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Intersection problems occupy an important place in the theory of finite sets. One
of the central notions is that of a r-wise r-intersecting family, that is, a collection
Fy, .., F,, of distinct subsets of the n-element set X such that |[F, N --- nF;[ 21
holds for all choices of 1 <i, < --- <i, < m. What is the maximal size m=m(n, r, t)
of a r-wise t-intersecting family? Taking all subsets containing a fixed r-element set
shows that m(n, r, 1) >2""" holds for all n=¢>0. One of the main results of the
paper is that m(n, r,t)=2""" holds if and only if n<r+¢t or t<2"—r—1 with
the possible (but unlikely) exception of the case (r, )= (3,4). Many more best
possible results are obtained. Another one is the following. Suppose that 4, ..., 4
are cross t-intersecting (see definition in the paper) and ¢<2"—r—2, then
|1 1%, ... |4} <279 © 1991 Academic Press, Inc.

1. INTRODUCTION

A family & of subsets of [n]={1,2, .., n} is called r-wise t-intersecting
if |Fyn ---nF,|>t holds for all F,, .., F,e #. Such families were widely
investigated we refer the interested reader to the surveys [F1, Fii].

Let m(n, r, t) denote the maximum of |#| over all # <2"], F r-wise
t-intersecting. If # is maximal then necessarily Fc G<[n] and Fe &
imply Ge &, a family with this property is called a co-complex or filter.
Recall that ¥ is a complex or ideal if H= G €% implies He %.

Note that m(n, r, t) =0 for t > n and we usually assume n>¢, r > 2. Even
for t<n<t+r trivially m(n, r, 1)=2""" holds.

For 0 <i< (n—t)/r define the families

di=snr,t)y={A<[n]:|An[t+ri]|Zt+(r—1)i}.
It is easy to see that < is r-wise t-intersecting, |o%| =2""". The basic
open problem is the following.
Conjecture 1.1 [F2].
m(n, r, t)=max{||:0<i< (n—1)/r}. (L.1)
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In [F2], (1.1) was proved for t<2"-r/150. For r=2 it follows from a
classical result of Katona [K]. Actually, m(n, 2, t) = o4 ,_ ), holds.
In [F1] it was shown that

m(n,r,t)=2"""  holdsfor r>r. (12)

This result is applied there to give a very short proof of the following
important result of Brace and Daykin, which was also discovered by
Kleitman [P].

THEOREM 1.2 [BD]. Suppose that F <21") is r-wise 1-intersecting,
r23, and satisfies nF = . Then |F| < | (n, r, 1) with equality holding
if and only if F is isomorphic to y(n,r, 1).

Let us note that |2(n, r, t)| = | (n, r, t)| holds according as
2—-r—12t
We have the following:

Conjecture 1.3. Suppose that F < 2["1 is r-wise r-intersecting with
|nF| < t. Suppose further that t<2"—r—1. Then |#| < | (n,r, t)| and
equality holds if and only if & is isomorphic to o (n, r, t).

In this paper we prove this conjecture for all but six choices of (r, z).
Let us mention the trivial inequalities

m(n,r,t) 22mn—1,r,1), (1.3)
m(n,r,t)z2mn—1,r,t—1). (14)

Let a(r) be the unique positive root of (x"—2x+1)/(x—1).
It is easy to see that

1 1 1
—— —4— >
2+2,+,<oc(r)<2+2, holds for r=3. (1.5)
THEOREM 1.4.

mn,r,t)<2mn—1,r,t—1)a(r) holds for n=1, t=1. (1.6)

Inequality (1.6) complements (1.4) in a certain way.

COROLLARY 1.5.

mn+s,r, t+5)<2%(r) mn, r, t). (1.7)
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Looking at the dual family F‘={[n]—F:Fe%} of a r-wise
t-intersecting family &, we see that any r of its members have union of size
at most n— t. We call this property dually r-wise t-intersecting. For t=1, 1
is omitted. For ie [n] define

F(i)={F-{i}:ieFe#}.

Similarly, #(i)={Fe%:i¢ F}. We use also the notation [i, j] for
{i,i+1, .., j}. The minimum degree 6(F) is defined by §(F ) =min, |Z (i)|.

Note that the dual family of < (n, r, 1) is dually r-wise intersecting and
has minimum degree 2"~ " ..

Conjecture 1.6 (Daykin [D]). If ¢ is dually r-wise intersecting and
{U% =[n] then 6(%)<2" " ! holds for r>3.

In [DF] this conjecture was proved for r > 25 (for some partial results
see [D, BSW1).

THEOREM 1.7. Conjecture 1.6 holds for all r = 5.

This leaves two cases, r =3 and 4 open. Especially the case r =3 seems
to need new methods.
Making new conjectures is easier.

Conjecture 1.8. If % is dually r-wise t-intersecting then H(%)<2" "~
holds for t<2"—2r.

Note that—if true—Conjecture 1.8 is best possible, namely =, (n, r, t)° =
{[n]—A: Ae d(n,r,t)} has minimum degree 2"~"~' while 5((n, r, 1)) =
(t+2r)2n =7,

For convenience set &;(n, r, t)= <, (n, r, t).

The paper is organized as follows.

Section 2 introduces shifting, the most useful operation on intersecting
families. Except for some simple results in that section the paper is self-
contained.

Apart from the very short proof of Theorem 1.4, Section 3 contains a
short proof of the Brace-Daykin Theorem and of Theorem 3.4, which
shows, how the function m(n, r, ¢) is related to Conjecture 1.3.

Theorem 3.1 is included here because part of it is needed for the short
proof of Theorem 1.2.

Section 4 develops the necessary tools and gives the somewhat lengthy
proof of Theorem 1.7 for r > 7. The cases r =5 and 6 rely on some stronger
results and are proved only in Section 8..

582b/53/2-4
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The main result of Section5 is Theorem 5.5 which together with
Theorem 5.8 establishes

min,r, t)=2""" if and only if 12 —r—1 or n<t+r

(with the possible exception of the case (¢, r) = (4, 3)).

In Section 6 the validity of Conjecture 1.1 is established for ¢<
2""2(2'"2-2)/(r—1) which is considerable improvement on earlier
results. Theorem 6.4 establishes Conjecture 1.3 for r > 5.

Section 7 is probably the highlight of the paper. Several best possible
results are obtained in a unified way for cross-intersecting families
#, ..., .. We should stress that the idea of estimating |#| --- |%| instead
of min, |#]| goes back to Moon [M].

Since min, |Z| < (| %] --- |1 #]|)"", the results provide a full proof of some
conjectures of [DF], which the author believed to be beyond reach.
Proposition 7.7, which gives very good bounds on the value of the positive
roots of the polynomials x”— 2x + 1, plays a surprisingly important role in
the proofs. Theorems 1.2 and 3.1 and parts of Theorem 5.5 are consequen-
ces of the results of this section. Results for cross-intersecting families are
not simply interesting in themselves but they are also very useful. This was
already demonstrated in the proof (for r > 7) of Theorem 1.7. The results of
Section 7 appear to be indispensable for r =5, 6. These cases are presented
in Section 8.

Section 9 contains extensions of Theorem 1.7 for cross-intersecting
families and proves Conjecture 1.8 in a wide range. We could further
extend this range but preferred to have a proof of the present result only,
because it is much shorter.

In Section 10 some possible extensions of Theorem 1.2 are discussed.

2. PRELIMINARIES

Let us call the families %, .., % < 2U") r-cross t-intersecting if
|Fy --- nF,| 2t holds for all Fie#, .., F,e%,.

The operation S,—called (i, j)-shift—was essentially defined by Erdds,
Ko, and Rado [EKR7].

S(F)={S;(F):FeF},
where

F'=(F-{j}vu{i} if i¢F, jeF, F¢F
F otherwise.

s,P=1
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Lemma 2.1 [F1]. If #, .., % are r-cross t-intersecting then so are
Si(A), iy Sy(F) as well.

Iterating S; for all 1 <i< j<n will provide us eventually with families
%, ... % which are r-cross t-intersecting, satisfy |4 =|#| for 1<I<r,
moreover

S;(%)=9%  forall 1<i<j<n and 1<i<r (2.1)
Families satisfying (2.1) are called shifted. The next proposition is very
easy to prove (cf. [F1]).
PROPOSITION 2.2. % <2 s shifted if and only if for all Ge ¥, i¢G,
J€G, and 1<i< j<n one has ((G— {j})u {i})e%.

The following proposition exhibits an important property of shifted
r-cross t-intersecting families.

ProPOSITION 2.3 [F1]. Suppose that %,,.., % 2" are shifted and
r-cross t-intersecting. Let G;€ 9, 1 < j<r. Then there exists 0 < i< (n—t)/r
such that

G A [t+ir]l+ - +1G, A [t+ir]l = r(t+i(r—1)). (2.2)

Inequality (2.2) was used to prove the following—recall the definition of
a(r) from Section 1.

THEOREM 24 [F1]). If #,, ... % <2 are r-cross t-intersecting then
| A S| - |Z < (2%(r)")"
The following is an easy consequence of shiftedness.

ProrosiTION 2.5 [F1]. If %, .., &, are r-cross t-intersecting and shifted
then #(1), ..., Z(1) are r-cross (¢t +r — 1)-intersecting.

COROLLARY 2.6.
mn,r,t)<mn—1,r,t—)+mn—1,r,t+r~1). (2.3)

Proof. Let % < 21" be shifted, r-wise t-intersecting with || =m(n, r, 1).
Note |%] = |%(1)| + |%(])I.

Since %(1) is r-wise (¢ — 1)-intersecting and by Proposition 2.5 (applied
with # = ... =%#=9%) 9(1) is r-wise (t+r— 1)-intersecting we have
mn,r,)=90)| + |9 <mn—1L,r,t—1)+mn—1,r,r+t—1). |

We will often use the following easy result.
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ProrosiTION 2.7 [F2]. If & is r-wise t-intersecting and for some
1<i< j<none has S;(F)=oA(r, t) then F = s/(r, t) holds too.

Note the fact, that if & is shifted then the dual family #°=
{[n]— F: Fe #} is shifted in the opposite direction, ie., S;(F)=F° for
all 1<i<j<n

We will need the following inequality concerning the numbers «(r), the
roots in (1, 1) of x"—2x + 1.

ProPoOSITION 2.8,
a(r)? '"*1<27¥"" holds for rz=5. (2.4)
Proof. Define b=1/(2" = +1). We can rewrite (2.4) as
2a(r) < 2°.

Since 2a(r) is the only root of f(y)=(y/2)"— y+ 1 between 1 and 2, it
will be sufficient to show that f(2°)<0 holds, because f(1)=2"">0.
Equivalently, we have to show that (2°)—1>2% " By 2t=e(n®t>
1+bIn2>1+0695 and 27 <2%'7<1.23, it is enough to show that
0.69/(2"~'+1)>1.23/2’, which is true for r>5. |

3. THE PROOF OF THEOREM 1.4 AND SOME APPLICATIONS

Proof of Theorem 1.4. Apply induction on n. The case n=1 is trivial.
Suppose the statement has been proved for n— 1 and use (2.3) and (1.3)

mn,r,t)y<mn—Lr,t-1)+mn—-1Lrr+t—1)
Smn—Lrt—1)+mn—1—r,r,t—1)2%a(ry
Smn—1Lr,t—1D)(A+a(r))=2mn—-1,r,t—1)a(r). §

THEOREM 3.1. Suppose that F <21 is 3-wise t-intersecting, then
|F| <2 holds for t=1,2,3. 3.1)

Moreover, if |\ #| <t then (3.2), (3.3), and (3.4) hold. Finally, for t=4
we have (3.5).

|F|<5.2"4 if t=1 (3.2)
|F|<5(/5-1)2""%<0.773.2" 2 if t=2 (33)
|F|<103-./5)2""5<0955-2"" if t=3 (3.4)
|F| <5(/5-2)2""*<1.181.2"~* if 1=4. (3.5)
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Remark. Note that (3.2) is the important special case r=3 of
Theorem 1.2. Also, (3.3) and (3.4) improve earlier bounds of [F1, F3].

Proof. First note that «(3) = (\/3 —1)/2. We apply induction on » and
prove all statements simultaneously. Let first t=1. If | % # & we have
nothing to prove. Otherwise ([n]— {i})e # for all i, can be supposed.
This property is unaltered by shifting, thus (by Lemma 2.1) we may assume
that % is shifted. Consider #(1) and # (1) (on {2, n]). Since [2,n] e #,
F (1) is 2-wise 1-intersecting and thus |F (1) <(1/2)2"~'=2""2

Also, #(1) is 3-wise 3-intersecting (cf. Proposition 2.5). Thus, by
(3.1)—using the induction hypothesis—|# (1)| <2"~*. Consequently,

La/-;| <2n—2+2n—4=5_2n74

as desired.

In case of equality, #(1)={G < [2,n]: [2,4] =G} follows from (3.4).
Since #(1)c # and # is shifted, # = o (n, 3, 1) must hold.

For the case 1> 1 and for later use we need a lemma.

PROPOSITION 3.2. Suppose that # 2™ is a co-complex. Then for all
1<i<j<n we have | F| =N\ S,;(F)|. If F is shifted then |\ F(1)| <
max{0, | #|—1}.

Proof. If ¢ is a co-complex, then |} 4| is just n minus the number of
(n—1)-clement sets in . This quantity obviously does not change by
shifting. To prove the second assertion we may suppose that 4 =) % (1)
is not empty. We claim that 1 € F for all Fe #. Suppose the contrary. Since
F is a co-complex, [2,n]eZF follows. Choose an element ae A. Then
[n]— {a} must be in # by Proposition 2.2. However, this contradicts ae F
for all le Fe #. Thus |#|=|# (1) and N ¥ = {1} U 4 follow. |

Suppose next that +=2. If |} #| =2, we have nothing to prove.

Thus let [} #| < 2. By Proposition 3.2, we may assume that & is shifted
and consider # (1) and £ (1).

By Proposition 3.2, #(1) is 3-wise 1-intersecting with () # (1) = &. Thus
[F (1) <5275,

Also # (1) is 3-wise 4-intersecting (by Proposition 2.5). Using (3.5) gives

|F (D) <5(/5-2)2">

Now (3.3) follows from |F|=|#(1)| + |#(1)I.

The case ¢ =3 is very similar. Therefore we shall be somewhat sketchy.
If |} #| >3 then we have nothing to prove.

If [\ #]<2, then we may assume that # is shifted. By Proposition 3.2
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we may apply (3.3) to the 3-wise 2-intersecting family # (1) and (3.5) with
Corollary 1.5 to the 3-wise 5-intersecting family % (1). This yields

1F1<5(/5-1) 2"+ 5(/5-2)(/5-1) 2" =103 - /5) 2",

Finally, let t=4. If NF #¢, then |F|<2"~* follows from the
preceding cases. Thus we may assume that (| # = &, # is shifted. We can
apply (3.4) to the 3-wise 3-intersecting family # (1) and (3.5) together with
Corollary 1.5 to the 3-wise 6-intersecting family £ (1). This gives

IZ1<103—/5) 27 +5(/5—2)(/5-1)* 2"~ " =5(,/5-2) 2"*
as desired. |}

Now we want to give a short proof of Theorem 1.2.

LemMMa 33, Ifmn,r,t)=2"""thenm(n,r+1,t+1)=2""""1 holds for
nzt+ 1, r=3 with oy(n, r+ 1, t + 1) the unique optimal family.

Proof. Let # <201 be (r+ 1)-wise (t+ 1)-intersecting. If & is r-wise
(¢ + 2)-intersecting then by the assumption and Corollary 1.5 we have

1 2
|5"|<2""0t(r)2<2""(5+§1—,) <,

Otherwise there exist F,,..,F,e# with |F,n ---nF|=t+1. Thus
this (z+1)-element set is contained in all members of %. This
yields |#|<2""'~! with equality holding if and only if #=x
Hon,r+1,t+1). |

Proof of Theorem 1.2. Apply induction on r. The case r=3 is (3.2). By
Proposition 3.2 we may suppose that & is shifted. Now #(1) is (r—1)-
wise intersecting and (#F(1)=¢. Thus—by induction—|F(1)| <
(r+1)2n-1-r,

As #(1) is r-wise r-intersecting by Proposition 2.5, (3.1) and repeated
applications of Lemma 3.3 imply |#(1)| <2""~L

Thus |F|=|F)|+|F{A)<(r+2)2"""! as desired. In case of
equality we have |#(1)| =2"~"~!, consequently,

F1)={G<[2,n]:[2,r+1]<=G}.
Using shiftedness, & = o (n, r, 1) follows. |}

THEOREM 3.4. Suppose that m(n,r, t+r—1)=2"""""*! with of, as the
only optimal family. Then Conjecture 1.3 holds for r, t.
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Proof. Apply induction on ¢ The case t=1 is Theorem 1.2. Consider
(| & = A. Suppose first 1 <|4| <t. Choose i€ A and consider # (i) which
satisfies the assumptions with ¢ replaced by ¢ — 1. We infer

IZ|=1F@) <(r+02" < r 1))

If N & = &, then we may suppose that # is shifted.
Now Z (1) satisfies the assumptions with ¢ replaced by ¢ — 1. Thus

F) < lahn—1,r,t—1)[<(r+2)2" "

By Proposition 2.5, # (1) is (r + ¢ — 1)-intersecting. Thus [#(I)|<2"~"~",
yielding

IFI=1FMI+]|FDI<+1+1)2" " =m0l

In case of equality, #(1)={G<[2,n]:[2,r+t]<=G}. By shiftedness
F = (n,r 1) follows. |

4. THE MINIMUM DEGREE OF DUALLY r-WISE INTERSECTING FAMILIES

In this section we shall use Theorem 5.2, which is proved in the next
section. Let ¥ = 2["1 be a dually r-wise intersecting family with |) ¥ = [n]
throughout this whole section. For 2 <s<r define

t(s)=min{¢: 3G,, .., G,€ %, |G, v --- UG |=n—t}.

Thus #(s) is the maximal integer ¢ for which % is dually s-wise
t-intersecting. We can assume without loss of generality that #(r)=1 and
that Fc Ge % implies Fe ¥, ic., 4 is a complex.

Call a subset A< [n] a hole if |[AnG| <1 for all Ge¥.

PROPOSITION 4.1. If A, B are holes, ic AN B then |%(i)| <27~ 14V 2.

Proof. If ieGe¥9, then Gn(A—{i})=C and GNn(B—{i})=0.
Thus 4(i) <211~ 5

PROPOSITION 4.2. For 2<s<r one has t(s)=r—s+ 1. Moreover, if
equality holds for some s, then there exists a hole of size r —s + 1.

Proof. Choose G,,..,G,e¥% to satisfy |G,u --- UG,|=n—1t(s) and
consider A=[n]—(G,v --- UG,). Then A€ H, U --- UH,_, must hold
for all H,,.,H,_,€%. Since Y% =[n], |A]=2r—s+1, and in case of
equality |[Hn 4| <1 for all He %, ie, A is a hole. |
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PROPOSITION 4.3.  Suppose that a(k) ~* 12" * <1 and there is a hole of
size k+ 1. Then the minimum degree (%) satisfies

%)y<2m L

Proof. By symmetry let [k+1] be a hole. Consider the families
A1), .., (k) =201 e+ 11 1f these families are dually k-cross (r—k + 1)-
intersecting then by Theorem 2.4 and the assumption on (k)

min | (i)| < (| (1)] -+ | (k)| )* <2 (k) %+ < 2m 7,

as desired. Otherwise we can choose H;e¥%(i), i=1,.., k such that
|Hyw - UH ) =n—r—1, ie, |(H v {1})u---u(H, v {k}) =
n—(r—k+1). Let B be the complement of this last set. By Proposition 4.2,
B is a hole Bn[k+1]={k+1}. From Proposition4.1, |4(k+1)| <
2"~ follows. |

PROPOSITION 4.4. a(k) ™' 2/ <1 holds in each of the following cases.

() k=3,1=2
(i) k=4,1<7
(iil) k>S5, I<2k

Proof. Parts (i) and (ii) can be checked by direct computation. To
prove (iii) consider the following sequence of equalities

1+1
(2a(k))’“<<1+%) ge(l+1)21"‘<ell/16<2. I

PROPOSITION 4.5. If there is no hole of size t(s)+ 1 for some 3<s<r
then t(s—d) = t(s) + 2d holds for 1 <d<s—2.

Proof. Since any subset of a hole is a hole itself, it is sufficient to con-
sider the d=1 case. Let B be a set of size #(s — 1) whose complement is the
union of s—1 sets in %. Since |J 9 =[n], |B| > t(s). If |B| =t(s)+ 1 then
by definition of i(s), |G~ B| <1 must hold for all Ge ¥, ie., B is a hole.
This would contradict our assumptions. Thus t(s - 1)= |B| > (s)+2. |}

Proof of Theorem 1.7 for r=10. If 4 has a hole of size [ /2 | then
8(%)< 2"~ ! follows from Propositions 4.3 and 4.4.

Let b be the size of the largest hole. We may assume that 1 <b<| r/2 |
holds.

Since #«(r)= 1, t(r— b+ 1) 2 b must hold. Thus we may apply Proposi-
tion 4.5 with s=r — b+ 1. Consequently,

4)zb+2(r—b—-3)=2r—b—6. (4.1)
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For r=10 and 11 using Theorem 5.2 we obtain

|%| <mi(n, 4,10)=2""1° (4.2)
19| <m(n, 4, 12) =2""O(4)2 <2711, (4.3)

In general, going from r to r+2 the minimum value of #(4) goes up by
3: from 2r—| r/2 | —5to 2(r +2)— [ (r +2)/2|— 5. This results in a change
in the upper bound of |¥| by a factor of «(4)* < 1/4. This proves in view
of (4.2) and (4.3),

|9 <m(n, 4, 2r—r/2 |—5)<2"7".

Since ¥ is a complex, |4(i)| < (1/2) |4|<2"~ "' follows. |

Note that the above proof goes through unchanged for r =9 if ¢ has no
hole of size 4. This will be our starting point in the following.

Proof of Theorem 1.7 for r=9, 8, 7 in the Case of Existence of a Hole
of Size 4. We may assume that [4] is a hole in 4. If (1), %(2), ¥(3) are
dually 3-cross r-intersecting on [5, n] then by Theorem 2.4 we obtain

()< (19| 19(2)] 19(3)) P <2 4a(3) <2" "1,

Since a(3)5<27%, for r=7 we obtain §(%)<2"""~! even if %(1), 4(2),
%(3) are dually 3-cross (r — 1)-intersecting.

Let H;e%(i), i=1,2,3, be sets such set T=), ;<3 H;u {i} has
maximal size.

By the above considerations and the fact that % is dually r-wise
intersecting, n—r+2>|T| =n—r, where the second inequality is strict
forr="7.

Note that by Proposition 4.3 we may assume

there is no hole of size 5. (44)

If |T|=n—r+2 then [n]— T is a hole, contradicting (4.4).

Suppose next |T)=n—r+ 1 and consider B=[n] — T. By (4.4), B is not
a hole. Consequently, there exists some G,€ % with |Bn G, =2. Since ¥
is dually r-wise intersecting, the (r — 3)-element set By=B— G, is a hole.
For r=8, 9 this contradicts (4.4). Thus let r=7.

If possible, we choose G, in a way that is does not contain {4}. If it is
not possible then B— {4} is a hole of size r —2 =35, contradicting (4.4).
Thus we may assume 4 € B,.

Consider %(4)c2 (418 If %(4) is 2-wise l-intersecting, then
|%(4) <(1/2)2" "=2""% and we are done. Otherwise there exist
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H,,H,e%(4) such that H UH,=[n]—([4]uB,). Thus ¢(2)<6. By
Proposition 4.2 there is a hole of size 6, contradicting (4.4).

The final case is |B| =r, r=8 or 9. Again, we choose G, ¥ with 4¢ G,,
|G, B| =2 and define B, = B — G,. If this was impossible, then B— {4} is
a hole of size r — 1, contradicting (4.4). Defining B, in a similar way and
using (4.4) we obtain a hole B, of size r — 4, containing {4}. For r =09, this
contradicts (4.4).

Thus let r = 8. By the maximal choice of T and |T| =r, we have #(3)=38.
This implies that %(4) is a dually 3-wise 2-intersecting family on
[n]—([4]u B,). By (3.1) we conclude 4(4)<2""7"2=2""° |}

Proof of Theorem 1.7 for r =8, If There Is No Hole of Size 4. Let b be
the size of the largest hole, 1< b < 3. Using Proposition 4.5, we infer that
t4)=b+2(8—b—3)=10—b.

For 1 <b<2 using Theorem 5.2 gives |%| <2"~® and thus §(%)<2"°.

The only remaining case is b=3. Let [3] be a hole. If (1), 4(2),
%(3) are dually 3-cross 9-intersecting then Theorem 2.4 gives &(¥4)<
27— 3(3)° <279,

Otherwise we can find H, e 4(i), 1 <i< 3, with union of size n— 11. Con-
sequently H,u {i}, i=1, 2,3, which are in ¢, have union of size n—8.
However, using Proposition 4.5, #(3) >3 +2-3=9, a contradiction. []

Finally we come to the technically most difficult case, r=7. In view of
the above cases we may assume that there is no hole of size 4.

Proof of Theorem 1.7 for r =71, No Hole of Size 4. We shall concentrate
on #(4). If 4)>7, then by Theorem 52 we have d(¥9)<(1/2)|¥4]<
2"~ 7=1=27=8 a5 desired.

On the other hand, by Proposition 4.2, #(4) = 5. This leaves 2 cases.

(a) 1(4)=>5. Suppose that G, .., G,€¥% with G, U --- UG, =[6, n].
Consider the family # ={Gn[5]:Ge%}. Since # must be dually
3-intersecting, |H| <2 for all He #. Moreover, J# contains no two
disjoint 2-element sets.

If some ie[5] is not contained in any 2-element member of 5, then
4(i)<2t%"1 and %(i) must be dually 3-wise 3-intersecting (because
Proposition 4.5 implies #(3) > 7). Thus |4(i)| <2"~°3=2""% by (3.1).

Thus all ie[5] are contained in some 2-element members of .
It follows that {Hes:|H|=2} is a star, ie, for some je[3],
{{j,i}:ie[5], i# j} are the 2-element members. Now [5]— {/} is a hole
of size 4, a contradiction.

(b) #(4)=6. Choose G,,..,G,e¥% with Gyu ---uvG,=T, |T|=
n—6.Say T=[7,n].

Again by Proposition 4.5 we have #(3) > 8.

We claim that |G [6]| <2 for all Ge &.
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Indeed, the contrary implies that, [6]— G, 1s a 3-element set, say [3],
which is a hole. By #(3) =8 the families 4(1), 4(2), 9(3) are dually 3-cross
8-intersecting on [4, n]. Using Theorem 2.4

5—1\*
(%)< (1%l 1%l I%I)I”SZ"”(%——) i

follows.
Consequently, # = {GN[6]: Ge %} is a family consisting of the empty
set, {i}, 1 <i<6, and some 2-element sets. Define

X ={HeH:|H =2}

By the above argument, there is no hole of size 3. Consequently, every
Be (%) contains some member of .

On the other hand " contains no 3 pairwise disjoint sets (% is dually
7-wise intersecting).

Viewing S as a graph on [6], the first condition and the simplest case
of Ramsey’s theorem imply that " contains a triangle. Applying the condi-
tion once more gives an edge, disjoint to the triangle. The remaining vertex
cannot be joined by the second condition to any of the vertices of the
triangle. Using the first condition shows that it must be joined to both
endpoints of the edge which was disjoint to the triangle. Consequently,
is the disjoint union of two triangles, say & = (1371) U (1%,5)).

Now we are close to the final contradiction, only we have to make some
calculations using Theorem 2.4.

Set B(A)={G—-A4:Ge¥%,Gn[6]=A4}c2[7"]

For A,, A,, A;, Ay, [6] the families #(A4;), i=1,2, 3,4, are dually
4-cross |A, U .-+ U A,|-intersecting because of 1(4) =6. By Theorem 2.4 we
have

|B(A)] - | B(Aa)] < (27 Cofd) e Ay, (4.5)

If for some 1-element set {i} = [6] one has {#B({i})| <(1/3)2"~% then
using |#B(A4)| < |#(A")| for A= A’, |9(i)] <2"~ % follows. Thus we may
assume that

|B({i})>42"%  forall ie[6] (4.6)

Using (4.5) with three 1l-element and one disjoint 2-element sets and
taking into consideration (4.6) gives

@< @-sa@y (320

(6]

=2"2(4)°.27<2" 828  forall Ae < 5

). (4.7)
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Using (4.5) with 4,= {i}, we may assume by symmetry that
|B({1})] <2 ®a(4)*<0.35.2"% (4.8)
Combining (4.7) and (4.8) gives finally
19(1)] = |B({1})] + |B({1, 2})] + |B({1,3})] <043.2"~%. |

5. THE ErRDGs—-KO-RADO CASE

As we mentioned before, among the families «(n,r, 1), Sn,r, 1) is
largest for t<2”—r—1 while for t=2"—r—1, |n,r, 1) =lA(n,r, t)|
holds (for n>r+ t) and these are the largest.

Consider the following statement which, except for the uniqueness,
would follow from Conjecture 1.1.

m(n,r,t)=2"""* for all 1<2"—r—1 with 24(n,r,1t) as the
only optimal family except for r=2"—r— 1, where &(n, r, t)
is the only other optimal family. (5.1)

PROPOSITION 5.1.  Suppose that (5.1) holds for some r = 5. Then it holds
for r+1 as well.

Proof. Suppose first that 1=2"*'—r—-2, Let # <2"1 be (r+ 1)-wise
-intersecting, |#| maximal. Consequently, Fe ¥, Fc Hc{n] imply
He %. We may suppose that # is shifted.

If # is r-wise (r+ 2)-intersecting, then using the validity of (5.1) for r,
Corollary 1.5, and Proposition 2.8, we infer

|97| <2n—(2’——r—l)a(',)2’+1 < 2n-(2’+1—r—2)'

Thus we may assume that & is not r-wise (¢ + 2)-intersecting. Looking at
the dual family 4 = {[n] — F: Fe # }, it is dually (r + 1)-wise t-intersecting
but not dually r-wise (¢ + 2)-intersecting. Therefore there exist G,, ..., G, € %
with G, U --- UG, =[r+2,n].

Consequently,

IGn[t+1]I<1 holds forall Ge%. (5.2)

If Gn[t]= for all Ge ¥, then F < o(r + 1, t). Suppose that this is not
the case.

Using shiftedness, {t}e% follows. By shiftedness, {j}e¥ for all
t<j<n. (This implies nzt+r+1.)
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Define the families 4,, %,, ..., %, by
%={Ge¥9:Gn[t]=F}c2l+1n]
4={G-{i}:Gn[t]={i};Ge%}c2l+2n], 1<igt

Obviously,
9| =%+ --- +19] holds. (5.3)

If|1Gn[t+r+1]|<1 for all Ge¥, then F c o (n, r+ 1, t) follows and
we are done. Thus we may assume that G, ., = {r+r,t+r+1}e%.
We prove two inequalities.

r+2

|%| <57:;2"_' (54)

|9 2"~ =772, 1<igt. (5.5)

To prove (5.4) just note that %, is dually r-wise intersecting and {j %, =
[t+ 1, n]. Thus (5.4) follows from Theorem 1.2.

To prove (5.5) it is enough to show that ¥, is dually r-wise (r + 1)-inter-
secting (and apply (5.1))..

Otherwise by shiftedness there exist H,, ..., H, e % with H U --- UH, =
[t+r+2,n].

Again by shiftedness, G;= H;u {t+i—1} is in 4. Together with G, , , =
{t+r,t+r+1} this gives G,U --- UG, =[¢, n], a contradiction.

Now (5.4) and (5.5) give in view of (5.3),

|| < (t+r+2)2n L=t

as desired.
If s=2"*1—r—2—1tis positive, then define

F={n+1,n+s]UF:FeF}c2l"+s),

Then £ is (r+1)wise t+s=2""'—r— 2-intersecting. Thus either
|F|=|F|<2""" or Fxshinr+1,1) follows (the case F=
sy(n,r+1,2"*' —r—2) is impossible because of | F # ). |

In view of Proposition 5.1 it would be sufficient to show (5.1) for r =3,
4, and 5. However, we did not succeed in doing so. We will prove it for
r=35, using the following partial result for r =4,

THEOREM 5.2. If & is 4-wise t-intersecting with t <10, then |F|<2"~*
with equality holding if and only if F = 2y(n, 4, t).
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Proof. As in the case of Proposition 5.1, it is sufficient to deal with the
case t=10. Let &# <2"1 be a shifted 4-wise 10-intersecting family of
maximal size.

In view of (1.6) and Theorem 3.1 we have

m(n, 3, 13)<2"A45(\/§—2)(—‘[%>g<2"-1°. (5.6)

Let ¥={[n]—F:Fe#} be the dual family. Then by (5.6) we may
suppose that there exist G',G",G"e¥ with G'UG"UG"=[13,n].
Consequently,

IGA[1,12]|<2 forall Ge%. (5.7)

We may suppose that ¢ & 201 and thus {10} € % by shiftedness. For
1<i<n and 4 < [i] define

4, A)={G—A4:Ge¥%,Gn[i]=4]}.

Then %(10, &) is dually 3-wise intersecting because of {10} € 4. By shifted-
ness {j}e¥ for all 10 < j<n. Thus by Theorem 1.2 we have

|9(10, &) <5-2" 1 (5.8)

Since |(n, 4, 10)| < |A(n, 4, 10)] < |h(n, 4, 10)|, we may assume
that # & o(n, 4, 10) for i=1,2. Consequently, {13, 14} €% and
{16,17,18} e %.

CLamM 53. 9(12, {i}) is dually 3-wise 3-intersecting on [13,n] for
1<ig10.

Proof of Claim. Otherwise there exist H,;, H,, Hye %(12, {i}) with
H, U H,u H,=[15,n]. By shiftedness, G, = H, v {10}, G,=H,u {11},
and G;=H;u {12} are in % and their union together with {13, 14} is
[10, n], a contradiction. |

By Theorem 3.1 we infer
(12, {i})| <27 (59)

Cuam 54. If Ae(VH), An[10]# & then (12, A) is dually 3-wise
7-intersecting on [13, n].

Proof of Claim. Otherwise we find H,, H,, H;e€%(12, A) with
H, U H,u H,=[19, n]. By shiftedness H, u {10, 13}, H,u {11, 14}, and
Hyu {12, 15} are in 4. However, the union of these sets with {16, 17, 18}
is [10, n], a contradiction. |J
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Using Theorem 3.1 together with Corollary 1.5 we infer

19(12, 4)| <277 °5(,/5-2)(\/5— 1)}

(12]

for 4
or e( )

), An[10]1# Q. (5.10)

From (5.8), (5.9), and (5.10) we obtain

1% =19(10, 2N+ Y 19012 {iHl+ Y 1%(12, 4)|
1<i<10 de(Uhan101#
<160-2" 12416027719 +325(,/5—2)(\/5—1)> 2"~ ¥
465 ., 1
<5122 . |

Now we are ready to prove the main result of this section.

THEOREM 5.5.  Statement (5.1) holds for all r 2 5.

Proof. In view of Proposition 5.1 it is sufficient to prove (5.1) for r=>5.
Also, as in the preceding proofs, it is sufficient to consider the case
t=2°-5-1=26.

Let & be a 5-wise 26-intersecting family of maximal size. If & is 4-wise
29-intersecting, then by Theorem 5.2 and Corollary 1.5 we have

|37| < n— IOa(4)l9 < 2n—26.

Thus we may assume that the dual family % is not dually 4-wise
29-intersecting , ¢ is shifted and therefore contains 4 sets whose union is
[29, n]. Thus

|[GN[28]|<2 forall Ge9. (5.11)

We may assume that F & o/ (5, 26) for i=0, 1,2 and consequently
{26}, {30,31}, and {34,35,36} arc in 4.
As in the proof of Theorem 5.2, we infer

CLamM 5.6. (i) %(26, &) is dually 4-wise intersecting with | ) 9(26, )
=[27,n]
(i) %(28, i) is dually 4-wise 4-intersecting on [29,n] for 1 <i<26
(iii) %(28, A) is dually 4-wise 9-intersecting on [29,n] for all
Ac () with AN [26]# .
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From (5.11) and Claim 5.6 we obtain applying Theorem 1.2 and
Theorem 5.2,

2 1
|g|<6_2n—31+26'2n—32+<< 28)__1> 2n—37= 251913 2n—26<2n—26.

By very much the same proof one can show the following:

THEOREM 5.7. Suppose that 27<t<31. Then m(n, S5, t)=|s4(n, 5, t)|
with o#(n, 5, t) as the unique optimal family.

Remark. For t =32 one has already 2"~ '°x(4)** > 2"~ 2, thus the proof
breaks down in the first step.

In view of Theorems 3.1, 5.2, and 5.6 the only unsolved cases in the
Erdds—-Ko-Rado case are (r, ) =(3, 4) and (r, t) = (4, 11). We succeeded in
solving the latter.

THEOREM 5.8. If & <211 is 4-wise 1l-intersecting then |F|<2"~ !
with equality holding if and only if F >~ o4, (n, 4, 11) for i=0 or 1 holds.

Proof. Since this proof is similar to the other proofs in this section, we
will be somewhat sketchy. We may suppose that |#|>2"~ !, # is shifted,
and & ¢ &(n, 4,11) for i=0, 1, 2, 3. For the dual family, ¢ this implies
that Ko= {11}, K, = {14, 15}, K,= {17, 18,19}, and K, = {20, 21, 22, 23}
are all in .

If # is 3-wise 15-intersecting, then we obtain from Theorem 3.1 and
Corollary 1.5 that

|F|<2n3(3)2 <21
Thus the existence of 3 sets with union {15, n] follows in ¥, implying
|IGn[14]1 <3 forall Ge¥%. (5.12)

We distinguish two cases.

(a) {11,13,14}¢%. Note that by shiftedness, Go= {12, 13, 14} is
the only possible 3-element set satisfying G, =G n [14] for some Ge %.
Set again 4= {Ge%: G [12,n]} = 20'>"] Then

5
|%,! SEZ"“‘ by Theorem 1.2. (5.13)

Also for Ac [14], An[11]# & define
%(14,4)={G—4:Gn[14]=4,Ge %} 25",
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CLAaM 59. %(14, A) is dually 3-wise (4 |A|—2)-intersecting for
14l=1,2.

Proof. Let |A]=2. Choose H,, H,, H,e %(14, A) with maximal union.
By shiftedness we may assume that H, U H, u Hy=[m, n] for some m.
Again by shiftedness, H, u {11, 14}, H,u {12,115}, and H,u {13, 16} are
in 4. Together with K,= {17, 18,19} their union is [11,19]u [m, n].
Since ¥ is dually 4-wise 1l-intersecting, m > 21 follows, ie., 4(14, A) is
dually 3-wise 6-intersecting.

The case |A4|=1 is almost the same, except that we use H,u {11},
H,u {12}, Hyu {13} along with K, = {14, 15}. |

COROLLARY 5.10. Let Ac[14] satisfy An[11]# &. Then
|9(14, A)| <2716 for |4{=1 (5.14)

and

19(14, 4)| <27~ 25(./5-2)(/5-1)>  for |4]=2. (515)

Proof. Use Claim 5.9, Theorem 3.1, and Corollary 1.5 and «(3)=
/5-172 1

Since 9] = |%| + X {|9(14, A)|: A < [14], 4 n [11] # &} and
{11, 13, 14} ¢ %, using shiftedness we infer from (5.13), (5.14), and (5.15),

9] <5275 4112771648827 2. 5(, /5 - 2)(\/5 - 1)?

<3127 18 <o,

as desired.

(b) {11,13,14} e %. In this case we can slightly improve Claim 5.9
for [4|=1.

CLaM 5.11. Let Ac[14] satisfy An[11]1# . Then %(14, A) is
dually 3-wise 3-intersecting for |A| = 1 and 3-wise 10-intersecting for |A| = 3.

Proof. As in the proof of Claim 5.9 choose H,, H,, H,e%(14, A) with
H, UH,uH,=[m,n], m as small as possible.

If | 4| = 1, then by shiftedness H, U {12}, H,u {15}, Hyu {16} are in 4.
Their union along with {11,13,14} is [11,16]u [m, n]. This yields
m > 18, as desired.

The proof for {4|=3 is the same as that of Claim 5.9, using
H, v {11,14,17}, H, v {12,1518}, H; v {13,16,19}, and K, =
{20,21,22,23}. 1

582b/53/2-5
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Using Claim 5.11 together with Theorem 3.1 and Corollary 1.5 we infer
|9(14, {iH <277, 1<i<, (5.16)
19(14, 4)| <2"~2#5(/5-2)(/5—1)°
for Ac[14], An[111#g, |4]=3. (517)
From (5.13), (5.15), (5.16), and (5.17) we obtain
|91 <5275 4 1127717 4 88277 205(, /5 - 2)(,/5 — 1)?
+363-275(,/5-2)(y/S—1)5<314.2" 6 <2 1,

as desired. ||

6. AN EXTENDED RANGE FOR CONJECTURES 1.1 AND 1.3

Throughout this section # < 201 is a shifted, dually r-wise z-intersecting
complex of maximal size m(n,r, ). Recall from the Introduction the
definition of the dually r-wise tintersecting families %;(n,r,t)=
{B<[n]:|Bn[t+ir]l <i}.

Usually we consider n, r, and ¢ as fixed and write simply %, for %,(n, r, 1).

THEOREM 6.1. Conjecture 1.1 is true for t <2"~2(2"~2=2)/(r—1).

Proof. In view of Theorem 5.5 we may suppose that #>2"—r and thus
r=1.

Let s be the largest integer such that % is dually (r—1)-wise
s-intersecting and suppose that G,, .., G,_, e F with G,u --- UG,_,=
[s+1, n]. Thus

[Fn[s]l<s—t forall Fe#. (6.1)
Since |#| =m(n,r, t)>2"~", Theorems 1.4, 5.5, and Proposition 2.8 imply
sit<141/2772, e, s—t<t/272 (6.2)
Combining with (6.1) we obtain
IFn[t+b]| <5, where b=|1t/2"72] (6.3)
For convenience, set also,

m=max |%,. (6.4)

Supposing that # & %;, we must show that |F| <m.
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Let h be the smallest non-negative integer such that
|[Fn[t+h]i<h holds forall Fe %. (6.5)
By # & %, and by (6.3) we have
1<h<y22 (6.6)

The minimality of 4 implies Fo=[t,t+h—1]e &F.
For Ac[t+h—1] recall the definition F(t+h—-1, A4) =
{F-A:Fe# ,Fnlt+h—1]=4}.

CLAM 6.2. For Ac[t+h—1] the family F(t+h—1, A) is dually
(r—1)-wise ((r —1) |A| + 1)-intersecting for |A| <h and (r — 1) h + 2-inter-
secting for |A| =h.

Proof. (i) |A|<h. Suppose the contrary and choose by shiftedness
G,,Gyy s G, € F(t+h—1,A4) satisfying [t+h+ (r—1)]|A|,n] =
G,u - UG,_,. Using shiftedness F,=G,0[t+h+(j—1)|A|,t+h+
jlAl—1]e # hold for 1 < j<r. Consequently, Fou --- UF,_;=[t,n], a
contradiction.

(ii) |A|=h. Since F ¢ B,, Hy=[t+(r—1)h t+rh]e# holds.
Suppose again for contradiction that there exist Gy,..,G,_ €
Ft+h—1,4) with G, U --- UG,_,=[t+rh+1,n]. Using shiftedness
H=Gult+(j—1)h t+ jh—1]e# follows. Now Hyu --- VH,_ ;=
[¢, n] gives the desired contradiction. ]

Now we can easily prove |#|<2m. Namely, by Claim 6.2 and
Theorem 5.5 we have |F(t+h—1, A)| 2"~ ~"~ =Dl Consequently,

t+h ) . .
F4ESD) <+ )2"*""‘<"~"< Y |BI27" T <2m. (67)
0<Li<h 0<i<h

To remove the 2 we need the following.

CLAIM 6.3.
|9—(t+h— 1, A)l Szn—t—h—(r—l)lAl—l
holdsfor Ac[t+h—1], |A|<h (6.8)
Proof of (6.8). Note that for 0 < i< h—1 the inequality A <
/2-% implies (r—1)i+r+1<2"%2 Thus (68) follows from
Claim 6.2, Theorem 5.5, and Theorem 3.4 wunless F(t+h—1,4)c

Li+h+r=DI4I+ 12l To obtain (6.8) it is sufficient to show that
F(t+h—1, A) is dually 2-wise intersecting on [t+h+(r—1) |4} + 1, n].
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Actually it is even dually (r—2)-wise (h— |A!)-intersecting, because
the contrary would mean the existence of G, ..,G,_,eF(t+h—1, A)
satisfying G, v --- UG,_,=[t+2h+(r—2)|Al,n]. Arguing as in the
proof of Claim 6.2, it follows that the following sets are in .

Fi=[t+2h+(j—1)|Al,t+2h+j|A|-1]0G,, 1<j<r-2,
F,_,=[t,t+h—1], F,=[t+h1t+2r-1]

However, F,u --- U F,=[t, n], a contradiction.

For |A|=h the inequality (6.8) follows directly from Claim 6.2 and
Theorem 5.5 using (r—1)h+2<2""'—r, ie, <2 '=r=2)/(r—1)
which is true for t<2" 722" '—r-2)/(r—1). |

Now using (6.8) we infer

|F| = Y |F(t+h—1, A)

Ac[t+h—1]

< Z (t+h )2,,_,_ri_(h—i+1)

0<i<h

< Y 1Bl <1 =-27"""Yym. |

0ish
THEOREM 6.4. Conjecture 1.3 is true for r 2 5.

Proof. Let # 2! be a dually r-wise t-intersecting shifted complex
with | ZF|>n—1t, F £ B(n,r,t). Supposing that |F|>=|%B(n,r,1)|
holds, we have to derive a contradiction. In view of Theorems 3.4 and 5.5
we may suppose that

2" —-2r<tg2 —-r 2. (6.9)
Thus
|F|2" = (2" —=2r+1)/2" (6.10)

holds.

The proof will go along the lines of that of Theorem 6.1 and therefore we
will be somewhat sketchy.

We claim that # is not dually (r— 1)-wise (¢4 3)-intersecting. Indeed,
the contrary would imply by Theorems 1.4, 5.5, and 5.8

|Z| <2"“’“3a(r— 1)t+3—2’—1+r_

Using (6.9) this contradicts (6.10) by direct computation if r=5 and by
Proposition 2.8 if r = 6.
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By shiftedness |[F~ [t +2]| <2 follows for all Fe #. Let again h be the
minimal integer such that

|FA[t+h]|<h forall Fe#. (6.11)

Since #=0 would imply & c2U'+:" we have h=1 or 2.
Claim 6.3 is still valid giving

|Flg2m 722! for h=1 and (6.12)

2
for h=2 (6.13)

t+1
|97|SZ”-173+(I+1).2"—’—"2+< + >2n—t—2r—1

Note that 2"+ 2(z + 1) <4(¢t+r+ 1) holds by (6.9). Thus the RHS of (6.12)
is less than |4,(n, r, t)| and the sum of the first two terms on the RHS of
(6.13) is less than |4,(n,r,t)|/2. Since the third term is less than
|B,(n, r, 1)|/2 < |B;(n, 1, 1)|/2, both for h=1 and 2 the contradiction |#| <
|#,(n, r, t)| is obtained. []

Remark 6.5. In view of Theorems 3.4, 3.1, 52, and 5.8 the only
unproved cases of Conjecture 1.3 are r=3, 2<1<4, and r=4, 8 <1< 10.

7. IMPROVED BOUNDS FOR CROSS INTERSECTING FAMILIES

First we shall give an improvement of Theorem 2.4 along the lines of
Theorem 1.4.

Let us define the quantity b(n,r,t) by b(n,r, t) =max{|#] - |F]:
Fiy oy F <20 are r-cross t-intersecting}. We need a simple lemma.

PrROPOSITION 7.1. Let %,,.., 4 <21 be shifted and r-cross t-inter-
secting. Let 0<i<r be arbitrary. Then 4,(1), .., %.(1), 4., ,(1), .., 4(1) are
r-cross (t +i— 1)-intersecting on [2, n].

Proof. Let Hy, .., H, be arbitrary sets satisfying H,e %(1) for 1 <j<i
and H;e9(1)fori<j<r.Set Hyn ---nH,={ay, .., a}.

Define K;=(H;— {a;})u {1} for 1 < j<min{i, s} and K,= H; U {1} for
the remaining values of j. Then K;e % implies |K,n --- nK,| >t If s <,
then by construction K, n --- nK,=J, a contradiction. Thus s>i and
consequently,

|Hin - nH|=|K,0 - nK|+i—12t+i—1

follows. |

One more definition is needed.
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DEeFINITION 7.2. For 1 <i<r let b9(n, r, t) be defined by b(n, r, t)" =
max{|#| -+ |F|: #, .., F <2l are r-cross r-intersecting and || F| <t
for 1< j<i}.

Note that b'(n, r, 1) =0 for t+i>n. Therefore we shall tacitly assume
that n> 141

ExampLE 7.3. For 1 <i<r and t>1 fixed define
Fi= - =F={Fc[n]:|[Fnlt+i]|zt+i-1}
and
Fp1= - =F={Fc[n]:[t+i]cF}.

These families are r-cross t-intersecting with (\{F:Fe#}= for
1<j<i

The following definition is slightly complicated but it is central for the
proof of the main results of this section.

DeFiniTION 7.4, Let M be an r+ 1 by infinity array with general entry
m(i, 1), 0<i<r, t> 1. Then M is called an admissible array of bounds if

m(i, 1) 2° 2 bD(i+ t+ s, r, t)" holds for some pairs (i, t) and,
in particular for all pairs with t=1 (s >0, arbitrary). (7.1)

Moreover,

m@i, )= Y (ﬁmﬁ—&t+g—n

O<g<i
holds for each of the remaining pairs (7.2)
and finally
m(i, t) 2" is monotone non-increasing for fixed ¢ as a function of i. (7.3)

Hopefully, the next theorem will convince the reader that he did not lose
his time by struggling through this definition.

THEOREM 7.5. Let M be an admissible array of bounds. Then (7.1), that
is,
bNi+t+s,r ) <m(i,t)2™  holds for all pairs (i, t) and all s > 0.
(7.4)
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Proof. Let &, .., F c2U+!*<] be r-cross t-intersecting shifted filters
(co-complexes) satisfying |\ F| <t for 1<j<i and |#F|---|F|=
bOGi+t+s,r,t).

By (7.3) we have m(;, 1)2°<m(i—1,1) 26+ Vg ... <m(0, 1) 276+,
that is, for ¢+ and i+¢+s fixed the RHS of (7.4) is a monotone non-
increasing function of i Therefore, in proving (7.4) we may assume that
[N &| =1 for i< j<r. Consequently, shiftedness implies |#(1)| = |%] for
i<j<r.

We apply induction on i+ 1. The case i+7=1 means i=0, t=1, and it
is covered by (7.1). For the same reason we may assume that (i, z) is not
covered by (7.1) and, in particular, 7> 2.

For 4 < [{] define

)= (1 |s's-(i)|)(j [ 15)

\je A eflrl—4

Then

|-+ 1#|l= ¥ m(4)  holds. (7.5)

A={]
On the other hand Proposition 7.1 and the induction hypothesis imply
m(A)<m(i—|A4|, t+|4]—1)2". (7.6)

Combining (7.5) and (7.6) and using (7.2) gives |#|---|F|<
Yocg<i(pymli—g t+g—1)2"<m(i, t) 27, as desired. |

Now we have to exhibit some admissible arrays of bounds.

DEFINITION 7.6. For a fixed r >3 define the array M by

mii, 1) = (i+e+1) for i+1<2 —r—2
(S A (2r_r)r(2a(r))r(t—2’+2r+1)2—r(r—i) for i+t>2 —r—1.

Our next task will be to show that M is admissible. We need some
preparation.

ProrosITION 7.7.

L Va(r) |=2"—r—1 holds for r=3. (71.7)

Proof. Equation (7.7) can be checked directly for r=3. Suppose r >4
and recall that a(r) is the only root in (1/2, 1) of x"—2x + 1. That is, 1/x(r)
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is the only root in (1,2) of f(y)=1—2y""'+ y". Since f(1)=0, f(2)=1 it
will be sufficient to show that

S((27=r=1)")<0< f((2"—=r)")  holds.
This inequality is equivalent to the inequalities
22 —r—1)"'> Q2 —r)
and
22 —r) < (2 —r 4 1)

The second one is a consequence of the inequality between arithmetic and
geometric means.
The first can be rewritten as

1 V! ¥
() s (1-2)

However, using Bernoulli’s inequality and r > 4 we deduce

1 ! r—1 r(1—-1/r) r
P AN R Sl L RS
( 2’—r> S Pt T Ty T

as desired. |

PROPOSITION 7.8. (i4+1) 12> (i+t+1) holds for 1<i<rif i+t<
27 —r—1.

Proof. The desired inequality can be rewritten as

) 1 )"*1>i+t+1
i+t+1 A

For i+t fixed the LHS is a decreasing function of i, therefore we may
assume that i =r. Taking rth roots and setting y = (i + )" we can rewrite
the original inequality as

2y 1> 41, that is,
Yy —2y"14+1<0, which holds for
1< y<l1/a(r), thus the statement follows from the

previous proposition. [

CLAM 7.9. The array M satisfies the monotonicity condition (7.3).
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Proof. We have to show that 2'm(i— 1, t) = m(i, t).
For i+ t<2"—r—2 this is immediate from Proposition 7.8. For i+ =
2"—r—1 by Propositions 7.7 and 7.8 we have the chain of inequalities

QR —r—1)y "1 2'=Q —r— 1y 127/ —r—1) "¢
> (2 =y o)
=m(i, 2 —r—1—1),
as desired.
Finally, for i+¢>2"—r clearly m(i— 1, £) 2"=m(i, t) holds. |

We also need the following simple fact.

ProPOSITION 7.10. Let 9,,..,%,<2" be h-cross l-intersecting. Then
1,1 -+ |9,] <2%0=D holds.

Proof. For 1<i< j<h the families ¥, and %, are 2-cross l-intersecting.
Thus % and 4= {Y—G: Ge %} are disjoint families. This yields

19| +19) <2,  1<i<j<h (7.8)

Since i# j were arbitrary, it follows that the arithmetic mean of |44,
1<i<h, is at most 2!¥ !, Their geometric mean cannot be larger. |

Now we are ready to prove the main result.

THEOREM 7.11. The array M is admissible for all r > 3.

Proof. We apply induction on n. The case n=1 is trivially true. For
(i, )= (0, 1) the validity of (7.1) follows from Proposition 7.10 for all r.
Now we prove by induction on i+ ¢ that (7.1) holds for =1 and all r >3
and (7.2) is satisfied for all 1> 2, r=3.

Let first t=1 and let #, .., % <21 be r-cross 1-intersecting shifted
co-complexes with (| %= if and only if 1 <j<i.

We proceed exactly as in the proof of Theorem 7.5. However, in equality
(7.5) we can’t estimate directly the term m((J), because the families
F (1), ..., Z(1) need not be r-cross intersecting.

However, these families have the following property.

Taking all families except %(1), 1< j<i, these families are
(r — 1)-cross intersecting. (7.9)

Indeed, otherwise 1€ () % would follow.
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Now we prove that for (i, r)+#(2,3) the property (7.9) implies the
following upperbound.

m(@)= [ I£Q)<@+1)y20--D, (7.10)

I<j<r

Using induction on n, Theorem 7.5 implies

m(A)< (i + 1)~ 141 2rtn—i=1)

Now using this inequality and (7.10) from (7.5) it follows that
Ticjcr [FI 207D 30 o (D +1) 78 =2""""1(i 4 2)', as desired.

PrOPOSITION 7.12. Let %,,..,%. <27 such that %= for 1< j<i
and taking all families except %, 1< j<i, these families are (r —1)-cross
intersecting. Assume also that Theorem 7.11 is proved for n=|Y|. Then
1%, - 1% < (i + 1) 2" =D holds for r=3, i> 1, and (r, i) # (3, 2).

Unfortunately, we did not find a unified proof for this and therefore we
postpone the somewhat lengthy argument together with the proof of
validity of (7.1) for (i, r, t)=(2, 3, 1) until after the end of the proof of
Theorem 7.11.

Thus we will show first that (7.2) holds for all (i, ¢) with ¢>2.

(a) i+t<2"—r—1. The RHS of (72) becomes oc,<;(})
(i+t)"#=(i+t+1), that is, (7.2) holds with equality unless i+t=
2"—r—1, In this case the inequality is strict because (2"—r)'<
(2" —r) a(r)"~" holds in view of (7.7).

(b) i+t=2"—r. Note that now m(i— j, t— 1+ j)=m(i, t)(2a(r)) "
a(r)” holds for 0 < j< i Thus equality follows for i = r and strict inequality
for 0<i<r because of Yoc,<;(L)a(r) O =1+a(r)) =(2a(r))'<

(2a(r))". 1

Proof of Proposition 7.12. Let us introduce the notation x,=|¥|/2'"'~*
Using the induction assumption and Proposition 7.10 we infer

[T x;<G+1)~"  forall A< [r] satisfying |4 " [i]|=i—1, 4] =2,

jeA

and (|4], i) # (2, 2). (7.11)

In most cases one can deduce (7.10), that is,

X --x,<(i+1)  from (7.11). (7.12)
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However, we have to distinguish a few cases.

(i) i=r. Take the product of (7.11) over all 4e([)).

(i) i=r—133. Taking the product of (7.11) over all 4e (' ~}])
leads to x,---x,_,;<r”"". Similarly, using A=4"U{r} over all
A'e(-10y leads to (x;---x,_,) " 2x/"!gr" D=2 The product of
these inequalities gives (x,---x,)"~'<(r"~')"~!, which is equivalent to
(7.12).

(iii)) i=1. Consider A=[r—1] to obtain x,---x,_,;<1. Noting
x,<2'=2, (7.12) follows.

(iv) i23, r—i>2 Take the product of (7.11) over ali
Ac[r]|lAn [i]=i—1, first with |A| =i, then with |[4] =r— 1. We obtain
after taking appropriate powers

Oy -0 (e, e ) S (14 1) D
(Ot x )0 D=1 =D=D (L Jilli= D=0 =)
< (l+ 1)(i—l)i((i—1)(r—i)7i).
The product of these inequalities s (x,---x,)¢-Dr-i-1
(i4 1) === yielding (7.12).

(v) i=2, r=4 Suppose by symmetry that x, <x,. If x, <3 then
using this and (7.11) applied with 4 =[2, r] gives x,x,---x,<3-3=32, as
desired.

Suppose next x,>3. Using (7.8) gives now x,+x;<4 for i=1,2 and
Jj=3,..,r. Consequently, x,;x;<3, x,x,<3, and x,<1 for 5<j<r
Taking products (7.12) follows. |

Finally, we have to prove (7.1) for the case r=3, i=2.
PRrOPOSITION 7.13.  Suppose that Theorem 7.11 holds for n— 1. Then
bP(n, 3,1)* =4223—3), (7.13)

Proof. Let %, %, % <2"] be 3-cross intersecting shifted co-com-
plexes with N # = =% but N FH# .
Using the notation of the proof of Theorem 7.5,

m(A)<3 follows for A = {i}, i=1, 2, and m([2]) <l also. (7.14)

Thus m(PF)<9 would imply |F||%H |F|-273""3<16, as desired.
Consequently, we may assume that

IZ ()] B |F(1)] > 9220,
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We claim that this implies |%;(1)|>2""3 Indeed, otherwise setting
x;=|%(1)]/2"* and using (7.8) gives

xl+'x35£4
X, +x,<4 and thus

X XX, € X5(4—x5)2<9  followsfor x;<1.

If x;> 1 then, x;x,x; < x5(4 — x5)? implies only

24
x1x2x3<(§> 3 (7.15)
However, |#(1)| > 2" implies |} #(1)| <2.

Consequently, # (1), #(1), #(1) are 3-cross 2-intersecting with
[N #(1)| < 1. In view of the induction assumption (7.4) applied with r =3,
t=2, i=1 we obtain the improved upper bound m([2])<1/2.

Combining this with (7.14) and (7.15) gives |%||A| | FlI<
23 =3)(1/2 4 6 + 256/27) < 1599 - 2°"~3 completing the proof of
(7.13). 1

COROLLARY 7.14. b(n, r,t)=2"""* holds for t <2"—r—2. Moreover, the
only optimal families are #, = --- = %, = {Fc [n]: T F}, where Te ().

Proof. The upper bound follows directly from Theorems 7.5 and 7.11.
The uniqueness is a consequence of by(n, r, t) < by(n,r, t) for the corre-
sponding values of the parameters. |

8. THE CASES r =15 AND 6 OF CONJECTURE 1.6

We use the notation of Section 4.
Suppose that # < 20") is a dually r-wise intersecting complex, 6(F ) >
2"~"~!. We have to derive a contradiction.

LEMMA 8.1. Suppose that there is a hole of size 3. Then t(3)<4 forr=6
and t(3) <2 for r=5.

Proof. Let [3] be the hole. Then #(1), #(2), and £ (3) are 3-cross
t(3)-intersecting on [4, n]. If #(3) = 5 then Corollary 7.14 implies

min |#(1)] <2" %a(3)*<2"7,
3

1<ig

contradicting 6(#)>2""7 for r=6.
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Similarly, for #(3) >3 we have

min |#(1)] <2775,

1<€ig3
contradiction if r=35. |

LemMma 8.2,
4<1(3)<5 if r=5
and
6<1(3)<7 if r=6.

Proof. Since d(F)<|F|/2, |#|22""". This and Corollary 7.14 imply
the upper bounds.

To prove the lower bounds, recall #(3) > r — 2 for all dually r-intersecting
families with 6(#)>0. Since #(3)=r—2 implies the existence of a hole
of size r—2, we get a contradiction for r=35. For r=6 we have a hole
(say [4]) of size four if #(3)=4. Then #(1), #(2), #(3) are 3-cross
3-intersecting on [5, n]. This would yield again min, ., ., |[# (i) <2" .

The only remaining case is r=6 and #(3)=35. However, in view of
Propositions 4.2 and 4.5 this would imply the existence of a hole of size 3,
contradicting Lemma 8.1. |

Let us deal with the remaining four cases one by one.

(a) r=6, t(3)=6. Suppose that F, U F,u F;=[7,n] and consider
4 =%|6). Since no hole of size 3 exists ¥ contains no sets of size 3 or
more.
Define, as before, #(6,A)={F—A:FeF,Fn[6]=A4}c2U"" 1If
|Z (6, {i})| <27 7/6 holds for some 1<i<6 then we infer

IF @) =176, {iPDl+ Y |1F6 {i, jDI<61F(6, {i}|<2"".
i#jel[6]
Otherwise, using Theorems 7.5 and 7.11 for the 3-cross 4-intersecting
families #(6, {i}), #(6, {j}), and #(6, {k,1}), where {i, j, k, 1} e($)
gives

5_1 3\3
| (6, {k,I})| s(z"—“’-s (T) ) /(2"—7/6)2<2"~1°
for all 2-element sets {k,/} = [6].
On the other hand the families F(6, {i}), 1<i<3, are 3-cross
3-intersecting. By Corollary 7.14 and by symmetry we may assume that
|# (6, {1})]<2"~".
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In view of the preceding inequality, |#(1)|<2"~°+5.2""1%<2""7 a
contradiction follows.
(b) r=6, t(3)=7. Suppose that F,uF,uF;=[8,n] and define
% =%|(77. The families #(i)ls,.y, i=1,2,3, are dually 3-cross
3-intersecting. By Corollary 7.14 and symmetry we may assume that
| (1) gl <2777
Now [ £ (1) >2"~7 implies that the degree |4(1)| of 1 in ¥ is at least 9.
Consequently there are some 3-element sets in ¢. By symmetry suppose
[3]1€¥%. Now # =F |4 5, is dually intersecting and has no hole of size 3.
The only possibility is that # contains exactly three 2-element sets which
form a triangle. Let i be the fourth element of [4, 7]. Then # (i) is a dually
3-wise 4-intersecting family on [3]u [8,n]. Consequently, |F(i)|<
2"~ 74(3) < 2"~ 7 by Corollary 4.10.
In the remaining two cases r=>5. Let us suppose that F, UF,UF;=
[#(3)+ 1, n] and define 4 = F|,3);-
Set also 4P = {Ge¥: |G| =2}.
(c) r=5, t(3)=5. If ¥ contains some 3-element set then let i, j be
the remaining two elements of [5]. Now Z(i), # (i), #(j) are dually
3-cross S-intersecting on [n] — {i, j}. By Corollary 4.10,

min{|# (), |F ()|} 2" a(3)*<2"7°

follows.
Thus |G| <2 for all Ge %.
For Bc [5] define f(B)= |{Fe #: Fn [5]=B}|, also f(i) = f({i}).
By Corollary 7.10 we have the inequality

f(By) f(By) f(B3) < (27~ Sa(3)510 Bav Bl =23 (8.1)

If for some ie [5] we had f(i) < 2" %/5, then f(B) < f(i) for i€ B would
imply

IF@OI=fO+ ¥ {5270
Je@sI—{iD)

a contradiction.
Applying (8.1) with |By|=|B,|=1 and |B;| =2 and |B, U B, U B,| =4
gives

f(B3)<25-2" 124(3)3<2"~°  forall B3e([§]). (82)

Using (8.1) with B,, B,, and B, distinct 1-clement sets ensures the
existence of ie [5] with f(i)<2" "%
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Combined with (8.2) this gives
|F () <2"8+4.2" %<2 ¢

the final contradiction.

(d) r=35, t(3)=4. Since ¥ =21 is dually 2-wise 1-intersecting, and
since there is no hole of size 3 (by Lemma 8.1), we may suppose that
@2 — ( [g])'

Using the same notation as in (c) we obtain
f) f(B) f(4) < (2" 7)Y (3)°81 -1
for g#Bc[3], 1<i<3, i¢B. (83)

Recall |#(4)] = £(4)>2"~5. Also, if f(i)<2"~ /3, then | #(i)| <3f(i) <
2"~5 would follow. Thus (8.3) implies
n—9,07\3 n—10 [31
f(B)<3-2" "a(3)° <32 forall Be 5 )
Now applying (8.3) with |B|=1 shows the existence of je [3] with
f(j)<2"~7-12<27-7 This in turn gives
1F () <277 4627710 < 276,

the contradiction concluding the whole proof. |

9. BOUNDS ON THE MINIMUM DEGREE IN CROSS-INTERSECTING FAMILIES

Throughout this section %, .., % 2" are fixed, dually r-cross
t-intersecting complexes. We shall denote by 6 the minimum of their mini-
mum degrees:

0= min min |%(i)|.

1<j<r ieln]

DerFiNITION 9.1, For 2<s<r let ¢(s) be the maximum integer such
that %,.., % are dually s-cross #(s)-intersecting for all choices of
I<ij< - <iggr.

Recall the definition of a hole from Section 4. For 4 = [n] define
H(A)={j: Aisaholein £}, h(A)=|H(A)|.

In most cases we can assume without loss of generality that H(4)=
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[A(A)], and we shall often use this assumption without referring to it—for
notational convenience. Also, we often suppose that 4 =[|4]|].

PROPOSITION 9.2. Suppose that sz22 and Ac[n] satisfy |A|=s,
h(A)=s. Then

S<b(n—|Al,s, ts)— |A] +5). (9.1)

Proof. Suppose that [s] < A4 and [s] < H(A). Consider % (i) c20"1-4,
1<i<s. Then these families are dually s-cross (¢(s) — |A| + s)-intersecting
on [n] — A. By definition,

[T 1Z®I<bn—1A4l, s, t(s)— 4] +5)",

1<i<s

yielding (9.1). |

ProposITION 9.3. If >0 then t(s)=2t(s+1)+1 holds for 2<s<r.
Moreover, in case of equality there is a ((s)-element set A, satisfying
h(A)zr—s.

Proof. Suppose that F,e# and |F;u --- UF|=n—1t(s). Set A=
[#]—(Fy,u ---UF,). Choose Fe(%#, v --U%F) with |[Fn 4] as
large as possible. Then #H{s+ 1) < #(s)— |Fn A] holds. By 6> 1 we
have FnA# . Moreover, |FnA|=1 means that 4 is a hole in
ForrnF |

The main result of this section establishes Conjecture 1.8 in a wide range
of cases in the more general setting of dually r-cross t-intersecting families.

THEOREM 9.4. 0 <2"" "7 holds in each of the following cases:
(i) t<2T¢=P21—r—[(r—p)/271—1 where p is the largest integer
satisfying 27 -2 <r
(i) t=1,r=7

Proof. Arguing indirectly we assume

o>t (9.2)

CLAIM 9.5. Let d=s5>=2 be integers with 2°—s—22r+t—d then there
is no d-set D with h(D) 2 s.

Proof of the Claim. Suppose for contradiction that H([d])> [s]. By
Proposition 9.3 the families % (i), 1 <i<s, are dually s-cross (¢4 r—d)-
intersecting on [d+ 1, n]. From Corollary 7.14 we infer [T, ;< |Z () <
25(=r=9_ contradicting (9.2). |
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CLAaM 9.6. Suppose that b(n, s, ) <2" """+ then 1(s) < q.

Proof. Otherwise we may suppose that | % | <2"~"~'*! and since & is
a complex, 6(F#)<(1/2) | %] <2"~"~* follows. This contradicts (9.2). |

Clearly we may assume that ¢#(r) =1 holds. Let P be the largest integer
satisfying

Kr—p)=t+p. (9.3)

This implies the existence of a (z+ p)-element set D with A(D) > p. Thus
Claim 9.5 implies that

2P -2<r holds. 94)
Using the definition of p and Proposition 9.3 we infer
Hr—p—5b)=2t+p+2b for 1<b<sr—p-2 (9.5)

Consequently, for b=[(r—p—1)/27 we have t(r—p—>b)=t+r—1.
If 2277~ —(r—p—b)—2=t+r—1, then using Claim9.6 and
Corollary 7.14 we get a contradiction. Consequently,

20— P21 _[(r—p)2T-2<t+r—1  holds. (96)

This is impossible in case (i), thus for that case the proof is finished.

Since the cases =1, r>10 are covered by (i), we may suppose that
t=1, 7<r<9 for the rest of the proof.

In view of (9.3)-(9.5) we have ¢(4)>=4 for r=7, H(r)=6 for r=38, and
t(r)=8 for r=9.

On the other hand applying Claim 9.6 for s=4 gives t(4)<r—1 in all
three cases.

These considerations restrict the value of (r, t(r)) to the following 6
possibilities which we now examine. First we get rid of half of the cases.

Suppose that in (9.3). the value of p is 3, the maximum permitted by
(9.4). That is, #(r—3)=4.

Then, we may assume that [3] < H([4]) and thus % (1), %(2), %(3)
are 3-cross (#(3)— 1)-intersecting on [5, n]. Now p <3 implies #(3) > 6 for
r=1, t(3)=8 for r=8, and #(3) > 10 for r=9. These assumptions lead to
the respective contradictions

min | (i) <2" "a(3)>< 2"} (r=17)
1<i<3
min [Z (i) <2" "a(3)*<2"° (r=28)
1<i<3

min |.9‘7,(l)| gznv7a(3)6<2n—ll<2nﬁ10 (r=9)‘

1<i<3

582b/53/2-6
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This proves #(r —3) >S5 for all cases, yielding #(4) > 7 for r=8 and #(4) >9
for r=9. This last inequality contradicts #(4) <8 for r =9, and concludes
the proof for that case. For the case r =8 only one case remains (¢(4)=7,
t(5)=5). From now on r=7 or 8. Note that #(3) > #(4) + 2 holds.

Recall the definition of %(b, B):

F (b, B)={F—B:Fe #, Fn[b]=B}c 20+t

CLAM 9.7. Let d>1 be an integer, je [b]. If
; n—r— b - 1
iz i<z (7))
l<d

then there is some D with je D e ([2)) satisfying (b, D) # &.

Proof. Suppose the contrary. Then we have

. b—1\__._,_
Fii= ¥ i#eoi<iEe Nz (7] )<
jeDc(b] I<d

a contradiction. ||

Let 3<s<r—3 and suppose that F,e &, .., % ., € %, satisfy
Fu.---UF,, =[Hr—s)+1,n].

Then Z(1(4), 4;), 1<i<s, are dually S-cross (#(s)—t(r—s)+
|[A; U -+~ UA,_,|)-intersecting. We shall refer to this as the standard
assumption for s.

We distinguish three cases

(a) r=8,t4)=Torr=7,t(r)=>35, t(3)>8. In this case the standard
assumption for s=r—4 and Claim 9.7 applied with d=2, b =1t(4) imply

|Z(t(4), () >2""""Ye(4)  forall 1<i<r—4, 1<j<t(4).
(9.7)

Now using the standard assumption for r=8 with a 2-element set and
disjoint singletons gives

|F(7, A)| < (2"~ '3)*(2"=®/7)>=7.2""2'  foralliandall Ae <[;]).
(9.8)

By the standard assumption for s=3 and by symmetry we may assume
that

A7, (1) <271 (9.9)
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Combining (9.8) and (9.9) gives
F(1)<2"~146-7°.2""21 <0827,

a contradiction.
Similarly, in the case r=7, t{(4)=5, t(3) > 8 we obtain

|Z(5, A)| < (2" %a(3)*)}/(2"~¥/5)* <27 P/12.
Combining with, say,
|75, {1DI<2" %(3) <2"7%4,  |A()<2"7°

follows.

(b) r=7, t(3)=27, t(4)=t(3)—2. Choose, by symmetry, F;e %,
5<i<7, such that

FyUF U F,=[t(3)+1,n].

Now Z(t(3),{i}), i=1,2,3, are dually 3-cross 3-intersecting. By
symmetry we may assume

|F(2(3), {1})] <2772 (9.10)

Using t(4)=13)—2, it follows that |Fn[#(3)]|<2 for all Fe%,.
Consequently,

|Zi(1)] <27 3(3)/2".

The RHS is monotone decreasing in #(3) and for #(3)=38 its value is
2"—% Thus we may assume that #(3)=7 and that

\F(T, (DI =277  forall 1<i<4, 1<,j<7. (9.11)
This assumption, as before, implies
|Z(7, )| < (2"~ a(3))/(2"~F/T)* <277 F/s.
If we can find a 4-element set {j,, j,, js, ja} = [7] such that
\Z(T, {JDI 22" Y5 for 1<i<4

then for every A€ ('])) at least 2-elements out of jy, ..., j, are outside 4.
Considering %(7, A) with the corresponding 2 families % (7, {j-}) gives

(7, A) < (2"~ "°a(3))*/(2"~#/5)* < 2"~ F/10.
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In analogy with (9.10) we may suppose that
|Z.(T, i DIs27

Combining these inequalities gives

7 1
(i n—8(f _~ | n—2_8
<2 (G4 <2
If we can find distinct i,, i, and distinct j,, j, with |, (7, {j,})| =2"~%/3
for I=1, 2 then with i; e ([4] — {i,, i>}) and j; € ([7] — {J., j»}) we obtain

|77, (DI <2710/ ~313)2 < 277,

contradicting (9.11).

To conclude the proof in this case we will find such iy, i,, j;, j,. Assume
the contrary.

Suppose without loss of generality that (7, {6,7}) # &. If
|Z(7, {5})] <2"7%3, then it follows that for some 1< j<4,
(1, {j,5}) # & holds. By symmetry we may assume that
F(1,{4,5)) 2.

Now |Fn[3]|<1 follows from the dually 7-cross l-intersecting
property for i=1, 2.

We may assume that |#(7, {1})|<2"7%3. Thus, %(7, {1,b})#*
holds for at least 3 choices of be [2, 7].

Now #(7, {2,c})= follows for all ¢c#2, ce[7], because otherwise
[7] is covered by the union of 4 sets, one each from 4, .., %,.

This means |#(7, {2})| = |#(7, 2)| >2"8, leading to

|Z5(7, {3D] 1F(7, {4} <2710 2n 8= (2"~ 12
Consequently
|Z(7, {j}I<2""%8  holdsfor j=3or4,

in contradiction with (9.11).

(¢) t4)=6, r=17. In view of the preceding case we may assume that
t(3) = 9. However, this contradicts Claim 9.6. ||

10. FAMILIES CONTAINING ALL SMALL SETS

For a positive integer s, a family & < 20" is called s-complete if
ez
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With this terminology the Brace-Daykin Theorem (Theorem 1.2) deter-
mines the maximum size of dually r-wise intersecting 1-complete families.
In this context it is natural to make the following.

DermNiTION 10.1. For nzrs+1t let m(n, r, t, s) denote max |#| where
the maximum is over all s-complete, dually r-wise t-intersecting & <201,

For n<rs+t no such family exists and even for n=rs+1¢, trivially,
m(n, r, t,s)=3.<, (") holds, because no such F can contain sets of size
exceeding s.

Let us give two examples.

ExampLE 10.2. %;(n,r, 1) for [ 2.

ExaMPLE 10.3. Let s<g<(n—s—1)/2 and set
G(n, t,5)={G[n]:|Gn[2g+s+1t]| <s}
U{Gc[t+1,n]:|Gnt+1,29+s+1]I<q}.
Note that %,(n, t, s) is dually 3-wise t-intersecting and that for fixed ¢ and
s and g=g(n)— co one has
lim |%,(n, t,s)| 2-n=2"1"1 holds. (10.1)
This shows that the function p(r,t,s)=1lim,_ , m(n,r, t,s)27" has a
positive lower bound for r=3, ¢ fixed, independent of s. For r>4 the
situation is different.
ProPOSITION 10.4. For r 24 and t fixed one has

lim p(r, t,5)=0.

5= 0

Proof. Just observe the fact that every s-complete dually r-wise
t-intersecting family (is dually (r—1)-wise (s+ ¢)-intersecting. Conse-
quently, p(r, t, s)<a(r—1)'*°. |}

Note that s-completeness is invariant under shifting and therefore we
may assume throughout the proofs in this section that # is a complex
satisfying S;(F)=& for all 1<i< j<n;ie, & is shifted to the right.

ProOPOSITION 10.5. The following inequalities hold.

min,r,t,s)<m(n,r—1,t+1s,s) for 1<i<r-2. (10.2)
mn,r,t,s)s<mn—1Lr—1Lt+s—1,8)+mn—1Lr,t+r—1,5s—1)
(10.3)
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Note that Z(n, r, t)=B,(n, r —1, t + Is) holds for 1 /< r— 2. Using this
fact, Theorem 6.1, and (10.2) one can prove that in many cases
m(n, r, t, s)=|B,(n, r, )] holds. This motivates the following,

Conjecture 10.6. m(n, r, t, 5) = MaX,c,;cn_ oy |%i(n, r, t)| holds for
r=4.

For r=3 we believe that either Example 10.2 or Example 10.3 is best
possible.

Conjecture 10.7.

m(n, 3, t, s) = max { max / |9,(n, t,s)], max s | B,(n, ¢, 3)]}.
2

s<qgs(n—s—1) sgis(n—1)

Note that, for s fixed and ¢ > ¢,(s), e.g., ¢ >s2" both conjectures would
follow from Conjecture 1.1.
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