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Abstract. Let T = R/27Z be the circle group, C(T) be the set of continuous
functions on T, and 7 be the set of the trigonometrical polynomials. Let
f € T be nonnegative, even and positive (semi)definite. In number theory
and analysis itself various extremal problems are related to the determination
of the least or largest possible value of f(0) under various conditions on the
degree, spectrum set, or the value of some prescribed coefficients. We define

Fla) ={f € C(T): f(z) ~1+acosx+2ak coskz > 0 (Vz),
k=2
ar >0 (k€N)}

and the extremal quantity

a(a) = inf{f(0) : f € F(a)}.

The aim of the paper is to collect as much information about «(a) as possible.
Although the motivation of studying «(a) stems from the application of «(a)
to extremal problems, e.g. one posed by Landau, we do not describe these
connections here. Let us only mention that the new results of the paper, in
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590 Sz. Gy. REvEsz

particular concerning the behavior of « at a — 2, provide essential help in those
questions. However, the general approach here, and in particular the precise
answer to the problem of estimation of Fourier coefficients of a nonnegative
Fourier series from information regarding the first coefficient, as formulated
in Theorem 2.1, seems to be of independent interest. Special emphasis is
given to the description of a(a) at a — 2. This analysis leads to considerable
improvements upon earlier results of French and Steckin. However, our results
settle only the order of magnitude of a(a), and a precise asymptotic description
remained an open question.

0. Introduction

Let T = R/2nZ be the circle group, C(T) be the set of continuous functions on
T, and 7 be the set of the trigonometrical polynomials. Let f € 7 be nonnegative,
even and positive (semi)definite, i.e. for some n € N

01)  f(z)=ao+» arcoskz>0  (Vz), ap>0 (k=0,1,...,n).
k=1

In number theory and analysis itself various extremal problems are related to the
determination of the least or largest possible value of f(0) under various conditions
on the degree, [F,T,L1,L2], spectrum set, [K-M,Rul,Ru2], or the value of some
prescribed coefficients [L1,12,W,St]. We define

(0.2)

Fla)={f € C(T): f(z) ~ l—l—acosx—l—Zakcoskx >0 (Vz), ax >0 (ke N)}
k=2

and the extremal quantity

(0.3) ala) =1inf{f(0): f € F(a)}.

It is easy to see that for a lying in the interior of the domain of definition for «, (0.3)
is equivalent to a*(a) = inf{f(0) : f € 7 (a)}, and that (0.3) is actually a minimum,
cf. Proposition 4.2 below. Because of this latter minimum attaining property we
choosed in (0.2)-(0.3) the use of C(T) in place of the equivalent formulation with
7.

The aim of the paper is to collect as much information about a(a) as pos-
sible. For the application of a(a) we refer to [R2], where extremal problems posed
by Landau in [L1] are investigated. Although the motivation of studying a(a)
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Minimization of maxima of cosine polynomials 591

stems from these problems, we do not describe these connections here. Let us only
mention that the new results of the paper, in particular concerning the behavior
of a at a — 2, provide essential help in those questions. However, the general
approach here, and in particular the precise answer to the problem of estimation of
Fourier coefficients of a nonnegative Fourier series from information regarding the
first coefficient, as formulated in Theorem 2.1, seems to be of independent interest.

As mentioned above, a special emphasis is given to the description of a(a)
at ¢ — 2. This analysis is far from being trivial, as can be seen from the fact
that even a(a) — oo as a — 2 requires a proof, or that the estimates obtained
lead to considerable improvements upon earlier results of French [F] and Steckin
[St] regarding a problem of Landau, cf. [R2]. However, our results settle only the
order of magnitude of a(a), and a precise asymptotic description remained an open
question.

1. Notation

If we write the symbol of integration without specifying the domain of in-
tegration we always mean integration on T with respect to the Lebesgue measure,
ie.

(1.1) /:/de.

The scalar product of f € C(T) and ¢ € BM(T) is

(12) (fodu) = o [ s

and Fourier coefficients of i (or f) are always

(1.3) ap(p) = (2coskz,du(zx)) = %/Tcos kxdu(x), be(p) = (2sinkz, du(x))

(or the similar integral with f(x)dz in place of du(x)). As we normalize measures
and functions so that their constant term be 1, in our terminology the Dirac delta
measure is the normalized measure with

2n  if z€ H
1.4 o6=296 0.(H) = ’
(1.4) woatm={iT e
for H C T and measurable. This way ¢, has the normalized Fourier expansion
(1.5) dby(x) ~ 1 +22(Coskzcos kx + sinkzsin kx) |
k=1
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592 Sz. Gy. REvEsz

and the even part of ¢, is

(1.6) dv,(z) ~ % (doy(x) +do_(x)) ~ 142 Z coskzcoskx ,
k=1

the “even atomic measure at z”. For the convolution operator we use the same
normalized integration, hence

(17) (f * )z / f(& = t)du(t) = (f(z — 1), dut)),

and fOI‘ even measures
(1.8) (f#u)(z 1+Z a1 Yeoska + by(f) sinkz)  (du(z) = du(—z)) .

In particular, convolution by 6 = (69 = vp) is the identity operator. The
Dirichlet, Fejér and Poisson kernels are

— sin(%)

N X z 2
10 o 10235 (1 ey (DY

sin (%)
and
(1.11) P(m)—1+2ir"cosmc—l_—r2
' A —~ 1—2rcosx+1r2’
respectively.
2. Trinomials
We define
(2.1) Gk)={9€T:9(x)=1—acosz+bcoskzr, a>0, beR}.
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Minimization of maxima of cosine polynomials 593

Lemma 2.1. i) For any g € G(k) rrqlring = [Igliwn]g.
'k

ii) For any non-constant g € G(k) and 0 < z < T with ¢'(z) = 0 either z is
the unique minimum place of g in [0, ], or z is a maximum place of g in [0, 7]
and n%ring = ¢(0). In particular, n%ring = min{g(0),g(z)} for all g € G(k).

Proof. i) For any 2 € R let us choose the unique m € Z for which (2m — )7 <
kz < (2m + 1)7. We have g(z) — g(z — 22%) = a (cos(z — Z2T) — cosz) > 0 and
g(w — 25)

ii) By condition, for a certain 0 < z < % we have

= g(|lz — 23=) since g is even.

(2.2) 0=¢'(z) =asinz — bksinkz.

If b =0,sinz # 0 entails a = 0 and thus g = 1. Hence b # 0, and for ¢(x) = %
we get from (2.2) that

2.3 — = .

(23) = =(2)

ForO0<z <7

(2.4)

() = kcoskxsinix 2— sin kx cos ¢ _ f:iii?k, (m = ﬁ)
sin” @ CoSRTCOST (ktanx — tankz)  (z # 2).

¢ < 0 and ¢ is strictly decreasing, hence (2.3) can hold for no other value of z
in (0, 7] than z itself. It follows that the only zero place of g’ in (0, ] is z and ¢’
changes sign there. If g(z) is a minimum, then it is a strict minimum point on the
whole [0, 7], and if it is a maximum, then the minimum of g in [0, 7] is either g(0)
or g(%). The second alternative can not be the case. Indeed, then rr%ring =9(%)
and hence ¢'(7) = 0, a contradiction if z # 7, while in case z = 7, g(2) = g(})
would be a maximum and also a minimum, hence g would be a constant, a case
excluded already by b # 0. Hence ii) follows. .

Now we define

(2.5) H= H(z), H(z)={heG(k):h(z)=hr(z) =0}
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594 Sz. Gy. REvEsz

Lemma 2.2. i) If g € G(k) is nonnegative but not strictly positive, then g € H.
ii) For 0 < 2z < T, H(z) consists of the single element

(2.6) h.(x) =1—a(z)cosx + b(z) cos kx

ksink i
= DOEE ) = B2 d(z) = kcos zsinkz — cos kz sin z.

—~
[\
EN|
~
S
—~
N
~—
|
U
—~
N
~—
—~
~—
Il
U
—~
N
~—

iii) h € H(0) if and only if

(2.8) h=MXho+(1—XNH, )\2(1—132)(17

where

(2.9) ho(z) =1— K cosz + 1 cos kx
k2 —1 k2 —1

and

(2.10) H(z) =1-coskuz.

iv) Forx € T, x # £z h.(x) is strictly positive for all 0 < z < 7.
v) h € H(0) is nonnegative if and only if (2.8) is a convex combination, i.e.
0<A<1. Forhe€ H(0) and h > 0 h(0) =0 is a strict global minimum of h.

Proof. i) Follows from min g = 0 and Lemma 2.1 i).
ii) For h € H(z), we have by definition

h(z) =1—acosz+ bcoskz,
!/

(2.11) 0
' 0=nh

(z) = asinz — bksinkz,

which is a two by two linear equation for a and b with determinant d(z). For
0<z< %

[ kcos g (z - 2%)
(2.12) d(z) = {COS kzcosz (ktankz —tanz) (2 # &),

hence d(z) > 0 and (2.6)-(2.7) describes the unique solution of (2.11).
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iii) If h € H(0) we have from (2.11) only
(2.13) 0=h(0)=1-a+b

since h is always even and h/(0) = 0 for all @ and b. Now plainly (2.9) and (2.10) are
elements of H(0), and so is (2.8). Conversely, for any h satisfying (2.13), equating
coefficients yields the representation (2.8) with the given .

iv) First let 0 < z < Z. According to Lemma 2.1 ii) it suffices to prove

h:(0) > 0 = h,(z). Now fromkii) (2.6)

ha(0) = d(z) —ksinkz +sinz _ sinz(1 — coskz) — ksinkz(1 — cos z)
e d(z) B d(z)

The denominator is positive and sin z > 0, hence using also the identity 1—cos 2w =
tan w sin 2w we are entitled to check

0<d<z)hz(0):{2 (z=1%

==7)
sin z sinkz (tan 22 —ktanZ) (0<z<I).

Now we pass to the case z = 0. Observe that for z — 0, a(z) — a(0) = kf—il and
b(z) — b(0) = =, hence for any z € T, ho(z) = lin% h.(z) > 0 and ho(0) is a
minimum-place of hg. According to Lemma 2.1 ii) no other minimum-place can
occure.

v) Plainly, if (2.8) is a convex combination, then h is nonnegative. Now
suppose h > 0 and h € H(0). We have from h > 0 that

k )

29m 25m

Z () —k—aZcos( ’ ) +kb=Fk(1+D),
: Jj= 1

and from (2.13) and this we get a > 0 and so also A > 0. Moreover, since h(0) = 0,

h'(0) = 0 and h > 0, we must have h”(0) > 0, i.e.

1

kQ(akab)*iaJr(l a)=1-\,

0< —h”(o) = 2

S92

thus 0 < A <1 and (2.8) is a convex combination. The second assertion holds for
ho and H, and so a fortiori for any convex combination of them. This concludes
the proof. .

In the following we consider nonnegative trinomials. Put

(2.14) Fr={fe€eT:f>0, f(x) =1+ acosz + bcoskzx, a,b € R}.
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Plainly, F}, is a compact subset of C(T), since for any nonnegative trigonometric
polynomial scalar multiplication by 1 4+ cos ma shows immediately that all coeffi-
cients are at most 2 in absolute value.

Now let us introduce also

Zo(k) = {H}U{h::0<2< 2} Ze(k) = {hle + ) h € Zo(k)}
and  Z(k) = Zo(k) U Z.(k).

(2.15)

Lemma 2.3. Let F be any linear functional on C(T). The mazimum of F on Fy,
is attained at some function of Z(k).

Proof. Let
(2.16) F(1) =X, F(cosz) =Y, F(coskzx)=Z

and suppose that F attains its maximum on f*, i.e.

(2.17)

M= rr}_axF =F(f")=X+a"Y +b"Z, where f*(z)=1+4a"cosz+b"coskz.
k

I=m s in Fy, we

Let m = min f*, and suppose first that m > 0. Since also g = 5=

are led to
(218) M=F(f")=F(1—-m)g+m)=(1—-m)F(g) +mX < (1—-m)M +mX,

hence M < X. Further, F(1 £cosz) = X £V, F(1 £ coskx) = X + Z and as
1+cosx and 1+cos kx are in Fy,, weget M > X+Y , M > X+Z henceY =272 =0
and F' is constant M = X on the whole of Fj. Consequently, if m > 0 then any
h € Z(k) is also a maximum place of F, too. Now consider the case m = 0. Then
f* € Fi but f* is not strictly positive. If a* < 0, then f* also belongs to G(k),
hence in view of Lemma 2.2 i) f* € H, and it suffices to show that

(2.19) max F' = max F.
H Zo(k)

This follows from (2.5), (2.15) and Lemma 2.2 iii) and v) since

171{1(86))(1‘7 = OrgnAai(lF (Mo + (1 =N H) = max{F(hg), F(H)}.

Finally if a* > 0, we consider the modified functional
(2.20)
F(f(x))=F(f(z+n)=X—aY +b(-1)*Z (f(z) =1+ acosz + bcoskz).
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F. is translation-invariant, hence max F' = max F' on Fj. Moreover, F' attains its
maximum on

(2.21) f(z)=f*(z—7m)=1—a"cosz+ b*(—1)Fcoskx = 1+ acosz + beoskzx ,

hence the argument for the case a* < 0 works for F, f and @ = —a* < 0. We gain
that
(2.22) max F' = max F = max F .

Fr Zo(k) Zx(k)

This concludes the proof of Lemma 2.3. .
Note that the same statement holds true if we seek the minimum of F'. Let
us record here two corollaries for later reference.

Proposition 2.1. Among the nonnegative cosine trinomials of the form 14a cos x4+
bcos kx the biggest possible value of a belongs to

1 —1)k
—|—( ) tangcoskx.

2.2 hx =1
(2.23) 2k(x+7r) +cos2—7;€ k k

Note that the similar extremum for 1 — a cosx + bcos kx can be obtained by
translation by 7. Hence |a| < 1+ for all f € F.

5 T
cos ok

Proof. By Lemma 2.3 we have to consider the functional F'(14acosz+bcoskz) =
a, and have to find

(2.24)
n}_akxF = gl(ak))cF =max{F(H),F(H(z+)), Og;aéx% F(h,), OI_<nZaSX% F(hy(x+m))}
= max{0, Orgnzagx% a(z), OrSnZaSX%(—a(z))} = Ogmzagx% a(z).
Since a(%) = 0, a(0) = kfil < COSIT,;C = a(5} ), we certainly have a maximum point

of a in (0, T), which corresponds to a minimum place of A(z) = a(lz). Hence for
that point z the derivative must vanish,

1 sin z
. Vi .
0= A'(2) = (cosz —sinzcotkz)' = —sinz — z coszcotkz + — s
sin® kz
sin z cos® kz — % coszcoskzsinkz
(225) - Sin2 kZ
cos z cos? kz tan kz T
— sinZ kz {tanz - k } (Z 7& ﬂ)’
—
0 (z =2/

Since the only root of A" in (0, %) is z = g, this is the unique minimumpoint of

A. Proposition 2.1 is proved. -
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Theorem 2.1. Let u € BM(T) be an even nonnegative measure with Fourier series

(2.26) du(z) ~ 1+ Z ay, cos k.
k=1

If 0 < ay <2 and karccos(%) <, then

(2.27) ai > 2cos(k arccos(%)) .

Moreover, if equality occures for any particular k in the above range, then equality
holds true for all k € N and p = vVyyccos2yy of (1.5).

Proof. Since p is nonnegative, for n € N we have
(2.28) 0 < 2(1 &+ cosnz, du(z)) =2 + an,

hence |a,| < 2 and a; = 2 only if suppp C {x : 1 — cosz = 0}, i.e. suppu = {0}
and p = dp. Now let 0 < a; <2, pr and k be fixed, and consider for 0 < 2z < - the
scalar product

aya(z) n arb(2)

2.2 < =1
(2:20) 0 < (he, dy) R

where h, is the function definied in (2.6) — (2.9). The coefficients a, b are continuous
on [0, 7], and b(z) > 0, hence

aja(z) —2
(2.30) ar, > 167 =5(2),

s

S is a continuous function on [0, 7], and from the explicit form (2.7) of a(z) and
b(z) we get the differentiable expression

arksinkz — 2d(2)

sin z

(0<z§§).

(2.31) S(z) = 3

We seek for the maximum of S(z). Differentiating and using (2.7) we see

S'(z)sin® z = (a1k® coskz — 2d/(2)) sinz — (a1 ksinkz — 2d(2)) cos 2

=ai (k2 coskzsin z — ksin kz cos z) —

(2.32) —2cosz (k2 cos kzsin z — ksin kz cos z)

=2k (% — cos z) (kcoskzsinz —sinkzcos z) .
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Minimization of maxima of cosine polynomials 599
Since the last factor is negative, S has a maximum for 2y = arccos(%-), what is in
the interval (0, 7] for 0 < a1 <2 and k < -. Putting the obtained value of z into
(2.30) — (2.31) we are led to

(2.33) S 2 cos zok sin k2o — 2d(z0) _ 9 cos (k ATCCOS (%)) ’

sin zg

proving (2.27). In case of equality also (2.29) holds with equality, hence supp p C
{hz(x) =0} = {20, —20}, and as p must be even, we get u = v,, as stated. Now
we proved that if (2.27) holds with equality for any particular k, then p = v, and
(2.27) holds with equality for all permissible k. Similarly, the statement, though
giving almost no real information, is valid for a; = 0. .

Remarks. For a; < 0 we can apply the same Theorem for du(z + 7) to obtain

(2.34) (—1)*ax > (—1)*2cos (k arccos (‘;“))

for all k satisfying k arccos (_2‘“) <.

If karccos (‘a—;‘) > 7, ie. |ai] < 2cosT, then only the trivial estimate
lak| < 2, proved in (2.28), holds true. Indeed, for any choice of ay, the four
measures 6g, Or, vz and v;_ =z have first and k" coefficients 2, —2, 2 cos > —2cos
and 2, 2(—1)%, —2, 2(—1)**! respectively, hence their convex hull always contains

a normalized even nonnegative measure with the given a; and the prescribed ay.

3. Some spline functions

Let us consider for arbitrary A > 0 the function

1 |zl < % B
and for 0 < h < 7 the 2m-periodic normalized variant
2
(3.2) en(z) = WXh(I) (zeT) .
The basic splines M, (z), n = 2,3,... on R can be expressed, cf. [Sc] pp. 68-76, as
1 n n—1
M) = (e x s e )(@) = gy ("),)
(3.3) o
1 2sin 4\" |
- ( s 2> ezuwdu7
27 U
—o0
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where * stands for convolution on R, A is the symmetric (or central) difference
operator of step unity and y; = max{y, 0}.
Using the 27-periodic convolution (1.7) we define the convolution powers

(3.4) U n(x) =" (x), ie. V1 =wn, Ypnt1 = Phn*@pn .

It is well-known, that

%) 24i kh n
(3.5) Upo(z) =142 <SH;](12)> cos kz |
k=1

and for even n = 21 ¥}, o; is nonnegative and positive definite. Now if [h < 7, we
get from (3.1), (3.2) and (3.4) that the support of Uy, o; is [—Ih,lh] C (—m,7) and
we are led to the following Lemma by simple change of variable and taking into
account also (2.3) and (2.6).

Lemma 3.1. Forl € N, h > 0 with hl < 7 we have

(3.6) Uy, o(7) = %le (%) (Jz] <) .

Lemma 3.2.
1) mMo(0) is asymptotically equal to /3w as | — oc.
ii) min My (0)V1 = 7 M4 (0)V/2.

Proof. i) Standard asymptotical evaluation of the ending integral formula of (3.3),
cf. eg. [B], pp. 68-69.

ii) To obtain a lower estimate of Mz (0)v/1 we use the last formula of (3.3)
with the simple change of variable ¢t = 2u and gain

o] - 21 1.25
(3.7) I(l) = mMy(0) = / (“:) dt > / e 29®) gt |
—oo —1.25

where for [¢t| < 1.25
sint =1 sint\* 1
(3.8) g(t) = —log ( ; ) => - <1 - t) => %w(t)k
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The alternating series expansion

. t o0 _1 ; .‘
(3.9) w(t)zl_ﬂzz¥
provides the upper estimate (for || < 1.25)

2ttt 2 2t t2 9
3.10 <l - = (1 ) < T (1 - t20.048)
(810)  wlt) <5 - 955+ 7 6( 20+840) 6 )

Besides, we get from (3.8) and 0 < w < 1—sin(1.25)/1.25 = 0.2408.. .. the estimate

1 1 w?
11 —w? 4 = 1+0.
(3.11) g(t)<w+2w +317w<w( + 0.606w),
and combining (3.10) and (3.11) leads to
t? t2 t2
(3.12) g(t) < 3 (1 —0.048t%) (1 +O.6066> < 5 1.063 (Jt] < 1.25).
We apply this in (3.7) to get
(3.13)
1.25 1.25\/@
3
I(l —1.063lt2/3dt -9 —v2d
O> ] e ¢ VT3
—1.25 0
37 2> 7 : 2.9776
= 1-— “du | > 1—-2Q (0.744V1
V 1.0631 NG / ©w i ( Q( \/))
1.25,/ 10680

where @ is the error to the Gauss distribution, i.e.
(3.14) Q) = 7 4
. x)=—|[e€ .
Nis

Since @ is decreasing, we obtain from (3.13) that for [ > 15

(3.15) (D1 > 2.9776 (1 ~20 (0.744\/1?)) > 2.965.
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For the first fourteen values of [ we can calculate My (0) from the last but one
formula of (3.3). We get

My(0)=1, 7M2(0)=m

(3.16) Ma(0) = % (A*(a%)4) = ; My (0)V2 = 2\? = 2.9619...
Mg(0) = 1—;0 (AS(2),) (0) = ;—(1) . TMs(0)V3 = 11;?” —2.9927...

and My (0)V1 > 3 for | = 4,5,...,14.

4. Properties of «

Proposition 4.1. D(a), the domain of definition of «, is an interval D(a) = [A,2)
or (A,2) where —V3< A< V2.

Proof. Convexity of D(«) is clear from definitions (0.2) and (0.3) noting that
D(a) = {a € R: F(a) # 0}. A glance at the argument around (2.28) yields D(«a) C
(—2,2) and sup D(«) = 2 is obvious from the existence of the positive and positive
definite kernels (1.10) or (1.11). It remains to estimate

(4.1) A =inf D(a) = inf{a: F(a) # 0} .
First let us consider hy 4 of Fa, i.e.
(4.2) h(z) =1—v2cosz + % cos 2z |

which shows A < —v/2. Now take g(z) = hys6(x + ) of F3, and suppose that
f € F(a) with a Fourier series of the type given in (0.2). Using the explicit form

2 1
4.3 r) =1+ —=cosx — —= cos 3z,
(43) o) =1+ Trcosa—
we have

a as

4.4 0<({f,g)=14+ — — ——.
(4.4) <(f.9) NN
Whence
(4.5) az < 6(vV3+a),
and in view of az > 0 we obtain a > —+/3, which yields
(4.6) A>3,
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Proposition 4.2. i) In the definition (1.3) of a(a) the infinum is actually a mini-
mum, t.e.

(4.7) a(a) =min{f(0): f € F(a)}

for all a € D(a).

ii) If A € D(a), then lim+a(a) =a(A), and if A ¢ D(«), then hrfllJr ala) =

Proof. The proof uses a compactness argument in the space of BM(T) utilizing
that any f € F(a) has an absolutely convergent Fourier series and ||f||cc = f(0).
As the proof works in a somewhat more general setting, we refer to 2.5 and 2.6
Propositions of [Rel], where the condition of positive definiteness is used in a

weakened form. .

Proposition 4.3. «(a) is conver on D(«).

Proof. The assertion is clear from the definitions, and also holds true in a more

general setting, cf. 2.3 Proposition of [Rel]. -

Proposition 4.4.
i) ala)=14a for -1 <a<1.
ala :2af0r1§a§%.

ii) a(a)
ii (a)>2af0r§<a<2.
(a)
(a)

—

)

i) «

iv) afa :Ofor%‘igag—l.
)

afa) >0 fora< 3, a € D(a).

—

v
A

Proof. i) For |a| <1, 1+ acosz € F(a) and its value at 0 is clearly minimal and
equals to 1+ a.

ii) Let f € F(a) be the extremal function with f(0) = a(a). (Such f exists in
view of Propositon 4.2.) We have

(4.8) OSf(ﬂ')zl—@—l—i(—l)kakSl—a—kiak
k=2 k=2

and hence

(4.9) a(a)—f(())—l+a+iak22a+<1a+iak>22a.

k=2 k=2
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The above holds for all a € D(«). Now if 1 < a < 4/3, let us consider the function
(4.10) f(z)=1+acosz+ (a—1)cos2x

and its translate

(4.11) g(z)=f(zx+7m)=1—acosz+ (a—1)cos2z .

Clearly f(0) = 2a, hence it suffices to show f € F(a), for what we need to prove
only g > 0. Now take k = 2 in Lemma 2.2 iii) and v) and observe that with A = 24
(2.8) is a convex combination if and only if 0 < a < 4/3. We are led to
(4.12)
3 4 1 3
0<h=Xo+(1—-XNH= 1° (1 - 3cosx+3cos2x) + (1— f) (1 = cos2zx)
= g(x),

which entails ii).

iii) We have already shown a(a) > 2a in (4.9), and thus the only thing to do
is to exclude equality for ¢ > 4/3. Now in case of equality (4.9) and so also (4.8)
must hold with equality, and thus a; = 0 for all odd indices k, f(7) = 0 and

(4.13) dap=a-1.
k=2

Since f is even, f'(7) =0, and so f > 0 and f(7) = 0 entails f”(7) > 0, i.e. using
also ap = 0 for odd k’s, we get

0< f'(m) = <—a cosT — i k%ay, cos kw) ()

(4.14) Lo - o
—a— Y (D'Rap=a- Y Ka<a—4) a.
k=2 k=2 k=2

Now (4.13) and (4.14) together yield a < 4/3 proving that equality can not hold
for a > 4/3.

iv) By definition, a(a) is nonnegative. On the other hand for arbitrary a €
[1, 4] we presented a polynomial g € F(—a) satisfying g(0) = 0.

v) Similarly to iii), take f € F(a) with f(0) = a(a) and suppose that a(a) = 0.
Since f is even, f'(0) = 0, hence f(0) = 0 and f > 0 entails f/(0) > 0. That is,

we have

(4.15) 0=/f(0)=1+a+) ax
k=2
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and
(4.16) 0< f"(0)= —a—ZkQak < —a—4Za;€.
k=2 k=2

Expressing the sum from (4.15) and inserting it into (4.16) yields
(4.17) 0< —a+4(a+1)=3a+4,
proving that equality can not hold for a < —4/3.

5. Order of magnitude of o at 2

Theorem 5.1. For every 0 < a < 2 we have

(5.1) ala) > Fﬁf“

Proof. Let n be any integer not exceeding m/arccos(§) and let f € F(a) be chosen
with f(0) = a(a). (Such f exists in view of Proposition 4.2.) We want to apply
Theorem 2.1 for du(z) = f(x)dz and for k = 2,3,...,n. Since f € F(a) is positive
definite,

(5.2) a(@)=f0)=1+a+» ar>1+a+y a,
k=2 k=2
hence by Theorem 2.1 and (5.2) we are led to
(5.3) ala) >1+a+2 Z coskz (z = arccos(a/2)).
k=2

Observe, that the right hand side of (5.3) is exacly D,(z), hence by (1.9)
sin ((n + %) z)
sin(z/2)

. Then | — (n+ 1)z < £, and

. 1 . (T Z z
(5.5) sin <(n + 2) z) > sin (§ - 5) =cos g .
From (5.4) and (5.5) we get

(5.6) (a) > cosz/2  2cos?z/2 1+ cosz
. ala = = .
sin z/2 sin z V1 —cos? z

and inserting cos z = a/2 gives (5.1).

(5.4) ala) > Dy(z) = (z = arccos(a/2)) .

We specify n as n = [52] <

w3
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Theorem 5.2. For a > 1.315 we have

47 1

(5.7) ala) < I T

Proof. Let us consider the functions (3.6) definied in 3. From the Fourier series
expansion (3.5) we get that

21
Sin%
(5.8) a=2|—
2

and ¥y, o; € F(a) with this a. By definition of a(a)

(59) a(a) S \Ph,Ql(O)

follows, and using the alternating series expansion (3.9) we get

21
sin% Sin% 1h2
(5.10) 2-a=2(1-(2 <ar{1-=2) <
2 2

From (5.9) and (5.10) we obtain the estimate

(5.11) a(a)V2 —a < \ﬁh\ph,mm) = 2le(O)ﬂ

6 V6
where we used Lemma 3.1 at the end. Apart from the constant factor 2/v/6, this
last expression was studied in Lemma 3.2, and we know that the optimal choice
for [ is [ = 2 when minimizing this quantity. If [ = 2, the condition Al < 7 means
h < /2, and as sin(t)/t is decreasing for 0 < ¢t < 7, we get from (5.8) that
0 < h < /2 represents all values of a with

inr/4\* 27
2>a>2 sin /4 =2 —1.314045. .. .
w/4 4

Thus for all @ > 1.315 we have from (5.11) with [ = 2 that

27 1 4 1
ala) < EMLL(O) e 3V3VE—a

also taking into account My(0) = 2/3 from (3.3) or (3.16).
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Corollary 5.3. We have

4
2< lim;nfoz(a)\/2 —a <limsupa(a)vV2—a < 3—\7/% < 2.4184.
a—s— a—2—
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