recent stage of development of potential theory allows us to incorporate
such singularities into the theoretical scheme used, as will be seen below.

2. Application of potential theory

In this section we consider a weight function
(2.1) w(z) = e~ Q=)

with the following properties for @: [0, 00) — R:

1

Q >0, and Q(0)=0;

11

)

)
(2.2)

)

)

Q € C?[0,0), i.e. Q is twice continuously differentiable;

ili) «Q’(x) is strictly monotonically increasing;

iv) Q(z) —logz — +o00 (. — +0).

Note that most of the potential theoretic apparatus has been worked out
for much more general weights as well, but condition iv) is essential. Our
restrictive presentation is aimed at keeping a good balance between generality
and transparency, as for functional analytic applications (2.2) is more than
sufficiently general.

Our standard reference for potential theoretic matters will be [ST] where
we find the following notation and facts. The weighted energy integral and
the (weighted) potential are

oli) = [ [ togllz = tlu(2)uw(t)] du(z) du(e)

://log |Zit|du(z)du(t)+2/Qdu
and

(2.4) UH(z) = /10g|

z—t|

(2.3)

dp(t)
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with respect to any p € M(R), where M(R) is the set of the normalized
non-negative regular Borel measures on R. The basic facts of weighted po-
tential theory starts with the assertion that there exists a unique element
tyw € M(R), called the (weighted) equilibrium measure, which minimizes the
energy integral (2.3), where the resulting (weighted) capacity

(2.5) Vi == f{L,(1): p € MR)} = Ly (pw)
is finite, and p,, has finite logarithmic energy

(2.6) oo < //1og (ﬁ) At (2) dpta (t) < o .

Moreover, the support S,, of u, is a compact set of positive capacity, and
defining the modified Robin constant

(2.7) Fy =V — /Qduw,

we have

(2.8) Ure (2)+ Q(z) < Fy (¥ 2 € Su)
and

(2.9) Ur»(2)+Q(z) > Fy  (qe. z €R).

Here and everywhere in the paper we use the standard term quasi everywhere,
in the notation g.e., to denote that the exceptional set is of zero capacity.

Here comes our set of restrictive conditions ii) and iii) to our help first.
With a reference to Corollary IV. 1. 12 on p. 203 of [ST], or, more generally, to
[B], we can now assert that S,, is a compact, symmetric (with respect to the
origin) interval with the endpoint a,, being the unique solution of a certain
equation, namely

2 Lat Q' (at)
T Jo V1—1t2

Note that a = a,, is (essentially) the celebrated Mhaskar-Rahmanov-Saff num-
ber [MS] in weighted approximation. Now, taking into account Theorem IV.
3. 3 on p. 226 of [ST], we find that p,, is absolutely continuous, and its den-
sity function v := v,, can be expressed by a certain integral equation (given
in (2.20) below).

But here is a second convenient yield of the conditions (2.2), namely, that
in view of (2.2) ii), and Theorem IV. 2. 5 on p. 216 of [ST], we even have
w, € C((—a,0) U (0,a)). Moreover (see in Lemma 2), even the potential

(2.10) Sy = [—a,al, dt =1.
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function UHw of p,, (as defined in (2.4)) has to be continuous, even on the
whole of C, which, in turn, implies now that (2.9) must hold all over the
support Sy, of fy,.

The w-weighted norm (for some weight w > 0) is defined as

(2.11) [f [l := sup{|f(z)w(z)|: = € R};

the continuous real functions of finite norm (2.11) form the weighted space
Cy. The weighted Chebyshev problem, see (1.5) of [MS] or p. 162-163 of [ST],
is the determination of the weighted Chebyshev constants E,(w) and the
weighted Chebyshev polynomials T, (z, w), where

En(w) = mf{[[fw(@)]"{z" = pp—1(2)}: pn—1 € Pn}

(2.12)
= Ta(s w)fwm-

One of the most important results of weighted potential theory (and one good
reason for being developed) is the following. We have

(2.13) En(w)/™ > exp(—F,) = nlirrgo Ep(w)t/™,

see [MS], (2.3) and (2.5), or Theorem III. 3. 1. on p. 163 of [ST].

Once the extremal problem is translated to a weighted Chebyshev prob-
lem of the type (2.13), with some appropriate weight (2.1)—(2.2), we cal-
culate the value of F,,. To that, we can determine S,, = [—ay,ay] using
(2.10), and having found a,,, we can struggle through the computation of
Uy = ph, and p,,, the potential (2.4) of p.,,, and finally the Robin constant
(2.7). However, instead of this laborious method, we can take advantage of a
number of shortcuts furnished by powerful general results of potential theory
and our convenient choice of the weights in (2.2). Namely, following (1.1) of
p. 194 of [ST] or (1.3) of [MS], we can introduce the so called F'-functional

(2.14) F(K) :=log(cap(K)) — /le/K7

where K runs over compact sets of R and vk is the (unweighted) equilibrium
measure of K, while cap(K) is (unweighted) capacity of K. So the point is
here: F(K) is defined by “tame” objects, without recourse to the weight or its
weighted generalized objects defined above. On the other hand, F' is closely
related to the Robin constant:

(2.15) max{F(K): K C R compact} = F(S,,) = —Fy,

see [ST], Theorem IV. 1. 5 on p. 194.
In our case we already know that S,, = [—a, a] with some a, hence to find
F(S) it suffices to maximize the F-functional (2.14) over intervals symmetric
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with respect to the origin. As for the unit interval I = [—1, 1], the equilibrium
measure vy = v is the well-known arc-sine or Chebyshev distribution, the
dilated interval [—a, a] will have the equilibrium distribution

(2.16) dve(z) = % % (z € (—a,a)).

Since cap([—a,a]) = §, we now have

B B a 2 [* Qx)
(2 17) (‘0(01) - F([_aaa’]) = 1 g 2 T Jo \/m dx
' _ g2 Q)
2 T Jo V1—1t2 ’

and the only thing to do is to find the maximum of (2.17). Let us now
summarize what we shall apply.

Lemma 1. If w = e~ 9 is a weight satisfying (2.2), then in the weighted
Chebyshev problem (2.12) the following estimate holds true:

(2.18) Ep(w) > exp <n max @(a)> :

where @(a) is given in (2.17).

Actually, (2.18) holds true for all admissible weights, even if S,, is not an
interval, by the maximizing property of the F functional. But if
maxg F([—a,a]) # F(Sy), then the resulting estimate is not sharp, and, be-
cause of the exponent n appearing in (2.18), this flaw can be serious. On
the other hand, for w fixed and n — oo, (2.18) gives an asymptotically sharp
estimate of E,,(w)/™ in view of the right-hand side of (2.13).

So far so good, but dealing with the Harris-Markov constants we have to
realize, that even for k = 1 and m — oo in the estimation of ¢,, 1 we encounter
varying weights not only in the sense of (2.12), but also in the sense that even
w is changing. When attempting the calculation of c3 ,, €.g., then this is even
more so, so for any lower estimate of ¢ ., that is, upper estimate of E,,(w),
we can not just let m — oo.

Instead, a more refined “error estimate” of the deviation of the Chebyshev
polynomial T'(-, w) and the limiting case potential is necessary. To this, again,
smoothness properties set forth in (2.2) ii)-iii) prove to be useful. Thanks to
pioneering work of V. Totik, we need not dwell into calculations and construc-
tions here, but we can make use of a result, general and sharp enough for a
sound lower estimation. Namely, Theorem VI. 4. 2 on p. 330 of [ST] can (al-
most) be applied to the equilibrium measure ., supported on Sy, = [— @, Ay)-
In our case p,, is absolutely continuous with some density function v, con-
tinuous on (—ay,,0) U (0, ay,), see Theorem IV. 2. 5 on p. 216 of [ST], but to
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apply the above quoted result we also need some further properties of w, @)
and p,, to be shown.

First of all, let us normalize the support by the change of variable t = a,, ,
that is, Q(z) = Q(t) = Q(aw ), so that g(x) = ay vy (aw ) will now be the
density function of d u(z) = d pw(a, ), the equilibrium measure on [—1,1]
with weight w = exp(f@) over R. Again, f(z) := @(:c) satisfies the conditions
(2.2) i)-iv), and we can apply* Theorem IV. 3. 3 on p. 226 of [ST] to obtain
that

Uk(z) = / 1g| 1—t| (t)dt
(2.19) -
;/0 ﬁdlﬂrlog? (Z € (*171))

with the even function g(z) satisfying

~/

(2.20) 5
Q'(y)
_ 7T2/ 1/1_ ) dy  (xe(0,1)).

Note that (2.19)-(2.20) are provided by Theorem IV. 3. 3 (and Theorem IV. 3.
1 quoted in its formulation) first for a.e. z € (0, 1), but our a priori knowledge
of continuity of g (and, moreover, also U*, see the proof of Lemma 2 below)
then ensures the validity of these formulae for all z. Finally, let us observe
that the integrand in equation (2.20) of g is always non-negative by (2.2) iii)
(except at y = ), and so by continuity of the integrand guaranteed by (2.2)
ii), g(z) has to be > 0 as well. (In fact, this is the argument of (3.9), Part c)
of Theorem IV.3.1. on p. 221 of [ST].)

So, now we show that at the endpoints of the support g has an asymptotics
const. V1 —z2. As Q W are even by (2.2) i), so are p and g, hence it suffices
to deal with the right endpoint. By the smoothness condition assumed in
(2.2) ii), 2Q'(x) — Q' (1) = (Q"()€ +Q'(€)) (x — y) with some £ € (z,y), and
for all z # y. Hence we also have by C? condition (2.2) ii)

2Q'(x) —yQ'(y) _ Q" +Q'(§)  2Q"(x) +Q'(x)
(z —y)(x+y) Tty 2z

0< (y —x) .

We find that

zQ’ (1) yQ'(y) (z #y)

1@+ 42 @ =)

*Note that in Theorem IV. 3. 3 the minus sign appearing in f(z) = —Q(z) is obviously
a misprint.

0 < ®(z,y) := {
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is continuous on (0,00)2, hence for 1/2 < x < 1 we have by (2.20)

o< 9@ "O(z,y)  dy Yo(ly)  dy

= —
T2vli-a2?  Jo vty J1-y? o Ly 1—y?

where this last limit exists and is finite by the uniform continuity of ® on
[1/2,1] x [0,1]. (Note that ® is continuous even at y = 0 for all = € [1/2,1].)
So we have g(z) ~ ¢-+v1—2? (x — 1), and the conditions of Theorem
VI. 4. 2 on p. 330 of [ST] are satisfied except at 0, where g(z) may have a
logarithmic singularity. Indeed, w(x) is not necessarily differentiable at 0, but
only of class Lipschitz 1, and it may have only one-sided derivatives. This is
so because although @ € C?[0,00) by (2.2) ii), but Q' (0) is not necessarily
zero, and as w’ (0) = FQ'(0)w(0), w’, (0) # w’ (0) in this case. It is a
standard calculus exercise to deduce from equation (2.20) and Q € C2[0, o)
that g(z)/log(1/|z]) — const. # 0 in case w/ (0) # w’_(0). In fact we will
only need that g(z) is slowly varying (in the sense given in [T]). Thus we
spare the reader the details of this calculation. Instead, we formulate now

(z — 1),

Lemma 2. Ifw = e~ is a weight function satisfying (2.2) i)-iv), then
the support of the equilibrium measure is an interval Sy, = [—ayw,aw|, and
dpy = vy 1S continuous even on R. The potential function

Gw 1

(2.21) Ut (x) ::/ log | —— | vy (t) dt
Cay |z — ¢

18 continuous, and

2 ! w 2
Qlaw) dx + log — (Jz] < aw),

(222) U@ =-Q@+ | e u

while
z ! Q(awx)
T™Jo V1— 2

Moreover, there exists an absolute constant 0 < C' < oo so that for all n there
is a monic polynomial p,, € P, satisfying

2
(2.23) Ure@ < —Q(x) + dz + log — (z € R).

(2.24) lpn(z)] < Cexp (—nU* (z)) (z €R).

Proof. Substituting £ = a, t we can apply the above given deduction
of properties of p,, and g(x) 1= ¢ () := aww(aywz). Now (2.22) follows by
substitution from (2.19), while (2.23) is the generally valid statement of (2.9),
which extends from g.e. even to R, once U** is shown to be continuous.

Here the general theory would yield continuity of U*w from continuity
of g(x), what we do not have in full extent. However, with its zeros and
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discontinuities described by square root and logarithmic asymptotics at the
endpoints and the midpoint, respectively, g lies certainly in LP[—1,1] for all
p > 1. Thus Lemma 3.1 of [S] provides U+ € C(C).

Finally, the conditions to Theorem VI. 4. 2 on p. 330 of [ST] have been
checked already, with the only exception of a possible logarithmic singularity
at 0. Thus it suffices to extend Theorem VI. 4. 2 of [ST] in case of finitely
many logarithmic, or, even the better, slowly varying singularities allowed.
However, this extension has been covered by a remark of Totik following the
quotation of Theorem VI. 4. 2 as Theorem C on p. 276 in [T]. Thus, we
are entitled to use the same result even for the given case of the possible
logarithmic singularity. That leads to statement (2.24) concerning p,,, and
thus concludes the proof of the Lemma.

From this we arrive at an upper estimate of E,, (w).

Lemma 3. Let w = ¢~ 9 be a weight function satisfying (2.2) i)-iv).
Then there exists an absolute constant C > 0 such that

(2.25) En(w) <C-exp(n- max F([~a,a])).

Proof. By its definition in (2.12), E, (w) is a minimum, hence any partic-
ular polynomial p,, € P,, with leading term x™, furnishes an upper estimate
on its value. Take the polynomial (2.24) of Lemma 2; its weighted norm is

IPall = llpa(@)exp (= nQ@))[| < Cfl exp (= n(U" (@) + Q(@))) |
(2.26) < Cexp(—nF,)=Cexp(n max F([-a,a))),

taking into account (2.9) (with all over R by continuity), (2.15) and the fact
that Sy, = [—aw, ay] is an interval in our case.

Finally, let us clarify the connection of Harris’ problem and the weighted
Chebyshev constants.

Lemma 4. Let w be a weight function satisfying (2.2). Then we have

sup {an : AP, € Py, Po(z) = Zaj 27,
(2.27) i=0

satisfying || Py |lwn < 1} =1/E,(w).

Proof. 1t is obvious that p, := 1/, - P, has leading coefficient 1, hence
it is taken into account in (2.12). In view of the normalization || P, |/w» = 1,
Lemma 4 follows from (2.12).
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3. The weights and coefficients in Harris’ problem

Harris applied the following simple reformulation to estimate ¢, 1 (see
[H2], [H3]).

Lemma 5 (Harris). For the constants defined in (1.1) we have

3

Cm,1 = Max {am1: Ph_1(x) = aj:cj € Pm_1,
(3.1)

o

P ()] < (14 x)m}

Proof. Consider any polynomial

m—1
(3.2) P(z) = Z a7t € Py, |P(z)| < (14 |z))™ .
j=0

The “reciprocal” polynomial Q(z) : = ™ P(%) will satisfy the same estimate,
has degree < m, and Q'(0) = «a;,—1 is its derivative at zero. Thus we must
have |am—1| < ¢m1-

m .
On the other hand, consider now p € P, with expansion p(z) = Y §;z’

satisfying ¢,, 1 = p’(0) = f1. Take first

(=]
pi(z) = p(z) —p(=z) = Z Bogs1 z2H1,

2 £=0

and then

|:7n;1:|
1
p2(x) :=a2™py (;) = Y Baepr ™ N
=0

Since |p(z)| < (1 + |z|)™, we also have |p1(z)] < (1 + |z|)™, and so even
Ip2(2)] < (1 + |z))™. Thus ps € P,—1 satisfies the conditions in (3.1), and
as 1 is the leading coeflicient of ps, we find ¢,,,1 = (1 < right-hand side of
(3.1). Now collecting the above (3.1) follows.

Comparing Lemma 4 and Lemma 5 gives

Lemma 6 (Harris). Let m € N be arbitrary, and let us define

—m

(3.3) w(x) == wp1(z) = 1+ |z])=T .

Then we have

(34) Cm,1 = m .
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Continuing the process in Lemma 5, we may try to obtain direct estimates
even to higher derivatives, i.e., Harris-Markov constants of higher indices.

Lemma 7. Let m € N be arbitrary, and let us define

(3.5) w(@) = wm2(2) = (2™ + (1 + |2])™)m==.

Then we have

1
0 T BB o)

Proof. Let first P € Py, |P()] < w(z)~ (™~ with

m—2

P(x) = Z ol

Jj=

Similarly as above, it is easily seen that %|am,2| < ¢pm,2, if we consider the re-
ciprocal polynomial Q(z) = z™P (%), and take into account Q" (0) = %am,g.
Then Lemma 4 yields %/Em,g(w) < 2.

Conversely, take now any polynomial with expansion

px) =Y B2l € Pm.
j=0

Consider
m/2]

[
pi(z) = M =3 By,
=0

and )
p2(z) = 2™ p; <5) =Box™ + Box™ 240 EPy .

If |p(z)] < (1 + |z|)™ was satisfied for all z € R, then the same must hold
for p1(z) and pa(z) as well. But this condition also implies |Gy| = |p(0)] < 1,
hence from the estimate on ps it follows that for

@2(z) == pa(x) — Boax™ = Box™ 24 Bua™ - € Pps

we have
lg2(2)| < J2|™ + (14 J2))™ = w™ ") (z) .

Hence, by Lemma 4 again,

2p"(0) = B2 < 1/Ep—2(w) ,
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and this being valid to all admissible p, even ¢y, 2 < % /E,—o(w) follows. This
concludes the proof of Lemma 7.

One may want to continue this process of exhibiting weighted estimates
for ¢, . However, the simple estimate |3y| < 1 gets less nice for |3], and so
on. Finally we can obtain

Proposition 1. Let1 < k < m, k, m € N be arbitrary, and let us consider
the weight

w(x) = wWpi(T)

: {1+|x| Z 2y'cmk2]|x|m’“+2f}

Then we have

1
< —
k= e ()

Moreover, for k = 1,2 (3.8) holds with equality.

(3.8)

Proof. Similarly to the above.

4. Estimation of ¢,

In view of Lemma 1, Lemma 3 and Lemma 6, to estimate c,, 1 we are enti-
tled to estimate F'([—a, al), defined in (2.17). By differentiation (or reflecting

back to (2.10) and to the fact that here Sy, = [—aw, ay] is an interval), we are
to solve the equation (2.10) for the value of a = a,,. Note that here
(4.1) Q2) = —— log(1 + |z

satisfies all the conditions (2.2) i)-iv). So we must have

1 = %/1‘”‘% dt
™ +at /1 —¢2
dt
4.2 = e
(42) 71 0( 1+at) V1= 2
_ {1_ dt }

that is

dt

(43) m 0o (14 at)v1—+¢2

=: L(a) .
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Obviously, L(a) is strictly decreasing. By calculus, for a > 1 we have

log(a +va? —1)  arch(a)

va? -1 Va1
hence for m > 2, i.e., 57— <1 = L(1) we can apply (4.4). Observe that L(a)
decreases monotonically to 0 when a — oo, hence for all m there exists a

unique solution of equation (4.3). If L=! is the inverse function of L, then
actually we have

(4.4) L(a) = (a>1),

(4.5) 4y =L (l) (m>2).
Lemma 8. For the weight in (3.3) the support interval is Sy = [—Qw, Gw)
with
2 4 2 4 logl
—mlog(—mlogm) <aw<—m{10g( mlog )+M}
m T T logm

for all m > 20.

Proof. Since the function L(a), given by (4.3)—(4.4), is strictly decreasing,
it suffices to prove that for

= o (s
a, = —mlog|—mlogm |,
(4.6) ™ T
' 2 4 3loglogm
af, = =m<log|—mlogm | + ———
T T logm
the function L(a) attains values
T
4.7 Lay) > =— > L(a}) .
(47) (07) > o> L(a)
First we estimate L(a) from above:
a— a1
o s ) _ s s ()
a) = =
a?—1 a1 — L
(4.8) a2
log(2 1 log(2 1
og(2a) < log(2a) (1+_2) (a>2).
a 1— L a
a

On the other hand,

(4.9) “ a 2 a/1- %

. H )
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where

/ 1

b:= # € (0, %) )
Now we can use the concavity of the log function in the form of the inequality
log(l—b)>%b=—2bg2-b <O<b<%) ,
2

to deduce from (4.9) the lower estimate
(4.10) L(a) > logfa) (a>2),
and thus, in view of (4.8), also
(4.11) % < L(a) < % (1 + %) (a >2).

Let us apply first the lower estimate (4.10) to obtain

log(2a5) _ log (4 mlog (4 mlogm))

Lla—
(4 12) (aw) aw %mlog (%mlogm)
~ o« log($m (logm +log (zlogm))) _ m
— o log (%mlogm) 2m .

Next we use the inequalities log% < i, loglogm/logm < 0.4 (m > 21) and
log(l1+2) <z (x> 0) to obtain

log(2at)  loa {2 m [log (4 miogm) + seloem ]}

+
ay %m{log (%mlogm) + JJ—BICI’O;:Hm}
kS log (%m[longrloglogqu%D
2m log (% mlog m) + 3loglogm l(ffgkj;%m
. L log (1 + logl?gg:);&-3/2) _ 31?§;c;7glm
2m log (2 mlogm) + 3loglogm lcl’oglfnm
loglogm+3/2  3loglogm
< T 1 logm logm
2m log (2 mlogm) + 3loglogm kl’oglinm
_ T - 3 —4loglogm
2m

2logm (log (£ mlogm) + M)

logm
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Since here the numerator is negative, we can estimate further and get

log(2a 4logl -3 1
(4.13) Lﬁ&i{l_%%L(l_#) .
A 2m 12log“m 2m 12log“ m

Next we combine the trivial estimate aj; > 2 mlogm > 10logm with (4.8)
and (4.13) to obtain

T 1 1 T
4.14 L < —1-— 1+ — ) < —
(4.14) (i) 2m ( 1210g2m) ( a#) 2m

Comparing (4.12) and (4.14) with (4.7), we conclude the proof of Lemma 8.

Lemma 9. For any parameter value a > 3 we have

1 log (lifzt) 1

where Y(a) depends only on a and satisfies 0 < ¥(a) < 1.
Proof. After differentiating under the integral sign we get

dI(a) /1 1 1
4.16 = - dt =——L(a) .
( ) da 0 a(1+at)\/1—t2 a ( )
Moreover, since I(o0) = 0, we find
(4.17) I(a) = / G do .
. o

For a lower estimate we make use of (4.11), which yields

(o) > /°° log(2c) dor — log(2a) N 1

« a a
(4.18) log(2a) 1 1 log2 1
o a (0] a
_ L<1+_2>+_ 820 o)+ —
a a a a a+1

since for a > 3,

log 3 a
log 2 log2+ ——(a—1 —1 .
og2a < log2 + 5 (a—1)<a <a+1

To derive an upper estimate, we first insert the exact value (4.4) of L(a)
to obtain by substitution in the integrals

arch(a
I = du
(a) / ava?Z —1 arch(a) cosh u
oo
2
(4.19) = / LW
1

ogb e +1

Eal|
2/ og’ dt (b:=a++Va?>-1).
b

t2+1
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By the trivial estimate (t2 +1)~! < ¢~2 and integration,

 logt * logt logh 1
4.20 dt < —dt=—7—+ -
(4.20) /b 241 /b t2 b

and comparing (4.19) and (4.20) we can estimate further:

2logh 2 log b 2\/&271+2a

I — = - .=
@ < ==ty Va1 v b4
(4.21) B a—+va?—1 1 a—+va?—1
= L(a)|1 — +a 1+4b
1
I z
< (a)—i—a

Now (4.21) together with (4.18) yields (4.15).

Lemma 10. Let w and Q be as in (3.3) and (4.1), let p(a) be defined
according to (2.17), and let a,, be the unique root of the equation in (2.10), i.e.,
Sw = [—auw, ay] is the support of the equilibrium measure 1, of w. Suppose
that m > 2 is a natural number, and denote L and I as in (4.3) and (4.15),
respectively. Then for a > 3 we have

(122) F@= m_j plos (g> B % — (L(a) 1 i o %) :

0<¥(a) <14,
and in particular
-1 ea 2 m 1 9
-1 (_w) _z_m_ Yw |
(4.23) plaw) = 27 los (= wm1(1+aw+a5
0<Vyw<14.
Proof. Starting from (2.17) we write
a 2 ! o log(l+ at)
a)=log(5) - = [ P ———
pla) =log (3 ) -~ ; ]
¢
—log = — 2 _m " log(at) dt + 2. m Hlog (1iat)

2 mm-—-1Jy v1-—t2 am—1J, V1—¢
m a 2 m
S I P
( ml) ¢(3) zm_11@
which yields (4.22) by an application of Lemma 9. Moreover, a,, is defined to

solve (2.10), that is (4.3), hence substituting L(a.) = 5 into (4.22) leads to
(4.23).
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Theorem 2. Let m > 20 and w,Q be as in (3.3), (4.1). For this weight
the modified Robin constant (2.7) satisfies

1 13 | logl
420) £y =t {log (Smiogm) + oy B CE

<993 <1
m—1 s } (0 <5 <1),

logm

and we have with some absolute constant cy

1 _ 13loglogm
e 4logm CO

4.25 .
( ) - ~ mlogm

1
3 mlogm emlogm

Proof. As established above, with ¢(a) defined in (2.17) and a,, being the
solution of (2.10) or, equivalently, (4.3), we have

(4.26) —Fy = F(Sy) = F([~aw, aw]) = ¢(aw) -

Here we can apply (4.23), the inequalities m > 21, a,, > %m logm and Lemma
8, to obtain

0 > olay)+ ﬁ <log (g) +logaw)

(4.27) L 2.m 104 104
mm—1(2mlogm)  (m—1)logm

s

To compute the main term log a,, here we can use Lemma 8 again with m > 21
and the monotonicity of loglogm, logm to derive

log (% mlog m)

2 4 3logl
< loga, < log (;m <log (; mlogm) + %))

log (£logm)  3log logm)
logm log® m
log % +loglogm  3loglogm
logm logZm
9loglogm

2
(4.28) = log (—mlogm) + log <1 +
s

2
< log (—mlogm) +
™

2
<log | —mlogm | +
T 4logm

Collecting (4.26), (4.27) and (4.28), we obtain for m > 20 and with some
appropriate 0 < 91, 99,93 < 1 the relation

-1 9  logl 1.049
-F, = —{log (Emlogm)—i——ﬁ‘l 0808 2}
(4.29) m—1 m 4 logm logm
' -1 e 13 loglogm
= —<log (—mlogm) 4+ —g——=>
m—1 T 4 logm
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and (4.24) is seen to follow. Now (4.26), (4.24) and Lemma 3 imply

Co

Ep_1(w) < Cexp (— (m—1)F,) < g’

as it is stated on the right side of (4.25), while applying Lemma 1 we obtain

™ _ 13 loglogm 1 1
4 log m

Em—l (U}) >

~ emlogm 3 mlogm

Proof of Theorem 1. On applying Lemma 6, the estimates in (4.25) entail
cimlogm < ¢p1 < 3mlogm
for all m > 20. From the computed values of ¢, 1, see Table I and Table II
in [H2], the same inequalities follow directly for 2 < m < 20, too.
Corollary 1. We have ¢y < (3mlogm)* for all m, k € N.
Corollary 2. We have

o Cm,1 < €
m ol
m—oo(mlogm) ~ 7w’

and for k fized or increasing slowly in the sense k = o [ 22" ) we have
loglogm

T Cmuk ( e ) k

im ———— - .

m—oo (mlogm)k — \x

Corollary 3. There exists an absolute constant Cy such that

Cmk < ComF” 1ogk m.

Proof. Corollaries 1 and 2 follow from (4.25) and iteration for k& > 1.
Corollary 3 follows for m > mg from Corollary 2 and iteration, because the
constant e/ is less than 1. On the other hand, for m < mg we also have
k < myg, and Corollary 1 suffices with Cy = 3™°.

5. A direct approach to ¢,

Instead of iterating the result for the first derivative, here we apply a
direct approach to calculate c,, 2. That is, we use Lemma 7 and we deal with
the weight

(5.1) w(a) = wn o (@) = (2™ + (14 [2]™) 7



SzZILARD GY. REVESZ AND YANNIS SARANTOPOULOS 297

Correspondingly, the negative logarithm of the weight is

1
5.2 = ! m 1 ™y
(5.2 Q) =~ log (je]” + (1 +[2)")
This is a function satisfying conditions (2.2) i)-iv), hence §2 applies and we
are to solve (2.10). This becomes in our case

L g 1 at %((at)mfl + (1+at)m71) i

mJo V1I-12 (at)™ + (1 + at)™

% {1 a %/01 (at)(;ia(tl)i;t)m \/1dj—t2} ’

that is,

(5.3)

™
m

Y A +at)m? a
7/0 (at)™ + (1 +at)™ /1 — {2 = Kom(a)

First we compute an asymptotically precise value of K,,(a).

Lemma 11. With the function K,,(a) defined in (5.3), and for any
m €N, 2 <m < a, we have

—0.3 log(am) 1.3

4 — <Hmla) - —— < —

(5.4) a ° (@) 2 ©
Proof. Let us denote
(1+z)m1 1 1
5.5 = fm() = - "
( ) f(x) f (!U) IM-i—(l—&—x)m 1+2x 1+(1L)
+x

It is immediate that f is a decreasing function on [0,00). First we apply
partial integration and the inequality

0<arcsint—t < (n/2—-1)t (0<t<1)

to get
1 1
K, (a) = ; % = [f(at) arcsinﬂé —a ~/0 f'(at) arcsint dt

(66) =)~ a/ol b f(at)dt — a/ol (5 1)o7 anyar

:gf(a)—f(a)—l—/olf(at)dt—(%-(g—1>-a/1tsf’(at)dt,

0
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where 0 < 6(t) < 1 depends only on ¢t and 0 < 04 <1 is a quantity depending
on m and a. The last term is easy to handle by partial integration. Namely,

a/ Bf (at)dt = [t3f(at)}éf/ 32 f(at) dt
(5.7) 0 0

f(a)—3/0 £ f(at) dt
and combining (5.6) and (5.7) leads to
(5.8) Km(a)f/o F(at) dt = (gq) {(194)f(a)+304/0 th(at)dt} .

Obviously this expression is positive. Hence using f(z) < Hﬁ and also

1 a 2 2
1 u a®+2log(a+1) — 2a 1
2 f(at)dt < — du = >
/0 Jat) <a3/0 1+u™ 2a3 <2(a+1) (a23)

we obtain

1 T 3 0.9
. < — o )
(5.9) 0< K,(a) /0 flat)dt < (2 1) at 1) < )

The main term for evaluation of K,,(a) will be the integral fol f(at) dt,
ie., %foa f(z)dzx. To compute this, we first prove

Lemma 12. With the function (5.5) and for m € N, 2 < m < a, we have
@ 1
—-0.3 < / fm(x)dz — 5 log ((a+1)m) < 0.35 .
0

Proof. First we make a few substitutions in the integral. Namely
t=1+xz, 71 =1logt, and u = 7 — logm lead to

ot dt
J = Jnla) = e
(@) /1 t 1+ (1—1)

log(a+1) dr
- /0 1+ (I—em)m

(5.10) B /IOg(‘T) du
- 1+ (1 _ 67u710gm)m

—logm

_ / togm dv N / os(5) du
o 1+(1-5)" 1+(1—e*”>m

m
= J 4+ J"




SzZILARD GY. REVESZ AND YANNIS SARANTOPOULOS 299

say. For the first integrand we use log(1 —y) < —y (y :=e?/m < 1) to get

1 1

5.11 1> >
(5.1 1+ (1-2)" 7 L+exp(—ev)

> 1 — exp(—e").
Applying (5.11) in J’ leads to

logm
logm > J > logm—/ exp(—e") dv
(5.12)

o
> logmf/ exp(—e”) dv,
0

and the last integral is easily estimated:

o o ds ®ds [ 1
5.13 exp(—e¥)dv :/ e — < / —/ e~ 25ds = )
13 [ escenao = [T et \/ -y o

Next we apply Bernoulli’s Inequality ¢™ > 1+ m(¢g—1) (m € N, ¢ > 0)
with ¢ := 1 —e™"/m to obtain

1 1 1 1 e
(5.14) S < o < T L —
2 1+(1_67—Hu) T+(I—ev) 2 22—em)

Using (5.14) in J” and extending the second integral to oo yields

1 a+1 log (%) ® eTUdu
-1 J & _c
2°g< m ) - </o 2 +/o 22—
1 a+1 log 2
= - .
2 Og( m >+ 2

Collecting (5.10), (5.12), (5.13) and (5.15) we get

(5.15)

1
V2e

log 2
03 < — 08

1
<Jf§log((a+1)m)< <0.35,

proving Lemma 12.

Now, to finish the proof of Lemma 11 we compare (5.9), Lemma 12 and
the elementary inequality 0 < log(a + 1) — loga < 1 and deduce (5.4) with
an upper error

2a? a a+1

1 0.35 0.9 1.3
< 7.

Next we estimate the solution a,, of (5.3).
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Lemma 13. Let a,, be the unique positive root of (5.3). We then have,
for any m > 21,

1 1
(5.16) —mlog <L> < Gy < —mlog(mlog®m) .
T logm T

Proof. On comparing the first formula of (5.6) and the expression (5.5)
we easily see that f,,(z), and hence also K,,(a), is strictly decreasing. Thus
(5.3) has exactly one solution in view of

Km(0) =

b0l 3

> —>0= lim K,(a).

a— 00

3=

Thus, similarly to the argument in the proof of Lemma 8, we are to prove

(5.17) Kn(ay) > % > K (al)

with
1 1

(5.18) a, = —mlog (L) , ab = —mlog(mlog®m) .
T logm T

Since m > 21, from the first inequality of (5.4) in Lemma 11 we obtain

Kp(ay,)
N log (%m2 log (logbm)) —0.6
(5.19) Q%mlog (lo’;m)
_ {2+ 2loglog m + log log (gﬁ) —logm — 0.6} T
2 log (logm) m

On the other hand, the second inequality of (5.4) in Lemma 11 yields

log (%m2 log(m log? m)) +2.6

Kn(al) <

v 2L1mlog(mlog® m)

(5.20) _m {2 n —4loglogm + loglog(m 120g2 m)+ 2.6 — logﬂ}
2m log(mlog” m)
2.6 +1og (2) — 3loglogm
2m log(mlog® m) m

Collecting (5.19) and (5.20) gives (5.17) with a,, and a;, defined in (5.18),
and thus Lemma 13 is seen to follow.

Lemma 14. Let w and Q be as in (5.1)—(5.2), 20 <m € N and a > m
be arbitrary, let the function v, = ¢ be as in (2.17) and let a,, be the unique
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root of the equation (2.10), or, equivalently, (5.3). Denote by I the expression
in (4.15). Then we have

-2 a m
pla) = m{10g§+;1(a)

+l/11 L (et )Y
o l+at) Vi)

Moreover, for the mazimum of ¢ we have

(5.21)

(5.22) max ¢ = p(ay) = m_—EQ {log (ﬁmlogm) n 0(1)}

with o(1) - 0 (m — o00).

Proof. By definitions (2.17), (4.15) and (5.2) we can write

2

2 /110g(1+(1iit)m)
wm-2) )y~ Vi-e

and (5.21) follows. By definition, ¢,, achieves its maximum at a,,. Moreover,
we have already computed the approximate value of a,, in Lemma 13 and the
value of I(a) in Lemma 9 and (4.11). Note that here a,, is the maximum point
for w in (5.1), not in (3.3). Thus, in contrast to (4.3), here we do not have the
precise value of L(a,). But the above quoted estimates together with (5.3)
and (5.4), and Lemma 11 are sufficient to obtain

a 2 1 m m dt
pla) = log§—;/0 m7210g[(at) + (1+at) ]m
a 2
D R —
1 m[log(at) —log (57)] +log [1 + (355) "]
X/o e dt
- log%—%{%lOg(g)‘FI(a)}

dt,

1
log a., + EI(aw) = log (—mlogm) +o(1) + EL(aw) +0o(1)
T T T
(5.23)
1 1
= log (—mlogm) + 2 log(aw) +0(1)
T T G
and
mloga,  m log(a,m) m
.24 — = — 1)=—K, 1)=1 1) .
(5:24) == 7 2a, o) =TEKmlaw) +o(l) =14o0(1)
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Let us choose now a parameter p = u(m) = o(1) (m — o0) so that m/a,, < p.
Then we have

1 m 1
T At dt
~log2 > /log(1+( - ) ) >/
_ 42
(5.25) 2 0 14+ a,t Vv1-—t P

m
> log (1 + (%) ) . (g - arcsin,u)

and by Bernoulli’s Inequality,
m
log (14—(4111’;# ) ) log (1+ (1_am ))
(5.26) w M w M
= log (2 _m ) .
Qu [

Choosing e.g. u:=1/+/logm,
u(m) =o(1) and UL o(1)

Gy [

\%

are satisfied simultaneously, and collecting (5.25) and (5.26) gives

(5.27) /110 (et N A Ty, 2 — o(1)
' 0 & 14+ ayt Vi—2 2 & .

Combining (5.21), (5.23), (5.24) and (5.27) now leads to (5.22).

Theorem 3. Let w and Q be as in (5.1)—(5.2). For this weight the
modified Robin constant (2.7) satisfies

(5.28)  F, = % {log <ﬁ mlogm> + 0(1)} (m — 00) .

Moreover, with some absolute constant co we have

1
(5.29) @

18m2logZm — "~ m2log®m

Proof. Referring to the general formulae (2.10) and (2.17), we again obtain
similarly to (4.26) that —F,, = ¢(a,) with the particular weight given by
(5.1)—(5.2). Hence (5.22) of Lemma 14 implies (5.28). Now an application of
Lemma 3 implies the upper estimate in (5.29), while the lower estimate follows
by Lemma 1 and (5.28) at least for m > mg. The same inequality holds for
m < 20 as well, according to the numerical values given by Harris [H2].
Finally, a detailed calculation, very much like the one for ¢, in particular
in Theorem 2, can cover the case m > 20 fully.
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However, (5.29) does not need these detailed computations, not even for
the lower estimate, if we take into account the iterative property of ¢y, 1. As
noted following Theorem 1, we have ¢, ; < Cfn,1 and thus, by Lemmas 6 and

7, we obtain 2E,,_o(w) = 1/¢m 2 > c;fl. Hence, recalling (1.9) of Theorem 1
concludes the proof of (5.29).

Similarly to Corollary 2, we now conclude

Corollary 4. We have

- 2
(5.30) fim —m2 < ( ¢ ) .

m—o0 m2log®m 2m

Moreover, for k fixed or increasing slowly enough, we also have

— 1 k
(5.31) i —h— < —(5)
m—oo mkloghm T 4[5 \7

VB

Note the improvement 4-15] compared to Corollary 2.

Proof. The relation (5.30) of Corollary 4 is a consequence of the first
inequality of (2.13) (with n = m — 2) and (5.28) from Theorem 3, in view
E

of Lemma 7, (3.6). As above, iteration yields (5.31) if here we apply [5}

iterations of (5.30) and k—2 [g} (i.e., 1 or 0, according to the parity) iteration
of (1.9) (with k£ =1).
Moreover, from the upper estimate in (5.29) we also get

Corollary 5. With some c3 > 0 we have ¢ 2 > cam? log2 m (m € N).
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