Perturbation of Wigner matrices and a conjecture !
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Abstract Let Hy be an arbitrary self-adjoint n x n matrix and H(n) be an n xn (random)
Wigner matrix. We show that ¢ — Tr exp(H (n) —itHy) is positive definite in the average.
This partially answers a long-standing conjecture. On the basis of asymptotic freeness our
result implies that ¢ — 7(exp(a — itb)) is positive definite whenever the noncommutative
random variables a and b are in free relation, with a semicircular.
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Introduction

Let H and Hj be self-adjoint n x n matrices. It is a widely known conjecture [1, 6, 9, 10]
that the function .
t > Trefl—ttHo (1)

is positive definite on R. This means that there exists a measure i on R whose Fourier
transform is the above function:
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We shall call i the Bochner measure of the function (1), if it really exists. If this is the case,
then p depends both on the spectra of the two matrices and on the relative position of their
eigenvectors. The function (1), and especially its derivatives at ¢ = 0, define important
quantities in quantum statistical mechanics. Proving positive definiteness would lead to
interesting relations among them. The nth derivative at ¢ = 0 of (1) is, up to a factor ",
given by
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Positive definiteness of (1) is then equivalent with

det([ai+j]i7j:071,...,n) >0 (n € N)

The aim of this paper is to show that the conjecture holds in the average for some
random choices of matrices. More precisely, when the conjecture is true, then for any
choice of self-adjoint n x n random matrix H,, the function

F(t) i= LE(Tr oHnitHo)
n
is positive definite (for any Hj). We deal with the particular case in which H, has
independent Gaussian entries. We shall give rather explicitly the measure y whose Fourier
transform is F'(¢). It depends only on the spectrum of the matrix Hy since the eigenvectors
of H, have a rotationally invariant distribution. It turns out that the support of u is the
convex hull of the spectrum of Hy.

The result for matrices has a consequence for free random variables a and b when a is
semicircular. The pair (a,b) has a random matrix model consisting of a Wigner matrix
and a diagonal matrix. From the matrix result we can conclude the positive definiteness
of 7(e® ) letting the matrix size go to infinity.

n X n matrices

An n x n complex self-adjoint random matrix H(n) is called Wigner matrix if

(i) {ReH;j(n) |1 <i¢<j<n}U{lmH;j(n)|1<i<j<n}isan independent family
of Gaussian random variables, and

(ii) E(Hij(n)) = 0 for 1 < 4 < j < n, E(Hi(n)?) = 1/n for 1 < i < n, and
E((ReH;j(n))?) = E(ImH;;(n))?) =1/2nfor 1 <i < j < n.

The Wigner matrix is standard because 7,(H(n)) = 0 and 7,(H(n)?) = 1, where
1
Ty = —E o Tr,.
n

Our aim is to prove the following:

Theorem. Let Hy be a fized self-adjoint matriz and H(n) a standard Wigner matriz;
then the function t — 1, (exp(H (n) —itHy)) is positive definite. Its corresponding Bochner
measure is the sum of an atomic and an absolutely continuous part. The atomic part is
concentrated ot the eigenvalues of Hy and the support of the absolutely continuous part
coincides with the convex hull of the spectrum of Hy.

In the following, we first give the probability density of the n X n random matrix
Hy + H(n). Then, we assume that Hy has the eigenvalues di < dy < --- < d, and
compute the above function explicitly in terms of these eigenvalues (cf. [4] or [7]).



The probability density function of H(n) is
_ 2/2
C, exp < _ Py A2) with C,, = 2—n/2<f> "
2 n

with respect to the Lebesgue measure

n

dA =[] dAs [[ dReAy) d(ImAy;) on M, (C)*™ = R™ . (2)

i=1 i<j

The density of Hy + H(n) with respect to the measure (2) is

C(Hp) exp<—gTr A2 4+ Ty H0A> .

We have
F .= Tn(exp(H(n) + HO)))
= C(Ho) /TreAexp(—;LTrAQ —i—nTTHoA) dA.
n

Since the measure is unitarily invariant, we can first integrate with respect to the Haar
probability dU over U(n):

F= C(HHO)/’ITeA exp(— 5 Tr A7) (/ exp(nTe UAU™ Hy) dU ) dA.

In this way, we can use the integral formula (see [8], A.5 and also [2], Theorem 7.24 for
a more general formula attributed to Harish-Chandra):

det[exp(Aip;)]

/exp(TrUAU*B) dU = ANVA()

where A, B are n x n self-adjoint matrices, the \;’s are the eigenvalues of A, the p;’s are
those of B, and

AQ) = AL Az, M) = [T = A).

1<j

Since dA = CA(MN)? d\, we can calculate as follows:

C(Ho) n det[exp(nA;d;)]
F= nO/TreAexp(—2TrA2) A()\)A(d)J dA

()

(Z e ) exp( Z )\2) A) detlexp(nX;d;)] dX,




where the latter integrals are over R” = {(z1,z2,...,2,) € R" | 21 <22 < -+ <z}
Integration over R"™ gives a factor n!. We expand the determinant by summing over all
permutations oof {1,2,...,n}:

n' nA Z / exp(—* Z )\2) _1)|<7| H exp(nAidy(;)) dX,

and all summands are the same, due to the fact that A changes sign when two of its
arguments are exchanged. Hence we arrive at

C*(Ho) Aj n )
- nA(d) /(;e V) exp (=5 ZA + n;AZdZ)A A) dA
Now we proceed by means of the integral

/exp(—;l 3 (- ai)Q)A(A) d\ = C(n)A(a)

7

and conclude that

F= C"(H, exp ( Z d2> >

Aoy Lndoi )
d 1, y j—1, Gy s Ui4+1, s Un
Xze] A(dl,dg,...,dn)

1 —1/n
N ﬁeXp<2n> ;e H d; —d
1 , 1
Lol ) ST )
Using analytic continuation, we replace d; by —itd; and obtain
n(exp(H (n) — itHp)) = —exp<2n>2e ““H( 727175(1 — ))

Our theorem states that this is a positive definite function of t. We shall explicitly obtain
the inverse Fourier transform of 7, (exp(H(n) — itHy)) and show that it is a positive
measure supported on [dy,dy]. So, we compute, given an n-tuple d = {d1, ds, ..., d,} with
di < do < --- < dpy, the inverse Fourier transform of the function

Ze it H (4 =) ®3)
k#]

The computation is rather direct, expanding the product in (3) in inverse powers of ¢
e—idjt

F(d;t) = Z ( ) Zl kl,k:;,km (dj —dp,) - (dj —dy,,)’ (4)
k1<k]§[<#<km




The singularity at ¢ = 0 in (4) is only apparent and we shall first remove it by using for
each m-term the Taylor expansion of the function d — exp(—idt) around the point d; up
to order m

. . . 1 .
e Zdt:e Zdlt—l—(—it)(d—dl)e Zd1t+"'+ (_it)mfl(d_dl)mfle Zdlt

(m—1)!
1 d .
(it / (d— s)ym1ei5t g (5)
(m —1)! Jq,
The expression
n n t
> db 14+ —— (6)
>4 I (=)
k#j

is a polynomial in ¢ of degree not larger than ¢. Indeed, it is obviously permutation
symmetric in the d; and jointly homogeneous of degree £ in ¢ and the d;. Replacing all the
d; by d;+«, we obtain a polynomial in « of degree less or equal to £. We then differentiate
(6) m times with respect to ¢ and put ¢ = 0. For £ < m we obtain

2h X ) dn)

k17k27"'7km
k1<ko<-<km
ke#j
and therefore also
- 1
(d;j —dy)* = 0. (7)
jzl ! khk;,k:m (dJ - d/ﬂ) t (d] - dkm)
k1 <ko<-<km
ke#j

We plug the Taylor expansion (5) in (4) and observe that, by (7), the coefficients of
negative powers of ¢ all vanish. Thus, we obtain

. 1
F(d;t) Ze dktJonmZ > m—1"

J]= 1 kl 7k2 i} 7k77n
k1<ka<-<km
ke#j

/dj e—ist (dj - S)m_l ds.
d (dj — dg,) -~ (dj — dy,,)

We shall now rewrite this formula as

dn .
Ze idit Z Y _1 / e T G, (d; 5) ds. (8)

The first term corresponds to an atomic measure attributing an equal weight to each of
the eigenvalues of Hj, while the m-terms are the m-point contributions to the absolutely




continuous part of the inverse Fourier transform of F'. More precisely,

Gm(d;s) = > Su(d;s),
ﬂgd
#(d)=m-+1

where for any ordered (m + 1)-tuple d = {cil, do, . .. ,sz+1}

0 il =z S Czl y
m+1 7 m—1
1 (dj — s) : -
Sm(d;s) = = = = = if =z €|dd ,
i) j§1 (dj —di) -+ (dj — dpmt1) e, Ao
0 it 2> dpa .

On (Jl,JmH), S consists piecewise of polynomials of degree m — 1 and it is (m — 2)
times continuously differentiable. The function Sy, lands like (d;, 11 — )™ ! at dp,41 and,
by reflection symmetry, one shows that .S, has the simple expression

(S - Jl)mfl
(d2 —di)(ds — d1) -+ (dmt1 — d1)
on [d1,ds]. Therefore, S,, starts off like (- — d;)™ " at di. Hence, Sy, is (m — 2) times
continuously differentiable on the real line. As

Sm(&; s) =

Jerl - 1
/J Sm(d; s)ds = p (9)

the Sy, (d;-) are precisely the well-known B-splines from approximation theory [3]. Each
d, together with the normalization condition (9), uniquely determines a spline .S, of order
(m —1) and Sy, > 0 on (di,dpy1). If this were not true, then S’ should have at least
three roots in (dy, dym1) and the piecewise linear (m — 2)th derivative should have m + 1
roots, which is impossible.

The simplest non-trivial case is the roof function S2({d1,d2,d3};-) which is continuous
and piecewise linear with nodes at {d1, ds, ds}. Its explicit form is given by

4

0 i s <d,
s—djy .
if dl <s< d27
Sa({d1,da, d3}; s) = < (@ - g;)ﬁdg ~d)

if dQSSSdS,

(d3 — d1)(d3 — da)
0 if ds <s.

Free non-commutative random variables

Let M be a type II; von Neumann algebra with faithful normal tracial state 7. Self-
adjoint elements of M are called non-commutative random variables. Random variables
a=a*b=0" € M are said to be in free relation if

7(p1(a)q1 (b)p2(a)ga(b) - . . pu(a)gn (b)) = 0



whenever p1,pa,...,Pn,q1,92,---,¢n are polynomials such that 7(p;(a)) = 7(¢;(b)) = 0
(1 <4 < n). Non-commutative random variables in free relation arise from random
matrix models. (For an introduction to free random variables and their random matrix
model, see the book [7].) Let H, and K, be n x n random matrices for every n € N.
They form a random matrix model for the pair ¢ = a*,b = b* € M if

o (P(Hn, Kp)) = 7(P(a,b))

for any polynomial P of two non-commuting indeterminates. A very remarkable result,
due to Voiculescu, tells us that if (a,b) has a random matrix model such that H, is a
Wigner matrix and K,, is independent of H,, then ¢ and b are in free relation. This fact
is a manifestation of asymptotic freeness, see [11, 12] or [7]. It is a much easier fact (called
Wigner theorem) that under the above conditions a is a standard semicircular element,
that is,

1 2
T(a”):%/Q:p”\ML—dew (n € N).

Theorem. Let a and b be self-adjoint operators in a von Neumann algebra with faithful
normal trace 7. Assume that a and b are in free relation with respect to T and that a
is standard semicircular. Then t — T(exp(a — ith)) is a positive definite function: there
exists a unique measure [ such that

T(exp(a — ith)) = \/127 /em du(x) (t € R).

The support of 1 is contained in the convex hull of of the spectrum of b.

Since a pair (a,b) in the theorem admits a random matrix model with Wigner matrices
H,, and nonrandom diagonal matrices K,, (see [11] or Cor. 4.3.6 in [7]), the result follows
from our first theorem for finite matrices.

It was computed in [5] that in the case when both a and b are standard semicircular,

we have )
. 1 .
T(ea+th) = / et sinh(v/4 — u?) du.

=5 B

In this example the Bochner measure is explicit, however this situation is rather excep-
tional. We consider the example in which the spectrum of b is {«, f} and the distribution
gives equal weights 1/2 at the points o < . A matrix model for this situation is obtained
by choosing, for even n, Hy diagonal with n/2 eigenvalues close to « and the others close
to 8. In this case, we may take the limit n — oo in (8) term by term. The limit of a
spline function Gm(&;s) when dy,ds, . ..,d;, tend to « and Jk+17éik+2a o dmir to B s
easily seen to be

(,B—Oé)m (aSSSB)

and 0 elsewhere. The limit n — oo is now straightforward:

(mo)) e Q)" (B = )t

1 . ) g
T(exp(a — ith)) = §(e_w‘t + e_wt) —I—/ e f(s) ds,
«

7



where f(s) is explicitly given by

o0

1 [ m+1 m+1 m_
22m+2((m+1)!)z(ﬁ_a)m+1kzzo< k )<k+1>(‘9_a) (B —s)".

m=0

The Bochner measure of ¢ — 7(exp(a — itb)) is therefore a sum of an atomic part giv-
ing equal weigth to the points which support the Bernoulli variable and an absolutely
continuous part with support [«, 5].
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