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Abstract

Let A:R? — R?,d > 1, be an expansive linear map. The notion of A-approximate continuity was
recently used to give a characterization of scaling functions in a multiresolution analysis (MRA). The
definition of A-approximate continuity at a point X — or, equivalently, the definition of the family of sets
having x as point of A-density — depend on the expansive linear map A. The aim of the present paper is to
characterize those self-adjoint expansive linear maps A1, A: R4 — R4 for which the respective concepts of
Ay -approximate continuity (i = 1, 2) coincide. These we apply to analyze the equivalence among dilation
matrices for a construction of systems of MRA. In particular, we give a full description for the equivalence
class of the dyadic dilation matrix among all self-adjoint expansive maps. If the so-called “four exponentials
conjecture” of algebraic number theory holds true, then a similar full description follows even for general
self-adjoint expansive linear maps, too.
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1. Introduction

A multiresolution analysis (MRA) is a general method introduced by Mallat [16] and Meyer
[17] for constructing wavelets. On R4 (d > 1) equipped with the Euclidean norm || - ||, an MRA
means a sequence of closed subspaces V;, j € Z of the Hilbert space L*(RY) that satisfies the
following conditions:

() Vj €Z, V; C Vs

(i) Vj € Z, f(x) € Vj & f(2X) € Vjyr:

(i) W = U, Vi = L2R);

(iv) there exists a scaling function ¢ € Vp, such that {¢ (x — K)}; ;< is an orthonormal basis for
Vo.

We could consider MRA in a general context, where instead of the dyadic dilation one considers
a fixed linear map A: RY — R? such that A is an expansive map, i.e. all (complex) eigenvalues
have absolute value greater than 1, and

Az c 74, (1)

i.e. the corresponding matrix of A with respect to the canonical basis has every entries belonging
to Z. Given such a linear map A one defines an A-MRA as a sequence of subspaces V;, j € Z of
the Hilbert space L2(RY) (see [15,10,21,24]) that satisfies the conditions (i), (iii), (iv) and

(i) Vj € Z, f(x) € V; & f(AX) € V4.

A characterization of scaling functions in a multiresolution analysis in a general context was
given in [2], where the notion of A-approximate continuity is introduced as a generalization of
the notion of approximate continuity.

In this work |G|; denotes the d-dimensional Lebesgue measure of the set G C R?, and
B,:={x € R%: || x ||< r} stands for the ball of radius r with the center in the origin. Also, we
write F +Xg = {y + Xo:y € F} forany F c RY, xo € R,

Definition 1. Let an expansive linear map A: R? — R? be given. It is said that xo € R is a
point of A-density for a measurable set E C R?, |E|; > 0if forall » > 0
. JEN(AT B +x0)a
lim

: =1. 2
j—>00 |A=7 B, 4+ Xolaq

Given an expansive linear map A: R — R? and givenxg € R?, we define the Sfamily of A-dense
sets at Xg as

Ea(xg) ={E C R? measurable set: xg is a point of A — density for E}.

Furthermore, we will write & 4 when Xg is the origin.

Definition 2. Let A: R¢ — R? be an expansive linear map and let f: R" —> C be a measurable
function. It is said that xg € R" is a point of A-approximate continuity of the function f if there
exists a measurable set £ C R", |E|, > 0, such that X is a point of A-density for the set £ and

limeE f(x) = f(xg). 3

X—>X(),X
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The relation between the behavior of the Fourier transform qAﬁ of the scaling function ¢ in the
neighborhood of the origin and the condition (iii) is described in the following theorem of [2].

Theorem A. Let V; be a sequence of closed subspaces in L%(R?) satisfying the conditions
(1), (ii1) and (iv). Then the following conditions are equivalent:

AW =Ujez Vj = L*RY);
(B) Setting |9 (0)| = 1, the origin is a point of A*-approximate continuity of the function |@|.

As it was observed in [2, Remark 5, p. 1016], that the definition of points of A-approximate
continuity depends of the expansive linear map A.
The aim of the present paper is to study the following problem:

Problem 1. Characterize those expansive linear maps A1, A>: RY — R for which the concept
of Aj-approximate continuity coincides with the concept of Aj-approximate continuity.

Remark 1. From the definition of point of A-approximate continuity of a measurable function
on RY, it is easy to see that given xo € R? and given a measurable set E C R, the point Xq is a
point of A-approximate continuity for the function

F®) = Xpp) (%) = {(1) i x ‘ g’U{xO},

if and only if E € &(xp). Therefore, it suffices to study the notion of A-density, and once
&4, (X0) = & 4,(Xp), also the notions of Aj-approximate continuity and Aj-approximate con-
tinuity coincide.

Moreover, clearly, E € &4 if and only if E + x¢ € & 4(X0)-

Thus, we can simplify Problem 1 in the following way.

Problem 1*: Describe under what conditions on two expansive linear maps A, Aj: RY —s Rd,
we have that £4, = &a,.

In Corollary 20, we solve the problem for expansive self-adjoint linear maps on R, without
the extra condition (1). In the last section we discuss the additional, essentially number theoretical
restrictions, brought into play by condition (1).

Characterization of expansive matrices satisfying (1) have been studied by several authors.

In [14], a complete classification for expanding 2 x 2-matrices satisfying (1) and |det M| = 2
is given. Their result is the following.

Call two integer matrices A and M integrally equivalent if there exists an integer unimodular
matrix C such that C"'AC = M. Now, denote

0 2 0o 2
A1:<1 O)’ A2=<_1 0),
I 1 0 2
() s (000)
Lemma B. Let M be an expanding 2 x 2-matrix satisfying (1). If det M = —2 then M is inte-

grally equivalent to Ay. If det M = 2 then M is integrally equivalent to one of the following
matrices: Ay, £A3, £A4.
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On the other side, a complete characterization for expanding 2 x 2-matrices satisfying (1) and
M'=nI forsomel,neN “)

is given in [6]. Their answer is given in the following theorem where they do not write the trivial
case that M is a diagonal matrix.

Theorem C. Given l,n € N, an expanding 2 x 2-matrix which satisfy (1) and (4) exists if and
only if there exist two numbers A1 # Ay whose sum and product are integral and satisfy All =
Alz = n. Furthermore, then )1 and ), are the eigenvalues of the matrix M in (4).

The following corollary is a classification of the expanding matrix M satisfying (1), det M < O
and (4).

Corollary D. Let M be an expanding 2 x 2-matrix satisfying (I) with det M < 0. Then M sat-
isfies condition (4) if and only if trace M = 0 and det M = —n. Especially

M? =nl.
Moreover, they give a classification of the expanding matrix M satisfying (1), det M > 0 and
(4). They write the following theorem with the restriction to the case that the eigenvalues are

complex numbers because in other way, by (4), M is a diagonal matrix. Here, / will denote the
minimal index for which (4) holds, i.e. they neglect the trivial cases generated by powers of

CF

Theorem E. Let M be an expanding 2 x 2-matrix satisfying (1) withdet M > 0 and eigenvalues
M ¢ R,i =1,2. Then condition (4) can only hold for | = 3,4, 6, 8 and 12. These cases can be
classified as follows:

M3 =nl zfandonlyzftmceM=—nl/3 and det M = n*/3,

M* =nI if and only if traceM = 0 and det M = n'/?,

MS =nI if and only iftraceM:nl/6 and det M =n'/3,

M3 =nI if and only if (trace M)?* =2n'"* and det M = n'/*,

M'Z =nI if and only if (trace M)* =3n'% and det M = n'/®.

Moreover, the following factorization of expanding integer matrices for some particular cases
appears in [6].

Theorem F. Every expanding 2 x 2-matrix M satisfying (1) with det M = —2°,s € {1, 2, 3},
which satisfies (4) possesses a factorization
M =ADPA™',

where A is a unimodular matrix, P a permutation matrix — that is, (PX); = xy, for some permu-
tation 7w of {1, ..., d} and for allx € R?, — and D is a diagonal matrix with entries d; € 7 along
the diagonal satisfying |didx (i) - - dya-1y| > 1 foreachi =1, ...,d.

Furthermore, in [5], the following lemma is proved.



1508 Sz.Gy. Révész, A. San Antolin / Linear Algebra and its Applications 429 (2008) 1504—1521

Lemma G. Suppose that M is an expanding d x d-matrix satisfying (1) with the property
M4 = +21.

If there exists a representative e € Zd/MZ‘l, so that the matrix (e, Me, . . ., Mdfle) is unimod-
ular, then M possesses the factorization

M = ASITA™',

where A € SL(d, 7), S = diag(£2, £1, ..., £1) and Il is an irreducible permutation matrix.

If M is an expanding d x d-matrix satisfying (1) with the property M? = 21, a family of
compactly supported pairs of dual wavelet frames have been constructed from interpolating scaling
functions in arbitrary dimensions with arbitrarily high smoothness satisfying many optimality
conditions (see [9]). Some results for interpolating scaling functions, although not that closely
related to our topic, can also be found in [7,8]; in particular, the examples in [8] cover MRA even
for some non-self-adjoint matrices, like the quincunx matrix.

2. Basic notions

As a general reference regarding linear algebra, we refer to [11,13]. For further use, and to fix
notation, let us briefly cover some basic facts.

Given r > 0, we denote Q, = {x € R4: |xi| <r Vi=1,...,d} the cube of side length 2r
with the center in the origin.

Given a map A, we write d4 = | det A|. If A is a matrix of an expansive linear map, then
obviously d4 > 1. The volume of any measurable set S changes under A according to |[AS|s =
dalSla.

A subspace W C R? is called an invariant subspace under A if AW C W. As is usual, W is
called the orthogonal complement of W with respect to the canonical inner product on R?. The
orthogonal projection of w onto W is Py (W) :=u.

Let Wy, W, be vector spaces then Wy @ W, is the directsumof Wy and W, If A ;;: W, —> W,
u = 1,2 are linear maps, then we denote by A} ® A, the map on W; & W, defined for any
wyeW,, u=12as (A4 ® A2)(W1 +Ww2) = A1wj + Arwo.

If W is an Euclidean space and A: W — W is a linear map, then A* will be the adjoint of
A. A is a self-adjoint map if A = A*. Let A, Ap: W — W be two linear maps. A| and A, are
said to be simultaneously diagonalizable (see [13, p. 177]) if there exists a basis uy, ..., ug of W
such thatw;,/ =1, ..., d, are eigenvectors of both A and A».

The Spectral Theorem for self-adjoint maps (see [11, Theorem 1, p. 156]) tells us that for
any self-adjoint linear map A on RY,if By < --- < Py are all the distinct eigenvalues of A with
respective multiplicitiesmy, . .., mg,thenforeachi = 1, ..., k, there exists an orthonormal basis

Wng4oodmy 415« o gt dem; _ 1 4-m; 5
where mo = 0, for the subspace U; of all eigenvectors associated with the eigenvalue §;, moreover,
then R = U; @ - - - @ Uy with

Ui = [Um0+-~-+m,_|+1a cees um0+---+m,-_1+m,-]

being mutually orthogonal, invariant subspaces. Furthermore, we can then write A = ®£.‘: 1Ai
where A; := A|y, are homothetic transformations x — 8;x,Vx e U;,i =1,...,k.
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For a general linear map M on R?, one can similarly find a decomposition RY = U; @ - - - @ Uy
of invariant subspaces, which, however, is not necessarily be an orthogonal decomposition, see
[11, Theorem 2, p. 113].

Recall that a linear map A: R?Y — R? is called positive map if it is self-adjoint and all its
(necessarily real) eigenvalues are also positive.

Let J: RY — R? be a positive map having a diagonal matrix J and let A1, ..., A4 € [0, 00)
be the elements in the diagonal. Then, if A: RY —> R? is a linear map such that A = CJC !
where C is a d x d invertible matrix, then the powers A’, ¢ € R are defined as A’ = CJ'C!,
where J' is a diagonal matrix with elements A, ..., A; in the diagonal.

3. Properties of sets having 0 as a point of A-density
The next monotonicity property is clear.

Proposition 3. Let A: R? —> RY be an expansive linear map. Let E, F C R? be measurable
sets suchthat E C Fand E € 4. Then F € & 4.

In the following propositions we give different equivalent conditions for the origin to be a
point of A-density for a measurable set E C RY. Put E€:=R? \ E.

Proposition 4. Let A: R¢ —> R? be an expansive linear map. Let E C R be a measurable set.
Then for any r > 0 the following four conditions are equivalent:

) . |[ENAT/ B4
i lim ———~ =1; (5)
j—o  |ATIB)|gq
(i)  lim |A’EN B4 =|B/la; (6)
J—>00
 |E‘NATIB
(i) lim ———— =0; (7
j—oo  |AT/Bilg
(iv)  lim |A/E°NB,|s=0. )
j—o0

Proof. (i) < (ii) This is a direct consequence of the fact that for any » > 0, and for any j € N
|EN A_jBr|d _ |AjE N Byla
|A=/B/la |Brla
(i) < (iii) Obviously, for any » > 0, and for any j € N

_ENATB/ g | [ECNATI Bl
| A=) Byl4 |A=/Brla

(iii)) <= (iv) This follows since for any » > 0, and for any j € N

|ENA™/Byla _ |AVESN Brlg

- = O
|A_]Br|d |Br|d

Corollary 5. Inorderto E € & 4, the validity of any of the above conditions (1) —(iv), but required
forallr > 0, are necessary and sufficient.
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Two sets are termed essentially disjoint, if their intersection is of measure zero.

Corollary 6. For any expansive map A and two sets E, F C RY, which are essentially disjoint,
at most one of the sets can belong to & 4.

Proof. Assume, e.g. E € £4. Note that F € &4 if and only if F:=F \(ENF) e &4, since
deleting the measure zero intersection does not change the measures, hence neither the limits in
the definition of £4. But F C E€, and E € & 4 entails that the limits (iii) and (iv) in Proposition 4
are zero, hence E€ ¢ & 4. Obviously (or by the monotonicity formulated in Proposition 3), then
neither F C E€ can belongto & 4. Whence F ¢ &4. 0O

Proposition 7. Let A: R? —> R? be an expansive linear map. Let E C R? be a measurable set
and assume that for a certain ro > 0 some (and hence all) of conditions (i)—(iv) of Proposition 4
are satisfied. Then E € & 5. Conversely, if for any ro > 0 any of the conditions (i)—(iv) of Prop-
osition 4 fails, then E ¢ & 4.

Proof. Letr € Rand0 < r < rg,andlet j € N\ {0}, then A JB, Cc A7/ B,,, hence by condition
(iii)
|ESNA™Brla _ <ro)d |ECN A~/ Byla

- g —> 0, when j — 4o00.
|[A=) Byla |A=J By la

r

Nowletr € Randr > rg, andlet j € N\ {0}. Asthemap A is anexpansive map,Im = m(r) € N
such that B, C A™ B,,,. Then similarly to the above

|ECNAT/Brla _ | ECD AT/ By la
|A=iBla " |ATIMBla

—> 0, when j — 4o00. O

Proposition 8. Let A: R? —> R? be an expansive linear map, and let E C R? be a measurable
set. Assume that K C R? is another measurable set, and that there exist ri,ry where 0 < r| <
ry < oo such that B,, C K C By,. Then E € &4 if and only if

IENAT/ K|y
im ——— = 9)
j—oo |AT/K|g4
or equivalently
[ECNA/K|g
L — (10)

im -
j—oo  |AT/K]|g
Proof. (=) In view of the condition B,, C K C B,, we have
|[ESNA/Kla _ . |[ESN A~/ By, l4

lim sup ——————— < lim sup -
Jj—> 00 [A=/K g h j—>o0 |A_jBr| la

d . —j
E‘NA™/B
< <r_2> lim |.—’2|d =0,
ri) j—o  |ATIBla

because E € &4.
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(<=) Again, by assumption we have

|ECN A/ B, |4 _ (r_2>d i |E°NAKla _
j—>00

lims .
e A=K,

j—>00 |A_jBr1|d

’

ri

using now (10). Finally, Proposition 7 tells us that the origin is a point of A-density for E. [

Lemma9. Let A: R? — R be an expansive linear map. Assume that Y C [R{d, YERP 1K
p < d, is an invariant subspace under A, and that also Y= is an invariant subspace under A.
Let E C R? be a measurable set of the form E:=Y + F, where F C Y. Then E € &4 if and
onlyif F € 4, .

Proof. As R = Y @ Y, and moreover, the subspaces ¥ and Y are invariant subspaces under
A, wecan write A = Aly @ Aly..

Weput K :=K;| + Ko, where K1:={y € Y:|ly|| < 1},and K7 :={y € Y+ llyll < 1}.Observe
that K satisfies the conditions of Proposition 8.

With this notation, given j € N we arrive at

ENATK=(+F)N(Aly ® Aly) ™/ (K1 + K2)
= (Y + F)N(Aly) /K1 + (Aly1) ' K2)
= (Aly) /K1 + (F N (Aly) 7/ K2).
As the summands are subsets of ¥ and Y+, respectively, this last sum is also a direct sum. Hence
we are led to
[EN(AK)la _ |FN(Alyr) 7 Kala—p
IA=IKla  [(Alyr) I Kala—p
Taking limits and applying Proposition 8 we conclude the proof. [

Lemma 10. Let A, Ay: R¢ —> R? be expansive linear maps and assume that W C R is a
subspace of R? such that both W and W+ are invariant subspaces under both Ay and A,. If
éaAl = éaAz then gAl\W = éaA2|W.

Proof. We consider the cylindrical sets E = F + W=. According to Lemma 9 we know that
E € @@Au «<— F ¢ é’AMW, u = 1, 2. Therefore, the lemma follows. [

Lemma 11. Ler A, A”: RY —> R? be expansive linear maps and suppose that there is a linear
map C: RY —s RY with dc > 0, such that A’ = C~YAC. Moreover, let E C [R{d, |E|lg > 0, be
a measurable set. Then E € & 4 if and only ifC_lE €&y, ie.Epa=CEy.

Proof. A, A’, C and C~! are invertible linear maps, thus we have that for any j € N \ {0}
((CT'E)NA"/Bila _ |E°NAT/CBila
A=iBils [ATICBils
Moreover, as C is an invertible linear map, there exists 0 < r; < r, < oo suchthat B, C CB; C
B,,. Therefore, the statement follows from (11) and Proposition 8. [

(1)

A direct consequence of Lemma 11 is the following corollary.
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Corollary 12. Let A1, A>: RY — R? be simultaneously diagonalizable expansive linear maps.
If|)L§1)| = |A§2)|,i =1,... ,d,where)ngm, w=12i=1,...,daretheeigenvalues of A, u =
1,2, then

Epa = Ep,.
Proof. As A; and A, are simultaneously diagonalizable, there exists a linear map C: R¢ — R?
with dc > 0, such that A, = C_IJMC, u =1,2. From Lemma 11, we know that

5,4' :£A2<:>(a@]1 :512.

Finally, &, = &, is true because from |A£l)| = |)»§2)|, i=1,...,ditfollows that forany j € Z
and for any r > 0 we have J{ B, = J; B,. O

4. Some particular cases

Lemma 13. Ler A: R> — R? be a diagonal, positive, expansive linear map with the corre-
sponding matrix

(A1 O
A_<O )»2)’ AM,Am2€eR, 1 <A,

Let for any o > 0 E4 C R? be the set
Eo = {(x1,%2) € R |xa| > |x1|*).

Denote o1 p:=0t1 2(A1, A2) :=logAa/logAi. Then Ey € & 4 if and only if o > oy 3.
Proof. For any j € N\ {0}, and because of the symmetry of the sets ES and A~/ Q
. M N .
|ESNAT Q1 = 4/ f Ly <xey dxadxy = 4[ min(x{, A;J)dxl (12)
0 0 0

for any value of « > 0. Let us consider first the boundary case « = a1 2. Then x(f”‘z < kl_jal‘z =

—7 . .. o
A5, hence the minimum is just x| ", and we get

)\171 )\'_.j(a].2+l)
ES NA~J =4 x 2y =4——
B nAT ok =4 [ an —
Therefore
Eg,NAT ik M _ ) _
[A=7 012 A{(al’ﬁl)(al,z +1) a2+ 1\a)"? ajp+1

in view of A, = )ffl’z. The quotient of the measures on the left being constant, obviously the limit
is positive but less than 1, hence by Propositions 8 and 4 (i), (iii) neither Ey, ,, nor its complement

E;, , canbelong to &4.

Note that when o > a1 2, then x‘l" < x‘f“'2 (as x1 < 1), hence in (12) the minimum is again x‘f‘.
Therefore, a very similar calculation as above yields

. |ESNATIQ1] 1 . A\’
lim - = lim | — ) =0,
j—>00 |[A=7 Q1|2 a+1j— )\.1
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because now we have A, /1{ = A‘fl’z_a < 1. Whence Propositions 8 and 4 (iii) now gives E, €

Ea.

Finally,leta < o1 2. Observe that the coordinate changing isometry of R? provides a symmetry
for our subject: changing the role of the coordinates we can consider now Eg:={(x1,x2) €
R2: [x1| = |x2|ﬂ}. Then obviously E = int El/a C El/a, and @12 = a1 =logh/loghy =
1/a1,2, hence from the previous case and Proposition 3 we obtain E_, € 4. Butthen E, ¢ & 4.
That finishes the proof of the Lemma. [

Lemma 14. Let A: R¢ —> R? be a positive expansive linear map. With the notation in Section 2,
given § > 0, we define the measurable set

Gs ={x=y+zyelU,ze U]L, llzll < Sllyll}

k
= {X=Zyi:yi eUni=1,....kllyz+---+yxl <8lyal ¢
i=1

Then in case dim Uy < d, i.e. when not all the eigenvalues are equal to B, we have Gs € & 4.
Proof. Clearly, |B1 N Gslqg = fB1 16, dx, and 16; —> 1« a.e. when § — oo, so by the Lebes-
gue dominated convergence theorem we conclude

lim |B; N Gslg = |Bila. (13)
§—>00

Next we prove that for any given § > 0, G, s C AGs. We can write AGs as
A1

k k
AGs = {Zﬂiyi:yi eUni=1....kY lyil’< 62||y1||2}

i=1 i=2
k k 1 1

= zigieUni=1,.... kY —lz|* <8—|zl’}.
i=1 i—2’3i ’81

Letx e Gﬁ23~ Then
B

1 1 1
X =1z + - +z such that — |lz* + -+ + — |z > < =8|z |

B> 2 Bi

and as 8; > B2,i =3,...,k, then

1 1 1 1 1

Szl +- 4+ 2l < —lzl® + - + — lzl* < =8z )%

B3 B B3 5 Bt

Hence we arrive at x € AGs proving G g, s C AGg indeed. If now we iterate this and use (13),

B
we infer

lim |IBi N A Gglg > lim |BlﬂG(&)j5|d:|Bl|d,
J—>00 J—>00 ﬁl
so by Propositions 4 (ii) and 7 we get Gs € §4. U

Lemma 15. Ler A: RY — R? be a positive expansive linear map, and similarly to Section 2
let the different eigenvalues be listed as 1 < B < --- < B, Ul C R? being the eigenspace
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belonging to B1. Moreover, let V C U]L be any subspace of R4 orthogonal to Uy, and write
W:=(U; ® V)L. We finally set for any § > 0

Fs={x=u+v+wuelU;,veV,we (U & V)L, vl < &|lal|}.
Then F5 (S gA.

Proof. We can combine Proposition 3 and Lemma 14, because G is contained in Fs. [

5. The main result

Theorem 16. Let A, Ay: RY —> R? be positive expansive linear maps. Then & A, = &G, ifand
only if 3t > 0 such that
(AD)' = A,

For the proof of Theorem 16, we first settle the case of diagonal matrices in the following
lemma. After that, we will apply the spectral theorem to prove even the general case.

Lemma 17. Let A, Ay: RY — R? be positive diagonal expansive linear maps with the corre-
sponding matrices

MWW 0 0
()
A =0 M0 0}
o 0 0 ... W

where XE“) e R, 1 <)L§“) gxg") <. gk;“),foruz 1,2. Then &a, = &, if and only if
3t > 0 such that

(A1) = A

Proof. (=) For an indirect proof, we assume that it is false that 37 > 0 such that(A;)" = A;. Then
i, € {l,...,d},i <1, suchthat A\ ") = 1® and A {")2 = 2P with 0 < 11, 12 but 11 # 1,
ie.

In )»52) In kl(z)

|1 =—— g3 7T —qm =~
In AEI) In kl(l)
or equivalently
A A

ol .= o) = —=-.
102D e

Without loss of generality, we can assume that (1 <) o) < ap. Let ¢ > 0 and let us define
Fi={(xi, x)) € R* |x;| > |x;]*)
and

E:={x=(x1,....x0) € R x| > x| x; € R( #i.D)}) = F @ RI™2,
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Then Lemma 9 tells us that Eeé)Aﬂ, u=1, 2<:>F6@@MM, u=1, 2, where My, MZ:R2 s R?
are expansive linear maps with matrices

()
A; 0
M,=1" , =1,2.
' (0 kz‘“’) ’

However, making use of o1 < oz, we can choose a value o] < o < «p, and then Lemma 13 gives
F € &y, but F ¢ & y,, contradicting to the assumption &4, = & 4,.

(&) As Ay = (A))! if and only if A} = (A2)V/1, it suffices to see that Ea, C Eay. Solet
E €&,

Since A is a positive, expansive diagonal mapping, obviously for any 0 < s < 1 we have
By C (A1)°B; C A1 B;. Now write, for any j € N\ {0}, the exponent ¢j as tj =[; —s; with
lj:=Ttj1, the least integer > tj, and s; :=[tj] — tj € [0, 1). So we have

ENAY Bl ES0A B BN A] T B

- = A
—j —lj+s; = A —1j+1
|A, 7 Bila |A; 7 Bila |A, 7 Bila

Since {—I; + 1} en is an integer sequence and —/; + 1 — —oo when j — oo, by condition
E € & 4,, Proposition 4(iii) entails that the right-hand side converges to 0 with j — oo, whence

im (ENA Bl
= 1Ay Bl

According to Proposition 7 this means E € §4,. U

Lemma 18. Let Ay, Aj: RY — RY pe positive expansive linear maps such that &a, = &€ 4,.
Then dim(U " NUP) > 1.

Proof. Assume the contrary, i.e. U(l) N Ul(z) {0}, hence V := U(l) + U(z) = U(l) @ Ul(z). Re-
call that by definition both U, (M and U, @) are of dimension at least one, and now dim U, M 4

dim U, @ _ dimV: = p < d, hence now neither of them can have full dimension. Without loss of
generality we can assume V = R”. First we work in V. Denote V,, := (Ul(“ ))L
complement understood within V) for u = 1, 2.

If S is the unit sphere of V, S:={x € V:|x|| = 1}, then by he indirect assumption also the

(the orthogonal

traces T, :=SNU 1(“ ) are disjoint for u = 1, 2. As these sets are compact, too, there is a positive

distance 0 < p:=dist(Ty, T2) < /2 between them.

Let us fix some parameter 0 < « < 1, to be chosen later. Next we define the sets
UM, v e Vi, IVl < cllull} (n=1,2).

We claim that these sets are essentially disjoint, more precisely K1 N K, = {0}, if x is chosen
appropriately. So let now 1 = 1 or = 2 be fixed, and consider any x € K, with y :=||x|| # 0,
i.e. x € K, \ {0}. From the representation of x as the sum of the orthogonal vectors u and v,
we get [[ull < [l = vlull? + [V < v/ul? + €2[[u]?> = vT+ «2|lul. We put 8:= |[u]. Let
now y:=(1/y)x € S be the homothetic projection of x on S. Then

aisy. 7)< [y - gu| < v = ) + | x5
ist(y, <|ly—-—=u y— =X —-X——u
g p B BB

‘I—E —||V|| W14+k2-1) 4+« <2k

K, :={u+viue
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Therefore, if we choose k. < p/4,theny fallsin the p /2 neighborhood of 7}, whence the homothet-
ic projections y,, of elements x,, € K, u = 1, 2, can never coincide. But K, are cones, invariant
under homothetic dilations, therefore, this also implies that K1 N K, C {0}, as we needed.

Let us write W := (Ul(l) ® Ul(z))J-. Now we consider the sets

Hy, =K, ®oW={x+wxeK,weW}
=ut+vtwueUM veViweW vl <«lul} (u=12)

which are also essentially disjoint, as H; N H, = W and |W|; = 0 because dim W < d. These
sets are exactly of the form Fj in Lemma 15, thus H, € &4 " for u = 1, 2. It remains to recall
Corollary 6, saying that essentially disjoint sets cannot simultaneously be elements of the same
‘”@Aw that is, Hy € &4, but then Hy ¢ &4,, and Hy € &4,, but Hy ¢ & 4,. Here we arrived at a
contradiction with & 4, = & 4,, which concludes our proof. [J

Lemma 19. Ler Aq, Ay: RY — RY be positive expansive linear maps such that &4, = &€ a,.
Then Ay and A; are simultaneously diagonalizable maps.

Proof. We prove the lemma by induction with respect to the dimension. Obviously, the lowest
dimensional case of d = 1 is true. Now let d > 1 and assume that for any two positive expansive
linear maps M1, M>: R? — R4 such that & M, = & m,, My and M, are simultaneously diagonal-
izable. We will prove that the statement is true for dimensiond + 1. Let A, As: RItl . Rd+]
be positive expansive linear maps such that &4, = §4,. From Lemma 18 we know that there
exists a one-dimensional subspace, say [u], so that [u] C U 1(1) NnU 1(2) .

As u is an eigenvector of the positive self-adjoint linear maps A and Aj, [¢] is an invariant
subspace of both Aj and A, and we have that also [#]+ is an invariant subspace under both A and
As. Hence from Lemma 10, we obtain that &'y, = &'y, where M ;i = A, lfujts # = 1, 2. Then by
hypothesis of induction we know that the positive expansive linear maps My, M»: (U]t — [u]+
are simultaneously diagonalizable maps. Furthermore, as we can write A;, = A, |, ® My, n =
1,2, and u € [u] is an eigenvector of A and A;, we can conclude that A| and A, are simulta-
neously diagonalizable maps. [

Proof of Theorem 16 (<) From the spectral theorem we know that there exists a linear map
C: R4 — RY with dc > 0,suchthat A} = CJ,C~! where J;: R?Y — R4isan expansive linear
map with corresponding matrix

AP0 0 -0
(1)
I = 0 A, o --- 0 ’ AE”GR, 1<k§”<)\(2”<~-~<)»;1).
(¢))
0 0 0 - A

According to the condition Ay = A} with# > 0, we can write the corresponding matrix of the
map Aj as Ay = C(Jp)'CL.
Lemma 17 tells us that &5, = &(;,):. Also we have the equivalence

Ey =8y = CEj, =CE -
Finally, Lemma 11 implies C&'j;, = &4, and C&'(,yr = & a,, hence

Céy =CEyy = 6 =En,.



Sz.Gy. Révész, A. San Antolin / Linear Algebra and its Applications 429 (2008) 1504—1521 1517

This concludes the proof of the (<) direction.

(=) According to Lemma 19, there exists an orthonormal basis for R4 ,up, ..., uy,such that
Aj and A, have acommon diagonal representation matrix C in this basis. More precisely, the linear
map C: RY — Rd,has matrix C :=(uy, up, ..., uy) (Wherew;,/ = 1, ..., d are column vectors,
formed from the common eigenvectors of A1 and A;), and we can write A, = CJ,C - u=1,2,
where J;;: RY — R? are expansive diagonal linear maps with the corresponding matrices being

MWWeooo 0 o0
()
0 0 0 ... W
Note that dc = 1 > 0 because the orthogonality of the column vectorsw; (! =1, ..., d).

From Lemma 11, we get

6 =64, CE), =CEj, = &), =6y,
And finally, Lemma 17 tells us that

&y, = &y, < 3t > O such that (J;)' = J».

Therefore, we can write A, = C(J1)'C~' = (A;)", which concludes the proof of
Theorem 16. [J

For a slightly more general result, let now A, A>: RY — RY be self-adjoint expansive linear
maps, without assuming that they are positive. We now consider the diagonal matrices:

W00 0
()
] R A 14
0 0 0 - A

where A, = CMJMCIIl, u = 1,2, with some invertible mappings Cy, C>: RY —s RY. Let us
denote

W o 0 -~ 0
(1)
e IR F as)
0 0 0 - Y

Then as a consequence of Theorem 16 and Corollary 12, we can say the following.

Corollary 20. Let Ay, Ay RY — R? pe self-adjoint expansive linear maps. Let C1, C2: RYI— R4
be such that A, = C,J, ;1, w =1,2, where J, are the respective diagonal maps as in (14).
Then & 5, = & a, if and only if 3t > 0 such that

(AD" = Aj,

where A, = C,J},C;;)", = 1,2, with J], in (15).

6. Application to multiresolution analysis

In this section we study equivalence among expansive matrices satisfying (1). In general,
the problem is still open. We look for some description of self-adjoint expansive linear maps
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Ay, Ar: R — R? satisfying (1), such that & A, = & ,.Hence we can get equivalent self-adjoint
expansive linear maps for MRA.

Above we obtained that if Aj, A>: RY — R? are expansive positive linear maps, then & A =
& a, if and only if there exists # > 0 such that Ay = (A)". The general case of self-adjoint maps
reduces to this case according to Corollary 20, so in the following discussion we restrict to this
case of positive equivalent mappings. To meaningfully interpret the general requirement, one
assumes &4, = &4, — so according to Theorem 16 we have A; = (A", t > 0 — and now we
look for further properties to ensure (1), too. So in the following let us assume that (1) is satisfied
by A1 and by A».

To fix notations we have already settled with choosing Z¢ to be the fundamental lattice for
our MRA. Therefore, we can assume that A is written in diagonal form in the canonical basis of
74 (otherwise considerations should change to the fundamental lattice spanned by the orthogonal
basis of eigenvectors for Aq). As a consequence of Ay = (A1), also A is in diagonal form
with respect to the canonical basis. Therefore, (1) means that we require these diagonal entries —
eigenvalues of A, —belong to Z, or, actually, to N as they are positive matrices.

In case all eigenvalues of A are equal, i.e. ,3](1), by A, = (A1)" we have the same property also
for A;, and the equation we must solve is that ,31(2) = (/31(1))’ e N and ﬁfl) € N simultaneously.

Clearly, with t := log fz) / log ,Bfl) this can always be solved, so any two integer dilation matrices
define equivalent MRA. Let us remark that in the thesis [20] there is a complete analysis of
equivalence (with respect to the notion of points of A-density) to the dyadic dilation matrix,
among all expansive linear mappings, self-adjoint or not. However, our focus here is different, as
here we consider, under assumptions of self-adjointness, equivalence of arbitrary, not necessarily
dilation mappings.

In the general case when A (and hence also Aj) are not dilations, there must be two different
entries (eigenvalues) in the diagonal of A (and of A). As equivalence is hereditary in the sense
that the restricted mappings on eigensubspaces of A, must also be equivalent, we first restrict to
the case of dimension 2.

In dimension 2, we thus assume that A has diagonal elements a # b belonging to N \ {0, 1}
and zeroes off the diagonal, and we would like to know when do we have with some ¢ > 0 that
a,b,a’',b" € Z (or € N). Obviously, if t € N \ {0} then this condition holds for any a, b € N.
Also, in case a and b are full gth powers, we can as well take r = p/q € Q with arbitrary p € N.
That system of solutions —a = «?,b = B9,t = p/q with «, B, p € N — form one trivial set of
solutions for our equivalence.

Another trivial set of solutions arises when b = a* with some k € N. Then it suffices to have
a' € N, which automatically implies ' € N. More generally, if b = a*/™ is a rational relation
between a and b, then by the unique prime factorization we conclude that a is a full mth power and
that b is full kth power, and again we find a system of solutions for all € () of the form ¢t = £/ k.

All these trivial solutions can be summarized as cases of rational relations between a, b and
t: once there is such a relation, one easily checks, if the respective matrix entries really become
integers. So we find that systems of trivial solutions do exist if either ¢ is rational, or if log a and
log b are rationally dependent (are of rational multiples of each other). We can thus call these cases
the trivial equivalence of self-adjoint expansive linear maps with respect to MRA construction.
These explain the next definition.

Definition 21. Let A, (i = 1, 2) be two self-adjoint expansive linear maps, with A, = C,,J,,C —1
where J,, are the respective diagonal maps as in (14), and A;L =Cy JI’LCIII, uw=1,2, with J//L
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in (15) for u = 1, 2. We say that A| and A; are trivially equivalent, if either (A])" = A, with a
rationalt = p/q € @, withall diagonal entries || € N (j = 1, ..., d) being full gth powers (of

some, perhaps different natural entries), or if with some natural numbers a, b € N we have |)»§.1) | =

ai withn; e N (j =1,...,d) satisfying (n1,...,nq) = ¢, and with t =m/q -logb/loga,
where m € N.

With this notion we can summarize our findings in the next statement.

Proposition 22. Let A1, A»: RY — R? be self-adjoint expansive linear maps, with Ay =
Cy JMC;I, w=1,2, where J, are the respective diagonal maps as in (14). Then according
to Corollary 20, &4, = & a, if and only if there exists t > 0 such that A = A, where A}, =

CuJ I’L C " 1 w=12 withJ /L in (15). Moreover, if the respective matrices are trivially equivalent

in the above sense, then they both satisfy (1), and thus form two equivalent expansive linear maps
for MRA.

The next question is to describe solutions of (1) for @ and b in the diagonal of a 2 by 2 matrix A
with linearly independent logarithms over (0, and r ¢ (). We can conjecture that such equivalences
do not occur, i.e. if A| and A are equivalent positive expansive matrices in R>*2, satisfying (1),
then they are from the above described trivial classes (including, of course, both the cases when
A, are dilations, as then a = b, and when A| = A, as then ¢ = 1 is rational).

We cannot prove this conjecture, but we can say that a well-known conjecture of number theory
would imply this, too. Namely, we can now recall the so-called “Four Exponentials Conjecture”,
see e.g. [22, p. 14].

Conjecture 23 (Four Exponentials Conjecture). Let x1, x2 be two Q-linearly independent complex
numbers and y1, y» also two Q-linearly independent complex numbers. Then at least one of the
four numbers

exp(xiy;) (=1,2,j=12)

is transcendental.

Indeed, if the conjecture is right, we can choose x| :=loga, x2:=logh, y;:=1 and y,:=t¢.
If x; and x; are linearly independent over Q and y; and y; are also linearly independent over
Q, then either of the four numbers a = e'°84_ } = ¢log? 4! — e!loga ypg p! = !198? mygt be
transcendental, therefore, one cannot have a, b, a’, b’ € Z. So in case the Four Exponentials
Conjecture holds true, we must necessarily have either a = b? where ¢ € Q, or ¢t € Q.

The same argument can be implemented even in dimension d.

Proposition 24. Assume that the above Four Exponentials Conjecture holds true. Then the two
self-adjoint expansive linear maps A1 and A, generate equivalent MRA if and only ifthe conditions
of Proposition 22 above hold true: (A’l)’ = A’2 and, moreover, A1 and Aj are trivially equivalent
matrices.

Proof. Assume firstthats ¢ Q. Then ¢ and 1 are linearly independent (over Q), hence for any pair
ofiindices 1 < j, k < d applying the Four Exponential Conjecture we conclude linear dependence

of xy == log |\ and x := log [a "], i.e. 2| = |2\ "4#/%54, with 7 ¢ 5.4 € N. Soin view of
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the unique prime factorization, | A;l)| = aj’kk (and also |A]((1)| = a;:f}(k) with some o ; € N. Now,
foreachk € {1, ..., d} we compare the different expressions |k,({l)| = oz;{’,f, je{l,...,d}, thus,
taking the l.c.m. of the numbers r; s, j = 1,...,d we can define ry:=[---r;x ---] and, again
from the unique prime factorization, we find that |)L,(<])| must be a full r;th power, i.e. |k,({1)| =
a,ﬁk with some o € N. Consequently, for any fixed pair of k, j € {1,...,d}, a,ﬁ’( = |A,((1)| =
|A(1.1) |Fik/sik = (oz;j )'ik/Sik | so again by the unique prime factorization all the as have the same
prime divisors, and we can write |)»,((1)| = o (withsome ¢ € Nandu; € N)fork=1,...,d.
We can even consider v := max{u: o = a*, a, u € N}, and with this v write |X,(<1)| = a"k, where
ng:=vur (k=1,...,d).

Observe that the same reasoning applies to the diagonal entries of the second matrix A/, hence
we also find [1.{”| = b™, where b € Nand my € N (k= 1,...,d).

Now write (n1, . .., ng) =¢q, and apply the equivalence condition (A1)! = Ajto gettny loga =
mylogbforallk =1, ..., d. By the linear representation of the g.c.d, we thus obtain tg loga =
mlog b, where m € N is a linear combination of the exponents m; (and hence is divisible by
p:=(my,...,mg)). In any case, we have obtained the case t = m/qloga/logb of the trivial
equivalence above.

Second, lett = p/q € Q. Then, foreach j = 1, ..., d, we have the equation |A§.2)| = |A5.1)|t =

|k5.1)|P/q, SO |)»5.2)| = af and |A(/.1)| = a?, with a; € N otherwise arbitrary: and this is the other
case of trivial equivalence, as defined above. [J

In all, we found that under the assumption of the truth of the Four Exponentials Conjecture,
equivalence with respect to the notion of A, -approximate continuity (or, equivalently, A, -density
at 0) and fulfilling condition (1) implies trivial equivalence of the expansive self-adjoint linear
matrices A and Aj.
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