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ABsTRACT. The free entropies %(ai,...,an) of non-selfadjoint random variables and
Xu(U1,...,un) of unitary random variables are introduced and discussed by the methods
of Voiculescu’s free analysis. The additivity xu(u1,...,un) = >_; xu(u;) is shown to be
equivalent to freeness. The relation among X, x«» and x is investigated in the case when
a; = uih; is the polar decomposition. The subadditivity x(a1,-..,an) < xu(v1, ..., un)+
x(h3,...,h%) + constant is proven and applications to some maximization problems for
X are given.

INTRODUCTION

A highlight of free probability theory is the free entropy which has been extensively
developed with several applications by Dan Voiculescu [12-17]. Up to now there are two
kinds of free entropies x and x* (for selfadjoint random variables). The free entropy
x(a1,...,an) studied in [12-15, 17] is the matricial analogue of the classical Boltzmann-
Gibbs entropy and is defined as the asymptotic growth rate of the volume of N-tuples
of selfadjoint matrices approximating (a1, ...,an) in the sense of joint moments when
the matrix size is going to infinity. Its most significant property is the additivity:
x(a1,...,an) = x(a1) + - -+ + x(an) in the case when (and only when) aq,...,an are
in free relation. On the other hand, the free entropy x*(ai,...,an) from [16] was
defined as a certain integral of the free analogue of the Fisher information. The equality
x(a) = x*(a) was shown in [16], but the coincidence of the two concepts in the general
multi-variable case is not known.

Random matrices are often models of free random variables and the bridge between
random matrix theory and free probability is the asymptotic freeness result of Voiculescu
[11, 17]. The free entropy x(a) of a single variable a coincides, up to the sign and an
additive constant, with the so-called logarithmic energy of the distribution measure of
a, which is familiar from potential theory. The one-variable free entropy is the main
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component of the rate function in large deviation theorems obtained first by Ben Arous
and Guionnet [1] and subsequently by the present authors [4, 5, 10].

In this paper we discuss the matricial free entropies x of non-selfadjoint random
variables and yx, of unitary random variables. In fact, the non-selfadjoint version y of
Voiculescu’s entropy has been already implicitly used in several places in the literature.
Our main goal is not really the entropy of non-selfadjoint variables but rather the study
of the entropy of unitaries which is natural as well. Our motivation was the random
matrix model of the Haar unitary distribution and the related large deviation results
[4]. We make clear the intrinsic interrelation among different free entropies x, X, and
x- This relation gives a useful method in the free entropy analysis.

The paper is organized as follows. In Sect. 1 we define the free entropies x(a,...,an)
of non-selfadjoint random variables and X, (u1,...,uxN) of unitary random variables,
and their basic properties are given. The free entropy x(ai,...,an) is equal to the free
entropy of the real and imaginary parts of a1, ..., an, so the properties of x are direct
translations from those of x. If the polar decompositions a; = u;h; are taken, then the
random variables a1, ..., any may be considered as a combination of unitary uy,...,un
and positive hy,..., hy. In Sect. 2 we introduce, as a technical device, the free entropy
X(u,+)(¥1, -+ un; ha,. .., hy) of mixed strings of unitary and positive random variables.
By making use of this mixed free entropy X(,,+) we obtain the following relation among
X, X« and x when u; is the unitary part of a;:

R . . N T 3
X(a17"‘7aN) SX'Uz(’l'l'].7"'7?"’]\’-)—I—X(Cll:l_Cl]-7'"70'1V(1']V)—}_E(]'()g__i__> .
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In Sect. 3 we show that the equality holds true in the above inequality under a suitable
freeness assumption. Furthermore, we show the additivity properties of x, and x based
on the above analysis through x(, ). The result on approximate freeness for matrices in
[17] and the formula in a separate change of variables in [15] are useful for our purpose.
Our method has applications also to the maximization problems for x(a), for instance,
under the fixed distribution of a*a. The R-diagonal element introduced by A. Nica
and R. Speicher [9] appears as the maximizer in this type of maximization of x(a).
Section 4 treats the similar maximization for the free entropy in the case of a matrix of
noncommutative random variables. Our Sect. 4 is strongly inspired by a recent paper
of Nica, Shlyakhtenko and Speicher [8] where the same problems were considered for
x*. The authors are grateful for having access to [8] prior to its publication.
Just after this paper was completed, we received a preprint of Nica, Shlyakhtenko
and Speicher [19] where the maximization problems of Section 4 were considered.

Acknowledgements. The first-named author thanks the Janos Bolyai Mathematical So-
ciety for a Paul Erdés Visiting Professorship and the Department of Analysis of the
Technical University of Budapest where this joint work was completed.

1. FREE ENTROPIES OF NON-SELFADJOINT AND UNITARY RANDOM VARIABLES

In this section we introduce the free entropies x(ay, ..., an) of non-selfadjoint random
variables and x,(u1,...,un) of unitary random variables. Throughout the paper let
(M, 7) be a tracial W*-probability space, that is, M is a von Neumann algebra with a
faithful normal tracial state 7. Let M?3® be the set of selfadjoint elements in M. The
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free entropy x(a1,-...,an) of an N-tuple of a1,...,an in M?® was introduced in [13].
One can define the free entropy of an N-tuple of (non-selfadjoint) elements in M with
an appropriate slight modification of Voiculescu’s original definition.

Let M,, denote the algebra of n xn complex matrices and M’ the space of selfadjoint
matrices in M,,. Let tr, stand for the normalized trace on M,, while Tr,, is the usual
trace. The Lebesgue measure A, on M, (resp. A, on M35%) is transformed from the
usual Lebesgue measure on R27 (resp. R"2) via the natural isometry M,, = R27 (resp.
M3* = R"2) between the Hilbert-Schmidt norm of M,, (resp. M%) and the Euclidean
norm of R2n’ (resp. ]R"’2). Consider the map A — (B,C) € (MZ%)? given by the
Descartes decomposition A = B +iC. Since ||Allgs = (||Bll4s + |Cl1%4s)Y? for the
Hilbert-Schmidt norm, the following is obvious.

Lemma 1.1. Under the map A € M, — (B,C) € (M:*)? above, A, on M, corre-
sponds to Ay, ® Ay, on (M3%)2.

Let a1,...,any € M. For n,r € N, ¢ > 0 and R > 0 define

Tr(a1,...,an;n, €)= {(A1,..., An) € (Mn)V ¢ ||A]| < R,
|trn(A;:1 o 'A;,k) - T(al o .a;k)‘ S €

11

forall 1 <iy,...,i <2N, 1<k <r}

where
(ai,...,a4y) :=(a1,...,an,al,...,ak),
(A}, ..., A5N) = (A1,..., AN, AT, ... AN).
Moreover,
A~ ( . T 1 ~ e .
’ = —
Xr(ai,...,an;r,€) == limsup| — log A(T'r(ay,-..,an;n,r,€) + Nlogn
n—oo [T

(A is used for A®N for brevity),

xr(ai,...,ay) = lim xgr(ay,...,an;re€),
T™—>00
e—>+0
x(a1,...,an) :=sup xr(a,...,an).
R>0

Then x(a1,...,an) is called the free entropy of the N-tuple (ay,...,an).
Proposition 1.2. Let ay,...,any € M and b; := (a; +a¥)/2, ¢; == (a; —a})/2i. Then

xr(b1,c1,-- b, en) > Xr(a1,--.,an) > xry2(b1,c1,---,bn, eN)

X(ala"'aa/N) :X(blacla"'abNacN)-
3



Proof. The following are easy to check:

Tr(bi,c1,-..,bn,cN; M, T, €)
> {(B1,Ch, ..., By, COn) € (M)
(Bl +1017aBN+ICN) € fR(ala"'aaN;naT76)}7

Ior(as, ..., anin,me)
> {(B1+iC1,...,Bn +iCn) € (M,)V :
(B1,C1,...,BNn,CN) € Tr(by,c1,...,bN,cN; 1, T, €/2T)}.

By Lemma 1.1 these imply that
xr(b1,c1,...,bn,en;T€) > XR(A1, ... aN; T, E),

x2r(a1,-..,an;r€) > xr(b1,c1,--.,bn,en; 7, 6/27) .
Hence we get the conclusions. [

The above proposition enables us to reformulate the results on free entropy of self-
adjoint random variables as those of non-selfadjoint ones. For instance, x(ai,...,an)
is subadditive and upper semicontinuous similary to the selfadjoint case treated in [13].

Proposition 1.3. Letay,...,ay € M and C > 0. When 1(aja; +---+ ayan) < C,

X(ala"waN)SNlog%a

and the equality is attained if and only if aq,...,an are *-free circular elements of the

same radius 24/C/N.

Proof. Let b;,c; be as above. Then ai,...,an are *-free circular elements of radius
24/C/N if and only if by, c1, ..., by, cn are free semicircular elements of radius /2C/N.
Hence the result is just the translation of [15, Prop. 2.4] (also [3, Theorem 4.1]). O

According to a strong result in [14] we know that x(aq,as) = —oo if ay,as € M**
commute. (This can be seen also by using the change of variable formula in [15].) By
Proposition 1.2 and the subadditivity it follows that x(a1,...,an) = —oo whenever
there is a normal element among a1,...,an.

Next we turn to the entropy of unitary random variables. Let 7, denote the Haar
probability measure on the unitary group U(n). Let us,...,uny € M be unitaries. For
n,r € N and € > 0 define

Fu(ula"'7uN;n7r7€) = {(UlaaUN) € (u(n))N :
[ten (U7, -+ Ug,) = m(ug, -, )| < ¢

forall 1 <iy,...,i <2N, 1<k <r}
4



where

(Uyy e yuby) i= (Uty ..o un, Ul ..., UN),
UL, ..., ULy) = Uy, ..., Un, U, ..., UL).

The free entropy xu(u1,...,un) of the N-tuple (uq,...,un) is defined as follows:

1
Xu (U1, .. un; 7€) := limsup — log y([y(u1, . .., un; n, 7, €))
n—oo N

(v is for ¥ on U(n))™),

Xu(U1y .. un) = Tli)rgoxu(ul, C S UNGTLE) .
e——+0

For the case of a single unitary we have

Proposition 1.4. Let u € M be a unitary and u be the distribution measure of u on
T. Then the limit

} 1
Xu(u;r,e) = lim Elog’yn(I‘u(u,n,r, £)) (1.1)

n—o00

exists for every r € N and e > 0, and

W) =2) = [ [ 1ogl¢ = nldu(©) du(n).

In particular, if xy(u) > —oo then u is non-atomic.

Proof. 1t is convenient to use large deviation theory, see [2] for basics on large deviations.
Let M(T) be the space of all probability measures on T with the weak topology. Let P,
be the empirical eigenvalue distribution of -, which is a probability measure on M (T).
It is known [4] that (P,) satisfies the large deviation principle in the scale n™2 with rate
function I(p) := —3(p). For » € N and € > 0 set a closed neighborhood of p € M(T)

F(re) :={v e M(T) : img(v) —mg(p)| <e, —r <k<r}

and an open neighborhood G(r,¢) by replacing < &€ by < € in the above, where my(u)
denotes the £*" moment of . Then the above large deviation theorem implies that

1
lim sup 3 log P, (F(r,e)) <sup{X(v):v € F(r,e)},

n—o0

1
lim inf e’ log P, (G(r,e)) > sup{X(v) : v € G(r,¢e)}.

n—00

But it is straightforward to see that
P, (G(r,e)) < Py(F(r,e)) = Yn(Lu(u;n,r€)),

sup{X(v) : v € F(r,e)} =5$up{2(y) :v e G(re)}.



Therefore,

1
Xa(t,7,€) = lim — logya(Tu(uin, 1,€)) = sup{E(v) : v € F(r )}

n—00 n2
Since the latter tends to X(u) as r — oo and € — 40, we have x,(v) = X(p). O

Remark 1.5. When a € M?*?, similarly to the above proof one can use the large deviation
technique to show that the limit

. 1
Xr(a;r,e) = nli)rgo 2

1
log Ay, (Tr(a;n,re)) + 5 logn

exists for every r € N, € > 0 and R > ||a||. This slightly improves the result in [13]. The
large deviation used here is concerned with the empirical eigenvalue distribution for the
normalized Lebesgue measure on {A € M3% : ||A|| < R}. (The details are in [6].)

The negativity Xy (u1,...,uy) < 0 is obvious. The subadditivity and the upper
semicontinuity of x, (u1,...,unN) are easily shown as in the selfadjoint case in [13]. The
following is a unitary counterpart of [13, Prop. 3.8].

Proposition 1.6. Let uq,...,un,v1,...,v9n € M be unitaries. If vi = uy and v;u; €
{u1,...,u;_1}" for2 <i < N, then

Xu(Uty ooy un) = Xu(V1,...,0N) -
Proof. Since the assumption implies also that w;v} € {v1,...,v;,-1}" for 2 < 4§ < N,
it suffices to show that x,(u1,...,un) < Xu(v1,...,un). One can choose selfadjoint

noncommutative polynomials Py, ;(X1, Xo,..., X9;—9) for 2 <i < N, m € N, such that

* *
up +ul up —uj Uj—1 + U, Ujm1 — U4 .
— ’Uzuz

iP (
eXp(l m,t 2 ) 2i ’ ; 2 ’ 2i

strongly® as m — 0o. Set vy, 1 :=v; =uy and for 2 <¢ < N,

Ve = ex (iP ,(u1+u’{ uy — ul ui—1 +ul ui_l_uj_l))u-
m,i = €XP m,i 9 TR R 5 , 5 ;
Then vy, ; — v; strongly* as m — co. If a map @ : Z,{(n)N - L{(n)N, O, ..., Un) =

(Vi,...,VN), is defined by V; := Uy and for 2 < i < N,

Ui+ Uf U, — Uf Ui—1+ Ui*—l Ui—1 — UZ*_1)>U
2 7 o2 TV 2 ’ 2i ¢

then it is obvious that v o ® = v holds due to the multiplication invariance of . For

any m,r € N and € > 0 one can easily see that there are r; € N and €; > 0 such that

Vi :=exp (i P (

STy (ut,...,un;n,m1,€1)) C Ly(Um 1y -, U, N3, T, €) (n € N).
This yields
X’u,(ula -, UN, T17€1) S Xu(vm,la -y Um N3 T, 5)
so that xu(u1,...,un) < Xu(Um,1,--.,Um,n). Hence the desired inequality follows as

m — oo thanks to the upper semicontinuity. [
6



2. RELATION AMONG DIFFERENT FREE ENTROPIES

Let uqy,...,uny € M be unitaries and hq,...,hxy € M™T, where MT denotes the set
of positive elements in M. The free entropy Xx(uihi,...,unhy) may be also consid-
ered as the free entropy of the 2N-tuple (u1,...,un,h1,...,hn) or rather (uq,...,un,
h%,...,h%) of unitary and positive random variables mixed. In this section we will first
introduce the free entropy of the mixed tuple of this kind and next obtain its connec-
tion with x(u1h1,...,unhyn). In this way, we can construct a bridge between the free
entropy of unitary random variables and that of non-selfadjoint ones (thus selfadjoint
ones).

For a non-singular A € M,, (the singular case is negligible) one has a unique polar
decomposition A = UH with U € U(n) and H = |A| € M, where M," denotes the
set of positive matrices in M,,. Let A, , be the measure on M.t induced from f\n on
M,, via the map A — A*A. (This measure is more convenient than that induced via
A~ |A].) The next lemma shows that A,, on M, corresponds (up to a constant) to the
product of 7, on U(n) and the restriction of A,, on M, .

Lemma 2.1. The measure f&n is transformed to the product measure v, ® Ay ,, under
the map A € M,, — (U, A*A) € U(n) x MF (U is the unitary part of A). Furthermore,
the measure A ,, is a constant multiple of the restriction of A,, on M, :

n—1 —1
Ay, = CnAn|M;r with C,, = 9—n(n—1)/2 n(n+1)/2 (H ]') .
7j=1

Proof. We consider under the coordinate change H € M,F <+ (V,D) € U(n)/T x (RT)2
by the diagonalization H = VDV*, where T is the diagonal unitaries and (R*)% :=
{(t1,...,ty) : 0 < t; < -+ < t,}. Let 4, be the probability measure on U(n)/T
induced from v,. Write A*A = VDV* and A = UVDY?V* with U,V € U(n) and
D = Diag(t1,...,t,). Differentiating A = UV DY2V* and using the standard method
for random matrices (see [7]) one can easily see that A,, is transformed to the measure

1<] =1

on U(n) x U(n)/T x (R*)Z under the map A +— (U,V, D). To determine the normal-
izing constant C],, use the standard n x n non-selfadjoint Gaussian matrix having the
distribution (m/ n)_”2 exp(—n2tr, (A*A)) and compute

n

T\ "
1= (ﬁ) o4 /(Rﬂg exp(—nizzlti) g(ti —t;)%dt
n—1 2
- n—"Qc,g(H j!>
7j=1



by the Selberg integral [7, p. 354]. Hence, under the coordinate change H <« (V, D),
the measure A, ,, is written as

- (ﬁ (ﬁj’) N 1 - t;)? lj dti) .

7j=1 1<j

On the other hand, A,, is given as

Y ® ((27r)n(n—1)/2 (nljlljv) N [ —t)? li[l dti> :

1<j

(See the proof of [13, Lemma 4.2] for the latter normalizing constant.) Comparing the
above two we get the conclusion [

The above constant C,, satisfies

1

= (2.1)

lim (

n—00

1 1 T 3
log C,, + §logn> = Elog§ + 1
as is readily checked from the Stirling formula.

Let uy,...,uny € M be unitaries and hq,...,hr € MT. For n,r € N, ¢ > 0 and
R > 0 we define

Lw,4),rU1, - uns by, .o by n, Ty €)
= {(Ur,-..,Uns Hy, ..., Hp) € Un)Y x (M)E || Hil| < R,
[trp (B, -~ Biy) — 7(bi, -+ b5, )| < €
foralll <iq,...,1, <2N + L, 1§k§r},

where

(bla---;b2N+L) = (ul,...,uN,u’{,...,u}‘v,hl,...,hL),
(Bl,...,BgNJ,_L) = (Ul,...,UN,U{,...,UX{,Hl,...,HL),

and further define
X(u,+),R(U1; - - s uN; h1, ... hpiry€)

1
:= lim sup 3 log(v ® Ay)(C(u,4),r(U1, ..., un; B1, ... hpsn,m€)) + Llogn|,

n—00

where y® A is the abbreviation of vV ® Af,f;t. Now the definition of the free entropy
X(u,+)(¥15- - un; ha, ..., hr) is as before. When L = 0 or (hi,...,hzr) is void, this
is nothing but x,(u1,...,un) in the previous section. On the other hand, when no
unitaries are present, we write I'y r(h1,...,hr;n, 7€), x4 (h1,...,hL), etc.

It is obvious that the free entropy x(4,+) has the subadditivity property as x and xu.
Moreover, the following upper semicontinuity of x(,,4+) can be shown in a way similar
to [13, Props. 2.4 and 2.6].

8



Proposition 2.2. Let uq,...,un and tm.1,...,Un n (m € N) be unitaries in M. Let
hi,....;hr and hyp 1, ... by, (m € N) be in M. If (U 1y« oy Un Ny P15« B 1)

— (U1,...,uN, h1,..., hy) in *distribution and sup,, ||hm.i|| < +oo (1 <i < L), then
X(u,+) (u17 cesun R, hL) > 1imSUPX(u,+) (um,h <oy Um, N h’m,17 SRR hm,L) .
m—r0o0

The next proposition says that the free entropy x4 is nothing but x restricted on
positive random variables up to additive constants.

Proposition 2.3. The equality

N T 3
X+(h1;7hN)—X(h1,,hN)+E<1og§+§>

holds for every N € N and hq,...,hxy € MT.
Proof. For r € N, ¢ > 0 and R > 0, it is obvious that

'y g(hi,...,hnin, 7€) CTR(A1, ..., AN 0, Ty€)

(the right-hand side is taken in (M3?)N > (MF)¥). Hence it immediately follows from
Lemma 2.1 and (2.1) that

N T 3
< — -+ =].
X-I-(hlu 7hN) = X(hla 7hN) + 9 (1Og 9 + 2)

To show the reverse inequality, we choose (h1+01,..., hy +61) instead of (hy,...,AN)
and also R > max; ||h;||+0 for § > 0. From [13, Prop. 2.4] and the translation invariance
of A,, we can estimate

X(hl,...,hN)

N
= lim llmsup[— log A, (F_|_,R(h1+51,...,hN—|—(51;n,r,6))+Elogn

= lim limsup [— logAy (T4 r(h1+61,...,hn +91;n,1,¢)) + Nlogn
"'_)O% n—00
e—+

1 1
— N(—210gCn + —logn)]
n 2

N 3
SX+(h1+617’hN+51)_E(1Ogg+§)

Using the upper semicontinuity (Proposition 2.2) as § — +0 we obtain the result. [
Remarks 2.4. (1) For x4 (h) of a single h € M™T we have
1 T 3 3
X+(h) = x(h) + 5 log 5 + 7 = 5(u) +logm + 7,

2 4 2
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where p is the distribution of h and X(p) := [[log|s — t|du(s) du(t). Moreover, by
Remark 1.5 and Lemma 2.1 we observe that the limit

1
xor(hir,e) = lim |~ log Ay (s p(hin,7,€)) + logn (2.2)

n—ooln

exists for every r € N, ¢ > 0 and R > ||h||.
(2) Note (see [3]) that, among h € M™ with 7(h) < C, the free entropy x4 (h) attains
the maximal value log(meC') when (and only when) h has the distribution

4Ct — 12

TCtX [0,4C] (t) dt

or equivalently h/? is a quarter-circular element of radius 2v/C.

The following relation between two free entropies X and x(,, ) is naturally expected
from the definitions in the light of Lemma 2.1.

Theorem 2.5. If uy,...,uny € M are unitaries and hy,...,hy € M™, then
X(uihy,...;unhN) = X(u,4) (U1, - - - UN; R2,..., h%)

N 3
SXU(ul""’uN)+X(h%""’h%")+E(IOgg+§)'

To prove the theorem, we need to approximate the unitary part of A by polynomials
of A, A*. The approximation here must be uniform for A € M,, with ||A|| < R in some
sense. The next lemma provides the right approximation procedure for our purpose.

Let a € M and assume that the distribution of |a| is non-atomic. Let a = u|a| be the
polar decomposition. Note that u € M must be a unitary because ker a = {0} from the
assumption (and M is a finite von Neumann algebra). Let || - ||, denote the Schatten
p-norm with respect to 7 or tr,.

Lemma 2.6. With the above assumption and notation, for everyp > 1, >0 and R >
||la||, there exist no,m € N, 6 > 0 and a real polynomial P(t) such that ||u —aP(a*a)||, <
e, and such that, for each n > ng, if A € M,, with |A|| < R is non-singular and U is
the unitary part of A and if

ltr, ((A*A)F) — 7((a*a)®)| < 6 (1<k<mr)), (2.3)
then |[U — AP(A*A)||, <e.
Proof. Let p be the distribution of |a|. For every «, 8 > 0, since
u—a(lal + al)™! = u(1 = |a|(Ja] + a1)™!) = au(la| + 1),
we have

lu = a(lal + a1)7HE = lle(lal + a1) M

(0%

-/ w(?)pdu@) <u(o.6)+ (5)"



Similarly for any non-singular A € M,, with A = U|A|, we have

U= AQal+aD = 2 3o (55a) < et n <+ (5))
=1 t

where (0 <) A1 < Ay < --- < A\, are the eigenvalues of |A]|.
Now for each n € N, since y is non-atomic, one can choose 0 < &™) < ¢l < ... <
Q- = ||a|| such that p([0, 5(")]) =14/n (1 <i<n). Then it immediately follows that

n—o0o N
=1

r(@a) = [ et du) = im S EP (ke

Let 8 > 0 be fixed so that p(]0,28]) < €?/2. By [13, Lemma 4.3] there are » € N and
d > 0 such that, for every n € N, if (A1,...,\p) € (R“L)’SL satisfies

1 — 1 —
=N N\ .(")2’“‘<25 1<k<
RN e <w <k,

=1
then
= Z (A2 — ()2 < pler. (24)

Next, choose ng € N such that
‘_ g<") —r((@a)t) <6 (1<k<n)

whenever n > ng. Then, for any n > ng, (2.4) is valid if A € M, satisfies (2.3).
Furthermore, when (2.3) is satisfied, we have

1 11
i N < B < b (2.5)

Indeed, put [ := #{i : \; < B} and m = #{i : §Z-(") < 28}, Ifm < i <1, then
Ai <A< Bbut 28 < €M) < el s0 (A2 = (67)2)2 > (482 — 52)% = 9B*. Hence (2.4)
implies (I —m) - 98* < B%P, so that I/n < m/n + P /9. Since

= n((0,€)) < u((0,28) < 5,

we have [/n < P /2 + €P /9, showing (2.5).
By the above estimates altogether, we infer that, for each @ > 0 and n > ny, if
A € M,, with ||A|| < R is non-singular and satisfies (2.3), then

11 a\P
_ 1P« ZZ P -
[~ A(Al+oD) 7 E < 3o + ()
11



as well as

eP a\P
_ 1—1p<_.(_).
lu —a(lal + )77 < 5 + 3

Choose « > 0 such that (a/B)P < P /18, and next choose a polynomial P(t) such that

\mn4ﬁ+®ﬂ§%@—@f@am1mmy

Then for each n > ng and A as above, we obtain

2\ 1/p
_ -1 <« (Z
IU - A(Al+aD) T, < (5) e

|AP(A*A) — A(|A| + o) 7|, < Al |P(A*A) — (|A] + aD)7Y|

2\1/p
< S
< (1 (3) 2
so |[U — AP(A*A)||, < € holds, and similarly ||u — aP(a*a)||, <e. O

Proof of Theorem 2.5. First, the inequality in the theorem is a consequence of the
subadditivity of x(, 4+) and Proposition 2.3. Define ¥ : M,, — U(n) x M, by ¥(A) :=
(U, A*A) where U is the unitary part of A. This is bijective except the negligible singular
elements (in M,, and M,"). Put a; := u;h; so that h% =aja;. Let n,r € N, ¢ > 0 and
R > max{1,||hi|,---,||hn||}- It is straightforward to see that there are r; € N and
€1 > 0 such that

A

U(I'r(ai,...,an;n,71,€1)) CUM) x Ty g2 (R2,...,h%:n, T €)

and by Lemma 2.1

A A

A(Tgr(as,-..,an;n,r1,61)) < Ap(Ty e (hi, ..., ki n, 1))

for all n € N. This yields x(a1,.-.-,an) < x4 (h%,...,h%). Hence we may assume that
x(h2,...,h%) > —oo, so the distribution of each h; is non-atomic.

Let £9 > 0 be such that reg(R2+¢¢)" ! < ¢/3. By Lemma 2.6 there exist ng, ro € N,
0 > 0 and real polynomials P;(t) (1 < ¢ < N) such that ||u; — a;P;(afa;)||» < €0, and
such that, for each 1 <7 < N and n > ny, if A; € M,, is non-singular with A; = U;| A,
|Ai|| < R, and

[tra (A7 4)%) = 7((afai)*) <6 (1 <k <o),

then ||U; — A;P;(A7A;)|lr < eo. For A; € M, (1 < i < N) satisfying the above
conditions, we set

(Bl,...,BgN) = (Ul,...,UN,UT,...,UE,ATAl,...,ATVAN),

(Bll, .. 7BZISN) = (A1P1(ATA1), .. ,ANPN(A}kVAN),

PI(ATAI)AL .- 7PN(A7VAN)A7V7ATA17 .- 7A7VAN) 3
12



as well as

(b1,...,b3Nn) := (U1,..., uN,ul, ..., uy,aja1,...,ANaN),
(bll, .. .,ng) = (alPl(a“{al), .. .,aNPN(a}‘VaN),
Pi(ajai)ay, ..., Pn(ayan)ay,ajas,. .. ayan) .

Then for any n > ng and 1 < 41,...,4, < 3N (1 < k < r), by using the Holder
inequality, it is checked that
|trn (Bi, -+ Biy,) — tta(Bj, -+ By,)| < ||Biy -+ Bi, — Bj, -+ Bj, [lh

S kao(RZ + 80)k_1 S

7

Wl ™

and similarly |7(b;, ---b;, ) — 7(b;, - -8}, )| < €/3. Now choose ry (> 2rp) large enough
and &1 (< 9) small enough such that if (Ay,..., Ax) € f‘R(al,...,aN;n, r1,€1) then
try, (By, -+ Bi, ) —7(b;, -+ b, )| <e/3foralll <iy,... i <3N (1 <k <r). Therefore,
for n > ng we obtain

A

U(Tr(a1,--.,an;n,71,€1)) C Leyg),r2 (U1, - - -, uN; h2, ..., h3;n,r€)

(up to negligible sets) and hence by Lemma 2.1

A A

A(FR(ala <o+, QN T, 711751)) < (’Y ® A+)(F(u,+),R2 (u17 <y UNS h%a teey h%\f’ n,r, 8)) .

This implies that
xX(a1,.. - an) < Xu,4) (U1, - - UN; RI ... h%).

Conversely, given r € N, ¢ > 0 and R > 0, by approximating v/ on [0, R?] by a
polynomial, it is seen that there are 71 € N and €; > 0 such that

L(u,4),R2 (U1, ., UN; h%, e, h?v;n,rl,el) C \Il(f‘R(al, e AN, THE))

(up to negligible sets) for all n € N. This gives the reverse inequality. [

Theorem 2.5 gives

¢ X . N ™ 3
X(a’]-’""aN) S Xu(u].?""uN) +X(a1a1"“7aNaN) + E(logg + 5)
for every aq,...,any € M and all unitaries uq,...,uny € M satisfying a; = wu;|a;|.
In particular, we have the following corollary. Its proof was indeed given in the first
paragraph of the proof of Theorem 2.5.

Corollary 2.7. Let aq,...,any € M. If X(a1,...,an) > —o0, then the distribution of
ara; is non-atomic (hence kera; = {0}) for every 1 <i < N.

13



3. ADDITIVITY OF FREE ENTROPIES

In this section we first show that the inequality in Theorem 2.5 can be replaced by the
equality in some cases of the free relation. Second, we discuss the additivity properties
of the free entropies x, and x. The characterization of the additivity of x,, is completely
analogous to the case of x.

First, we take a free family {hy,...,hy} which is also free from {uq,...,un,
uf,...,ul}. Then an exact relation among X, x. and x is obtained as follows. Hence
we have a formula for x, in terms of x (hence ).

Theorem 3.1. Let uq,...,uy € M be unitaries and hy,...,hxy € MT. If{us,..., un,
ul,...,uN}, P1,..., AN are free, then

N
N T 3
. _ 2
X(uihi, ..., unhn) = Xu(U1,---,un) + ;X(hi) + 5 (log B + 5) :
In particular, if hq, ..., hn are free standard (i.e. of radius 2) quarter-circular elements
and they are free from {uq,...,un,uf,...,uy}, then

Xu (U1, .. .yun) = X(urhy, ..., unhy) — N log(me)
= X(blacla .. .,bN,CN) - NlOg(T(G),

where u;h; = b; + ic; with selfadjoint b;, c;.

In the proof below we use Voiculescu’s result on approximate freeness for standard
unitary random matrices. The notion of approximate freeness for matrices was intro-
duced in [17]. Let (M}, tr=N) be the free product of N-copies of (M, tr,) and j; the
injection of M,, into the i*" copy in M*N. When Q; ¢ M,, (1 <i < N), r € N and
e > 0 are given, the subsets Q4,...,Qx are said to be (r,e)-free if

ltrp (Ay ... Ag) —tr2N(Ay - Ag)| < e

for all Ay,..., A € |_|ZJ\;1 O, 1<k <r, where A := ji(A) for A € Q.

Lemma 3.2. Let uq,...,un,h1,...,hxn be as in Theorem 3.1, and assume that
Xu (U1, ... un) > —o0o and x4 (h?) > —oo (1 < i < N). Then, for every r € N,
e > 0 and R > max; ||h;||?, there exists e1 > 0 such that

(Y® A4)(En(r 1) N On(r;¢))

lim — =1,
n—o0 (v ® Ay)(Bn(r,e1))
where
N
En(re1) :=Ty(ug, ..., un;n,rer) X HFJF,R(hf; n,T,e1),
i=1
On(r,€) =Ty 4),r(U1,- - -, uN; R2, ... h3;n,r,€).

14



Proof. Thanks to the freeness of {uy,...,un,ul,...,u%}, h?,..., h%, one can choose
g1 > 0 such that if (Uy,...,Un; Hy,...,Hy) € E,(r,e1) and {Ux,...,Un, U, ..., UxN},
{H1},...,{HnN} are (r,e1)-free, then (Uy,...,Un;H1,...,Hy) € O,(r,¢). For every
6 > 0, according to [17, Cor. 2.13], there exists ng € N such that
'y({(Vl, ey VN) S (Z/{(n))N : {Ul, ..., Un, Uf, ey U;\}}, {V1H1V1*},
...{VNHNVy} are (r,e1)-free}) >1—60  (3.1)
whenever n > ng independently of the choice of any U; € U(n) and H; € M.’
with ||H;|| < R (1 < i < N). By the assumption that x,(u1,...,uny) > —oo and
X+ (h?) > —oo, it follows that the v ® A -measure of =, (r,&1) is positive (at least if
n is large). So, for any large n (> ng) one can define the probability measure o, on
En(r,e1) by normalizing the restriction of v ® Ay to E,(r,e1). Then, since o,, is in-
variant under the action of (U(n))Y on Z,(r,&1) given by (Uy,...,Un; Hy, ..., Hy) —
(Ury ..., Uns VAHL VY, .., VNHNVF) for (Vi,...,VN) € U(n))Y, we have
(Y®AL)(En(r,e1) N Op(r,€))
(Y ® A4)(En(r 1))

=/ (/ (U, ..., Uns VIHL VY, ..., VN HN V) dv(Vl,---,VN)> dop,
En(rer) \J U(n)N

where 1 is the characteristic function of =, (r,e1) N ©,(r,e). The choice of €1 and (3.1)
show that

/ ’Qb(Ul, ceey UN; V1H1V1*, caay VNHNV;[) d’Y(Vl, ceay VN) 2 1-0
U@m)N

for all (Uy,...,Un;Hy,...,HN) € E,(r,e1). Therefore, we infer that
(Y ® Ay)(En(r,e1) N On(r,€))

(v © Ay)(En(re1))
whenever n is large enough, and the result follows. [
Proof of Theorem 3.1. By Theorem 2.5 and Proposition 2.3 it suffices to show that

>1-0

N
X(u7+)(u’17 <y UN;S h’%a ey h’%\/) > Xu(u17 .- '7UN) + ZX+(hz2) ’ (32)
=1
so we may assume that x, (u1,...,un) > —oo and x4 (h?) > —oo (1 < i < N). For any

r €N, e >0 and R > max; ||h;]|%, let £1 > 0 be as in Lemma 3.2. Then we have

K2 2,
X(u,—l—),R(ul; coyunihT, o hyy T E)

1
> lim sup [E log(7y® Ay)(En(r,e1)) + Nlog n]

n—00

1
= lim sup [_2 IOg ’Y(Pu(uh <. UNST, T, 61))
n—oo | T

N
1
+ Z(ﬁ log A-l—,n(r-hR(h?; n,r, 81)) -+ 10gn>:|
=1

N

= Xu(u17 -, UN, T',€1) + ZX—F,R(h?a T, 81) .
=1

15



Above we used the fact that limsup becomes limit in (2.2). Thus (3.2) is shown. The
second part is clear from Remark 2.4 (2) and Proposition 1.2. O

When the roles of uy,...,un and hy,..., hy are exchanged in Theorem 3.1, we have

Theorem 3.3. Let uy,...,uxy € M be unitaries and hi,...,hxy € M™. If {u1,ut},
o {un,unt, {h1,-..,hn} are free, then

N
N T 3
N . . 2 2 NV T
X(uihy,...;,unhy) = i_glxu(ul) + x(hi, ..., hy) + 5 (log 5 + 2) }

If uy,...,uny are Haar unitaries in addition, then

N T 3
~ _ 2 2 _ —
X(uihy,...;,unhn) = x(hi,...,hy) + 5 (log 5 + 2) .

Proof. By Theorem 2.5 and Proposition 2.3 we may show that

N
Xt (1, i By B3 = D walw) + X (W B2), (33)
=1
and we may assume X, (u;) > —oo and x4 (h2,...,h%) > —oo. For n,r € N, € > 0 and
R > 0 set
N
En(r,e) = HFu(ui;n,r, e) x Ty g(hi,...,ha;n,r.€),
=1

and Oy, (r,¢) is the same as in Lemma 3.2. By the freeness assumption there is 1 > 0
such that if (Uy,...,Un; Hy,...,Hy) € By (r,e1) and {Uy, Ut }, ..., {Un,U¥N}, {H1,s - - -,
Hy} are (r,e1)-free, then (Uy,...,Un; Hy,...,Hy) € ©,(r,€). For every 6 > 0 by [17,
Cor. 2.13] there exists ng € N such that

y{(V1,..., V) € Un)N - (AULVE ViU VY, . {VNUNVE, VUV T
{Hi,...,Hy} are (r,e1)-free}) >1—6

whenever n > ng independently of the choice of any U; € U(n) and H; € M, with
|H;|| < R (1 <i< N). Then as in the proof of Lemma 3.2 we have

(Y® A4)(En(r 1) N On(r;€))
(Y® Ay)(En(re1))

>1-0

for large n. Therefore,

i (18 A4)(En(r,21) N 04 (r,0))

- =1.
n—00 (Y® A4)(En(r,e1))
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This implies that

. KH2 2,
X(U,‘F),R(ul? <., UN; hla .- '7hNalr7 ‘S)

1
> lim sup [— log(y ® A+ )(En(r,e1)) + Nlog n]

n—o0

= limsup[ Zlog’)/n u(ugn, 7 e1))

n—00

+ —2 log Ay (T4 g(hT,...,h%;n,7me1)) + Nlog n]

2
w (Ui T 1) + X4, R(hl, oo hiysrer)

||Mz

thanks to (1.1)7 SO (3.3) is obtained. O

Next, we apply the relation shown above to get the additivity properties of the free
entropies x, and x. We first give the change of variable formula similar to [15, Prop.
3.1] for x(4,4+)- To do so, we need a smoothing technique like [15, Lemma 4.1]. We
denote by Fr the set of all functions f : T — T which is given as f(e'*) = el¢® by a
continuous increasing function ¢ on [0, 27| with ¢(0) = 0, ¢(27) = 2w. An f € Frp is
said to be C™ if so is ¢. Note that if ¢ is differentiable at ¢ € [0, 27], then

‘fio‘ =¢'(t) for (=€t
n—)C
In this case we write |f'(e'?)| instead of ¢/(t). For each unitary ueM and f € Fr one
can define the unitary f(u) by functional calculus, that is, f(u) := [, f(¢) de(¢) for the
spectral decomposition u = [ ¢ de(().

Lemma 3.4. Let u € M be a unitary with x,(u) > —oo, and let f € Fr. Then there
exists a sequence (fm,) of C™-functions in Fr such that |f}. | > 0 on'T, || fm(u)—f(u)| —
0 and xu(fm(u)) = Xu(f(w))-

On the other hand, we denote by Fr+ the set of all continuous increasing functions
g : Rt — R* with ¢g(0) = 0.

Lemma 3.5. Let h € M™, x(h) > —oco, and g € Fr+. Then there erists a sequence
(gm) of C*°-functions in Fr+ such that g, > 0 on RT, ||gm(h) — g(h)] — 0 and
X(gm(h)) — x(g(h)).

Lemma 3.5 is essentially included in [15, Lemma 4.1]. The proof of Lemma 3.4 is
similar with some modifications, and it may be omitted here.

Lemma 3.6. Let uy,...,uny € M be unitaries with x,(u;) > —oo and hy,...,hy, €
MT with x4 (hj) > —oco. Then

X(u,+)(f1(u1)7 ooy In(un);g1(h), -, gn(hL))
> X(u,+) (U1, - un;ha, ..., hr)

N L
+Z Xu fz uz Xu uz +Z X(gj (hJ)}
=1 J=1
17



for every f1,...,fn € Fr and g1,...,91 € Fr+-

Proof. By Lemmas 3.4 and 3.5 together with Proposition 2.2 we may show the following
two cases:
(a) If f is a C*°-function in Fr with |f’| > 0 on T, then

X(u,+) (f(u1),uz,...,un; h1, ..., hn)
> X(u,+)(U1, oo unihy, o hN) + Xu(f(ul)) — Xu(ul) )

(b) If g is a C°°-function in Fp+ with g’ > 0 on RT, then

X(u,4) (U1, - s un; g(h1), ha, ... hy)
> X(u,4) (U1, -y unsha, oo hy) + x(g(h1)) — x(h1) -

The proof of (b) is the same as [15, Prop. 3.1]. We sketch the similar proof of (a). For

(,n € T define () -
Q-1 i
K(Cn) = {| A,
1F'(¢ )| if ¢ =,
then L((,n) := log K({,n) is continuous on T? and
Xu(f (1)) = Xu(ur) = (1@ 7)(L(ur @ 1, 1@ us)) .

Write F(Ul,...,UN;Hl,...,HL) = (f(Ul),Uz,...,UN;Hl,...,HL) on (L{(n))N X
(MH)L. For every r € N and € > 0, by approximating f by a trigonometric poly-
nomial, we notice that

F(F(u,+),R(ula <oy UNS hla SRR hLa n, Tlagl))
C Cuy4),r(f(u1),uz, ..., un; ha,...,hp;sn,re) (n €eN)

for some r; € N and €1 > 0. Since

d(z;y:f H‘f Gi) — Cg ‘ H‘f &)l

= exp(Trn ® Trn)(L(Ul ®I1,I1®U))

(¢1,...,¢N are the eigenvalues of Uy), we can show as in the proof of [15, Prop. 3.1]
that for any 0 > 0 there are r; € N and £; > 0 such that

1 d(yno f

L10g 200 D) 1) — () — )] | < 36

n dvn

for all (Uy,...,Un; Hy,..., Hp) € Ty 1y r(U1, .-, uns By, ..o hpsn,r,e1), n €N, and
the inequality in (a) is obtained. [

If f1,...,fn € Fr and ¢g1,...,91, € Fr+ are strictly increasing (in terms of angle for
fi), then the inequality in Lemma 3.6 can be replaced by the equality.
18



Proposition 3.7. If ui,...,uny € M are unitaries, then x4 (u1,...,un) = 0 if and
only if uy,...,un are *-free Haar unitaries.

Proof. Choose free standard quarter-circular elements hy, ..., hxy which are free from
{u1,...,un,uj,...,un}. Theorem 3.1 says that x,(ui,...,un) = 0 if and only if
X(uihi, ..., unhn) = Nlog(me). According to Proposition 1.3 the latter equality holds
if and only if uyhq,...,unhy are *-free circular elements, which is equivalent to saying
that u1,...,un are *-free Haar unitaries. [

Theorem 3.8. Let uy,...,uny € M be unitaries. If uy,...,un are *-free, then

Xu(ulv"'aU’N) :Xu(ul) ++XU(U’N)

Conversely, if xu(u;) > —o0 for1 < i < N and the above equality holds, then uq, ..., un
are *-free.

Proof. When (hy,...,hy) is void in the proof of (3.3), it can read as a proof of the first
part here. (This part can be also shown in a way similar to the selfadjoint case in [13].)

Now we prove the second part. Assume that x,(u;) > —oo for 1 < i < N and
the additivity holds. For each %, since the distribution of u; is non-atomic, there is a
(unique) f; € Fp such that the distribution of f;(u;) is the Haar probability measure
on T, so xy(fi(u;)) = 0. Then, by Lemma 3.6 (in case of L = 0) and the additivity
assumption, we get

Xu(fl(ul); . 7fN UN fz uz -

||Mz

So Proposition 3.7 implies that f;(u1),..., fnv(un) are *-free, and hence u,...,uyn are
*-free because u; € {fi(u;)}’. O

Theorem 3.9. Let aq,...,any € M be such that a; = u;h; with a *-free pair of a
unitary u; € M and h; € MT. Ifa1,...,an are *-free, then

X(ala"'uaN) :X(a’l)_l__i_)%(aN)

Conversely, if x(a;) > —oco for 1 <i < N and the above equality holds, then ai,...,aN
are *-free.

Proof. If ay,...,an are *-free, then uy,...,un,h1,...,hy are *-free due to the *-
freeness of u;, h;. Hence Theorems 3.1 and 3.8 imply that

N N

x(ai,...,an) = qu(uz) + Zx(hf) + g(logg + g) = Z)&(ai) .

Conversely, assume that x(a;) > —oo for 1 < i < N and the additivity holds. Since
Xu(u;) > —o0 and x(h?) > —oo, one can choose f; € Fr and g; € Fr+ such that f;(u;) is
19



a Haar unitary and g;(h;)? is a standard quarter-circular. Then, letting b; := f;(u;)g;(h;)
and using Theorem 2.5, Lemma 3.6 (applied to f;, g;(t'/2)?) and Theorem 3.1, we get

X(bh .. abN) = X(u,+)(f1(u1)7 .- 'afN(uN);gl(h1)2a .. 7gN(hN)2)

Z )Z(u7+)(u1, -y UN; h%, ey hJZV)
N

+ Z[Xu(fi(“)) — Xu(ui)] + Z [x(gi(hi)?) = x ()]

=1 =1

N
= X(a1,...,an) = Y X(a;) + Nlog(we) = Nlog(e).
=1

So Proposition 1.3 implies that by, ..., by are *-free standard circulars. Hence ay,...,an
are *-free because of a; € {b;,b}}". O

In [9] the notion of R-diagonal pairs was introduced in connection with two-variable
R-transform. Instead of giving its definition here, we remark the following character-
ization shown in [9]: If @ € M and kera = {0}, then a is an R-diagonal element (i.e.
(a,a*) is an R-diagonal pair) if and only if a is written as uh by a *-free pair of a Haar
unitary u € M and h € M™. It was also shown in [9] that an R-diagonal element a is
circular if and only if the real and imaginary parts of a are free. Theorem 3.9 can be
applied in particular when a4, ...,an are R-diagonal.

Specialized to the case x(a) of a single non-selfadjoint a € M we state

Proposition 3.10. Let a € M with x(a) > —oo, and let a = uh be the polar decompo-

sition. Then ) 5
A * ™
x(a) < xu(u) + x(a*a) + 3 log B + 1

and the equality is attained if and only if u,h are *-free. Moreover, x(a) = x(a*a) +
%log 7+ % if and only if a is R-diagonal.

Proof. Theorem 3.1 includes the “if” part of the first assertion. To see the “only if”,
choose f € Fr and g € Fp+ such that f(u) is a Haar unitary and g(h)?2 is a standard
quarter-circular. Then the equality x(uh) = xu(u) + x(h?) implies x(f(u)g(h)) =
log(me) as in the proof of Theorem 3.9, and this means that f(u)g(h) is a standard
circular and so u, h are *-free. The second assertion is immediate from the first. O

The above proposition shows

Corollary 3.11. Let p be a probability measure on R with compact support and
Y(u) > —co. When a € M is such that a*a has the distribution u,

. 3
x(a) < X(u)+logm + 3

and the equality is attained if and only if a is R-diagonal.

Example 3.12. For each A > 1 the free analogue of the Poisson distribution (see [18])
is given by

_ VAN —(t—1—))2

27t
20

x(t)dt,

Xt



where x(t) is the characteristic function of the interval [(vA — 1)2, (VA +1)2]. This
measure is also called the Marchenko-Pastur distribution. From a computation in [5]
(also [6]) we have

1
Y(py) = —1+ 5()\ +log A+ (A —1)%log(1 — A71)).
If a is an R-diagonal element such that a*a has the distribution uy, then Corollary 3.11
gives
1
x(a) =logm + 5(1 +A+log A+ (A —1)%log(1 — A7h)).
The case A =1 is a circular element of radius 2.

4. MAXIMIZATION OF FREE ENTROPY FOR A MATRIX OF RANDOM VARIABLES

A maximization result similar to Corollary 3.11 was recently shown in [8] for the
version x* of free entropy introduced in [16]. Moreover, this maximization result for x*
was extended to the case of a matrix [aij];’l,j:l of random variables. In this section we
consider the x-version of the maximization problem from [8].

For each d € N we have a tracial W*-probability space (Mg(M) = M Q My, T Q try).
Let a;; (1 < 4,7 < d) be a family of (non-selfadjoint) elements of M, and set b :=
[aij]?’j € My(M). We have the free entropy X((ai;)1<i j<d) of the d*-tuple of a;;. On
the other hand, following [14], one can define the (conditional) free entropy of b in the
presence of My(C1) (= C1@ My C Mg(M)). Let (e;;)1<i,j<a be the usual matrix units
of M4(C1). For n,r € N, ¢ > 0 and R > 0 define

Cr(b, (eii)1<i<d, (€i)1<icij<d; s T €)
i= {(B, (Bi)i<i<a: (Bij)i<i<j<a) € My x (M) x (M) {172 .
B, [|Bijl| < R (1 <i<j<d),
[trn (Y, -+ Y5,) — (T @ tra) (yi, - - v )| < €
for all 0 <iq,...,0 <d? 1<k <r},
where
(Y0, Y15 - - Yaz) = (b, (€ii)1<i<d, (€ij)1<i<i<ds (€ji)1<i<ji<d) ,
(Yo, Y1,...,Ye) := (B, (Bis)i<i<d, (Bij)i<i<j<d, (Bij)i<i<j<d) ,
and further define
Lr(b: (ei)1<icd (€ij)1<ici<d; Ty 7€)
= {B € M, : (B, (Bii)i<i<ds (Bij)i<i<j<d) € f‘R(b, (€ii), (€ij)icjsmy T, €)
for some ((Bii)1<i<ds (Bij)1<i<j<a) € (M5)% x (Mn)d(d—l)/2} _
Then x(b : (€ii)i<i<d, (€ij)1<i<j<d) is defined as before, which we denote by x(b :
Mq4(C1)).
In fact, choose any family {c1,...,¢} in My(C1)%® which generates My(Cl) as *-
algebra, and define x(b : c1,...,¢) in the same way by taking (M2%)! in place of

(M3*) x (M,)¥?=1/2 in the above. Then it follows (see [14]) that x(b : My(C1)) =

x(b:c, ... q).
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Proposition 4.1. With the above notations,

X((@ij)i<ij<a) < d°x(b: Mg(C1)) — d*logd
< d*x(b) — d*logd.

Furthermore, if {b,b*} is free from My(C1) then
)A(((aij)lgi,jgd) = dg)A((b) - d2 logd. (4.1)

Proof. First, the second inequality is trivial. Define a linear map @ : (Mn)”l2 — M, 4 by

. d o, . .
D((Aij)1cij<a) = [Aijlfj=1- Since [[[Ai]¢ ;1 llms = (025 ;=1 [|Aijll3s) /2, it is obvious
that o
AT = A0 ®. (4.2)
Let (Ejj)i<ij<q be the usual matrix units of My = I, ® Mg C Myq. Now let
(Aij)lgi,jgd € FR((aij)lsiJSd;n, T, 6), and set B := (I)((Aij)lgi,jgd) and

(T1,. .0, Tq2) := (aj)1<i,j<d »
(X150, X2) i= (Aij)1<ij<d
(Yo, Y1, - - -, Ya2) = (b, (ess)1<i<ds (€ij)1<icj<d, (€ji)1<i<j<d) 5
(Yo, Y1,...,Ye) :== (B, (Eii)i<i<a, (Eij)i<i<j<d, (Eji)i<icj<a) -

For any 0 < iy,...,15 < d? (1 <k <), one can write
trnd(}/u o Ztrn Ji°t Jz) (4'3)

(r @ tra) (i, - ~1i) = §ZT<% ), (1.4)

where the summations in (4.3) and (4.4) are in the same pattern, the number of terms
in sum is at most d* and 1 < j1,...,5; < d?, 1 <1 < k. Hence we obtain

[trna(Yi, -+ Y,) = (7 ® tra) (gi, ++-5,)| < 5 - d¥ e <d" e

Q.Il—‘

Therefore, noting || B|| < dR, we infer that
q)(fR((aij)lgi,jgd; n,r,€)) C Tar(b: (eii)1<i<as (€ij)1<icj<a; nd, T, d" " te).
Thanks to (4.2) this yields

~ 2 A ~
A2Y (Tr((aij)1<ij<dins 7€) < Ana(Tar(b : (eis)1<i<as (€ij)1<icj<a; nd, 7, d" " '€)

and hence
1 N g2 A
— log A8 (Tr((aij)i<ij<d;n, 7 €)) + d* logn

1 _
<d’ 22 108 Ana(Tar(d : (ei)1<i<ds (€i)1<icj<a; nd, 7, d""*€)) + log(nd)

—d?logd.
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So we have
Xr((ai)1<ij<a;m€) < d*Rar (b : (€ii)1<i<a, (€i)1<icj<a;m, d" " €) — d*logd.
Take the limits as 7 — oo and d"~'e — 0 to obtain
Xr((aij)1<ij<a) < d*Xar(b: My(C1)) — d*logd,

so we have )A(((aij)lgi,jgd) S d2)A((b : Md(Cl)) — d2 log d.

Next, assume that {b,b*} is free from My(Cl). Let r € N, ¢ > 0 and R > 1 be
given, and let 7 := 2r + 1. For each m € N let n be the integer part of m/d, and
let (Eij)1<ij<a be the usual matrix units of My, where M, is embedded in M, as
My = (I, ® Mg) ® 0p—ng C My, so that the rank of E;;’s is n. It is clear that the
joint distribution of (E;;)1<i j<a in My, converges to that of (e;;)i<ij<q in Mg(M) as
m — oo. Hence, thanks to the freeness of {b, b*} and {e;; }1<i j<d, one can choose £, > 0
and mg € N such that if m > mg, B € ['g(b;m,r1,e1) and {B}, {Eij}1<ij<a are (r1,€1)-
free, then (B, (Eii)lgigda (Eij)1§i<j§d) € FR(b, (eii)15i5d, (eij)1§i<j§d; m,T1, 8). Set

Em(ri,e1) == f‘R(b; ™m,T1,€1) ,
Om(r1,€) = {B € My, : (B, (Eii)1<i<d, (Bij)1<i<j<d)
€ I'r(b, (eii)1<i<ds (€ij)1<icj<d; M, T1,€) } -

Then, as in the proofs of Lemma 3.2 and Theorem 3.3, one can show that

A~

A(Em(rl, €1) N @m(rla 5))

lim —— =1,
m—00 A(.:,m(T'l, 61))
and this implies that
1 A
Xr(b;r1,e1) < limsup [W log Ay, (O (11,€)) + logm | . (4.5)
m—0o0

Now define a linear map U : M, — (M,)¥ x C4 (g := m2 — n2d?) by

¥(B) := ((Bij)lsi,jsw(bz‘j)(z’,j)eRm) for B = [bi]7=1,
where

Bij = [bril(i-1)a+1<k<ia,(i-na+i<i<ja, Bm={lL...,m}P\{1,...,nd}>.

Since ¥ is an isometry with respect to the Euclidean norm, we have
~ ~ 2
Ay = (AZT @ Ag) 0 T (4.6)

where )\, is the usual Lebesgue measure on C?. Let 1 < 4y,...,4,j1,--.,Jk < d with
1 <k <r. One can write

m
trn(Bi1j1 Bi2j2 T Bikjk) = _trm(E1i1BEj1i2BEj2i3 T Ejk—l’ik BEjkl) )

n
T(a’iljl Qiggy " a’ilcjk) = (T ® trd)(el'il bej1i2 bej2733 C Chp_ti bejk 1) .
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For every B € ©,,(r1,¢€), since
|t (E1iy BEj i, - BEj,1) — (T ® tra) (€1, bejy iy - - - bejp1)| < €,

we have
‘trn(thl Tt Bikjk) - T(ai1j1 Tt aikjk)| < 2de

whenever m is large enough. In this way, we infer that for large m

U (Om(ri,¢)) C fR((aij)lgi,jgd;n,T, 2de) x {C e C: (| < R}
so that thanks to (4.6)
A (O (r1,€)) < AST (PR ((aij)1<ij<ai . 7, 2de)) X (R?)7.

Since g < 2m(d — 1), this and (4.5) yield

. . 1 ~2d? (P
Xr(b;r1,e1) < limsup g3 log Af?d (FR((aij)lgi,jgd;n; T, 2d5)) + logm

m—00

1
= ﬁXR((aij)lgi,jgd; r,2de) + logd.

Therefore, we obtain

| =

Xr(b) < 2)2R((aij)1§i,j§d) + logd,

=9

completing the proof. [

In particular, x(b : Myz(C1)) = x(b) if {b,b*} is free from My(C1). In fact, this is a
consequence of [17, Prop. 3.10].

Let p be as in Corollary 3.11. In the situation of Proposition 4.1 we observe that if
b*b has the distribution u, then

N 3
R(@ish<igca) < & (S(w) +logm + 5 ) — d’ logd, (47)

and the equality is attained when b is R-diagonal and {b,b*} is free from M;(C1). An
example of (a;j)1<ij<a for which b satisfies these conditions is easy to construct by
using the free product (see [8]).

It may be possible that the equality

X((aij)i<ij<a) = d°x(b: Mg(C1)) — d*logd

holds in general. Also it is interesting to know whether the freeness of {b,b*} from
M;(C1) is necessary for the equality (4.1) (or at least for the equality case in (4.7)).

Let a;; € M** for 1 < i < dand a;; € M for 1 <i < j < d. Setay = aj;
and b := [aij]gjzl € My(M)**. Then one can define x((aii)i<i<d, (@ij)1<i<j<d) =
X((aii)lgigd, (bijacij)1§i<j§d) where Qi = bij + icij with selfadjoint bij,cij, and also
x(b: M4(C1)) as before. Then the proof of the following is a slight modification of that
of Proposition 4.1, and we omit it.
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Proposition 4.2. With the above notations,

. d?
X((@is)1<i<d, (aij)1<ici<d) < d>x(b: Mg(CL)) — 5 log d
2

d
< d*x(b) — ) logd.

Furthermore, if b is free from My(C1) then

" d?
X((aii)1<i<ar (i) 1<icj<a) = d”x(b) — 7 logd.
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