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Linear Dependencies among Subsets of a Finite Set

P. FRANKL AND N. M. SINGHI

A O—design for given integers k, t; k>t =0 is a family of k-subsets {F, - - - F,,} along with rational
numbers a; - - - a,, such that for any t-element set G, ¥ GcF a; =0 holds. We prove that if
t+1 t+1
( 1 ), cees ( Kt 1) have a common divisor d which does not divide «; than 3i’ such that
|F,~ F;}=k—t—1 (Theorem 1).
We deduce some extremal set theoretic consequences (Theorems 2 and 3), relating to problems
of Erdos.

1. INTRODUCTION
Let X ={x;, X3,..., X,} be a finite set of n elements. For an integer k, 0 k=<n we

X _
denote by ( X ) the k-subsets of X. Further we denote by V(n, k) the free vector space

X
generated by the elements of ( K ) over the rationals, i.e. V(n, k) is consisting of all the
formal rational linear combinations of k-subsets of X. We will also think of an element
{xi, Xy . .. %3, } Of (f) as square—free monomial x; x;, * - - x;,. Let ¢ be a fixed integer,
O<t<k

DEFINITION. An element
V= Z aFF

Fe(¥)

X
of V(n, k) is a 0-design if for every G € ( ; ) the following holds

A = 0.
GeF

Obviously the 0-designs form a subspace of dimension (:) —(:l) of V(n, k). We say

that the O-design v =} apF is primitive if all the ars are integers and their g.c.d. is 1.
Notice that for every 0-design there exists a unique rational number ¢ such that cv is
primitive. The simplest 0-designs have the following form

o
v = (X, = X ) (X, = X))+ (X, = Xy ) Xy * Kig (X, # 35, fOT j# 1),

Such 0-designs are called basic. Graham, Li and Li [8] exhibited a basis for the space of
all 0-designs consisting of basic 0-designs. We shall only use the following corollary
(which was first proved by Graver and Jurkat [9]).

COROLLARY [8,9]. Every primitive 0-design can be expressed as an integral linear

combination of basic 0-designs.
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Our main theorem is the following.

THEOREM 1. Let v =Y g ¥ arF be a primitive 0-design. Let d be the g.c.d. of

{( t+1 ,),0si<k—z—1}(d=+oofor k=t+1).
k—t—1—i

X ,
Let Foe(X) be such that d|ag, then there exists an Fle(k) such that d|ag, in

k
particular ag, #0, and such that |Fon Fil=k—t—1.

In [1] Erdos stated the following.

X
CoNJECTURE 1. Let 0<|<k be fixed, and suppose F g(k) for any F, where
F'e #|F A F'|# 1 holds. Then for (k,1)# (3,1) and n> no(k, 1) one has

=mar{ (7,20 ()/(0)

The case [ =0 is contained in Erdos-Ko—-Rado [3]. The case /=1 was already earlier
conjectured by Erdds and Sés (cf. [2]) and it was proved by Frank! [4]. Frankl [5] proved
that for k> 3/+1 one has

n—1-1
|:7/7|s(1+o(1))<k_l_1).

Most recently Frankl and Wilson [7] proved

n
|9"(k—1—1)

for k=21l+1 and k—! is a prime power. We prove

THEOREM 2. If k—1 has a prime power divisor which is greater than | then, with the

conditions of Conjecture 1, one has
{Ge(i():HFe.%FDG}bMI,

Notice that the condition of Theorem 2 is satisfied for all k=3 if /=1 also if k—/isa
prime power and k>2l In [1] Erdés also asked to determine m(l, n)=
max{|F|: F<2X|F ~nF’|#1 for every F,F'e %}. For 1=0 trivially m(l, n)=2"" and
m(1, n) was determined by Frankl [6], who made the following conjecture:

|F|=< (k _';_ 1), moreover

forevery k—l—-1<r<k.

CoONIECTURE 2. For n> ny(l)
-1
) ('.')+ ) (") if n+1is odd
i=0 \1 i>(n+l)/2 \ 1

-1/ n—1 n ‘ ‘
i=0(i)+((n+l)/2> i>r§l/2(i)’ if n+1lis even.

m(l, n)=
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Here we prove

THEOREM 3. Set q(I) =[]p=<i<p=+1p™ (p prime). Then

Y (") +0(n?0*+) if n+1is odd,
i>(n+1)/2

1
m(l,n)= .
n-—= n D+ .
+ + q ) +l . .
((n+1)/2) i>(y§-1/2) (1) 0(n ’ ifn 1S even

REMARK. Conjecture 1 is the analogue of the Erdos—-Ko-Rado [3] theorem

(if IF A F[> 1, n> no(k, 1) then '9'S(Z:§:i))’

Conjecture 2 is an analogue of a theorem of Katona [10] (if |[F ~ F'|> I and |F] is not
restricted then

n n—1 n
Fl=< if n+1 is odd dg’S( )+ ()
| | i>(r§-l)/2<l> nn s oddan | I (n+1)/2 i>(n§-1)/2 t

if n+1 is even.) In the case /=0 there are many ways to have equality in Katona’s
inequality. However, for / = 1, Katona proved that the only families which achieve equality
are the following.

(a) n+1is odd and

+
9={F§X:|F|>y—2—l},

(b) n+1is even, x€ X is fixed,

Arexp=tt (X
s-{rexir= (X))

2. THE PROOF OF THEOREM 1

We start with a lemma.
X
LEMmA 1. Let Fye (k ), 0<s<k, and U=} agF, F a basic 0-design, i.e.

F= (xil_xiz) e (x' —xiz:+z)xi2:+3 T i g

2r+1

Then

- ; | ar =0, unless |[Fon{x,,, ., x, =1 forallO<Is<t.
~Fol=s

PROOF. Suppose by symmetry |Fon{x;, x,}|# 1. Let £x, y,y; - * * y, be a term in the
expansion of u. Then +x,y,- -y, is also a term in the expansion of u, moreover it is
of exactly opposite sign. One has

I{xi,, Y25.445 Yk}nF0|=|{xiz’ ) /T )’k}ﬂFoL

and all the terms in the expansion of u contain either x; or x,. Thus the statement of
the lemma follows.
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To prove the theorem it is sufficient to show that (under the hypothesis of the theorem).

aE is not divisible by d. N
Fe(®
|FNFol=k~t—1

To calculate this sum we write » as an integer linear combination of basic 0-designs:

v= ) alip,iy. .., ik+t+l)(xi1 - xiz) o (xizm _xi2,+z)xi2,+3 con Xig
(xil’ T xik+(+l)

= z apF

Fe§)
In view of Lemma 1, to count (1) it is sufficient to consider the 0-designs for which
For{xi, X o, Xy b ={xi, Xis ..., X, 1 Let Lpe X BeF be such a basic 0-design. Then
one has

i t+1 ]
Br = (_1)k ( .), where i = |Foﬁ{xzz+3a cees xk+:+1}| (2)
|[FFol=k—t—1 k—t—1—i

Fe(y)
Notice that i =k —t—1 corresponds to the basic 0-designs in which F; occurs as a term,
and it has coefficient 1. Thus (1) extended over such basic 0-designs only gives apo(—l)'”,
which is of course not divisible by d.

+1 .
( k ! ) for 0=i<k—1t—1, thus taking into consideration

As by definition d 1

(2) we deduce for (1).
= (—1)""'ag, (mod d) which yields the statement.

|FnFo|=§—r—1
Fe(%)

3. THE PROOF OF THEOREM 2

Suppose Fc (f) has the desired property, i.e., for F, F' € %,|F nF'|#1 holds. Let

us set t=k—1I—1. Recall that V(n, t) is the free vector space of all the formal rational
linear combinations of t-subsets of X. Let us associate with every F e & a vector

u(F)= Y Gof V(nt).

GsF)|G|=t

Asdim V(n,t)= (':) the first statement of Theorem 2 will follow if we prove that the

vectors u(F) are linearly independent.
Suppose the contrary and let

Y. agu(F)=0 be a nontrivial linear combination,
Fe%
but this means that
Y. agfF is a nontrivial 0-design.
Fe#

By multiplying, if necessary, all the coeflicients ar with the same rational number we
may suppose the afs are integers with g.c.d. equal to 1 i.e. the 0-design is primitive.
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Let g =p® be the prime power which divides k—!=t+1 but which is greater than
t+1
I=k—t~1. Then it is easy to check that p’( ; ) for 1sisl/=k—1t—1. Now with

the notation of Theorem 1 we have p|d. As Y arF is a primitive 0-design, there exists
an Fye & such that pta(F,). Now Theorem 1 implies the existence of F,e % with
|Fon Fy|=k—t—1=1, a contradiction, proving

n
Igls(k—l—l)'

We have proved that the vectors u(F)e V(n,t) are independent. This implies the
independence of the vectors u,(F)e V(n, r):

U,(F)= Y H fork=r=k—1-1.

He(*),H<F

In fact any linear dependence ¥, a(F)u,(F) =0 is also a linear dependence for the vectors
uF),r=r, ie., ¥ a(F)u.(F)=0. Thus for every k—I—1<r<k the u,(F)s span a

X
vector space of dimension |%|, and consequently its support {G e( , ): IFe % GcF}

has cardinality at least | %|.

4. THE PROOF OF THEOREM 3

Set #,={F € %:|F|=s}, where F<2* is s.t. |#|=m(l, n) and |[F ~ F'|# for every
F,F'e & For s>q(l)+1 of course s—1[ has a prime power divisor which is greater than
L Set

={Ge(si(l):3Fe %,GCF}.
Then by Theorem 2 we have |.|=|%,|.

ProposITION 1. For q()+I1<s<{(n+1)/2 we have

n n
= = . 3
#1+1Fmal<(," )= (00 )

THE PROOF OF THE PROPOSITION. Let us set %,,,_,={X—F:Fe¢ F .+1-s}. Suppose
FinF,.-s#* D. Let G be an element of the intersection, thus there exist F, F’ such
that Ge Fe %, X— G =F'€ %,,,_, But this implies |F ~ F’|=1, a contradiction. Thus

FonForr s = O yielding |F|+|F,vro.| < (s_ 1). As || <|F| and || = | Foer|

(3) follows.
Now sum up (3) for g(I)+I<s<(n+1)/2 to obtain

(2)

= .

q(h+l<s<n—q() (n+D)/2<s<n—q() \§
s#(n+1)/2

n
Taking into consideration that for every 0 < s < n we have |%,| < (s) and |F|=Lo<s<n |F|

the statement of Theorem 3 follows for n+! odd and for n+1 even as well as soon as
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we show

n—1
Ig(n+l)/2|$ ((n+ l)/Z)' (4)

To show (4) observe that for F, F' € %112, |[F N F’|=1 s equivalent to |F U F'| = X i.e.
to (X —F) ) (X~ F')=. Applying the Erdés-Ko-Rado theorem (case /=0 of Conjec-
ture 1) to F 412 ={X —F:F€ %,.+1,2} We obtain

_ n—1 n—1
. = gn-‘- < = .
| nr2l = F 1)/2|<((n_1)/2_1) ((n+l)/2)

NoOTE ADDED IN PROOF. Frankl and Fiiredi—using the methods of this paper and a
stronger version of Theorem 2—have proved Conjecture 2. By completely different
methods they proved Conjecture 1 for k =21+2. Examples of the first author show that
it is not true for k<2/+1. Both these results appeared or will appear in Journal of
Combinatorial Theory A.

REFERENCES

1. P. Erdos, Problems and results in graph theory and combinatorial analysis, Proc. Fifth British Comb. Conf.
1975 Aberdeen—Congr. Num. 15. Utilitas Math. Winnipeg 1976.

2. P. Erdos, Problems and results in combinatorial analysis, Colloq. Intern. Sull. Teorie Combin. (1973) Rome,
Acad. Naz. Lincei, Roma, 1976, Vol. 2, pp. 3-17.

3. P. Erdds, C. Ko and R. Rado, Intersection theorems for systems of finite sets, Quart. J. Math., Oxford (2)
12 (1961), 313-320.

4. P. Frankl, Families of finite sets containing no two sets intersecting in a singleton, Bull-Austral. Math. Soc.
17 (1977), 125-134.

5. P. Frankl, Extremal problems and coverings of the space, Europ. J. Combinatorics 1 (1980), 101-106.

6. P. Frankl, An intersection theorem for finite sets, Acta Math. Acad. Hung. 30 (1977), 371-373.

7. P. Frankl and R. M. Wilson, Intersection theorems with geometric consequences, Combinatorica 1 (1981),
357-368.

8. R. Graham, S. Y. R. Li and W. C. W. Li, On the structure of t-designs, SIAM J. Alg. Disc. Maths. 1
(1980) 8-14.

9. 1. E. Graver and W. B. Jurkat, The module structure of integral designs, J. Combin. Theory Ser. A, 15
(1973), 75-90.

10. G. O. H. Katona, Intersection theorems for systems of finite sets, Acta Math. Acad. Hung. 15 (1964),

329-337.

Received 22 March 1982

P. FRANKL
C.N.R.S. E.R.175 ‘Combinatoire’, C.M.S., 54, Boulevard Raspail 75270 Paris, Cedex 06, France

and

N. M. SINGHI
School of Mathematics, Tata Institute of Fundamental Research, Colaba, Bombay 400 005, India.





