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We determine the maximum size of uniform intersecting families with covering
number at least four. The unique extremal configuration turns out to be different
from the one that was conjectured 12 years ago. At the same time it permits us to
give a counterexample to a conjecture of Lovasz.  © 1995 Academic Press, Inc.

1. INTRODUCTION

Let X be a finite set. We denote by () the family of all k-element subsets
of X. A family & satisfying # < () is called k-uniform. The vertex set of
Z 1s X and it is often denoted by V(). An element of # is also called
an edge of &#. The family & is called intersecting if Fn G # ¢f holds for
every F, Ge Z.

A set Cc X is called a cover (or transversal set) of & if it intersects every
edge of #. A cover C is also called a f-cover if [C] =z The set of all
t-covers of # is denoted by %,(#). The covering number of & is the mini-
mum cardinality of the covers and is denoted by (4 ). By the definition,
o(F)=min{t: €(F)+# T}
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For a family o/ < 2% and vertices x,, .., X;, ¥1, - y;€ X. we define
Axy X, Fy- 7)) ={Adesd 1 x), X, €A4, ¥, ., y; A},
and for Yc X,

A(Y):={A:YcAded},
A(Y):={Aded : Y A=}

For fixed | X| and k, the maximum size of an intersecting family & <= (%)
was determinhed by Erdés ef al. [ 1]. The covering number of the extremal
configuration is one (if |X]| >2k), which means that there exists a vertex
x € X such that all edges of the family contain this vertex. Such families are
called trivial. Hilton and Milner [9] determined the maximum size of non-
trivial (i.e., the covering number is at least 2) intersecting families. Then,
Frankl [3] determined the maximum size of intersecting families with
covering number three.

The main purpose of the present paper is to determine the maximum size
of intersecting families with covering number four. We also prove the
uniqueness of the extremal configuration. This turns out to be completely
different from the one conjectured in [ 37]. This new construction permits us
to give a counterexample to a conjecture of Lovasz.

Let us begin with an important example.

ExamPLE 1. We construct an intersecting family %, < (¥) with ©1(%,) =4
as follows. First, fix 1+ 3(k—1) vertices xq, X;, ¥;, 2z; (1<i<k—1)1in X.
For i=1, 2 we define 6 edges

Xi = {xlﬂ ey X1 yi}’
K:: {yh wos Vie—1s Zi}’
Z, = {zl, s Zp— 15 xi}’

and set 4,:={X,, X,, Y,, Y;, Z,, Z,}. Next, we define %, <= (3) by

By = {{ X0, Xi ¥p 21} 1 1 <4, Jy ISk —1}
U{{x07 xla x27 y,} N 1<l<k—1}
U{{‘xﬁa yla y29 Zi} : 1<l<k—1}

U {{xq, 21, 25, x;} 1 1<i<k—1}.
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Finally, %, < () is defined by

Fy = {Fe<f>:386,@0, BC:F}U%.

Remark 1. Let us examine 4. By the definition it follows that |%] =6
and

|B,| = k> — 3Kk + 6k — 4.

If k=4, then both %, and ¥, are k-uniform, and so is # =%, U &, as
well. In this case, | %] =42. Erd8s and Lovasz constructed k-uniform inter-
secting family with covering number k which has | k!(e —1)_] edges. Lovasz
conjectured that this is the exact maximum size. For the case of k =4 their
family has size 41. Thus, our example is a counterexample to the conjecture
of Lovasz.

For k >4, we have

X—B
%C{BUA:BE,%,, Ae<k 4>}u%
and

Fy > {BUA :BeB,, Ae <X_({x0} v V(%)))}.

k—4

Therefore, we have

n—(1 +3k) n—4
<|FHl< .
(" ) <imi<ia ([ ) v

For the case of covering number four, Frankl [3] conjectured that
|F | < (k* =3k + 3k + 1)(37%) + o(n* ~*) holds if # < (¥) is an intersecting
family with covering number four. Thus, Example 1 is a counterexample to
his conjecture. The above example is important, because it gives the maxi-
mum size of intersecting families with covering number four and it is the
unique extremal configuration, as is shown by our main result:

TueorReM 1. Let k=9, n>ny(k), and | X| =n. Suppose that F < (¥) is
an intersecting family with ©(F )= 4, then

|7 < |7

holds. Equality holds if and only if & is isomorphic to .
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The essential part of our Proof of Theorem 1 is to prove the following
result.

THEOREM 2. Let k=9 and |X|=n. Suppose that 4 < (¥) is an inter-
secting family with ©(%9) = 3. Then,

|6,(9)| <k*—3k*+ 6k — 4

holds. Equality holds if and only if @ is isomorphic to %,.

The Proof of Theorem 2 is valid for a proof of the following.

THEOREM 3. Let k=9 and |X|=n. Suppose that % =(%) is an inter-
secting family with ©(%)=1=3. Then, for every Ae(,*,) we have

# {Ce(f):AcC, Ce%,(%)}<k3—3k2—|-6k—4.

2. THEOREM 2 IMPLIES THEOREM 1

In this section, we assume Theorem 2 and prove Theorem 1. Let k=9,
n=ny(k), and |X| =n. Suppose that # = (¥) is an intersecting family with
(F)=1=4

Let xe Fe #. We define edge-shrinking (see [10]) @(x, F, &) as the
following operation on a family #. If @ #F' :=F—{x}, and #' :=(%F —
{F} U {F'} is still intersecting, then we define ¢(x, F, &) :=F"; otherwise
d(x, F, F):=F. (If we obtain multiple edges in this operation, we replace
them by a single edge.) We continue this operation until we get a family
Z' such that

o(x, F, F'y=%" forall xeFe%'

Of course, %" is not uniquely determined from & in general, it depends on
the choice of operations. We fix one such shrink-invariant family #'. ' is
called a kernel of #. By the construction, &’ is intersecting and o(F') = 1.
(Thus, |F'| =7 holds for every F'e%'.) Note also that for every Fe F#
there exists F' e #' such that F’' < F. Define

sesn(h),
T

which we call a base of #. # is intersecting and every edge of # is a
7-cover of &.
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Let % be the set of edges Ge # such that B ¢ G for every Be 4. Finally,
we define 4" ;=% u ¥. Clearly, we have

Feire():Kar ket ),

which implies

#1< 3 (o)< 0 )

KeA

It is known that |V(¢")] is bounded by a function not depending on », i.e.,
V()| < f(k, 7). So, we have || < O(n*~°~'). Thus, in order to give an
upper bound of |#| we estimate the size of the base #. First we consider
the covering number of 4. The following result is a slight extension of an
inequality obtained in [2].

LeMMA 1. Let s:=1(%). Then |B| <sv° k™"

Proof. For Ac X, we define #(A):={Be%:AcB}. Since (%) =s.
there exists an s-cover S of #. So we can choose x, € S such that |%(X,)| =
|| /s where X, :={x,}.

Suppose that we could define X, = {x,, .., x,} (i<s) such that

|B(X) =8| /(st" ).
X, is not a cover of 4, because |X,| <7(%). So there exists B e 4 such that
X,nB=5. Since # is intersecting, every edge in (X, meets the
7-element set B. Thus, we can find x,, ; € B such that

|B(X; 40| = | B(X)| /1> 181 /(s77),

where X;, ;= X;U {x,,,}. Continuing this way, we obtain an s-element set
X, such that

|B(X,)| > |B| /(s ).
If s<z, X, is not a cover of #. So there exists Fe# such that
X.nF=(. Since & is intersecting, every edge in %(X,) meets the
k-element set F. Thus, we can find x,_, e F such that

|B(X,. )| 2 1B(X)| Jk = 18| /(st° k),

582a/71/1-10
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where X, ,; =X, U {x,,,}. Continuing this way, we finally get a r-element
set X, such that

|B(X)| > | B /(s7°~ ™).

Clearly |#(X,)| <1, and we have the desired inequality. ]|

The RHS of (1) attains its maximum when 7 =4. So, from now on, we
assume that ©{%#)=4. In this case, 4 consists of 4-covers of #, and it
follows that

n—4

7| <
<y

>+ o(n*=%). (2)
Define b(k) .= |%B,| = k> —3k* + 6k — 4.

LEMMA 2. For every x, y€ X, we have |B(xy)| <k*—k+1.

Proof. Suppose ©(F(xy))=1 and ze %, (F(x7)). Then {x, y,z} is a
cover of %, which contradicts 7(F) =4. So 7(F(xy)) =2 must hold. Using
Proposition 1 (see Appendix), we have

|G F (PN <k*—k+1.
If {x, y, z, w} € 8, then this edge is a cover of #, which implies
{z, w} e 6,(F (x7)).
Thus, we have
|Bxy)| < |6(F (PN <k —k+1. 1

The next lemma settles the case ©(#) = 2.

LemMa 3. If s:=1(%) =2 then |B| < b(k).

Proof. By Lemma 1, we have

|B| <48k if §s=3
| %] <256 if s=4.

These upper bounds are less than b(k) if k>9. For s =2, we have |#| <
8k?<hb(k) if k=11
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Finally, we settle the case 9 <k <10 and s=2. Suppose {1, 2} € %,(%#).
Since {1} is not a cover of %, we may suppose {2, 3, 4, 5} € Z. Every edge
in %(12) meets {3, 4, 5}. Thus, using Lemma 2, we have

|8(12)] < |#(13)] + |8(14)] + |B(15)| <3(k* ~k+1).
In the same way, we also have
|B(12)| <3(k*—k+1).
Therefore, we have
|B| < |8(12)] + |28(12)| + |2(12)| < T(k* —k+ 1) < b(k). |

The next lemma shows that |#| = b(k) must hold to attain |#| > |Z|.

LemMa 4. If |8 <blk)—1, then |F| < |F).

Proof. Using the inequality (2), we obtain

n—4

Fl<ot-n(,

>+ O(n*=*).

By the construction of %, (see Remark 1), we have

—(3k+1
o ("7 ) <19
If n>ny(k), we have
n—4 . n—(Gk+1)
=1 (3 )+ 00—y <vi ("7 D),

because this is equivalent to

<Z::>/<ﬂ _153—]? 1)> +0(n™H <1 +b(k)l—1'

Consequently, we get |7 | < |%|. |

Now we return to the proof of Theorem 1. By Lemma 3 and Lemma 4,
we have |7 | < |%)| if ©(#)>2. Thus, we may assume that 7(%)=1. Let
{xo} be a 1-cover of #. Then, we have

Y={GeF :x,¢G}.

% is an intersecting family with ¢(%)=3. Using Theorem 2, we have
|3(F)] < b(k).
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If {xo} UCeZ (and x, ¢ C), then Ce%;(%). So, we have |%,(%)| > |48|.
Hence we have |4| < b(k). If |8| < b(k), we have |F| < |%| by Lemma 4.
Thus, we may suppose |%| =b(k). Then, by Theorem 2, # =%, and ¥ =%,
hold. That is, # < %;. This completes a proof of Theorem 1 assuming
Theorem 2.

3. PrOOF OF THEOREM 2

Throughout this section, we assume that £ > 9 and | X| = n. Suppose that
% < (%) is an intersecting family with 7(%)=3. Recall the definition of %,
and %, (see Example 1). Let %, :={B— {x,} : Be %,}; ie,,

%= {{x0 v 21} 1 1<4, j, ISk—1}
U{{xg, X, yif 1 1<i<k—1}
U {{y1, as 2 1 1<i<k—1}
v {{z1, 2 X} 1 I<i<k—13.

Let € :=%;(¥%). The destination of this section is to prove |%¢|<|%| =
k* —3k* + 6k — 4. We also determine the unique extremal configuration.
For xe Ge ¥, we define

a(x, G):=#{Ce%b(x):|CnG| =1},
B(x, G):= #{Ce%(x):|Cn G| =2},
y(x, G):=#{Ce¥(x): |CnG|=3},
o(x, G) i=a(x, G) +3B(x, G)+ 3y(x, G).
¢(x, G) is called a contribution of x for G, because a simple enumeration

shows the following.

LemMa 5. For any Ge 9, |4| =2 c(x, G) holds.

xeCG

The following inequality was implicitly proved by Frankl [3]. (We
include a proof in the Appendix for self-completeness. We recommend the
reader see this proof first, because it is short but contains several basic
ideas for our lengthy proof of Theorem 2.)

LemMMA 6. For any xe X, |4(x)| <k*—k+ 1 holds.

LeMMA 7. Let xe Ge %, Then a(x, G)<k*—3k+3 holds.
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Proof. Choose G,e%(X), x,6GnG,, and G,e%(xx,). Set a:=
|GGy, b:=|GnG,l, c:=|(G;nG,)—G|. Then we have

ax, )< (k—a—c)k—b—c)+clk—1). (3)

As a function of ¢, the RHS attains its maximum when a=5=1. So,

a(x, G)<(k—c—1)+c(k—1)
=c*—(k—1)c+ k-1~

Case 1. 1<c<k—2. In this case, a(x, G) attains the maximum when
¢=1 or c=k—2, which implies

a(x, G)<(k—1)*—(k—1Dc+(k—1)*=k>—3k+3.

Case 2. ¢=0. Since G, NG, +# &, we have a=2. So the RHS of (3)
takes maximum when a=2 and b=1. Thus,

alx, )< (k—2)k—1)<k*—3k+3.
Now we may assume that
Gy nGy=G;—{x,}, GG nG =
hold for every G,e%(xx;). Choose yeG,nG, and G;e%(xy). Since
G, u{x} ¢ G5, we have G;¢%(xx,) and so x;€G,;. Hence we have
(G5 Gy)— G| <k —2, because x,, y¢ (G, v G,)—G. Thus, we can apply
Case 1 again (replace G, by G,). |
Lemma 8. Let xe Ge%. Then o(x, G) <k?>—2k+2.
Proof. Using Lemma 6 and Lemma 7,
c(x, G)<a(x, G)+L|6(x)| —alx, G))
=H{(k*—k—1)+ (k*—3k+3)}
=k*—2k+2. 1|

LemMa 9. If 5< |4 n Bl <k —3 holds for some A, Be 9, then |€| < |%,|
holds.

Proof. Suppose that 5<a:=[{4AnB|<k~—3. If xe A— B, then we have
a(x, A)<(k—a)(k-1),
e(x, Ay<H (K —k+ 1)+ (k—a)k—1)}.
If xe An B, by Lemma 8, we have

o(x, A)<k*—2k+2.
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Using Lemma 5, we have

|€1= 3 cx, 4)

=(k—a)x}{(K2—k+1)+ (k—a)(k—1)} +a(k* — 2k +2)
=La—k){(k—1)a—2>+2k —1} +a(k*> — 2k +2)
=: f(a).

A simple computation shows that f(4) attains the maximum when
a=k—3. Thus,

%] < flk—3)
=%l —3{k—a)(k—1)+1} <|%|. 1
LeMmMa 10. If |[AnBl, |BnC|, |CnA| <4 holds for some A, B, Ce ¥,
then one of the following holds.
(1) (%] <|%l.
(ii) |[AnB|=[BnC|=|CnA|l=1and An B~ C= (.
(iii) |[AnB|=[BnC|=|CnA|=|AnBnC|=1.

Proof. Fix A, B, Ce% such that each of the pairwise intersections
consists of at most four vertices. We define

D:=AnBnC,
U, =(BnC)—4, Ugi=(CnA)—B, Ucs=(AnB)—-C,
W.=U,uUzuUcuD,
A =A—-W, B :=B-—W, C:=C-W,
a.=|U,, b:=|Ug|, ¢:=\Ud, d:=|D|.

We distinguish three types of 3-covers in %. Let % :=U),_.p, %(v),
% :=\,ew €(W), and €, ;=% — %, —%,. By Lemma 5,

[61< Y 190)| <dk®—k+1). (4)

veD

Since every 3-cover in &, consists of three vertices each from A4’, B', and C,
we have

|| < |4 |B||C|=tk—d—a—b)k—d—b—c)k—d—c—a). (5)

Now, we want to estimate the size of %,. By the definition, each 3-cover
Te %, contains some vertex in U,u Uzu U, and no vertex in D. If T
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contains a vertex in U,, it must also contain a vertex in 4—D=
A" w Ugu U.. We define “contributions” of pairs of vertices to the size of
%,. For u; e U, and x € A’, we define

c(uy, x) = #{Teb(u x): |Tn(A—D)| =1}
+1#{T e%(uyx): |Tn(4A—D)|=2}.
For u, e U, and u, € Ug, we define
c(uy, uy) = #{TeC(uuy): |Tn(AuB)|=2}
+i#{Teb(uu): T<(4—B)U(B—A)}
+i#{Teb(uu,): TnUc# T}

We also define the contributions of the other pairs of vertices, symmetri-
cally. Then, by the above argument, we can show the following.

Gl= Y e, x)+ Y cluy)+ Y dlus, 2)

uelUy,xeAd’ welUp,yeB weUc,ze
+ Z c(ulz u2) + Z C(”Za U3)
uyc Uy, u2eUp uyeUp,uze Uc

+ > c(us, uy)

uze Uc,u1€ Uy

From now on, we estimate the contribution of each pair of vertices. Fix
u; €U, and xe A'. Take an edge Ge%(u, x). We note that Gn 4 # &,
and that every T e %;(u;x) contains a vertex in G. Therefore, c(u,, x) <
|G—A|+31Gn(4—D)|<k—3.

Next, we fix u;e U, and u, e Ug, and take an edge Ge %(ii,i,). We
note that GNnA# & and Gn B+# . If G (A4 B)# ¢, then it is easy
to see that c(u;, u,) <k—3% Otherwise, we have G (4~ B)# J and
Gn(B—A4)# ¢, and hence c(u;, u,)<k—1. Thus, we can estimate
c(uy, u) <k—3%.

Adding up these contributions, we get

€| <alk—d—b—c)k—35)+blk—d—c—a)k—}
+clk—d—a—Db)k—%)+ (ab+ bc+ ca)(k — 2. (6)
By three inequalities (4), (5), and (6), we have
€| <dk*—k+1)+(k—d—a—b)k—d—b—c)k—d—c—a)
t+alk—d—b—c)k—3)+bk—d—c—a)k—1)
+clk—d—a—b)k—3)+ (ab+ bc + ca)(k —2) =: g(k). (7)
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Here g(k) is a cubic polynomial of k, where the coefficients of k> and &2 are
1 and —(a+ b+ c+2d), respectively. Hence if a+b+c+2d>4 and k is
sufficiently large, then g(k) is much less than |'%,| = k*> —3k? + 6k — 4. So,
we must check the cases where a + b+ ¢+ 2d < 3. When d=0, since 4, B,
and C are pairwise intersecting, we have a=b=c=1, and (ii) follows.
When d=1, we have a+ b+ c< 1. If a=b=c=0, then (iii) follows. So, we
may assume that a=1 and b=c=0. Then, the RHS of (7) is equal to
k* —3k*+ 1k — 3, and is less than |%,)|.

For small value of &, one can check directly. Recall that for 1 <a+d,
b+d, c+d<4 there are only finitely many possibilities for choosing a, b,
¢, d (164 ways). Checking them one by one (of course by computer), one
can show that the ¢(k) is less than |%,)| if k > 9, except for the following two
cases that imply (ii) or (iii):

a=b=c=1 and d=0
or
a=b=c=0 and d=1. |
LemMa 11. If |[AnB|=k—2 holds for every A, Be% (A+# B), then
|€| < |G,| holds.
Proof. Fix Ge¥%. For every x € G, we have
afx, G) <2 x2=4,
c(x, G)<H (K2 —k+1)+4} =3k*—k+5).
Thus,
|G| <kxik*—k+5)<|%l. 1

LeMMA 12, Suppose that |AnB|<4 holds for some A, Be%. If
|GAA|=k—2 or |GAB|=2k—2 holds for every Ge¥%, then |¥|<|%,
holds.

Proof. Seta:=|AnB| (1<a<4). If xe A— B, then we have

a(x, 4) < (k—a) <2+k—_621;1>=% {k? —(2a—3)k +a*—3a},

c(x, A)< {(kz—k+1)+%(k2—(2a——3)k+a2—3a)}

Bl— D~

(3k*— (2a— 1)k +a>—3a+2}.
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If xe An B, we use ¢(x, A) <k*—2k +2 by Lemma 8. Thus,
1| < Hk—a){3k*— (2a— )k +a*—3a+2} +a(k*—2k+2).
The RHS i1s less than |%4,;| when k29 and 1 <a<4. |

LemMa 13, If 2<|AnB|<k—3 holds for some A, Be%, then
|€]| < |%| holds.

Proof. Fix A, Be % such that 2 < |4 n B| <k —3. By Lemma 9, we may
assume that 2<]4 n B|<4. By Lemma 12, we may assume that there
exists Ge ¥ such that |Gn 4|, [Gn Bl <4 We use Lemma 10. In this
situation, neither (ii} nor (iii) can happen. Then |%| < |%,| follows. ||

From now on, we may assume that |4~ B|e {1, k—2, k—1} holds for
every A, Be% (A # B).

Lemma 14, If |¥| = |%,| then there exists A, B, Ce¥% such that
ANnBnC=Z and |[AnB|=BnC|=|CnAd|=1.

Proof. By Lemmall, we can choose G,, G,e% such that
|G, "G, =1. By Lemma 12, we can choose G, ¥ such that |G, N G;| =
|G, G5l =1. If G, nG,G,=F then these are the desired edges.

Let {x} =G, NG, G;. Choose 4e€%x). Note that #{i: |4nG,|=
k—2} <1. So, we may assume that |4 ~G,| =4 NG5 =1. Then, 4, G,,
and G5 are the desired edges. ||

From now on, we fix 4, B, Ce ¥ such that AnB={z}, BnC={x},
and CnAd={y} (x#y#£z#x).

LemMa 15. If [€| = |%,| then, for every Ge %, G contains A—{y, z} or
B—{z, x} or C—{x, y}.

Proof. Fix any Ge¥— {4, B, C}.

Case 1. |GNA|=|GnB|=|GnC|=1. Let GnA={x}, GnB=
{y'}, Gn C={x"}. (We does not assume that x', ', and z’ are distinct.)
For every Ke % we have K {x, y, z, X, ', 2’} # . Thus,

1% <6(k*—k +1) < %))

holds if & = 8.

Case 2. Otherwise. By symmetry, we may assume that |G 4| =k—2.
In this case, |G N B|=|Gn C|] =1 holds. Suppose that Gn A » 4 — {», z}.
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Choose ved —{y, z} —G. Since |GnA|>k—2, we have yeG or zeG.
We may assume z€ G, ie., GnB={z}. Then, we have

[G(xpz0)| < |4 =1y, z, v} | [B—{z, x}| |C—{x, y}|=(k—=2)* (k—3),
|6(x720)| < |B— {2, x}| |CA G| =k —2.

By Lemma 6, both |%(x)|, |4(y)|, and |%(z)| are at most k*—k+1.
Therefore, we can estimate

€] < (k—2)* (k—3)+ (k—2) + 3(k>—k +1)
=% —(k=1)k-=T)<|%|. |

Lemma 16. (i) |€(xy2)| <k®>—3k+3.

. gi]ic) ?{meA= {y} or {z} holds for some Ge % (x), then |6 (xyz)| <
—3k+2.

Proof. For ueA—{y, z}, we define

a'(u) = #{Keb(xupz) : |[Kn 4| =1},

p(u) = #{Keb(xupz): |[Kn 4| =2},

c'(u) 1= ofu) + 35(u).
Note that [€(xp2)| =2 ,cq () ¢'(u). We estimate c'(u) for each
ueA—{y, z}. We use :

o' (u) + f'(u) = |€(xuyz)| < |€(xu)| <k

We also use the fact that for every ue 4 — {y, z} we have o'(u) <k —1 and
¢'(u) <k —3. This follows from the fact that we can choose G e %(xi) and
so ' ()< |G—A|<k—1.

Case 1. There exists G e %(x) such that GnA4={y}) or {z}. In this
case, for every ue A —{y, z} we have f'(u) =0 which implies that

() =o'(u) <k —1.

Thus, [6072)| = Syea gy, €@ < (k—2)(k—1),

Case 2. Otherwise. Choose G,e%(xi). Using Lemma 15 and
u¢G,, we have |G;n4]=1 Let {v} =G nAdcAd—{y, z}. Choose
G, e %(x0,) then |GynA|=1.Let {v,} =G,nA<=Ad—{y, z}. Forued—
{y, z, v;, vy}, we have f'(u)=0, and so ¢'(u)=a'(u) <k—1. For vy, v,,
we estimate ¢'(v;) <k —1/2. Thus,
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€xpn)l= ) dw<k—4)(k—1)+2(k—172)
ued—{y, z}
=k2—3k+3. |

Remark 2. With the above assumptions, we have the following.
14(x92)] < (k—2)%,
|6(xp2)|, |%(xyZ)], |%(xpz)| <k*—3k+3,
1€ (xy2)|, 1€(xyz)|, |¥(xyz)| <k,
[€(xyz)| < 1.
Thus, we get

|| <k*—3k>+ 6k +2 = |, +6.
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We shall improve this bound. To reduce the size of 3-covers by six more

edges, we need more precise discussion as we will see in the following.

LemMa 17. If 9(x72) # & then || < |%,| holds.

Proof. Fix Ge¥%(xpz). By Lemma 15, we may assume that Gn A4 =
A—{y, z}. Let GnB={w,} and GnC={w,}. Fix ued—{y, z}
and G,e¥%(xi). Using Lemma 15, and by symmetry, we may assume
that G,nB>B—{z, x}. Since |GNG|=1 and G;n A%, we have

Ky, z} nGl=1.
Case 1. yeG,;. We have
|€(xpz)| <k*—3k+2  (by Lemma 16(ii)),
|6 (x72)| <|C—{x, y, wo} [ |G Gy| + Gy — {y} |
—(k—3)x1+(k—1)=2k—4,
B(xpz)l <1,
|€(xyz)| =0.

This together with Remark 2, we get || < |%,| — (k* —4k +2) < |%,).

Case 2. zeG,. In this case, we have
C(xy) <k*—3k+2 {(by Lemma 16(ii)),
[(xy2)I <1,
|%(xyz)| =0.

Thus, |€] < [6| —(k—5)<|%l. |
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From now on, we may assume that |G {x, y, z}| =1 holds for every
Ge%—{A, B, C}. Edges Gin ¥ — {4, B, C} are classified into two types.

(i) Typel: |[GA((AUBUC)—{x,», z})|=k—2. For example,
G=(4—{y, z})u{xtu{w}, w¢duBUC.

(i) Typell: [GN({(AuBUC)—{x,y, z})|=k—1. For example,
G=(A—{z})u{z'}, 2 e C—{x, z}.
LemMMA 18. If there exists a type-I edge Ge % —{A, B, C}, then |%| <
| %ol holds.

Proof. By symmetry, we may assume that G=(4—{y, z})u
{x} u{w}, w¢AUBUC. Choose ueA—{y, z} and G,e%(xu). Using
Lemma 15, and by symmetry, we may assume that G,>B—{z, x}. If
ze G, then Gn G =, a contradiction. So G, is type I, which implies
G,=(B—{z, x})u{y, w}. Then, we have

|4(x72)|, |4(5vZ)| <k*—3k+2  (by Lemma 16(ii)),
%(x72)| <IC— {x, ¥} |G A Gi| =k =2,
|Z(xy)l <k,
|€(xyz)|, |6 (xyz)| <k —1.
Thus, |%] < |6,| — (k2 — 4k +4) < |%,|. |

Now we are in the final stage. From now on, we may assume that all
edges in ¥ — {4, B, C} are type IL. Choose G, =(4 —{z}) U {z,}, z,€ B—
{z, x}. Choose ueA—{y, z} and G,e¥(xu). (Of course, G, is also
type 11.)

Case 1. G,>C—{x,y}. Choose x,eB—{x,z 2} and G,=
(C—{x})u{x;}. Then, we have

G(x7%)|, |6(57z)| <k®—3k+2  (by Lemma 16(ii)),
[B(xyz)l, |€(xyz)| <k —1,
|B(x2)| |Gy n Gy =1

Thus, || < %] — (k—2) <|%.

Case 2. G,>B—{z, x}. Choose x,€ C—{x, y} and G,=(B—{x})u
{x,}. Choose ve B—{z, x} and G;€%(yv). Applying the same argument
in Casel to G, and G,, we can choose y,ed—{y, z} and G;=
(C—{y})u{y.}. Then, we have
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|6(x7z)|, |6(%pz)|, |6(%yz)| <k’ —3k+2  (by Lemma 16(ii)),
[€0xy2)l, 1€ (xy2)l, [6(xpz)l <k —1.

By putting this together with Remark 2, we have |%] <|%,|.

Here, we determine the extremal configuration. Suppose that |%| = |%,|.
Then all equalities must hold in the above eight inequalities. Let

A=A—~{y, z}, B =B—{z,x}, C=C—{x,y}
In this situation, we have

¢={{a, b, c} acd,, beB,, ceC}
u{{x,a b}:acd;,beBu{x}}
U{{y, b, c} :beB, ceCu{y}}
uf{{z,c,al iceCy,acdu{z}}
u{{x, y, b} :beBuU{x}}
u{{y, z, 2z} iceCu{y}}

v {{x» 2}

This is isomorphic to %,.

Finally, we consider %. At this point, we know that ¥ = {4, B, C, G,
G,, G5} =: # and # is isomorphic to %,. Suppose that Ge ¥ — # exists.
If GoC—{x}, then G=Cu{x,}, x,eB—{x, x;, z}. This case is
impossible, because there exists K= {x, x,, a} €%, ae A,, which satisfies
Gn K= . By the same argument, we may assume that G does not
contain 4—{y}, B—{z}, or C—{x}. But in this case, there exists
K={a, b, c} €%, acA—{y}, beB—{z}, and ce C—{x} such that
G N K=, a contradiction. Therefore, ¥ = # =~ % must hold.

Consequently, we have |¥| < |%,| and equality holds if and only if ¥ is
isomorphic to %, and ¥ is isomorphic to %,. This completes the proof of
Theorem 2.

APPENDIX: PROOF OF LEMMA 6

First we prove the following proposition.

PROPOSITION 1. Letr & (%) be an intersecting family with ©(F)=2.
Let E:=%(F). Then, |[E|<k®>—k+1 holds.
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Proof. Let xe Fe%. We define
a(x, F):=#{xyeE: y¢F},
Blx, F)i= #{xyeE: yeF},
o(x, F):=alx, F)+3(x, F),

¢(x, F) is considered as a contribution of x for F, because
|E| =3, . c(x, F) holds. Since # is non-trivial intersecting, we have

a(x, F)+ fB(x, F)<k VxeF,
a(x, Fy<k—1 VxeF.
If f(x, F) =0 then we have c¢(x, F)=a(x, F)<k—1. If f(x, F) =2 then
e(x, F)= Halx, F)+f(x, )} + bo(x, F)
<Hk—D)+Hk—-1)=k—1.
Thus, if f(x, F)+#1 holds for every x e F, we obtain
|E|< Y e(x, F)<k(k—1)<k®>—k+1.
xeF
So we may assume that S(x, F) =1 holds for some x € F. In this case,
olx, F)<a(x, F)+ 3(x, H<(k—1)+ =k -4,
Let us define
A#{xeF:a(x, F)=k—1and p(x, F)=1}.
Then, we have
|E| < 14] <k—%>+(k—IAI)(k—1)=k2—k+%.

Thus, in order to attain |E|>k*—k+1, we need |4|=2. Let
F={xy, .., x,} and suppose that x,, x, € 4. Define the neighborhood of x;,
by N(x;):={y:x;y€E}. Note that N(x,), N(x,)e Z.

Case 1. x,x,eE. If yeF—{x,, x,} and yzeE, then zeN(x;)n

N(x,). This means x, x, is the only edge which is contained in F. Thus,
B(x;, F)=0 holds if i > 3. Therefore, we have

|E| < Z o(x;, F)+ z c(x;, F)

i=1,2 i3

<2k —12)+ (k—2)k—1)=k?>—k + 1.
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Case 2. x;x,¢E. Let x,x,€E. If x,z€ E then ze N(x,), which means
N(x;)= N(x,). Further, N(x;) = N(x;) holds for every i>3. Thus, every
edge which meets F has x; as an endpoint. Therefore, we have

IE| < Z c(xia F) + {a(x3a F)+%ﬂ(x3v F)}

i#3

Sk—=1P+k-2)+ix2=k-k+1. |

Now we prove Lemma 6. Since ¢ = %(x) U 4(x) has covering number 3,
we see that %(X) iIs an intersecting family with 7(%(X))>2. Let
E :=%,(%(x)). Then we have

€(x)={x} VE,

and |%(x)] <k®>—k + 1 follows from the proposition.
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