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MONGE-AMPERE MEASURES FOR CONVEX BODIES
AND BERNSTEIN-MARKOV TYPE INEQUALITIES

D. BURNS, N. LEVENBERG, S. MA’U, AND SZ. REVESZ

ABSTRACT. We use geometric methods to calculate a formula for the complex
Monge-Ampere measure (dd°Vg )™, for K € R™ C C™ a convex body and Vi
its Siciak-Zaharjuta extremal function. Bedford and Taylor had computed this
for symmetric convex bodies K. We apply this to show that two methods for
deriving Bernstein-Markov type inequalities, i.e., pointwise estimates of gradi-
ents of polynomials, yield the same results for all convex bodies. A key role is
played by the geometric result that the extremal inscribed ellipses appearing in
approximation theory are the maximal area ellipses determining the complex
Monge-Ampere solution Vi .

1. INTRODUCTION

For a function u of class C2 on a domain 0 C C", the complex Monge-Ampere
operator applied to u is

(dd°u)™ == i00u A - - - N i00u.

For a plurisubharmonic (psh) function v which is only locally bounded, (dd®u)™ is
well-defined as a positive measure. Given a bounded set £ C C", we define the
Siciak-Zaharjuta extremal function

Ve(z) :=sup{u(z) : u € L(C"), u <0 on E},

where L(C"™) denotes the class of psh functions u on C" with u(z) < log™ |2| +c(u).
If E is non-pluripolar, the upper-regularized function

Vi (2) := limsup Vg(¢)
(—z

is a locally bounded psh function which satisfies (dd°V)™ = 0 outside of E and
the total mass of (dd°V3)™ is (2m)™.

In this paper we consider £ = K C R™ to be a convex body, that is, a compact,
convex set with non-empty interior. In this situation the function Vix = V% is
continuous but it is not necessarily smooth, even if K is smoothly bounded and

Received by the editors May 7, 2007 and, in revised form, July 4, 2008.

2010 Mathematics Subject Classification. Primary 32U15; Secondary 41A17, 32W20.

The first author was supported in part by NSF grants DMS-0514070 and DMS-0805877 (DB).

The fourth author was supported in part by the Hungarian National Foundation for Scientific
Research, Project #s K-72731 and K-81658 (SzR).

The third author was supported by a New Zealand Science and Technology Fellowship, contract
no. IDNA0401 (SM).

This work was accomplished during the fourth author’s stay in Paris under his Marie Curie
fellowship, contract # MEIF-CT-2005-022927.

(©2010 American Mathematical Society

6325

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



6326 D. BURNS, N. LEVENBERG, S. MA’U, AND SZ. REVESZ

strictly convex. Indeed, for K = Bg, the unit ball in R® C C”, Lundin found [9],
[1] that

1
(1.1) Vi (z) = 510gh(\z|2—|—|z-z—1|)7

where |22 = Y |z|%, 2+ 2 = Y27, and h(3(t+ 7)) = t, for 1 <t € R. In this

example, the Monge-Ampere measure (dd°Vi )™ has the explicit form

d d < Adxy,
(dd“Vi)"™ = nivol(K)——— = n!vol(K)M
(1 —|zf?)z (1— |2?)?
The main result of this paper is a general formula for this measure (see Theorem

A1 and Corollary A.3]).

Theorem 1.1. Let K be a convex body and Vi its Siciak-Zaharjuta extremal func-
tion. The limit

1% it
(1.2) 55 (@) = bp(2,y) = lan KL IW)

t—0+ t

exists for each x € K° and y € R™ and
(1.3) (dd°Vi)™ = XMz)dx, where A\(z) = nlvol({y : ép(z,y) < 1}*).
Moreover, (dd°Vi)™ puts no mass on the boundary 0K (relative to R™).

Here, for a symmetric convex body E in R",
Er:={yeR":z-y<1, forallz € E}

is also a symmetric convex body in R™, called the polar of E. The quantity dg(z,y)
is continuous on K° x R"™ and for each fixed z € K°, y — dp(z,y) is a norm on
R™; ie., dp(z,y) > 0, dp(x,\y) = AMp(x,y) for A > 0, and dp(z,y1 + y2) <
55(2,11) + 03(22) (sce [3).

For a symmetric convex body, i.e., K = —K, Bedford and Taylor [3] showed
the existence of the limit (L2]) and proved the formula (L3]) using the description
of the Monge-Ampere solution given by Lundin [I0]. The present paper relies on
the description of Vi given in [6], [7] for general convex bodies K. [6] showed the
existence, through each point z € C" \ K, of a holomorphic curve on which Vi
is harmonic, while [7] showed that for many K (all K in R?) these curves give a
continuous foliation of C™ \ K by holomorphic curves. It also showed that these
curves are algebraic curves of degree 2, and interpreted them in terms of a (finite
dimensional) variational problem among real ellipses contained in K. The real
points of such a quadratic curve describe an ellipse within K of maximal area in
its class of competitors. These competitor classes are specified by the points ¢ on
the hyperplane H at infinity in P™ through which the quadratic curves pass. The
geometry of these foliations is our main tool.

The norm dg(z,y) is also related to Bernstein-Markov inequalities for real, mul-
tivariate polynomials on K. This will be explained in section 3, specifically, in
equation ([B2) and the remarks after it. Conversely, a key role in the proof of
the main result, Theorem [[] is played by the observation (Proposition B.2]) that
the extremal inscribed ellipses appearing in a geometric approach (the “inscribed
ellipse method” of Sarantopoulos [14], [I3]) to Bernstein-Markov inequalities are
the maximal area ellipses appearing in the determination of the Monge-Ampere
solution as described above. A corollary of our main result is that the inscribed
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MONGE-AMPERE MEASURES FOR CONVEX BODIES 6327

ellipse method and the pluripotential-theoretic method, due to Baran [I], 2] for ob-
taining Bernstein-Markov type estimates are equivalent for all convex bodies. This
was straightforward for symmetric convex bodies. It was proved for simplices and
conjectured for the general case as “Hypothesis A” in [12].

The remainder of the paper is organized as follows. In section 2] we recall in more
detail some of the features of the leaf structure for the Monge-Ampere foliation.
In section Bl we review the maximal inscribed ellipse problem from [I4], [I3] and
its relation to Bernstein-Markov inequalities from approximation theory and to the
Monge-Ampere maximal ellipses in section We also sketch the relation to the
extremal function Vi for symmetric convex bodies [3], [2]. Finally, in section [4]
using details of the Monge-Ampere foliation and its continuity, we prove the main
results.

2. REVIEW OF THE VARIATIONAL PROBLEM

Let K € R™ C C" be a convex body, and consider C* C P", the complex
projective space with H := P™ \ C™ the hyperplane at infinity. Let o : P" — P™ be
the anti-holomorphic map of complex conjugation, which preserves C™ and H, and
is the identity on R™. Let Hg denote the real points of H (fixed points of ¢ in H).
For any non-zero vector ¢ € C", let o(c) = ¢, and let [¢] € H be the point in H
given by the direction of c. If [c] # [¢], then ¢, ¢ span a complex subspace V' C C"”
of dimension two which is invariant under o; hence V is the complexification of a
two-dimensional real subspace Vy C R™. If we translate V' by a vector A € R™,
we get a complex affine plane V 4+ A invariant by ¢ and containing the real form
Vo + A, the fixed points of o in V' + A. Associated to the point [¢] € H, we consider
holomorphic maps f : A — P, A the unit disk in C, such that f(0) = [¢] and
f(0A) ¢ K. Such maps can be extended by Schwarz reflection to maps (still
denoted) f : P! — P" by the formula

(2.1) f(7(Q) = a(f()) € P,

where 7 : P! — P! is the inversion 7(¢) = 1/¢. In particular, such maps have the
form

(2.2) £(0) = p% LA+ pCC,

where [c] = [C], i.e., C = Ac, for some A € C, A € R, and p > 0. Then
f(PY) C P" is a quadratic curve, and restricted to 9/, the unit circle in C, f
gives a parametrization of a real ellipse inside the planar convex set K N {V, + A},
with center at A. According to [7], the extremal function Vi is harmonic on the
holomorphic curve f(A\{0}) C C"\ K if and only if the area of the ellipse bounded
by f(0A) is mazimal among all those of the form ([2.2]).

For a fixed, normalized C|, this is equivalent to varying A € R™ and p > 0
among the maps in (Z2) with £ = f(0A) C K in order to maximize p. Fixing C
amounts to prescribing the orientation (major and minor axis) and eccentricity of
a family of inscribed ellipses in K. We will call an extremal ellipse £ a maximal
area ellipse, or simply a—maximal. In the case where 0K contains no parallel faces,
for each [c] € H there is a unique a—maximal ellipse (Theorem 7.1, [7]); we denote
the corresponding map by f.. In this situation, the collection of complex ellipses
{fe(A\{0}) : [c] € H} form a continuous foliation of C™ \ K. In simple terms,
this means that if z, 2’ are distinct points in C" \ K, with |z — 2’| small, lying on
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leaves L(z) := fo(A\ {0}) and L'(2) := fo (A \ {0}), then the corresponding leaf
parameters in ([Z2) are close; ie., C ~ C', p ~ p' and A ~ A’ (and of course
¢, ~ [Cr|, where fo(¢.) = z and f((.r) = 2’). Any convex body in R? admits a
continuous foliation; this follows by using ideas in [7]. Moreover, if we let C denote
the set of all convex bodies K C R™ admitting a continuous foliation, then C is
dense in the Hausdorff metric in the set K of all convex bodies K C R™. This
follows, for example, from the fact that strictly convex bodies K belong to C (cf.,
Theorem 7.1 of [7]). In addition, all symmetric convex bodies admit a continuous
foliation.

For convenience, instead of using the holomorphic curves f(A\{0}) we will work
with the holomorphic curve f(C\ A); thus Vi being harmonic on this curve means
that

(2.3) Vi (f(€)) = log|(]| for [¢] > 1.
3. INSCRIBED ELLIPSE PROBLEM

Let K C R™ be a convex body. Consider the following geometric problem: fix
x € K° and a non-zero vector y € R™ and consider all ellipses £ lying in K which
contain x and have a tangent at = in the direction y. We write y € T,,€. That is,
E =&, = &(x,y) is given by a parameterization

(3.1) 6 — r(0) :=acosf + bysinb + (x — a),

where a € R™ and b € Rt are such that r(f) € K for all 6. The problem is to
mazximize b among all such ellipses. We will call such an ellipse a maximal inscribed
ellipse (for x,y) or simply b—maximal. Note that 7(0) = z and /(0) = by; thus one
is allowed to vary a and b in 3I]). Often we will normalize and assume that y is a
unit vector. An observation which will be used later is that if we fix a, then &, lies
“inside” &y if b < b’ with two common points x and x — 2a.

We give some motivation for studying this problem; this goes back to Saran-
topolous (cf. [I4] or [I3]). For any such ellipse &, if p is a polynomial of n real
variables of degree d, say, with ||p||x < 1, then ¢(f) := p(r(#)) is a trigonometric
polynomial of degree at most d with [[¢[[j0.2-] < [|p||[x < 1 (since £ C K). By the
Bernstein-Szego inequality for trigonometric polynomials,

|t'(6)]
|~ 1(6)?

<d.

11 5

From the chain rule,
[t'(0)| = [Vp(x) - ' (0)| = [ Dyyp(x)| = b| Dyp(z)|.

Thus
b Dyp(x)| = [t'(0)] < dy/I[t|[, oy — 1(0)* < d/1 —p(2)?;
i.e.,

degp /1 —p(z)2 — b

The left-hand side is related to what we shall refer to as a Bernstein-Markov in-
equality it relates the directional derivative of p at x in the direction y with the

1For any univariate algebraic polynomial of degree not exceeding n, the sharp uniform estimate
for the derivative ||p'[loo,(—1,1] < 7lIPlloo,[—1,1] I8 due to Markov, while the pointwise estimate
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sup-norm of p on K (the “1” on the right-hand side of (8:2)) and the degree of p.
This motivates the definition of the Bernstein-Markov pseudometric (cf. [B]): given
re K, yeR", let

1 |Dyp(z)|
0B (s y) = S (s y) = sup Y .
) = our(sy) lIpllx <1, deg p>1 48 P \/1 — p(x)?

(This definition makes sense for general compacta in R™.) Inequality (3.2) says that
whenever you have an inscribed ellipse &, = &,(x,y) through x with tangent at x in
the direction of y, the number 1/b gives an upper bound on the Bernstein-Markov
pseudometric:

S (z3y) < 1/b.
Let

(3.3) b*(z,y) :=sup{b: &(z,y) C K}.

Note that b*(z,ty) = b*(z,y)/t for ¢ > 0. In the symmetric case, this is intimately
related to Vi:

Proposition 3.1. If K = —K, then dy(2;y) = =~—. Moreover,

b (2)
. T VK(!E + ity)
sutes) = i, L
As in the Introduction, define
Vi it
(3.4) 5 (a3y) = Spley) = lim LTI,
t—0+ t

provided this limit exists. For symmetric convex bodies K, the proposition says
that the limit does exist and we have

1
3.5 6p(x,y) =0y (x,y) = ——.
Moreover, for each fixed z € K°, the function y — erby) is a norm (cf. Proposition

B3). A proof of the existence of the limit was given by Bedford and Taylor [3]. We
sketch an alternate proof due to Baran [2].
Step 1. Vi (z) = sup{log|h(z - Z))| : Z € K*}, where h(w) = w+ vVw? — 1 is the
standard Joukowski map and

K':={Z:x-Z<1lforallze K}
is the polar of K (cf. [10], or [2], Proposition 1.15).

Step 2. We have the following explicit estimates on h: if |a] < 1, |8] < /1 —|¢],

and 0 < € < 1/2, then
18] 1 , 18]

1—¢)——= < —log|h(a+ieh)| < ——

=i = cloelhetidl < Fr==
(the inequality on the right-hand side is valid without the restriction |8 < /1 — |a;
cf. [2], Proposition 1.13). This states precisely that log |h| is Lipschitz as you ap-
proach (—1, 1) vertically and the Lipschitz constant grows like one-over-the-distance
to the boundary points.

Ip'()|V1 — 22 < nf|plloc,[—1,1) 15 known as Bernstein’s Inequality; see e.g. [4], pages 232-233. In

approximation theory, these types of derivative estimates (or, in the multivariate case, gradient and
directional derivative estimates) are usually termed Bernstein and/or Markov type inequalities.
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Now fix z € K° and y € R™; then for any Z € K* and for ¢ > 0 small, since
(x+ity) - Z=x-Z+ity- Z,

1 tly-Z| 1 ‘ 1 tly-Z
3.6 l—¢)-——————== < -logh((z +ity) - 2)| £ ——F———n=.
36) (-0 AT < Homh(ia i) 2)| < ;L
This gives
Vi it -Z
(3.7) lim Viclw + ity) = sup{& 1 Z €K'}
t—0t t 1—(;[;Z)2

To relate this with b*(z; y), in the symmetric case, the b—maximal ellipse is easily
seen to be an a—maximal ellipse (see the next proposition for a generalization of
this), and the linear polynomial p that maps the support “strip” of this ellipse to
[—1,1] (i-e., it maps one parallel support hyperplane to —1 and the other to +1) is
easily seen to give

1 D@l 1

degp /1 — p(x)2 b (z,y)

so that we have the equality dp/(x,y) = m. Thus, the first part of the propo-

sition is proved. Moreover, we have the following formula for b*(z, y):

V1= (2 w)?
b*(x;y) = inf{+————:w e K*}.
ly - wl
To see this, in the symmetric case one considers symmetric ellipses in B.1]), i.e.,
a := x, and, from the definition of b*(x;y) and K* we can write

b*(z;y) = sup{b: sup |z cost - w+ ybsint - w| =1}
weK*, t€[0,2m]

= sup{b: sup [(w- x)2 + b2(w . y)2] =1}
weK*
Basically unwinding things shows that this is the reciprocal of [37). For details we
refer the reader to [I1] or [5].
A key geometric observation which will be used in the next section is the follow-
ing.

Proposition 3.2. For any convex body K, a b—maximal ellipse £ is also an
a—maximal ellipse.

Proof. First observe that an a—maximal ellipse £ is characterized by the property
that no translate of £ lies entirely in the interior K° of K. For if £ +v C K° for
some v # 0, one can dilate £ + v to get an ellipse with the same orientation and
eccentricity as € which lies in K but has larger area. Conversely, if £ is not an
a—maximal ellipse, then one can find an ellipse £ with the same orientation and
eccentricity as £ which lies in K but has larger area. The convex hull H of EUE’ lies
in K and we can translate £ within H to an ellipse £” lying in the two-dimensional
surface S(E’) determined by &’; if £” does not lie in the “interior” of S(E’), we
simply translate it within this surface (since the area of £’ is greater than that of
E") until it does.

Indeed, we need a slightly more precise statement: £ is not an a—maximal ellipse
if and only if there is a unit vector v and § > 0 such that £4+sv C K° for 0 < s < §,
i.e., all translates by a small amount in some direction stay in K°. This follows
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from the previous paragraph if we observe the following fact: if K is a convex body,
u € K and u + v € K°, then the entire half-open segment (u,u + v] lies in K°.
Suppose that £ given by

0 — acosf +bysinf + (z — a)

is a b—maximal ellipse for z,y. For the sake of obtaining a contradiction, we assume
that £ is not an a—maximal ellipse. By the previous paragraph, we can find a non-
zero vector v and § > 0 so that & := £ + sv lies in K° for 0 < s < 4. For
0 < € < §/2, consider the ellipse £(€) given by

(3.8) re(0) = (a —ev) cos O + bysinf + z — (a — ev).

We claim that £(e) € K°. Assuming this is the case, note that r.(0) = z € £(e)
and 7/(0) = by; in particular, the “b” for £(e) is the same as the “b” for £. Since
g(e) C K°, we can modify f:’(e) to an ellipse g(e)’ containing x and lying in K by
replacing b in (B:8]) by & > b, contradicting the assumption that £ is a b—maximal
ellipse for z, y.

To verify that & (e) C K°, observe that for each fixed 6, the point

(a —ev)cosO + bysind + z — (a — ev)
=acosf + bysinf + (z — a) + ev(1 — cosb)

on 5(62 lies on the ellipse &, := £ 4+ ¢(1 — cos @)v, where sg = €(1 —cos ) < 2e < 4.
Thus E(e) C K°. O

For use in the next section, we prove some results about the function b*(z,y).

Proposition 3.3. For a convex body K C R", b*(x,y) defined in B3) is a con-
tinuous function of v € K° and y € R™. Moreover, for each fivzed x € K°,
y — 1/b*(z,y) is a norm in R™.

Proof. For the continuity of b*(z,y), we first verify the uppersemicontinuity of this
function. Fix a convex body K and fix € K° and y € R". Let {z,;} C K° with
xz; — x and {y;} C R"® with y; — y. Let

r;(0) = a;jcos O + b*(x;,y;)y; sinb + (x; — a;)
parameterize a b—maximal ellipse £; for K through z; in the direction y;. Take a
subsequence {ji} of positive integers so that the numbers {b*(z;,,v;,)} converge

to a number b; and take a further subsequence (which we still call {ji}) so that the
vectors {a;, } C R™ converge to a € R”. Consider the ellipse £, where

7(0) = acos + bysinf + (z — a).

Since x;, = @, y;, = Y, b (T4, Yj) — b and aj, — a, the functions r;, converge
uniformly to r (equivalently, the ellipses &;, converge in the Hausdorff metric to
£). Thus & is an inscribed ellipse for K through z in the direction of y; hence
b< b*(z,y), ie.,
limsup b*(2',y") < b*(z,y).
' =z, y—y

To verify the lowersemicontinuity of b*(z,y), we fix x € K° y € R and V/ <
b*(z,y), and we show there is a 6 > 0 such that for all |2/ —z| < 4, |y —y| < ¢
there is an inscribed ellipse £’ through 2’ with tangent direction 3’ of the form

0 — a cosf+ by sinh+ (' —a).
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Let £ be a b—maximal ellipse through z in the direction y given by
r(0) = acosf + b*(z,y)ysind + (z — a).
If z — 2a € K°, then for V' < b the ellipse &,
ry (0) = acosf + b'ysinb + (z — a),

lies fully in K° (for & lies entirely “inside” of £ except for the common points
x,x — 2a, and x € K°). Then any sufficiently small translation &’,

6 — acosf +b'ysinf + (2’ —a)
ofué'bf by 2’ — z, keeps £’ in K°; hence replacing y by v sufficiently close to y yields
&,
0 — acosf +b'y'sinf + (' — a)
in K.
If x — 2a ¢ K°, we first modify &y to &y ot
T o (0) = a’ cos @ + bysind + (x — a’)

with @’ —a = §(a — z) with 6 > 0 sufficiently small so that & , C K°. This is
possible since the vectors

T ar(0) — 1y (0) = (a — a’)(1 — cos @) = §(1 — cosb)(z — a)
point in the same direction for all 6. Note that
Ty ,ar(0) = z and 7y, ., (0) = b'y
so that once again any sufficiently small translation £’,
0 — a’ cos@ + b'ysinf + (2’ —a’)

of & o by @’ — x, keeps £ in K°. Again, replacing y by vy’ sufficiently close to y
yields &”,

0 — a’ cos®+ by sinh + (' —a’)
in K. This completes the proof that (z,y) — b*(x,y) is continuous.

To show that y — 1/b*(x,y) is a norm, observe that b*(z, \y) = 1b*(z,y) for
A>0and 0 < b*(z,y) < +o0 if y # 0 € R™. Thus b*(z,0) = 400 so that
1/b*(x,y) > 0 with equality precisely when y = 0, and 1/b*(x, A\y) = \/b*(x,y) for
A > 0. To verify subadditivity in y, fix x € K° and y1,y2 € R™. Let & and & be
b—maximal ellipses through « in the directions y; and y, as in BII):

0 — r;(0) :=ajcosf + bjy;sinf + (x —aj;), j=1,2;
here, b; := b*(z,y;). Consider the convex combination

ba by

r1(0) + r9(0).
b1 + b 1(0) by + bo 2(0)
By convexity, this ellipse, through x in the direction y; + y2, lies in K so that
b1bo
b*(z,y1 + > .
(z,91 +y2) by + by
Taking reciprocals gives the desired result. (]

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



MONGE-AMPERE MEASURES FOR CONVEX BODIES 6333

For future use, we mention that in R2, if £ is an a—maximal ellipse for K, then
either

(1) £NIK contains exactly two points aq, ag, in which case the tangent lines
to &£ at aq, as are parallel and determine a strip .S containing K and £ is an
a—maximal ellipse for any rectangular truncation 7" of S with € C K C T}
or

(2) £€NIK contains m > 3 points ay, ..., a4y, in which case either a subset of
three points from {ay, ..., a,, } can be found so that the tangent lines to & at
these three points bound a triangle 7' containing K and £ is an a—maximal
ellipse for T, or a rectangular truncation T of a strip S with € C K C T
can be found so that £ is an a—maximal ellipse for T'.

4. MAIN RESULT

For any compact set K C R™ with non-empty interior, take x € K° and y €
R™\ {0}. Then we always have the pointwise inequality
(4.1) onm(z,y) < 5g)(x,y) := lim inf M

t—0+ t

This follows from Proposition 2.1 in [5]. In particular, this inequality holds for any
convex body K, with equality in case K is symmetric (as we saw in the previous
section). In this section, for K convex, we prove that the limit lim;_,o+ M
exists and equals 1/b*(z,y). This verifies “Hypothesis A” in [I2] for convex bodies
K C R"; i.e., the inscribed ellipse method and the pluripotential-theoretic method
for obtaining Bernstein-Markov type estimates for convex bodies are equivalent.

Let K be an arbitrary convex body in R™. Fix x € K° and y € R™ \ {0}. Take
a b—maximal ellipse £ through x with tangent direction y at x. We will normalize
and assume that y is a unit vector; moreover, it will be convenient to have the
center at a instead of z — a. Thus we write

(4.2) 0 —r(0) =(x—a)cosld +b"(x,y)ysinbd + a, 6 € [0, 27].

This is an a—maximal ellipse £ by Proposition [3.2} i.e., £ forms the real points of
a leaf L,

1

43)  f(O=(r— a)[%(CﬂL 1Ol +b" (2, 9)yl5(C = 1/O] +a, [¢] = 1,

of our foliation for the extremal function V. We can compare this “b—maximal”
form of the leaf with its a—maximal form (22)) (with ¢ replaced by 1/():

(4.4) f(O=A+cC+72/C¢, [([ =1,
where, for simplicity, we write ¢ := pC in (Z2]). Thus, from 23)), Vi (f(¢)) = log (|
for |¢| > 1.

We first show that
i L) = Q) s

r—1t+ r—1

(z,9)y.

This follows from the calculation

b () T DD

1)2)
2r

1)~ 1) = @ -y (U
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Thus the real tangent vector to the real curve r — f(r), r > lasr — 17 isin
the direction ib*(z,y)y. Now f(1) =z and = € K, so Vk(f(1)) = Vk(x) = 0; since
f is a leaf of our foliation, Vi (f(r)) = logr. Hence

Viel£(r)) = Vie(F(1)) _ logr

r—1 r—1"

This elementary calculation shows that for any convex body K C R™,

Vie(f(r)) = Ve (f(1)) 1

4.5 li = ;
(4:5) e b (@, y)(r— 1) b (. y)
i.e., the curvilinear limit along the curve f(r) in the direction of iy at x exists and
equals m
Note that

Fr) = f(1) = £(r) = 2 = ib" (z,y)y(r — 1) + 0((r — 1)?),

so that the point = + ib*(x,y)y(r — 1) is O((r — 1)?) close to the point f(r). We
use the explicit form (@3) of the leaf to verify the existence of the limit in the
directional derivative dg(x,y).

Theorem 4.1. Let K be a convexr body in R™. Then the limit in the definition of
the directional derivative exists and equals ——— :

b* (z,y)
. Vi(z+ity) 1
4. = 1 = .
( 6) 5B (l‘,y) t~1>I(I)1+ ¢ b* (x,y)

Proof. If we can show

. Vi (f(r) = Vk(z+ib"(z,y)y(r—1)) _
(47) o, b (z,y)(r — 1) =0

then using (4.3) and the preceeding discussion, we will have the result.

We first consider the case when K admits a continuous foliation; i.e., K € C.
Consider a fixed point w := z + ib*(x,y)y(r — 1) € C*. This belongs to some
foliation leaf M, which we write in the form ({A):

gQ)=a+v+7/¢C: C\A— McC"

We need to use the facts that when r — 17, then w — = € L, and, by continuity
of the foliation, the leaf parameters for (g, M) should converge to those of (f,L);
ie, a - A and 7 — ¢. We remark that if we compare (@3] and (£d]), writing
b := b*(z,y) we have the relations

1
(4.8) A:aandc:i(x—a—kiby).

Here we suppress a rotational invariance: the substitution ¢’ := (e’ for any fixed
constant ¢ describes the same leaf with a different parametrization; thus we fix its
value so that
&:=g(1) =2Rey + «
is closest to z := f(1) = 2Rec+ 4, i.e., [g(1) — f(1)| < |g(e??) — f(1)] for all 6. To
emphasize, writing the leaf (f, L) in b—maximal form (3],
1 i

fQO) = @ =5+ D) + bz~ D) +a
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where, from (L8] and the fact that y is a unit vector, b := 2|Imc| > 0 and y :=
%Imc € R™. Now, a priori, we do not know if (g, M) is b—maximal (a posteriori, it
is; see Corollary L3]). However, we may still write this leaf in the form

1 1 ) 1

9(¢) = (£ - 04)5((: + Z) +577§(C <

with 8 := 2[Im~v| > 0 and n := %Im’y € R™. Note that continuity of the foliation
implies 8 > 0 since b > 0; indeed, 8 ~ b, { ~x, n ~y, a ~ a, and vy ~ c.

Since w € M, there is a point w € C\ A with g(w) = w. Our task is to calculate
Vi (w) = Vi(g(w)). On a leaf of the foliation we have the formula Vi (g(w)) =
log |w]|, so it suffices to compute log|w|. The representation of w as g(w) means
that for j =1,...,n,

)+ a

1 1 ; 1
:cj +Zbyj(’f' — ].) = ’U)j :gj(CU) = (5] —ij)i(u)"‘ ;) +ﬂ77]%(w — ;) +Oéj.

Since y and n are unit vectors which are close to each other, we can choose a
coordinate j with y; # 0, n; # 0. For this coordinate j, the previous displayed
equation gives

1 1
5(53 -+ iﬂnj-)wQ + (Oéj — X — ibyj(T - 1))w + §(§J —Qaj — ZB??J) =0,

a quadratic equation in w. Corresponding to the double mapping properties of the
Joukowski map 1 (¢ + 1/¢), there are two roots, one in [¢| < 1 and one in |¢| > 1,
the latter being our w as we considered the mapping of the exterior of the unit disc
A. For convenience, put p := b(r —1)y,. Since by; # 0, p < r—1. By the quadratic
formula,

Tj — Oy + ip:l: \/(Oéj — T — ip)z — (gj — Ozj‘)2 — 6217]2-
&5 — o +ifn; '
Set Q = 5277]2» + (& — aj)? — (¥ — o)) ~ b2yj2» > 0 by continuity of the
leaf parameters and choice of j. Using this and the simple formula VA + 2B =

VA + B/VA+O(B?/A%?), valid uniformly for |B| < A/3, say, we can rewrite the
square root as

£ @y = 0y)? —i2(e; —2))p — 97 — (& — 0y)? — B
1{7\@ +i/Q+0(p?) ¢
Put P :=¢&; — o +i8n;. Then

w12 =

jwia P2 = |(; — ay)(1 + %) +i[+/Q +p] + 0
= (0 =)+ QS5 (Q+ 0y~ 2,)?) + O(6?).

We have the identity |P|? = (a; — ;)% + Q; dividing by this quantity on both sides
yields

2
|w172|2 =1+ \/—% =+ O(pQ).
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Fixing the branch of the square root with /@ > 0, it is clear that among the choice
of signs in £ the one equal to the sign of y; leads to the larger absolute value (and
the one with |w| exceeding 1); hence for such w with g(w) = w,

2|p| 2bly;[(r — 1)
214+ 22 1030 =1 J o((r—1)?),
|wl tot (p") =1+ N ((r=1)%)
so that
log |w|? = %\/z_g_l) +0((r—1)?).
Hence
Viclo +iby(r = 1)) Vic(gw)) loglo| _ lloglw>  bly,|
r—1 T oor—1  r—1 27r-1 _\/é_2+0(r_1)'

From the continuity of the foliation, as » — 1 we have & — z;, a; — aj, § — b,
and thus /@Q — bly;|. Hence

Vi iby(r — 1 V
L Vileibyr=1) Vi)
r—1+ r—1 r—1+ r—1
This verifies (7)) and hence ([0) in the case when K admits a continuous foliation.
For a general convex body K, we use the previous case and an appropriate
approximation argument to verify ([€0]). To emphasize the set(s) under discussion,
we write

b*(K;x,y) := b*(x,y) for the set K.

We need to prove two inequalities:

1 e Vi (x +ity)
4.9 — <1 f——=
(4.9) b (K;x,y) — fariu t
and
) Vi (x + ity)
410 —_— > hmsu _— .
(4.10) b (Ki2,y) ~ oot t

Note that if K and k are two convex bodies, we have for any y € R" the
inequalities

< b*(k;x,y) if K Ck,
> b*(k;x,y) if k C K,

(4.11) b*(K;x,y){

and for any y € R™ and any ¢ € R the inequalities

> Vi(z + ity) if K C k&,

4.12 V + it
( ) k(@ zy){ < Vie(z + ity) if k C K.

Fix a < 1 arbitrarily close to 1 and choose > 0 small (to be determined later
in terms of «). From the discussion at the end of section 2, C is dense in ; thus
we can find k € C such that the Hausdorff distance between x and K is at most J.
Take an a-dilated (at ) copy K of K and an a-dilated copy #; of 5. Then x € K9,
and if § = d(«) is sufficiently small, we have k1 C K. We also take the 1/a-dilated
copies K5 and kg of K and k. Again for small enough ¢, we will have K C ka.
Note that ko is the a~2-dilated copy of x1; hence b*(k2;z,y) = a 2b*(k1;2,y).
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Therefore, using ([40]) for x; and k2, we obtain

Ve it 1 1 . Vi it
(4.13) lim (o + ity) = = o? =a? lim 71(36—1_2 y)
t=0+ t b*(k2; 2, y) b* (k15 2, y) t—=0+ t
Using (@13), (E11) and @I2), we obtain
1 - 1 _ lim Vi, (x + ity)
b (K;m,y) = b*(kism,y) =0+ t
1y Ve@tity)
a2 t—0+ t
1 Vi it
(4.14) < L g VEE@ ),
a® t—0+ 4
in a similar fashion we get, interchanging the roles of k1 and kg,
1 Vi it
(4.15) > > o lim sup M
b (K;x,y) — b* (ks w,y) -0+ t
Since a can be taken arbitrarily close to 1, (£9) and (@I0) follow from (@I4) and
@1m). O

Remark 4.2. Observe that the essential property used to verify [@7) for K € C is
@3), i.e., that Vk(f(¢)) =log|¢] on L (i.e., for || > 1), which is equivalent to the
a—maximality of the real ellipse & C L (see section 2).

Corollary 4.3. For all x € K° and y € T,E, for any conver body K, an ellipse
E C K is a—mazimal if and only if it is b—mazimal.

Proof. That b—maximality implies a—maximality was proved in Proposition
For the converse, we first suppose that K € C. Let £ be an a—maximal ellipse. Fix
x € K°and y € T, a unit vector. Then £ = f(0A), where

(116) F6) = = a)5(c+ D)+ B¢ =) +a

and Vi (f(¢)) =log|¢| for || > 1, so that, from the remark,
Vi) _ o Viela iy — 1))

1/6= 1 =
i R O )
Writing ¢ = 8(r — 1) in the limit on the right and using Theorem E.T]
) 1
18 = lim K@)
t—0+ t b*(x,y)

so that & is b—maximal for x,y.

Now let K € IC be an arbitrary convex body. We consider first the case where £ is
the unique a—maximal ellipse for [¢] € H, i.e., for its orientation and eccentricity,
and we again write £ = f(0A) as in [@I6). Take a sequence {K,;} C C with
K; \( K. For each j, let £; be the unique a—maximal ellipse for K, [c], and let f;
denote the corresponding leaf. Then (cf. [7]) f; — f uniformly so that £ — £. As
in the proof of Theorem [£.I] we may write

fi(Q) = (z; —%‘)%(U- %) +ﬂjyj%(C— %) + oy
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By the first part of the proof, £; is b-maximal in K, so that 8; = b*(Kj;x;,y;).
The uniform convergence of f; to f implies that o; — o, ; — x and y; — v.
Moreover, since x € K°, for j sufficiently large, x; € K°. From the continuity of
b* (Proposition B.3]) and the fact that K C Kj,

b (K;z,y) = lim b*(K;z;,y;) < lim b"(Kj;25,y;) = lim §; = 6.
j—o0 j—o0 j—o0

Hence 8 = b*(K;x,y) and £ is b—maximal.

In the case where £ is not the unique a—maximal ellipse for the corresponding
[c] € H, it is an a—maximal ellipse for this [¢] and a “strip” 9, i.e., a closed body
S bounded by two parallel hyperplanes Py, P, with K C S (see section 7 of [7]). If
£ is given by

r(0) = f(e) = (x — @) cos 0 + Bysinb + a,

then there is 6y such that r(6y) € Py and r(6p +7) € P». It is therefore sufficient to
show that any ellipse £ C K that intersects P;, P is b-maximal for any x € £ENK?,
y € T,,€. Take a sufficiently large convex set T' that is symmetric about the center
of the ellipse (e.g., a large box) so that K C T' C S. Clearly £ is a-maximal for T'.
Since T' is symmetric, T' € C, so by the first part of the proof, £ is b-maximal for
T,x,y. Hence it is also b-maximal for K, z,y. [l

We turn to the Monge-Ampere measure. We know that (dd®Vi)™ is supported
in K and is absolutely continuous with respect to Lebesgue measure dx on K°¢;
i.e., (dd°Vg)™ = Az)dz for a locally integrable non-negative function & on K° [3].
Baran has proved the following (see [2], Propositions 1.10, 1.11 and Lemma 1.12).

Proposition 4.4. Let D C C" and let Q2 := D NR™. Let u be a non-negative psh
function on D which satisfies:

i. Q={u=0},
it. (dd“u)™ =0on D\ Q,
iii.  (dd°u)™ = XNz)dz on Q where X € L}, (),
iv. forallz e, yeR", the limit
h(z,y) = lim u(z + ity)

L exists and is continuous on Q x i{R",
t—0

v. forallz € Q, y— h(z,y) is a norm.
Then

Az) = nlvol{y : h(z,y) < 1}*
and A(x) is a continuous function on €.
We now obtain the generalization of (L3).
Corollary 4.5. Let K be a convex body in R™. Then
(dd°Vg)™ = Mx)dx for x € K°,
where A(z) = nlvol({y : dp(z,y) = Téy) < 1}*) is continuous. Moreover,

(dd°Vi)™ puts no mass on the boundary OK (relative to R™).

Proof. The formula for (dd°Vk)™ on K° is immediate from Theorem (1], Propo-
sition [£4] and the paragraph preceding it, and Proposition B3l To show that
(dd°Vk )™ puts no mass on the boundary 0K, we proceed as in [3]. Let {K} be a
sequence of convex bodies in R™ with real-analytic boundaries {0K;} such that K;
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increases to K. Then OKj is pluripolar so that (dd“Vk;)™ puts no mass on 0K;
(cf. Proposition 4.6.4 of [§]). Writing (dd“Vk,)" := A;j(z)dz for x € KY, we have

ey = [

where we extend A;j(z) to be zero outside of K. Since [}, Aj(z)dx = (27)" < oo,
and the density functions A;(z) increase almost everywhere on K° to A(z) (cf.
(411)), by dominated convergence we have

Aj(x)dr = / ) Aj(x)de,

°
J

(2m)" = lim Aj(x)dr = / ) Az)dz.

)= JKo

Thus (dd°Vi)™ puts no mass on the boundary 0K. O

We end this note with a final remark on Bernstein-Markov inequalities. Baran [2]
conjectured that we have equality dpr(z,y) = 51(;) (x,y) in @) for general convex
bodies. With respect to this conjecture, we make the following observation: if we
can prove dyr(x,y) = 6p(wz,y) for a triangle T in R?, then equality holds for all
convex bodies in R?. For let K be a convex body in R?. Fix z € K° and |y| = 1.
Take a b—maximal ellipse £ = £(z,y) for K with parameter b = b*(x,y) and, as
in (1) or (2) at the end of section 3, take a rectangle or triangle T' containing K
in which £ is an a—maximal ellipse. Then since §5(z,y) = b*(i’y) = 68 (z,y), we
have

62161(‘7"7 y) = 6%[(‘7;7 y) = 6£(x,y) = 5§(m,y)
From (@), 6% (z,vy) < 68 (x,y) and equality holds.
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