A NOTE ON HUANG-ZHAO THEOREM ON INTERSECTING
FAMILIES WITH LARGE MINIMUM DEGREE

PETER FRANKL AND NORIHIDE TOKUSHIGE

ABSTRACT. Using the linear algebra method Huang and Zhao proved that if n >
2k and F is an intersecting n-vertex k-uniform hypergraph with minimum degree at
least (2:;), then F is the star. In this note we present an elementary, combinatorial
proof of this result for the case n > 3k. We also prove a vector space version of

the Huang—Zhao result along the same line as their proof.

1. INTRODUCTION

For a positive integer n let [n] = {1,2,...,n}. By an n-vertex k-uniform family F
we mean F C ([Z]). Let deg (i) := #{F € F :i € F'} denote the degree of i € [n] in

F, and let 6(F) := min{deg~(7) : ¢ € [n|} denote the minimum degree of F. We say
that F is intersecting if F'N F’ # () for all F, F’ € F. Define a star centered at i by

Si(i):={S e CZ]) LieS).

Then S} (i) is an intersecting family with [SP(i)| = (~;) and §(Sp(i)) = (;—7). The
Erdés-Ko-Rado theorem states that if n > 2k + 1 and F is an intersecting n-vertex
k-uniform family, then |F| < (}7]) with equality holding if and only if F = S}(i)
for some i € [n]. Recently Huang and Zhao proved the following.

Theorem 1 ([B]). Let n > 2k + 1 and let F be an intersecting n-vertex k-uniform
family with §(F) > (1-3). Then F = SP(i) for some i € [n].

k—2

Their beautiful proof is based on analysis of eigenvalues of the Kneser graph. They
also use the following result from discrete geometry.

Lemma 1 ([8)). Let a,b € R with a > 0. Suppose that uy, ..., u, € R"! satisfy

( > a ifi=j,
Uiy Uj) = cp o .
TN i A
where (-,-) denotes the standard inner product. Then for every v € R"™! there emists

1 such that .
(v, us) < — (v, 0) v/ (s, us).

In this note we present a completely different proof of Theorem O for the case
n > 3k, which is elementary, and purely combinatorial. Our proof is based on a result
concerning the size of intersecting families with maximum degree constraint, see
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Theorem B in the next section. We also present a vector space version of Theorem [,
whose proof is along the same lines as in [B]. To state our result we need some
definitions. Let V,, denote an n-dimensional vector space over F, (the g-element

field). We say that a family of k-dimensional subspaces H C [‘2”} is intersecting if

dim(h N A') > 1 for all h, k' € H. For a fixed line | € ['I'] we define a star centered
at [ by

SPll = {h € m <),

namely, Sp[{] is the family of all k-dimensional subspaces containing [ as a subspace.

Theorem 2. Let n > 2k and let H C [V"} be intersecting. Suppose that every line

k
in V,, is contained (as a subspace) in at least [Z:g] members of H, that is,
—2
#{heH:xSh}z{Z_J (1)

for every x € [‘ﬂ Then H = S}[l] for some l € [‘ﬂ

We invite the readers to find a purely combinatorial proof for all n > 2k in the
case of sets and possibly for vector spaces.

2. PROOF OF THEOREM 0 FOR n > 3k

In this section we give an elementary proof of the following slightly weaker version
of Theorem [I.

Theorem 3. Letn > 3k and let F be an intersecting n-vertex k-uniform family with
§(F) > (123). Then F = 8 (i) for some i € [n].
Proof. Suppose that F satisfies all the assumptions in Theorem B. If F is trivial, that
is, Nper £ # 0, then F C SP(i) for some i € [n]. Since §(F) > (177) = 6(Sp(4)) we
have F = §}(i) as needed.

So suppose that F is non-trivial, that is, () z.» ' = 0. We will show that F cannot
satisfy some of the assumptions. We note that

sm= (7)) - (")

where A(F) := max{degr(i) : ¢ € [n]} denotes the maximum degree of F. In fact,
since F is non-trivial, for every i € [n] there is some F' € F such that ¢ ¢ F. Then

{{i}uG:G € ([”}\;{j}lUF))} N F = () because F is intersecting, and this means that

degr(i) < (}7]) — (”;ﬁ;l) Let us recall the following old result.

Theorem 4 ([0]). Let F C ([Z]) be an intersecting family. Suppose that

A(f)g@j)—(”;il) 2)

for some j, 2 < 5 <k, then it follows that

7= (i) - () () @
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First suppose that (B) holds for 7 = 2. (This clearly includes the case when (B)

holds for j = 0,1.) Then, using (}_ 1) = (Z:i’) + 2(2:;’) + (Z:§)7 (B) reads

n—1 n—3 n—3 n—3 n—3
< - =
lf"(k:—l) (k—1)+(k—2> 3(k—2)+(k—3)
n—2 n—3 n—2
“(m) 2 2) <) g
where the last inequality holds for n > k. On the other hand it follows that

KF =3 degr(z) > nd(F) > n(Z - ;) (5)

z€[n]

n—2 n—2
>
3k<k 2> > k|F| n(k 2),

which implies 3k > n, a contradiction.
Next suppose that (B) holds for some 7, 3 < j < k. Let j be the smallest value
of j such that (B) holds. (We may assume that j > 3.) Then (}_;) — (}-7) < A(F)

k-1

By (@) and (8) we get

implies | F| — A(F) < (".7;") + ("7 ;1) Without loss of generality we may assume
that degz(n) = A(F) > |F| — (" 2> 1) — (™.73"). This yields that
EIF| =) degy(i) = degr(n j{j deg (i) > degx(n) + (n — 1)5(F)
i€[n] 1€[n—1]

-7 (" ;i’;1>—(";i;1>+<n—1>(2:3>-

Using (n — 1)(2:2) = (k- 1)( ) and rearranging we get

() () e () )

This together with (B) gives us

(50 () eon ((00)-(025)

that is,

C2 ) () o) o

where we need n > 2k 4+ j — 2 in the last inequality (and this follows from our
assumptions n > 3k and k > j). Since j > 3 we have k —2 > k — j 4+ 1, and we
deduce from (B) that

k(”;f;1)><k_j+n(";f;1)
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Multiplying both sides by (n — j)/(k(k — 7 4+ 1)), we finally get

n—7j n—7j
> ;
(k —Jj+ 1) ( k )
or equivalently, 2k + 1 > n, which contradicts our assumption. [

3. PROOF OF THEOREM

Proof. Let G be the g-Kneser graph defined by V(G) = [ ”} and xy € E(G) iff
xNy = {0}. Let A begq ~%* times the adjacency matrix of G. Then it is known (e.g.,
[@]) that A has eigenvalues A, (s = 0,1,..., k) with multiplicity m, := ["] — [."],
where

s

)\5 — (=1 s (2)—ks
(—1)°q b
Let E be the vector space of dimension m over R (with coordinates indexed by
k-dimensional subspaces of V,,). Then E has an orthogonal decomposition F =
Vo Vi @& --- & Vi, where V; is the eigenspace corresponding to ;.
For s = 0 we have \y = [";k}, mgo = 1, and the corresponding eigenspace Vj is

spanned by the unit length vector v := 1/4/ m, where 1 € R denotes the all ones
vector.
For s = 1 we have \; = —q_k[

n—k—s]

n—k—1

Pl }, my; = [”] — 1. Let V2 U] be an

1
orthonormal basis of V;.
We remark that Hoffmans’s ratio bound gives a sharp upper bound for the inde-

pendence number of G, namely, if n > 2k, then

M |n n—1
G) < = .
A= TTN [/c] {k—J
We label all lines in V,,, namely, let [Vl"] =A{lL,... ,l[n]}, and let g; be the char-
1
acteristic vector of the family of k-dimensional vector space (in V},) containing /;, in

other words, g; is corresponding to the star Sp[l;]. Then g; is contained in Vj @ V;
and one can write

g; = ;101 + (075X 4+ -4 ai[n]v[n]

1 1

for i =1,2,...,[}]. This yields that

o = (g0 11) = [Z:ﬂ/\/z . )

We extend v, . . . V[ to get an orthonormal basis vy, . . ., U] of E, where CRATEIRRRNL

are the eigenvectors corresponding to \s. Let gy be the characteristic vector of the
family H, and we write

[¥]
gr =Y _ fv;.
j=1
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Let e := |H| denote the number of edges in H. Then we have

fr=Agm,v1) =e/\/ 1], (8)
H
e={gm.gm) =Y I}

=1

By the assumption () it follows that em > m [Z:g], or equivalently,

>q”—1 n—2
e = €.
—¢F—-1k—-2

Let F:= f2+---+ f[zn] We will show the following two inequalities.

Claim 1. We have that

" —q .
Fzme(e ) (9)

with equality holding only if e — €%/ m — F =0, and also that

(¢"-Dl¢"=9?
h= (¢ —1)%(q" — ¢*)[}] e

By assuming the claim we can easily finish the proof of Theorem B as follows. By
(@) and (M) we have either

& (10)

e—e, =0 (11)
or

(¢" =" —q)

k1
(¢ —1)(g" —¢*)

In the case of () it follows from (8) and () that ' = 0. Moreover equality

holds in (), and e — €?/[}] — F = 0, that is, e = [}]. But (II) implies that

e = e, = %m < [T,ﬂ, a contradiction. So only ([A) can happen. In this case,

after some computation, (I[A) yields e > [Z:ﬂ On the other hand it is known, e.g.,

e < (e—e) (12)

[@], that if n > 2k, then the maximum size of intersecting families in [‘ﬂ is [Z:ﬂ

Moreover if n > 2k + 1 then the star SP[l] centered at some [ € ["] is the only

optimal configuration. If n = 2k, then there are exactly two non-isomorphic optimal
configurations; one is the star and the other is Dﬂ for some Y € [2&1], see [@, B, B].
But the latter does not satisfy the assumption (0). Consequently the star is the only

family that satisfies all the assumptions of Theorem .
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Thus all we need to do is to prove Claim 0. Since H is intersecting, it follows that
(9, Agr) = 0. By expanding the LHS we get

M k ]
0=0fup Y A > fw)
7= =0 =[]

k 5]
- Z As Z sz

j:[sil]—i_l
n—=k| ., _gln—Fk-1 i 9
:{ A ]fl—qk[ o 1F+ZAS. Yy

Using (B) we have that

S T = (oo o o A

To estimate the last term of (I3) we first note that

Tl n

k

Z Z =Y p-f-F=c-&/[}]-F (14)

n ]:1

cn
—
[

We also have that if s > 2 then

N A k _ _
e n—k—3 o " —q |n—k '

k—3 a —q* | k
This together with (IA) yields

k 2] _
S > > u[ kk] (e—e¥/[1] - F), (15)

_ Ak

As

IV

where equality holds only when e — e?/[}] — F = 0. By (I3) and (IH) with some
computation we get (8) with equality holding only if e — €?/[}] — F = 0.
}) If this happens, then

n k

the LHS of (@) vanishes, and we get F = e —€?/[}] = = [7~1] =: F.. This value
is useful to check the sharpness of (8) and (I). In fact if e = [}7]], then the RHS
of both (8) and (M) coincides with F.

Next we prove ([d). Fori=1,2,..., m, let

Our aim is to show that gy = g; for some i (and e = [}~

U; ‘= (ai% a3, ... 7(11[?]) (- R[TIL]*I
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We will verify that these vectors wu; satisfy the assumptions in Lemma @, namely, we
need to check that (u;,u;) is independent of i, and (u;, u;) (i # j) is independent of
the choice of i, 5.

We have that

I
o
|
L

S

[
_ (=1 — ") m |
(¢" — 1) k

Let i # j. Noting that
(9i>95) = <Z QU Z%‘ﬂﬂ = Z Qo = gy + (Ui, )
we have that
n—2 n—11%,n
(uir u;) = (9i, 95) — s = (9i, 95) — (9i 1) (g5, v1) = L{; B 2} - {k, 3 1] /[k}
Thus we can apply Lemma 0 to v := (fs,. .. ,fm), and there exists an ¢ such that

\/<ui> ul) \/<U’ U>'

o
] -1

9 sz = F. Then we can rewrite the inequality as

(vyu;) < —

1]

1]
a1 (" —1)(g" —¢") [n
g J0a; = q" - q\/ (¢ — 1) M vE

Note that the RHS is negative or zero. (So is the LHS.) Thus we obtain
2

e (] (et

To estimate ) f;a;; we first use the assumption (@) on the minimum degree. Then
we have (g, g;) > [,75]. By expanding (g, g;) = (3 fiv;, 2 ovjv;) we get

m _
Z fjouj = kol

=1

Recall that (v,v) = >
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Next we use () and (B) to get fian = e[} _J]/[}] = gije. Consequently we have

1] 4]

n—2 ¢ —1 ¢ -1
E . ‘,:E - > — — —e,).
pa b = hraw = han = [k—Ql o1 e

Substituting this into (@) we finally have

k_q 2 C12(d% — )" — gk
¢ —1 (¢" —q)*(¢" — 1) k
k _ 1 n _ \2
_ (g 2)(q kq)n (e —e).
(¢ = 1)%(¢" = ¢)[}]
which proves (). This completes the proof of Claim M and Theorem B. O

ACKNOWLEDGMENT

The authors are indebted to Zoltan Fiiredi for calling their attention to the results
of Huang and Zhao and communicating the problem of finding an elementary proof.
They thank the anonymous referee for finding some minor errors by careful reading.

REFERENCES

[1] P. Frankl. Erdés-Ko-Rado theorem with conditions on the maximal degree. J. Combin. Theory
(A), 46 (1987) 252-263.

[2] P. Frankl, R. M. Wilson. The Erdds—Ko—-Rado theorem for vector spaces. J. Combin. Theory
(A), 43 (1986) 228-236.

[3] H. Huang, Y. Zhao. Degree versions of the Erdés-Ko-Rado Theorem and Erdds hypergraph
matching conjecture. arXiv:1605.07535.

[4] M.W. Newman. Independent sets and eigenspaces. PhD thesis presented to the University of
Waterloo (2004).

[5] H. Tanaka. Classification of subsets with minimal width and dual width in Grassmann, bilinear
forms and dual polar graphs. J. Combin. Theory (A), 113 (2006) 903-910.

[6] N. Tokushige. The eigenvalue method for cross t-intersecting families. Journal of Algebraic
Combinatorics, 38 (2013) 653-662.

ALFRED RENYI INSTITUTE OF MATHEMATICS, H-1364 BUDAPEST, P.O.BoX 127, HUNGARY
E-mail address: peter.frankl@gmail.com

COLLEGE OF EDUCATION, RYUKYU UNIVERSITY, NISHIHARA, OKINAWA 903-0213, JAPAN
E-mail address: hide@edu.u-ryukyu.ac. jp



