October 25, 2006
The CCR algebra

Let H be a Hilbert space and for f,g € H let o(f, g) := Im(f, g), The C*-algebra of
the canonical commutation relation over #, written as CCR(H), is by definition a
C*-algebra generated by elements {W(f) : f € H} such that

i) W(=f)=W({) (f € H)
(i)  W(N)W(g) = exp(io(f,9))W(f +9) (f;9 €M)

Condition (ii) tells us that W (f)W(0) = W(O)W(f) = W(f). Hence W(0) is the unit
of the algebra and it follows that W(f) is a unitary for every f € H.

Theorem 1 For any Hilbert space H the C*-algebra CCR(H) exists and unique up to
isomorphism.

The finite sums

Z/\iW(fi)

form a dense *-subalgebra of CC'R(H), therefore a linear mapping defined on CCR(H)
is determined by its values on the unitaries W (f). It is not trivial the positivity of the
linear extension.

Let X be an arbitrary (nonempty) set. A function ' : X x X — C is called a
positive definite kernel if and only if

n
Z ¢ o, 25) > 0
Jk=1

for all n € N, {z1,29,...,2,} C X and {c1,¢o,...,c,} C C.

Theorem 2 Let H be a Hilbert space and G : H — C be a function. There exists a
state ¢ on CCR(H) such that

e(W(f)) =G(f) (feH)
if and only if G(0) =1 and the kernel

(f,9) = G(f —g) exp(—io(f,g))

s positive definite.



Exercise 1 Show that the functions

1 if f=0,

GG e, Gl = el

satisfy the above conditions and therefore they determine the states 7 and .

7 is called tracial state and v is called Fock state.

Exercise 2 Show that 7 satisfy the condition 7(ab) = 7(ba). Use the inequality |7(a)| <
||lal|, to show that
W (f) = Wi(gll* > 2 (1)

if f and g are different vectors.

The inequality (1) implies that the mapping f — W(f) is not norm continuous.

Let (U, my, Hy) be the GNS construction from (CCR(H), ). The vectors my, (W (f))¥
form a complete system in H,.

Exercise 3 Show that t — (m,(W(f))¥, 7y (W (th))my(W(g))¥) is a continuous func-
tion of ¢ € R for every f,g,h € H.

Therefore
t = (W (th))

is an so-continuous 1-parameter group of unitaries, and according to the Stone theorem
7o (W (th)) = exp(itB(h))
for a selfadjoint operator B(h), called field operator.

Exercise 4 Show that B(h) is unbounded if h # 0.

Exer(cise)5 Show that B(tf) = tB(f), B(f +g) = B(f) + B(g) and [B(f), B(g)] =
—2io(f, q).

Let I
BH(f) = 5(B() FiB(f)) 2)
Then
[B~(f), B™(9)] = (g, /) (f,9€H) (3)

is the canonical commutation relation for the creation operator B*(g) and the anni-
hilation operator B~ (f).

Exercise 6 Show that the distribution of B(f) in the vector state ¥ is Gaussian. What
is its variance?



Theorem 3 Assume that g1, go, ..., gr are pairwise orthogonal vectors in H. Then
B (g))™ B (g2)™ ... B (g)"™*®

and
B™(q1)"B*(g2)" ... B (g)"* @

are orthogonal whenever m; # n; for at least one 1 < 5 <k.

The Hilbert space #, is identical with the symmetric Fock space F,(H) over .



