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Positive definite matrices of trace 1 describe the state space of a finite quantum system.
This manifold can be endowed by the physically relevant Bogoliubov—Kubo—Mori inner
product as a Riemannian metric. In this paper the curvature tensor and the scalar
curvature are computed.

1. Introduction

The state space of a finite quantum system is identified with the set of positive
semidefinite matrices of trace 1. The set of all strictly positive definite matrices
of trace 1 becomes naturally a differentiable manifold and the Bogoliubov—Kubo-
Mori scalar product defines a Riemannian structure on it. Reference 4 tells about
the relation of this metric to the von Neumann entropy functional. In short, the von
Neumann entropy is a concave functional on the above space of matrices and its
negative Hessian is a positive definite inner product known as Bogoliubov—Kubo-
Mori scalar product (or canonical correlation). For the physical background of the
Bogoliubov-Kubo—Mori inner product, Ref. 2 is a good source.

The objective of this paper is to compute the scalar curvature in the Riemannian
geometry of the Bogoliubov—Kubo—Mori scalar product. Earlier this was obtained
in Ref. 7 for the 2 x 2 matrices and some sectional curvatures were computed in
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Ref. 4 for larger matrices. In this paper, we consider the space of real density
matrices which is a submanifold in the space of complex density matrices. Our
study is strongly motivated by the conjectures formulated in Refs. 4 and 5. It was
conjectured that the scalar curvature takes its maximum when all eigenvalues of the
density matrix are equal, and more generally the scalar curvature is monotone with
respect to the majorization relation of matrices. Although we obtain an explicit
formula for the scalar curvature, the conjecture remains unproven. (Nevertheless,
a huge number of numerical examples still support the conjecture.) The method of
computation of the Ricci and scalar curvature is inspired by Ref. 3. First we use a
basis in the tangent space to express the scalar curvature and then get rid of the
basis by means of linear algebra.

When this paper was nearly finished we received the preprint Ref. 1, where the
scalar curvature is computed for arbitrary monotone metrics in the complex case
by a different method. Our aim is to find a formula for the scalar curvature which
depends only on easily computable quantities of matrices. The scalar curvature
turns out to be a rather complicated function of the eigenvalues and we express it
in terms of some symmetric functions of pairs and triplets of the eigenvalues.

2. The Kubo—Mori Metric On the Space of Positive
Definite Matrices

2.1. The setup

Let S = S(n) be the space of all real self-adjoint (n x n)-matrices, Sy = Sy (n) be
the open subspace of positive definite matrices. Then S is a manifold with tangent
bundle TS, = &4 x S. We shall consider the following Riemannian metric on Sy,
where D € §; and X,Y € TpS; = S:

Gp(X,Y) = /oo Te((D +t) 71X (D +t)71Y) dt.

Since
ITe((D + )7 X (D +)7'Y)| < mt 2| X| IV,

the integral is finite. We shall identify S with its dual &* by the standard
(i.e. Hilbert—Schmidt) inner product (X,Y) = Tr(XY). Then we can view the
Riemannian metric G also as a mapping

GDZTDS+:S—>TES+:S*§S,

Gp(X) = /OOO(D O X (D0 dt,

which is symmetric with respect to (X,Y) = Tr XY. (Note that Gp is the Frechet
derivative of log D.) Now let D € S; and choose a basis of R™ such that D =
Zi A E;; is diagonal, where (E;;) is the usual system of matrix units, then the
self-adjoint matrices

Fy = By + By, k<l
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are a complete system of eigenvectors of Gp: S — S. This means that (Fj;)1<i<j<n
is an orthogonal basis of (TpS, Gp) with

0 for (i,7) # (k1)
Gp(Fij, Fr) = § 2my; fori=k<j=1I
4my; fori=j5=k=1
where
log \; — log A
Al — A

The expression my; is a symmetric function of the eigenvalues A; and A;. In fact

/ e+ T +t) tdt = =y .
0

1/my is the logarithmic mean of Ay and A;. This implies that

M whenever e = A,

"

in particular, mgr = 1/A;. Note that Gp(F;;) = m,;F;; for all ¢ < j.
Another symmetric expression

Mk — Mij

/ N+ )T+ e+ t) T Hdt =
0 )\i - )\k

= Mijk
will appear below. The identity
1
1 <M N w) _1
M \ Mek M

is easily computed and will be used later.

2.2. The Christoffel symbol

Since we have a global chart we can express the Levi-Civita connection by one
Christoffel symbol:

(Ven)lp = dn(D) - £(D) = Tp(£(D),n(D)),

where £, : S — & are smooth vector fields. The Christoffel symbol is then
given by

Gp(Tn(X,¥), 2) = LdG(D)(Z)(X,Y) - 3dG(D)(X)(Z,Y)

1
~ AG(D)(Y)(X, 2),
where the derivative of the metric

dG(D)(Z)(X,Y) = /OOo Te(—~(D+t)'Z(D+t) ' X(D+t)"'Y

~ D+t X(D+t)'Z(D+t)"Y)dt

is visibly symmetric in the entries Z, X, Y.
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The Christoffel form is given by
1
Gp('p(X,Y)) = —5dG(D)(X)(Y)

= % /OO(D + ) XD+t Y +Y(D+ )" X)(D+t) " dt,
0

1
Tp(X, )=-5Gp -dG(D)(X).
Since
1
G (X) = / D“XD'""du,
0
we can express the Christoffel form as an integral formula. The derivative is

A (D)(X)(Y, Z) = —5d(G~ ) (D)(X) - dG(D)(Y)(Z) + 3G PCD)(X,Y)(2).

2.3. When D =}, \;Ej; is diagonal, then
dG(D)(Z)(X) = = k(B ZE;; X Ep, + Eii X Ej; ZEyg,) .

ijk
In particular,
dG(D)(Fij)(Fr) = —06muj Fiy — dimin; Fire — damyri Fjk — dixmijii F

and

Mitj Mikj mjii
Fy—65 Fiyi, — 0a Fji — 0i——F}; .
il Mik Mk mji

Mk

Ip(Fij, Fri) = —0jk

2.4. The curvature

The Riemannian curvature R(§,n)¢ = (VeVy —V, VE— V¢ 1) is then determined
in terms of the Christoffel form by

Rp(X,Y)Z = —dI'(D)(X)(Y, Z) + dl'(D)(Y)(X, Z)
—I—FD(X, FD(K Z)) - FD(Y, FD(X, Z)) .
If we insert the expressions from Sec. 2.2 we get after some computation

Ro(X,Y)Z = 1d(G)(D)(X) - dG(D)(Y)(2) ~ 3d(G™)(D)(Y) - dG(D)(X)(2)
= —1Gp'dG(D)(X) - Gp' - dG(D)(Y)(2)

1
+ ZGBI -dG(D)(Y)-Gp' - dG(D)(X)(Z).
The Ricci curvature is then given by the following trace

Ricp (X, Z) = Trs(Y = Rp(X,Y)Z)
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and the scalar curvature is
Scal(D) = Trs(X — Gp' - Ricp(X, )).

Next we compute the traces in a concrete basis. Let Ag be an orthonormal basis
with respect to the inner product (X,Y) = Tr(XY) on S. Then

Ricp(X, Z) = ¥ (Rp(X,A,)Z, A,)

S

and

Scal(D) = Z(G; ‘Ricp (A, ), 4Ar) = Z<RiCD(At> ),Gp' A

t t

= Ricp(Ar, G5 Ar) =Y ) (Rp(Ar, A)GR Ay Ay) .
t t s

3. The Submanifold of Normalized Matrices
3.1. The submanifold of trace 1 matrices

We consider the affine submanifold of Sy of all positive definite real self-adjoint
matrices with trace 1 and its tangent bundle:

S1={D e S;:Tx(D) =1},
TS = 81 x Sy, where S ={X € §: Tr(D) =0} .

Lemma 3.1. (a) The unit normal field n along the submanifold S1 with respect to
the Riemannian metric G from Sec. 2.1 is given by n(D) = (D, D).

(b) The G-orthonormal projection Pp : S = TpSy — TpS1 = Sy is given by
Pr(X)=X-Tr(X)n(D)=X —Te(X)D for D € & and X € Sp.

(c) The Christoffel form for the covariant derivative V* of the induced Rieman-
nian metric S, G' is given by

F})(X»Y) = PDFD(va) = FD(va) - TY(FD(va)) ‘D, Deé&, XY e,
and the second fundamental form is given by
SDITD81 XTD81 :SO XS()%R
Sp(X,Y)=Tr('p(X,Y))

_ /oo T <(D LOTIX(D )Y - %D(D FOX(D 41 Y
0

- %D(D +t)72Y(D + t)1X> dt .
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Proof. If X € § commutes with D we get
Gp(X,Y) :/ Tr((D+t) ' X(D+t)"'Y)dt :/ Tr((D +t)"2XY) dt
0 0

— [~ Tx(D + )" XY= = TH(DTIXY).

Thus for Y € Sy we have Gp(D,Y) = Tr(Y) = 0. Moreover for D € S; we have
Gp(D,D) = Tr(D) = 1, so (a) follows. The remaining assertions are standard facts
from Riemannian geometry.

For the explicit expression of the second fundamental form we proceed as follows.
For D € &; the Weingarten mapping is given by

Lp:TpSi =8y = Sy =TpS1,
Lp(X):=Vpxyn=dn(D)- X —Tp(X,n(D)) =X -TI'p(X,D),
and the second fundamental form is then given by
Sp : TpS1 xTpS1 =Sy xSy — R

SD(X,Y) L= GD(LD(X),Y) = GD(X — FD(X,D),Y)

= Gp(X,Y) + 3dC(D)(X)(D,Y)
= /Oo Tr((D +) 7' X(D+t)7Y
0

1 1
—5D(D+ 72X (D+t)7'Y — 5 DD+ t)72Y (D + t)—1X> dt .
Another formula for the second fundamental form is

(@ So(X¥)s =TT (X, ¥) = T (~5651 dGx)Y)

1 1 o]
- 5/ / Te(D“(D+ )" ' X (D +t)"'Y(D +t)"' D
0 0

+D“(D+t)"'Y(D+t) ' X(D+t)"'D' ") dt du. i

3.2. The curvature via the Gauss equation

The Gauss equation expresses the curvature R of S; and the curvature R' of S;
for D€ S and X,Y, Z,U € Sy by

GD(R(X» Y)Zv U) = C;D(]%1 (Xv Y)Z» U)+SD(X7 Z)SD(K U)*SD(Y» Z)SD(X» U) .
The Ricci curvature of the submanifold S; is then given by the following trace:

Rich(X, Z) = Trs, (Y = RH(X,Y)Z)
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and the scalar curvature is
Scal' (D) = Trs, (X — Gp' - Ricp(X, ).

Next we compute the traces in a concrete basis in case of a diagonal D =
Zi ANiE;; € S1. Let A be an orthonormal basis with respect to the inner product
Gp on Sy. Then

Rich(Xa Z) = ZGD(RlD(Xa As)Zv AS)

and

Scal (D) = Y Gp(Gp' - Ricp(Ar, ), A) = > (Ricp(Ar, ), Ar)

t

= ZRic})(At,At) = ZZGD(R})(At7AS)At7AS)

t s

= Z(GD(RD(Ata A Ay, As) — Sp(As, Ar)Sp(As, Ay)

t,s

— Sp(As, At)Sp (A, As)) -

4. Computation of the Scalar Curvature

Our aim is to have an explicit formula for the scalar curvature Scal' (D) in terms of
eigenvalues the of D, which we assume to be a diagonal matrix. As in the previous
section, let A5 be an orthonormal basis with respect to the inner product Gp on
So. We assume that some of the basis elements are diagonal (like D) and the others
are normalized symmetrized matrix units.

4.1. The first term

We decompose the sum

Z GD(RD(At7 AS)At7 AS)

t,s
into three subsums and we compute them separately. First we consider the case
when both A; and A, are off-diagonal, i.e. they are of the form Fj;/,/2m;;.

4.1.1. Off-diagonal-off-diagonal

1 1
Y i Gp(Ro(Fy, Fu)Fyj, Fia) = ) | — (Rp(Fyj, Fi) Fyj, Fa)

mij

= - LG5 d(G)D)(Fy) - G - dG(D)(Fr)(Fy), Fur)

(G5! -d(G)(D) - (Fri) - Gp' - dG(D)(Fij)(Fij), Frt)

ey
ijkl v
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where summation is over ¢ < j and k < [. We continue with the first term and
calculate in an elementary way:

=3 T (G5 - dD)F) - G - dG(D)(F)(F). Pu)

2
12 m2 2 mys5
16 Z muvmvwmuw 16 Z< P = MM

u<v<w &

For the second term we use dG(D)(F;;)(F;;) = —my; Fyi —mi;; Fj; and get

+ > ;<G51 ~d(G)(D) - (Fi) - Gp' - dG(D)(Fij)(Fij), Fia)

16m;
i<jk<l v
Z muuvmuuw Z mvvwmuvv l Z MoywwMyww
) Moy Mgy M 2 Moy Moy M 2 Mg My M
u<o<w uv MMhyw Muu u<o<w vw My Ty u<o<w ww MywMww

LT

2 2
1 M 1 mij;
+= D
4~ mimy; 4~ m;
1<j J 1<j

4.1.2. Off-diagonal-diagonal

Next we compute the sum

3 Gp(Ro(Ar, A) Ay, Ay)

t,s

when A; = Zi aﬁEZ—i are diagonal, G p-orthogonal to D, and orthonormalized, and
where the A are still off-diagonal. This means that

p(D, Ay) Zm“/\a fZa =0

and

<ok

CI, a,;

At, At/ E m“a = —_ Y = 5t,t/ .
— )\

i

We also have
dG(D)(Fiu)(Ar) = dG(D)(As)(Fit) = —(mugaj, + miuag) Fia
dG(D)(A:)(Ay) = —D A, Ay,
dG(D)(Fr1)(Fri) = —0r(muk + muk1) Fra

— M Frr, — mur Fy and Gp'A; = DA,
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since D, At and A; commute. We get

Gp(Rp(A¢, Fra)Ays, Fia)

- Z Smkl (dG(D)(Ar) - Gp' - dG(D)(Fia)(Ar), Fur)

+ Z 8mkl (dG(D)(Fi) - G5 - dG(D)(A¢)(Ar), Fir)

=—Z S (G' - AG(D)(Fia) (A1), d(G) (D) (Ar) (Fi)

+ 32 (G dG(D)(A)(40),dG(D) (Fia) (Fi)

t,k<l
1 1 . . ) t
= — sm _m (_mkklak - mk”al)Fkl, (_mkklak — mkllal)Fkl
th<l O kL ki
1
+ Z 8m <_ Z /\_(a;)QEPP? (—mpri Frr — m”kF”)>
<l O R s P
1 t t\2
- Z 5 (Mkkiay, + meuar)
t,k<l kl
1 1 )
+Z4 Mkki 3 ( )+mllk)\( a)?) =:Q.
thel STk !

Denoting by @ this seemingly basis dependent quantity, we transform the sums in
Q as follows:

1
Z(...): 5 Z(...)_ Z(...)
t,k<l t,k,1 t,k=1
Summing for k = [ indices we obtain:

2
Mk

- E am 2 mkklakerkual

2 2
t,k=l t,k Mk tk Tk

1 1 t\2 1 th\2 ) _ t 2_1
> T (mkkl 3 (@) Fmu s (ar) —tzk: S WLy DO

t k=l

The two terms turned out to be equal, so

fl 1 t £\2 1 MEkl , ¢v2 . MUk , ¢\2
Q=3 Zm2 (Memay, + myuay) +kal " (ap)” + N (ar)

tkl 'kl t,k,l
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We start to deal with the first sum. Let

t
bt:\;—i_k’ Ar=+s, 1<k<n.

Then A, b, 5%, ...,b(" 1) is an orthonormal basis in R™. We define a linear mapping
K from R™ to the space of all real n x n matrices (endowed by the standard Hilbert—
Schmidt inner product).

1
Ke = Z m—kl[mkkl V AkCk + miu v/ Nier] By, ceR™.
kol
Then
1
[ICH(|* = Z m—z[mkkla}i + muaj]’®
k,l kl

which is a term in Q). Hence

1 t)12 * 2
E E =T - All~.
(mkklak +mk”al ||’Cb H T ICIC HK H

tk,l kl
Since
[MEk A + M)
A2 = 3 L 1=
K, Kl k,l
and
* 2 ul mfh/\i
Tr K =) [|Kei| 22 +2) —H
i 7 1
mkkl)‘k -
=2 Z +5 ZA
mkl
we have
L (mprat, + mppal)? = 22 mkkl}\k Z)\ -
tk,l m Kl * l K,

The other terms of @ are similarly computed as traces.

1 Mkkl , ¢vo . MUk, ¢ 2) Mkl + Mkl kkMk + mkzz)\l
— a)” +——\(a =
50 (g i) = -3

t,k,1 Kl k,l
o Z Mgkl + Meu n2
— .
"l ki

Finally, we obtain a basis independent expression for ):

2
mkkl/\k 1 _1 Mkl + Mkl
= — _ — A _
@ Z am?, 16 ; it ; Smu

k,l
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4.1.3. Diagonal-off-diagonal

This case is completely similar (in fact, symmetric) and yields the same Q.

4.1.4. Diagonal-diagonal

Now we compute the sum

ZGD(RD(At,As)At,As)

t,s

when A; and A, are both diagonal, Gp-orthogonal to D and orthonormalized. We
get

ZGD(RD(AtaAs)AtaAs)

_ tZ %(d(G)(D)(At) LGl dG(D)(A,)(Ay), Ay)
+ tZ i(d(G)(D)(AS) -Gp' - dG(D)(A))(Ar), As)
__ 2 §<G; - dG(D)(As)(Ar), d(G)(D)(Ar)(Ay))
+ 37 3G - dG(D)(A)(A), d(G)(D)(A)(4,))

t,s

== i(<—D*1AtAS, —D72AAs) — (=D7H(A)?, —D7?(Ay)%) = 0.

4.2. The second term

We start the computation of

- ZSD(Ata At)SD(Asa As) .

t,s

We use first formula 3.1(d) and also use Sec. 2.3.

Sp(Fij, Fr) = Tr <%G51 dG(Ej)(Fkl)>

1 __
=Tr <§GD1(5jkmiljFil — S Fik — damyjri Flg — 5ikmqujl)>

1 o Mikj m
= _Tr <5jlc L0 MR PR o PSP P L8 P L Fjl)
2 Ml ik mjk mji

jli
- jk:(sll +5Jl5lk Myti

+5116Jk +6lk5jl
Mjk Jl
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We observe that for (i < j) # (k <) we get Sp(Fij, Fr) = 0. Furthermore, for
1 < j we have

Miij | Mijj

Sp(F;, Fy; Mijj
(Fig, Fig) = + g

S (E“Fkk) 745kazkl
mik

miiq Mikq Miki mil;

Sik0i—2 4 616k —t 4 §iySin— 4 G b —

Sp(Fiiy Fra) = il Mik Mik mii

0 ifk<l.

First we take the summation when both A; and A; are off-diagonal:

= " Sp(As, A)Sp(As, As)

t,s

1 1
F, —Fkl>

=- S T Fij, T Sp | == —
i<j,zk<l D( ’ j) D< kal kal

. Z 1 <miij n mijj) <mkkl n mkll)
dmiimg \ My myj Mk my

1<j,k<l

o1 _ n?(n —1)2
- _ Z 1 76

Z<J k<l

Next we assume that A; is diagonal and A, is off-diagonal.

1 _ 1
SD(At,At) = 5 2(62)2)\1] = 5

p
and
1 1 Mgkl Mkl n(n —1)°
- Ay, A)Sp(Ag, Ay) = — = (n—1 __mn--)
3 So(4e A)S(4s 42) =~ in );mkl(mkk o) _nes

Note that this contribution is symmetric in ¢ and s and we should take it twice.
Now the value of the sum can be computed easily when both A; and A, are
diagonal:

= fi(nf 1)%.

N =
N

— 3 Sp(Ar A)Sp(As A) = = 3
t,s t,s
4.3. The third term

Now we have to deal with

*ZSD At7 SD(AsaAt) ZSD(At7AS)2'

t,s
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By the formulas from Sec. 4.2 we have that it suffices to sum when both A; and A,

are diagonal and both of them are off-diagonal. Hence

TL* 1 m m
XSt Ao = S (T )
kl

k<l

n—1 n(n-1)

4 8
4.4. The scalar curvature formula
=3y _ Maw L 3 Ml
Wil MuoMowMuu 2 S My My M
mwwumwwv muuvmuuw
+ — -
2 u@zw Mo Mapy Maww u<;<w Mo Mo Meswo
iy T iy
- mZmi; 8 = mZ;my;
2
Mg Ak 1 A Mkl + Ml
I I
2 7
ol kal 8 ; ol 4mkl
n*(n—1)2 n(n—1)2 1( )2 n—1 n?(n-1)>?2
_ — (n— _ _
16 8 4 4 16
Some further simplification:
§Z my; +§Z my;; 3 mi;Ai +mi N §Zi
8 4 - m%jm“- 8 = mfjmjj 16 = mfj 24\
1 Z M Ak _ 1 Z mi Ak +miy A
2 mi, 4 mi, '
k,l k.l
Hence
3 m2 ]- MyvwMyvu
R=" Z — Puwow 4 2 Z _MwowMvu
4 o MuoMuwMup 2 £ MMy Mo
Pl Mo Logn M L mig e+ migh
2
wirtw MwuMwoMuww 2 £ MyuMaoMuw 16 4= mi
13 1 Mkl + Mkl n(n — 1) 9
- — — + n“—n+1).
2 f A Zl 4mkl 4 ( )
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