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1. Introduction

Let n and k be positive integers with n >k > 3, and let K, denote the complete graph of order n.
Let x : E(K,) — {red, blue} be a two-coloring, and let r¢(n, x) (resp. bi(n, x)) be the number of red
(resp. blue) Kj’s (k-cliques). We will find a coloring which has many monochromatic k-cliques both
red and blue. Namely, we want to know the asymptotic behavior of the following function:

fim) := max{min{r(n, x), bx(n, x)}: x is an edge two-coloring of K }.

Let wy be the unique real root in (0, 1)-interval of the following equation

& =01-2 +kz(1 — 2% . (1)

Now we can state our main result.
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k
Theorem 1. For all n > k > 3 we have fi(n) < %n".

The above upper bound is asymptotically sharp as shown by the example below.

k
Example 1. There is a coloring x which gives fi(n) > %‘n" — ok 1.

Proof. Construction. Let V(K;) = AU B be a partition with |A| = (1 —c)n and |B| =cn. Let x be a
coloring such that all edges in B are blue, and all the other edges are red. Then we can count the
number of monochromatic k-cliques as follows:

B
0= (") = (%)
A A 1-— 1—-
e, 3) = (Ikl) N <k|_|1)|3| _ (( kc)n> N (( ) _Cl)n)cn

Suppose that the coloring is balanced. Namely, by (n, x) = re(n, x) + O (n¥~1), that is,

m* (@ —om* (1 -om*(cn) k-1
R R PR} (),

or equivalently, ¢ = (1 — c)¥ +kc(1 — )1 + 0 (n*~1). We are only interested in terms of order n¥, so
¢ actually satisfies (1). Thus, by setting ¢ = jt,, we have

fi(n) > mi b _ (M 0 (nk-1 _/L_Ilj k_ o (nk-1
k() > min{re(n, x), be(n, X)} = v )T (n )—k!n (n* 1)

as desired. O

In this paper we deal with fi(n). One can consider the opposite problem, namely, the problem to
capture the following function:

fe) == min{max{r(n, x), bi(n, x)}: x is an edge two-coloring of K }.

In this problem we want to find a balanced coloring with fewest possible monochromatic k-cliques.
Erdés conjectured that the optimal one comes from a random coloring, that is,

lim 2 _o-6).

)

This was known to be true for k =3 by Goodman [3], but it turned out to be false for all k > 4 by
Thomason, Franék and Rodl [6,1,2].

One can also consider these problems in uniform hypergraphs or with more colors, which should
be interesting and more difficult.

2. Proof

We outline the proof of Theorem 1. In Section 2.1 we show that the optimal coloring that gives
fr(n) comes from a coloring defined on a unimodal sequence (Theorem 2). This observation enables
us to translate the problem into a problem concerning a degree sequence of a graph. For this trans-
lation we use a result of Gale and Ryser (Theorem 3), which we will explain in Section 2.2. Then in
Section 2.3 we restate the problem as a max-min problem of a function on Young diagrams (Theo-
rem 4). We solve its continuous version (Theorem 5) in Sections 2.4 and 2.5, then this implies our
main result Theorem 1.
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2.1. Unimodal sequences

Let z=(z1,...,2;) be a permutation of V(K,) = [n], where [n] = {1,2,...,n}. Define an edge
two-coloring x of K, corresponding to z by

red ifi< jandz <zj,
X (zizj) == [blue ifi < jandz; > z;. )
A sequence z = (z1, ..., zy) is called unimodal if there is some m such that
Z1<Zp <+ <Zm <Zml>Zm42 > > Znp. (3)

The corresponding coloring to a unimodal sequence z satisfying (3) is as follows: Let V(K,) =
VU Vy where V. ={z1,...,zn} and Vy, ={Zp+1, ..., zy}. Color all pairs in V, red and all pairs in V}
blue. The remaining pairs are the edges of a complete bipartite graph Ky n—m with partition V, U V.
These pairs are colored according to the rule (2). For example, the unimodal sequence corresponding
to Example 1is z=(1,2,3,...,m,n,n—1,...,m+2,m+ 1), where m = un.

Theorem 2. fi(n) is given by a unimodal sequence of permutation of [n].

To prove Theorem 2, it is convenient to consider k-uniform hypergraphs. For a coloring x of Kp,
we assign a family of red k-cliques 77 c (') by

F1={F CV(Kp): |F|=kand yx(ij) =red foralli, j € F},
and a family of blue k-cliques F, C ([Z]) similarly. Then we have

|[F{NFy| < 1forall F1 € F1and Fy € F>. (4)

Now we forget about the coloring y for a while, and we will look at (not necessarily k-uniform)
families F;, F, C 2 satisfying (4).

For a family F c 2"l and a,b € [n] the Sq,p shift Sqp(F) is defined as follows. First for F € F
define

S (F):{(F—{b})u{a} ifbe F,a¢ F and ((F — {b}) U {a}) ¢ F,
a.b F otherwise.

Then define Sy (F) = {Sqp(F): F € F}. Obviously S, »(F)| = |F| and |Sq (F)| = |F| hold.
Lemma 1. If F;, 7> C 21" satisfy (4), then the same holds for Sa,p(F1) and Sp q(F2).

Proof. Suppose instead that [Sqp(F1) N Spq(F2)| > 2 for some pair Fy € Fy, Fp € F;. This cannot
happen if F1 = Sq(F1) and Fy = Sp, q(F2), or if Fq # Sqp(F1) and Fp # Sp q(F2). So we may assume
by symmetry that F1 = Sq5(F1) and Fp # Sp q(F2).

Since |F1 N Fa| <1 and [Sqp(F1) N Spa(F2)| = 2, we need F1 N {a,b} ={b} and F, N {a, b} = {a}.
Since Fi = Sqp(F1), the element b is not removed by the shift S, . By definition it means that F; :=
(F1 —{b}) U{a} was already in Fi. Then |F{ N Fz| =|Sqp(F1) NSpqa(F2)| > 2, which contradicts (4). O

Starting with two families 7, > c 2", and repeated simultaneous shifting in opposite directions
we eventually come to a halt, that is, families Fi, 2 with Sq5(F1) = F1 and Sp 4(F2) = F> holding
for all 1 <a < b < n. From now on, let 77, 7, C ([’,:]), satisfying (4) and shifted (in opposite directions).

Lemma 2. Let {x1, ..., xx} € Fq withx; <--- <X, and {y1,..., Yk} € F2 with y1 < --- < yi. Then we have
Xk—1 < Y2.
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Proof. Suppose instead that y, < x¢_1. This implies y; < x,_1 and y, < x. Let A :={X1,...,Xk_2}.
Recall from (4) that no member in /7 contains {y1, ¥2}, and in particular A % {y1, y2}. If y2 € A then
by shiftedness {y1, y2} C AU {y1,xx} € F1, if y1 € A then {y1, y2} C AU{y2, xx} € F1, and if neither
then AU {y1, y2} € F1, a contradiction. O

Let my := max{xy_1: X1 <--- <X, and {xq,...,X} € F1} and my := min{y,: y1 <--- < ¥ and
{y1,..., Yk} € F2}. By Lemma 2, we have my > mj.

Lemma 3.my > mq + 1.

Proof. Suppose instead that my; =mj + 1. Then the defining sets {x1,...,xx} € F1 and {y1,..., Yk} €
JFy satisfy y1 <my —1=my and xx > mq + 1 =my. Thus by shiftedness {x1, ..., Xk_2, my,my} € Fy
and {my,my, y3,..., Yk} € F2, contradicting (4). O

We call p € [n] a peak for F; if for each F{ € F1, p € F; implies that p is the largest element
of Fq1, and we call p a peak for F, if for each F, € F», p € Fp implies that p is the smallest element
of F,. By the definition, if p > my (resp. p <mjy) then p is a peak for F; (resp. F»). We simply call
p a peak if it is a peak for both F; and F,. By Lemma 3 there is at least one peak, in fact, every p
with my < p <my is a peak.

Let m = (z1, 22, ..., z5) be a unimodal permutation of [z], and let
Gio) == {{j1..... i}t 1< <jrandzj, <--- <z},
Ga(r) = {{j1,...,jk}2 j1<---<jkandzj, > -~->ij}.

Then clearly Gy () and G, (7r) satisfy (4). Now we are ready to prove a structure result.

Lemma 4. Let the (oppositely) shifted families F1, F, C ([ZJ) satisfy (4). Then there is a unimodal permutation
7 such that F; C G (i) holds fori=1, 2.

Proof. We construct 7 inductively. First we fix a peak, say, p € [n] and define z, = n. Suppose
now that we have fixed z;,zr41,...,2s (r < p <s) forming an interval and the value set being
fn,n—-1,...,n—s+r}.

Claim 1. At least one of r — 1 and s + 1 is a peak for the sets disjoint from [r, s].

Proof. Suppose that r — 1 is not a peak for F7. Then by shiftedness [k —2]U {r — 1,5 + 1} € F7.
Similarly, if s + 1 is not a peak for />, then {r —1,s+ 1} U [n — k + 3,n] € J>. Since these two sets
intersect in 2 elements, at least one of them is missing. Thus we may suppose that s+ 1 is a peak
for /. If it was not a peak for Fj, then by shiftedness [k — 2] U {s + 1,s + 2} € F;. However, by
shiftedness we can replace s+ 1 by p and deduce [k —2]U {p, s + 2} € F;, contradicting the choice of
p as a peak. This proves the claim. O

By the claim we can take r — 1 or s + 1 as a peak and define accordingly z,_1 =n—s+r—1 or
Zs+1 =n —s+r — 1. Continuing in this way, eventually we obtain the desired unimodal permutation.
This completes the proof of the lemma. O

Now Theorem 2 immediately follows from Lemma 4.
2.2. The Gale-Ryser theorem
To analyze the auxiliary complete bipartite graph defined in the second paragraph of the previous

subsection, we will use the Gale-Ryser theorem on the degree sequence of bipartite graphs. To state
their result we need some definitions.
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Fig. 1. Young diagrams for a = (5,4,2,1) and a* = (4,3,2,2,1).

Let a = (ay,...,as) and ¢ = (cq,...,C:) be non-increasing non-negative integer sequences satis-
fying n=a; +---+as=c1 + --- + ¢;. It is sometimes convenient to consider infinite sequences,
and for this purpose we let a; =0 for i > s and c; =0 for j > t. Also we identify (ai,...,as) and

(ai,...,as,0,0,...). We say that a is dominated by c, written a < c, if Zif:] a; < Z{le ¢ forall k> 1.
The sequence a determines a Young diagram. For example, the diagram for a = (5, 4, 2, 1) is shown
on the left in Fig. 1. (In the diagram we read the length of rows from top to bottom.)

By transposing the figure, we obtain its conjugate sequence a*. If a = (5,4,2,1) then a* =
(4,3,2,2,1). Formally, a* = (a7,d3,...) is defined by a}f = #{j: a; > j}. We notice that a < c iff
one can get the diagram for ¢ from the diagram a by moving small squares in the direction of upper
right. Then the Gale-Ryser theorem [5,4] states as follows.

Theorem 3. Let a = (ay, ..., as) and c = (¢, ..., Cr) be non-increasing non-negative integer sequences with
the same sum. Then there is a bipartite graph G with partition V (G) = A U C such that a and c are the degree
sequences of A and C if and only ifa < c*.

2.3. Packed degree sequences

We go back to our coloring problem. Let s+t =n and let z= (x, ..., X1, ¥t,..., Y1) be a permu-
tation of V(K;) = [n]. Suppose that z is unimodal, that is,

Xs <Xs1 < - <X1<Yt>YyYt—1>-->Y1.

Let V, ={x1,...,xs} and V, ={y1, ..., y} be the corresponding partition. Namely, the pairs in V; are
all red, and the pairs in V}, are all blue. We want to find the optimal s,t and coloring of a complete
bipartite graph K which gives fi(n) (and the goal is to show that the best construction comes from
Example 1). Let x be the desired a coloring. Then the number of red k-cliques in the K is

(A Neea )|
= () 3 (N, (5)

YeV)

where Nq(y) denotes the red neighborhood of y (in V;). Similarly the number of blue k-cliques is

v Npiye
T, = <| kb|> N Z (I Il{)l_ (]X)|>. (6)

xeV,

Now we forget about all edges inside V;, and V}, and we will only consider the edges of Kj ;. Let
a; = degy e (%) and bj = deg.q(y;). Then a = (a1, ...,as) is the degree sequence of blue edges from
V. with ay >ay >--- >as, and b = (bq,...,b;) is the degree sequence of red edges from V;, with
b1 <by <---<b:. By (5) and (6), we have

1 k ¢ k1 1 1 ‘ s e .
Trzﬁ(s +k§b,‘- +O(MT) ). =g t—i—k;ai +o(m ).

Notice that T, is exactly less than the RHS without O (n*~1), and the same holds for Tj. Let cj=s—b;j
for 1 < j<t. Then c=(cq,...,ct) is the degree sequence of blue edges from Vj, withc; >c; >--- >
ct. Notice that a; +---+as =cq+- - - +c¢, which is the number of blue edges in Kj . So, by Theorem 3,
we have a < c*.
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Fig. 2. Packing a = (5,4,2,1) and b= (0, 1, 2, 2, 3) into 4 x 5 rectangle.

1

We observe that if a < a then Zaif—] < Zﬁi‘_1. (This is because ai‘_ is a convex function. In fact

if i < j then we have af_] —|—alj<._l > (a; — DT+ (aj + 1)k=1)) Suppose that b is fixed (and thus c
is fixed too). In this situation, T, is fixed and we want to maximize Ty, or equivalently, we want to
maximize Zaif’l. Since a < c* we need to choose a = c*. Then we can pack a and b= (s,...,s) — ¢
into an s by t rectangle. For example, if s=4,t =5 and b=(0,1,2,2,3) then c = (4,4,4,4,4) — b =
(4,3,2,2,1) and ¢c* =a=(5,4,2,1) and the packing is shown in Fig. 2. In the figure, q; (1 <i<s)is
the length of the ith row from the left side, and b; (1 < j <t) is the height of the jth column from
the bottom.

We restate our problem formally. Let t >a; >ay > --->a;>0and 0 < by <by <--- < by <s. We
say that a = (aj,...,as) and b = (by,...,b;) are packed each other if a = c* where c = (s — by,s —
by,...,s —by). Let us define

t N

1

gr(s, t) = il max:min(sk + kZb’]‘.’l, " +k Zaifl): aecN°andb e N’ are packed}
’ j=1 i=1

and gr(n) = max{gk(s,t): 1<s<t<n, s+t=n}. Evidently we have the following.
Theorem 4. gy(m) — 0 ("*~") < fi(m) < g ().

For each s,t and b = (by,...,b;) we can uniquely determine the packing partner a = (aq, ..., ds).
So our problem is to find optimal s,t and b which give gy (n).

2.4. A continuous version of gi(n)

The rectangle in Fig. 2 has a border which separates the sequences a and b. This border is a zigzag
line connecting (0, 0) and (5,4) = (t, s), and the line is monotone non-decreasing, and each segment
is either a horizontal or vertical line of an integral length. Here we will consider similar borders, but
as a length of horizontal or vertical line segments we allow any real numbers. To be more precise, we
will define a border as follows. Let p and g be positive reals with p +q = 1. Let x:[0, 1] — [0, q] and
y:[0,1] — [0, p] be functions of class Ccl. We say that a zigzag line £ = {(x(t), y(t)): 0<t<1}isa
border if

e x(0) =y(0)=0, x(1) =q and y(1) = p, namely, £ connects (0,0) and (q, p),
e X'(t) >0 and y’'(t) > 0 for all t € [0, 1], namely, £ is non-decreasing, and
e X' (t)y'(t) =0 for all t € [0, 1], namely, each segment of ¢ is a horizontal or vertical line.

Let £ = L(q) be the set of borders, and let £ = |J;» £; be a partition, where £; denotes the set
of borders having exactly i corners. For example, the border ¢ in Fig. 2 has 4 right-up corners and 3
up-right corners, and it belongs to £7 (for ¢ =5/9, after shrinking so that the right-upper corner is
(5/9,4/9)). As a continuous version of g(s,t) we define

1 .
he(q) = — maxmin{p* + kIx(0), ¢* +kIy (©)}, (7)
k! eec
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where £ = {(x(t), y(t)): 0<t<1}e L, and

kl,

1 1
Ix(6) =1Ix /y(t) x(@®de, Iy =lIy [X(t) Y@
0 0

Informally, if we write the border ¢ as y = u(x), then Ix(¥) = fg(u(x))"‘1 dx and Iy(¥) =
JE @ (y)*'dy. In particular, we have

Ix(0) <gp*~' forall £ € £ with equality holding only if u(x) = p. (8)

Also we have Iy (£) < pqt~?! for all £ € L. It follows from the definition (7) that

hi(@) = hi(1 — @) = hi(p). (9)

We note that p,q and hy(q) are corresponding to s/n, t/n and gi(s, t)/n¥, respectively. Indeed we
have

fiem) < ge(m) < max hy(@n*. (10)
qe(0,1)
We will show the following continuous version of Theorem 1.

Theorem 5. For all k > 3 we have

k
M
max h —
qe(0,1) k@)= k!
The optimal borders are (1) £ € L(j1x) which has only one (up-right) corner at (0,1 — ), and (I1) £ € L(1 —
L) which has only one (right-up) corner at (1 — ., 0).

Then (10) and Theorem 5 immediately imply our main result Theorem 1. We notice that the border
(I) in Theorem 5 consists of two line segments connecting (0, 0), (0, 1 — k) and (g, 1— y), and this
border corresponds to the construction in Example 1. On the other hand, the border (II) corresponds
to the one obtained from the same construction by exchanging the role of red and blue.

Recall that g is a root of (1), that is, 8(2) :== 2 — (1 — 2)¥ — kz(1 — 2)¥"1 = 0. Since 6'(z) =
k(zZ*=1 + (k — 1)z(1 — 2)*"2) > 0 for z € (0,1), and 6(1/2) <0 < 6(1) (in fact 6(1/2) = —k(1/2)¥ and
0(1) =1), we have uy > 1/2. Thus 1 — ug < k.

To prove Theorem 5 we distinguish two cases q € (1 — g, () and q € (0, 1 — pg] U [, 1). First
we deal with the latter case, which is easier. The extremal configurations come from only this latter
case.

Lemma5.1fq e (0,1 — py] U [k, 1) then maxg hi(q) = Mﬁ/k!. The optimal borders are (1) and (1) in Theo-
rem 5.

Proof. First suppose that q > u. Since 6(z) is monotone increasing and 0(ug) = 0, it follows that
6(q) > 0, that is, g* > p* +kqp*~1. On the other hand, using (8), we have p* +kIx(£) < p* +kgp*~1(<
q* < g* +kly(¢)) for any ¢ € £. This gives

max min{pk +kIx(0), g“ + kly(0)} = mé‘:lx{pk +kIx(0)} < P+ kgp*~1 =: H(q).

We have H(uy) = (1 — )k + k(1 — ¥t = uk by (1). Since H'(q) = —k(k — 1)gp¥~2 < 0 we have
H(q) < H(m) = uf, and

_H@ _How _

1
hi(q) = mzaxmln{p +kIx(©).q" +kly (0} < S STa T
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Fig. 3. A border having two right-up corners and a new border.

Moreover, hy(q) = uk/k! iff H(q) = H(ux) = p* + kIx(¢). Then we have g = i and H(uy) = puf =
A = ) + k(1 = )1 = p* + kgp*—1. Thus we have Ix(¢) = gp*~! and we can conclude from (8)
that the border ¢ is type (I) in this case.

Next suppose that g < 1 — . Using the symmetry (9) we obtain the desired inequality and the
corresponding border is type (II) in this case. O

From now on we assume that

qe (1 — g, i) (11)

unless otherwise explicitly stated. Then we will show that hy(q) < /,L;:/k!. Thus the extremal config-
urations will not appear in this range. In this sense the case (11) is less interesting, but the proof is
somewhat more involved, though we will use elementary calculus only.

First we will show that an optimal border giving hi(q) has at most two corners (one right-up
corner and one up-right corner). In other words, the border divides the g x p rectangle into two
rectangles (possibly one of them is empty). (This fact is true for all g € (0, 1) not only for (11).)

Lemma 6. Let n > 3. For every £ € L, thereis an ¢’ € L,y withn’ < n such that
Ix(€) > Ix(®) and Iy(€')>Iy(0). (12)

Proof. Let ¢ € £, be given. Let Co = (X, yo) and let Cq,Cy, and C3 be three consecutive corners
on the border ¢. Consider the case when Cq; = (x1, yo) and C3 = (x3, y1) are right-up corners. Then
Cy = (x1, y1) is an up-right corner, and C4 = (x2, y2) could be also an up-right corner or C4 = (q, p),
see Fig. 3, left. (One can deal with the case that C; and C3 are up-right corners in a similar way and
we omit this case.) Notice that 0 <xg <x1 <x2<qand 0< yo<y1 <y2<Dp.

Choose x1 < x < x2 and let C}, = (x, yo) and C} = (x, y2). Now we construct a new border ¢’ = £'(x)
from ¢ by replacing a path C1CC3C4 with a path C;C/),C}Cy, see Fig. 3, right. Let m =k — 1. Then we
have

Ix(¢') = Ix(0) = x = x) (YT = yg) + 2 =0 (¥5 — ¥T).
Thus Ix (') =Ix(£) is equivalent to

x1 (YT —yg) + x5 — y
X = m m =
Yo — Yo

Since Ix(¢) is a decreasing function of x we have that

€. (13)

x <& implies Ix(¢) > Ix(0). (14)
Similarly we have

Iy () =1y (©) + (y1 — yo) (x™ = xT) — (y2 — yD (x5’ —x™),
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and Iy (¢") = Iy (¢) holds iff
Xyt —yo) + X2 (y2 —y)\ /"
X =
Y2—1Yo

Since Iy (¢’) is an increasing function of x we have that

=:§‘/. (15)

x>¢&' implies Iy (¢') > Iy (0). (16)

Therefore, by (14) and (16), if & < &, then for all x € (§/,&) we get (12). But & > & can, in fact,
happen.

Next we choose yo <y < y1 and let C{ = (xo,y) and C) = (x,y). We construct yet another
border £ = ¢”(y) from £ by replacing a path CoC1C2C3 with a path CoC{C/Cs. Then we have

Iy (¢") =1y () — (y — yo) (] — x3') + (y1 — M (x5 — «T"),
and Iy (¢") = Iy (¢) iff

v yo(xT —xg) + y1 (x5 —xT)

X — X =:n€ (Yo, y1)- (17)

Since Iy (¢”) is a decreasing function of y we have that

y <n implies Iy (€") > Iy ().
Similarly we have

Ix(¢") = Ix(O) + (1 = x0) (Y™ = ¥g) — (2 = xD) (y]' = ¥™),
and Ix(€") = Ix(0) iff

(Y —x0) YR —x) ™
y= g =7

(18)
Since Ix(£”) is an increasing function of y we have that

y>n' implies Ix(¢") > Ix (o).

Therefore if n” < n, then by choosing y € (", n) we get (12). But ’ > n can happen.

We may assume that xo = yo = 0. Then we are able to show that one of £’ <& and 1’ < n neces-
sarily holds in a slightly more general setting as in the next Lemma 7, which will complete the proof
of this Lemma 6. O

Let xo = Y0 =0, s:=x1/x and t := y1/y>. Then we have
0<s<l, O<t<l. (19)
We can rewrite (13) and (17) as
E/xy =st™+1—t™, n/yr=1-s",
and similarly (15) and (18) as

5’/XZ:(smt+1—t)1/m, n'/y1 :(l—s)l/m.

Thus & > & and 1 > n’ are equivalent to
(st" +1—t")" >s"t+1~t, and (20)
(1-s"">1-s. (21)

Now to complete the proof of Lemma 6 it suffices to show the following. (In the proof of Lemma 6,
m =k —1 was an integer, but in the next lemma m is not necessarily an integer. See also Theorem 6.)
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Lemma 7. Let m, s, t be reals with m > 1 and (19). Then one of the two inequalities (20) and (21) holds.

We defer a rather technical proof of the above lemma in the next subsection. Lemma 6 immedi-
ately gives the following.

Lemma 8. Let q € (0, 1). Then hy(q) is attained by a border £ € L1 U L>.

Thus we may assume that the optimal border giving hi(q) is either (i) a curve £y («) with only one
horizontal line y =« (0 <« < p), or (ii) a curve £y (B8) with only one vertical line x=8 (0< 8 <9).
(We see £g(p) =£v(0).)

First consider the case (i). In this case we have Ix(£y(a)) = qa"” and Iy (Uy(a)) =(p — a)q"*‘.
Let

F(@, @) := min{p* +kix(¢n (), g* +kly (¢n ()},

and we will find ¢ = @(q) which maximize F(q,a) for given q € [1 — g, i]. Recall that 6(z) is
monotone increasing and 6(uy) = 0. Thus 1 — q < p gives 6(1 — q) = 6(p) < 0, that is, p¥ < g* +
kpgk—. Similarly it follows from q < Ui that 6(q) <0, that is, pk + kqp*—1 > g*. We also notice that

Ix(€y(@)) is an increasing function of «,

Iy (¢y()) is a decreasing function of «,

p* + kIx(€n(0)) = p* < ¢* + kpg*~! = g* + kly (€4(0)), and
pX+kIx(€n(p)) = p* +kqp*~! > ¢* = g* + klIy (€H (p)).

Thus there exists a unique point o = o € [0, p] such that

pX 4 kiIx (€n (o)) = g* + kly (£n (o),
and we can define

F(g) = p* + kg " =" +k(p — aw)g* . (22)
Then F(q) = maXoga<p F(q, @). By the definition of o = ct(q), this is a function of q € [1 — ik, ik
with o (1 — k) =0 and o (k) =1 — k.
Next we consider the case (ii). Similarly as above there exists a unique point 8 = f € [0, p] such
that p* + kIx(y(By)) = q* + klIy €y (By)), and we can define

G(@) :=p*+k(q@— Bop* T =q“ +kpp, (23)

which gives maxo<g<qmin{p¥ + kIx(£v(B)),q* + kly (€u(B))}. Note that By = Bi(q) satisfies (1 —
M) =1— pg and By (pk) = 0.

Here we list some properties about functions defined above. We defer the purely analytic proof of
these properties in the next subsection.

Lemma 9.
ag(l1—q)=p(q) and F(1—q)=G(Q), (24)
G(@ < F(q) for qe (1/2, ), (25)
d
@F(q) >0 forqel[1/2, ). (26)

The following result is a complement of Lemma 5, which easily follows from Lemma 9.

Lemma 10. If g € (1 — ik, k) then hy(q) < pk/kL.
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Proof. By the symmetry (9) it suffices to show klhi(q) < /,L;: for q € [1/2, ). So let 1/2 < q < k.
Using o (i) = 1 — g and (1) we have F(ug) = (1 — )X + k(1 — k=1 = uﬁ By (26) we have
F(q) < F(uy) = u’lg We also have F(1/2) =G(1/2) by (24), and so G(q) < F(q) by (25). Therefore we
have

kihy.(q) = max{F(q), G(q)} = F(q) < F () =

as desired. O

Now Theorem 5 follows from Lemma 5 and Lemma 10. Finally our main result Theorem 1 follows
from (10) with Theorem 5.

2.5. Proof of Lemmas 7 and 9

Let m > 1 be a real. We define the following two functions the unit interval [0, 1]:
pm®) :=(1-¥")" = (1-x) and Ym@x) :=x"+x—1.

These functions will play an important role for our proofs below. Let v, € (0,1) be the unique real
root of the equation ¥, (x) =0.

Claim 2.
$m(x) >0 iff0<Xx < vy, (27)
20r(1/2) = Vg1, (28)
V-1 <o(@)/p <1 forqe (1/2, uy), (29)
Vm > m’ﬁ. (30)
Proof. We have
¢m(0) = ¢ (1) = P (vm) = 0. (31)

We used ¢ (V) = (1 — V)™ — (1 — vp) =V — (1 — V) = Ym(vi) for the last equality. Since

P (x)=m(1 - x’”)m*1 (—mx™ ) +1=—m*{x(1 - xm)}m*l +1
we have ¢y, (x) >0 if x(1 —x™) < (1/m2)ﬁ (we need m > 1 here), that is, if

1

D x):=x"T —x+ (1/m*)™7 > 0.
Then @'(x) = (m + 1)X™ — 1 gives &' (x) =0 if x =D := (ran)% € (0,1). Moreover, &'(x) <0 for
0<x<7",and @'(x) >0 for b <x <1.If ®(V) >0 then @ (x) > 0 and thus ¢/, (x) > 0 for all x € (0, 1).
So ¢m(x) is monotone increasing, contradicting (31). Consequently we must have & (V) < 0. Then
¢m(X) is increasing-decreasing-increasing in this order in (0, 1)-interval, and ¢, (x) satisfies (31) as

well. This shows (27).
By (22) we have {(F(1/2) — (1/2)%) = Jaye(1/2)¥1 = (3 — ae(1/2)) (5K, that is,

Vi1 (200(1/2)) = (204(1/2)) " + 24(1/2) — 1 =0.

This gives (28).
Let m =k — 1. By differentiating both sides of (22) with respect to q and rearranging, we have

Aaj =B, (32)
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where A =mqo¢,’("_1 +q™, B=(p" —(x,i")—l—m(p—ak)qm*], and o), = dﬂ%. Since A > 0 and B > 0, o(q)

is an increasing function of q. Thus, using (28), we have v,_1 = ax(1/2)/(1/2) < ax(q)/p < % =
1=

< 1, which proves (29).

Finally we show (30). By a direct computation one can verify that (1 + %)mfl/m is a decreasing

function for m > 1 with supremum 1. This gives (1+ %)m” <m,or, 1+ % — mﬁ < 0. Then we have
1 _om_ 1 _a (1 1
Ym(m™ 7 T)=m T +m AT —1=m @1 —+1-—mm1)<0.
m
This implies (30) because ¥;(q) is an increasing function of ¢ with ¥, (vy) =0. O

Proof of Lemma 7. It follows from (27) that (21) holds for 0 < s < vy. So from now on we assume
that

Un<S<1, O<t<l1 (33)
and we will show (20), or equivalently, we will show f(s,t) > 0, where
fls,0) = (st™ +1—t™)" — (s"t +1—1t).
If f(s,t) takes a minimal value in the following open set
Vn<s<l1, O<t<l,

then % =0 must hold. By a direct computation we have

-1
) 1 t(st™4+1—t™)\™
3 =me{(t(st™ +1—¢™)" T =™} :mts’”‘l((¥ -1).
as S

Now w =t({t™ + %) is a decreasing function of s, and %ls:1 < 0. This means that (by
increasing s for fixed t) f is either monotone decreasing, or it is increasing-decreasing in this order.

In neither case does f(s,t) take a minimal value (as a function of s).
Therefore, the minimum value of f(s,t) in the following compact set

Vn<s<1, 0<t«<l1

can be attained only on the boundaries. Now we look at the boundaries. It is easy to see
fA,t)=f(s,00=f(s,1) =0.

As for f(vm,t), using V! =1 — vy, we have
Ut +1—t"=1— (1 —vy)t"=1— ()™,
yt+1—t=1—-vpt+1—t=1— (vpt),

and finally we get

fOn ) =Wmt"+1—t")" = (It +1—t) = (1= Wn™)" = (1 = V) = Gm(Vmt).

Then, by (27), we have ¢m(vit) > 0 for 0 <t < 1. This shows f(s,t) > 0 for (33), which completes
the proof of Lemma 7. O

Proof of Lemma 9. Fix k and let m=k — 1.

From Egs. (22) and (23), we have (24).

To prove (25), suppose, to the contrary, that F(q) < G(q) for some q € (1/2, ig). Then, from (22)
and (23), we have

gy’ <(q—pop™ and (p—a)g™ < pBy.
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Let x = Br(q)/q and y = ax(q)/p. Then the above inequalities reduce to
y"<1—x and 1—y<x™,
which give 1 — y <x™ < (1 — y™)™. This means y < vy by (27), which contradicts (29).
Finally we prove (26). From (22) we have
F(@/k=—(p" — o) + mqey'~ 1oek (34)

It follows from (32) and (34) that
A(F'(@/k) = —A(p™ — o) + mqok 2B = q™C,

where C =m?(p — ock)o(,C"_1 — (p™ — o). We show that C > 0 which will give F'(q) > 0. Let y =
ok (q)/p. By (29) and (30) we have 1—y >0 and my™ ! —1>mv"~1 —1> 0, and

=m*(1—y)y" = (1-y )—(1—y>( ym —l_ym)

C
m 1—y

b
1
=m(1 —y){mym’l - H(l +y+~--+ym71)} >m(1—y)(my™ ' —1)>0,
as needed. O

We mention that Lemma 7 can be extended as follows.

Theorem 6. Let £ = {(x(t), y(t)): 0 <t < 1} be a monotone increasing curve connecting (0,0) and (1, 1),
where x and y are monotone increasing C! functions from [0, 1] to [0, 1]. Then, for all reals m > 1, one of the
following inequalities holds:

1

/]yd (jy dx) : and /]xd (/x dy)l/m.

0 0
Note added in proof

After this paper was written we learned that H. Huang, N. Linial, H. Naves, Y. Peled and B. Sudakov
obtained closely related results independently of our work.
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