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r(k) :=supia: ]f>O, f ( x)=l+a cos
tJ

+ t a_ cos nxrN=
tr-k+l ll

a,r€JR (n€N)}

has an impQrtant role; The latter prob-
lem reminds of'the followíng extremal
problem of Fejér: cleLermine

k
I(k):=nrax{ar: 3f>O, f(x)=I+ D_an cos n.y,

a_4]R (n<k)) .'='n

Fejér proved /see t2] or [3] r pp. 869-
_ 87o/

(1) \(k;=2.o" pfo ,

and the values of the other quantlties
are /cf. ProposJ.t1_on l and [4]/

I- 1NTRoDUCTION AND R§sULTs

The extremal problem of calculali"ng

q.(k):=max{a| -]f>Orf (x)=1+a cos x +bcos kx,
a,b€ ]R}

arj_se ln certain prob].ems of analyt-J-c
n,amber tlreory. In another work [5] tire
calculation of

1

( 3) a(k):= j sup{B(l{):llci,r2, lIll=k} .

:

1.ie dgtermine the order of rnagnitude of

^ik)] 
in Propositlon 2- Tlris result }ras

an application i_n [5 j.
ret ui denote ii:= }i"-§. . rt is alúost
irr§nediate that 3(H):,3{§)<2 . llowever,
as the case of I and -1 suggests,
even t}re fo1]-owing duallty stabemenL
holrls true.

TIIEORE}I l. Let HC3i2 be arbiErary. We
h;rra

,r(II).É(TT;=2

In tlrese extremal problcms, in parLl-
cular 1n number theoretic applications r'
there are cases wlren ve have to restrlct
ourselves to, polynornials with nonnegative
coefficients. More generally 1et us
íntroduce for any l{,KCT{?

(4) F(}I,K):={f€T,f>O,f(:<)=11-o cos :<+

"!, 
'*'ou nx, anso ( níll ) ,

arr2o (n,ÉK ) i

The corresponding extremal quantíty is

(5) p(íl,K):=sup{al3f€F{tl,K) vrlth
111, a=al=i J_f ( x ) cos x dx }

-ll

Thls sefting generalizes the preceedlng
problem as -B(itrH1=9(lI} For posit,lve
áeflnlte polynomlals we write slmp,ly
B(H,O) ltow let us denote for a pair
H, KC}l2

(6) H*:=@,
6* 1=ffi7 ntlU{xn( 2 t{+1} )

K* dependNote thaL bot}r sets tt* and
on both sets lt and K . FJlth these
notatlons we formulate an even more
general drlalít,y result.

x+

?J,

o(k)= ---L, , r(k)=
COS 76

Tí

E+7
víeAs a connon gen€ralizatlon consider

for any ItC}t2|={213r...}

(2) 9(H);=sup{ar3f>Orf€T,f{x)=1a3 cos x+

*.,l* .r.os nx, an€ íT ( n€H ) ) ,

where T denotes the set of ordlnary
trlgonometrlc polynomlals. Another ex-
tremal quant1 ty of partlcular importance
l-s
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Tíl§oREl"t 2- Let lI,KCIJ1 be arbitrary
and H*, K* be as abovÉ. He }rave
0(H,K).B(Il* ,Ro )=2

Clearly, Theorem 1 fo1lows easily from
Theorem 2 since lf K=Il tiren H*=K*=iT .

2. PRooF, OF Tt{EoR§l,l 2.
Let us denote S= n?l2nz and í=ír. we

puü G:={ f (x+lt ): f€F(lI,K )) .

Now 1f feF(H,K) iras coefficients a_
and 9€F(Ii*,x*) ltas coefficients b_'
t}ren we ltave according to O<f ,9

t-
u= * l f(x|{l )g(x)dx=2-a,llrr t_(-1;narrbr.s

< 2-a. b.
-l-L

n.since 1 -I 1"a,,b.<O ( ne Ii, ) as a quick
ref lection to"( T ) an<l ( 6 )-slrovls. Taking
supr.enuln according to (5), tire above
inequali.tl,cntails
(,1) i1(.ll,ii ). il(ltx,K* )<2

Transla tion with I1 leacls to

{8) B:=0(I1 ,K)=sup{aa: -]fr:G,
,l

f lrtx)cos :< cix=-ar}.

Consider tire Banac}r space C(S ) rvíth
the supremum norm. Denote

(9) P;={f€C(S):f>o} ,

A= { i] ^ 
ancos nx€ T: ( -1 )nar.,<O

n=z
(nÉ.Il), (-1)'u,.,=o (n{r<)}, F=l*Bcos x+A.

Plain]-y J't and P are convex cones,
further P is open and F is the

1-gcos x. 1.loreover, FnP=fi . Indeed, if
f e FnP exis ts , tlren wi Llr ó : =min f >O
ve find a n=1 f-ő ) i ( 1-0 )2O , 9€G , and
for tlrls g ar would be -B/(r-ó)<-s ,
a contradictiofi in view of ( 8 ) .

ilence FnP=ú and we can apply the
separation Llleorem of convex sets ín
the Banaclr space C(S ) for the sets
r and ? , cí, il] 2.2.2. Coro11ary,
p, 1l8.
We get a nontrlvíaI lirrear functiona1
L*o and a 9, e ]R satisfying
( 10) LP>w>LF

Since P is a cone, s<r ls LP , íe.
LP={O) or IOr-) or (Or*) and so
we can suppose w=O . 1,1e get also from
o€A

{r1)

and from h€H and k€K slmilarJ-y we
get for any A>O

L(I-pcos x+A(-l;hcos hx)so (h€H) ,

L(1-3cos x+A(-l)k*l"o" kx)so (k€K)

so with A * }* v:e obtain
tl(12) (-1)"L(cos hx)so (h€H) ,
|!(-1)^t(cos kx)>o (k€K)

Now apply the Riesz P"epresentation
Theorem, cf. tt] 4.t0.1. Theorem, p.
2o3: 1=jdrr wíth some regular Borel
measure u on S l{ere rr*o since
L*O r i"! is nonnegative since !-?>O ,
and considering rr(x)+p(-x) we can
also suppose that p is even. Slnce
L ( 1 )>O , and L( l ) =o ,would i,mply ],P=o
and L=o t ,t!Q find i {])=í1 du>O l
}rence He can lrormalize supposing ir(S)=
=2fr . in a11, the Fourier series of
'"}re nonnegative Borej. measure ; is

1 i3 ) u - i+ b.,cos nx l
n=l-

wirere in view of ( 1r ) and ( 12 )

,1 h(14) r- ! obr<o, (-1)"br,>o {h€H),
}

( -I )"bk>o (k€K )

ll-

Consicler FN , the N'" Fe jér kernel ,

and our;=F"*;. the Nth Fejér poly-
nomíal of 1.r . Since bclth P., and p

are nonnegative, so is oN , Hnd ue
}rave

N
(15) o<o^,(p,x)=1+ t.(1- ff) U_"ou ,.*

n=J-
It is easy to check that (I4) and (I5)
entails i^,eE(H*,K*) , and so

0(Il*,x*)>(r- *l bl
According Lo the first part of_(1!) and
letting |J * * we obtain §(H",K')22lB,
ilence in vlew of (7) and (B) the proof
is completed.

3. COI4PUTATíoN oF soME trxTREt"lAL
QUANTITlEs

Proposition l. o(k)=r/cos *n
B({k) )=2 cos 7t

and

Proof. In view of Theorem 1 it suffices
T6Tfrow the first part.
Let f€§( tk} ) ie. osf(x)=I+a cos x+

+b cos k x . Considering x=n+ lL we

get o<l-a 
"o= fi- ;;;. "tr.liÍ1.o" fi

L(1-0cos x)sO ,
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on the other hand the
_-1__-_-]-1tlle pU ry lrÍ-)lllJ.d,l

1

f(x)=L+ -:lT cos x+
cos i}

prove§ the assertlon.

Propo§lttol_2. For any k€ N

1_ ___1_T íA(k)*I- o.5;
(X+r1- (k+l)-

r*e irave

Proof. TakJ.ng 11=í2,3r:..,k+li Fejér's
resuit (1) qtves BiH)=Z cos pfu and
some calculatlon yielcls the lover estl-
nate. on the óther hand for any HCN2 t

ltll =k we can take nf tI with 2<ník+2,
and using Proposítion l we get
§{tI)5p( m )=2 §os fr sZ-{t+t)-2 , whence
:he assertlon,
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