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Abstract. A large deviation theorem is obtained for a certain
sequence of random measures which includes the empirical eigen-
value distribution of Wishart matrices, as the matrix size tends
to infinity. The rate function is convex and one of its ingredients
is the logarithmic energy. In case of the singular Wishart matrix,
the limit distribution has an atom and the rate function is infinite
on absolute continuous measures.
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1. Introduction. It has been observed that the empirical eigenvalue density of
certain random matrices converges to a non-random limit as the matrix size tends
to infinity. This was observed first for Gaussian symmetric matrices, where the non-
random limit, called also the integrated density of states, is the semicircle law. If
T is a p x n random matrix with independent and identically distributed entries of
mean zero, then n~'TT? can be viewed as a sample covariance matrix of n samples
of p-dimensional random vectors and it is of fundamental importance in multivariate
statistical analysis. When the entries are normally distributed, the sample covariance
matrix is called the Wishart matrix ([1]). It is known ([7], [17]) that the empirical
distribution of the eigenvalues of the Wishart matrix converges almost surely to
a non-random probability distribution as n — oo and p/n — a > 0. The limit
distribution is continuous and supported on [(1 — /a)?, (1 +1/a)?] when 0 < a < 1,
and it places a mass 1 — 1/a at 0 when a > 1. The limit is the so-called Marchenko-
Pastur distribution [9]. It is remarkable that this distribution appeared also as the
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limit in the free probabilistic analogue of the Poisson limit theorem ([16]). We note
that [8] contains other examples of integrated density of states.

After some indications that the convergence to the integrated density of states is
very fast, the first large deviation theorem for the empirical eigenvalue density was
proven by Ben Arous and Guionnet [2] in the case of Gaussian random symmetric
matrices. The main component of the rate function is the so-called logarithmic energy
which appeared also in the work of Voiculescu [15] about random matrices and the
entropy of free random variables. Afterwards, in [6] and [13], we proved further large
deviation results for random unitary and Gaussian non-symmetric matrices. In this
paper we apply the same method to the case of Wishart matrices. We benefit from
the exact form of the joint eigenvalue density of the Wishart matrix. In fact, we
treat more general random matrices than the Wishart matrix, their distribution
with respect to the density of the Wishart matrix contains a continous parameter
function Q(z).

The paper is organized as follows. In Sec. 2 after a few preliminaries on Wishart
matrices, we state a large deviation theorem for random probability measures more
general than those arising from Wishart matrices. The rate function contains a log-
arithmic energy part but also a linear functional part. Full Sec. 3 is devoted to the
proof of the theorem. We follow the strategy of Ben Arous and Guionnet, the ex-
ponential tightness and the weak large deviation principle are shown. In Sec. 4 we
specialize our result to obtain the large deviation for the empirical eigenvalue dis-
tribution of the non-singular Wishart matrix. The minimizer of the rate function is
the Marchenko-Pastur distribution, that is the limiting eigenvalue distribution. Fi-
nally, the singular case is treated in Sec. 5. An interesting feature of this case is that
the limiting measure has an atom and the rate function is infinite on the absolute
continuous measures.

2. A large deviation theorem. For each n € IN let p(n) < n be a positive
integer. Let T'(n) be a p(n) xn real random matrix whose entries are independent and
have the same distribution N(0,1). Then the p(n) x p(n) random matrix T'(n)T (n)
is known as the non-singular Wishart matriz. We are interested in the eigenvalues
of n™T(n)T(n)t, and it is known (see [1], p. 534) that the (random) eigenvalues
(A1, A2,..., Ap(n)) have the joint probability density

. o, 20\ 2() 12
z—ne"p(‘a Z“) [[am ™% T1 =l )
1=1 i=1

1<i<j<p(n)
where Z,, is a constant for normalization. The random discrete measure

P, = pi’n) ((5()\1) + (5()\2) +---+ 5()‘p(n)))

is called the empirical eigenvalue distribution of n= T (n)T(n)t. Above §()\) denotes
the Dirac measure at A. Let M(IR™) denote the space of all probability measures on
IR* endowed with the weak topology (see [4]). As usual in probability theory, the
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random measure P, is sometimes identified with its distribution on M(IR™") given
as R, (T) := Prob(P, €T) for Borel subsets I of M(IR™).

The subject of the paper is to obtain a large deviation theorem for the sequence
(Py,). It is known ([7], [17]) that if lim,,_, o p(n)/n = a > 0 then P, converges almost
everywhere to

Vida— (z—1—a)?

oz x(x) dz if0<a <1,
fig = (2)
1 Vida—(z—1—a)? )
(1—-a"14(0) + ooz x(z)dz ifa>1,

where x denotes the characteristic function of the interval [(1 — v/a)?, (1 + v/a)?].
The distribution (2) is called after Marchenko-Pastur due to the paper [9] (see also
[12]). We refer to the monographs [3] and [4] concerning the general theory of large
deviations.

Our proof will not be much more complicated if we assume a joint density more
general than (1). Let Q(z) be a real continuous function on IR* such that for any
e>0

lim zexp(—eQ(z)) =0. (3)

T—+00

For each n € IN assume that the joint probability density of (A1, A2, ..., Apn)) is of
the form

(n) p(n)
1 e n
Vn = 7 €Xp (_HZQ(ti)) [ I1  le-ul, (4)
n i=1 i=1 1<i<j<p(n)
where § > 0 is fixed and y(n) > 0 depends on n. When x; denotes the discrete
measure p(n) ' (6(t1) + 6(t2) + - - -+ 6(tp(n))) for t = (t1,2, ..., tpn)), the empirical
distribution P, of (A1, Ag, ..., Ay(n)) may be given as
Po(T) = v, ({t € RH)P™ : 5, € T})

for every Borel subset ' of M(IRT). Our large deviation theorem will be shown for
this sequence (P,,).

Theorem 1. Assume that p(n)/n — a € (0,1] and y(n)/n — v > 0 as n — oc.
Then the finite limit B := lim,_,,, n"2log Z, exists and (P,) satisfies the large
deviation principle at the scale n~2 with good rate function

10 i= ~a* [ [ 1ogl  y du(@) du(w) + o [ (Q(&) ~ yloga) duw) + B (5)

for u € M(IRT). Moreover, there exists a unique pg € M(IR™) such that () = 0.

In the rate function (5) the double integral
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= // log |z — y| du(x) du(y)

is called the free entropy of u, which arised from Voiculescu’s work on free probability
theory. Note that —X(u) is the logarithmic energy of p and it is familiar in potential
theory.

3. Proof of theorem. To prove the theorem, let us introduce the kernel func-
tions on (IRT)? as follows:

F(z,y) = —a2Blog |z — y| + g(Q(x) +Q(y) - %(bga: +1logy),
Fulo,) = _p(:é)z yl+ %(Q(x) +Qy)) - %

Furthermore, for R > 0 their truncated versions are defined by

Fr(z,y) := min{F(z,y),R}, F,r(z,y):=min{F,(z,y), R}.

(logz + logy) .

Since
F(a,y) > - 22002 [k’g (= exp(_;gi—?v)) (6)
+ log(y em(‘%))]

(and similarly for Fn(a:,y)) whenever z,y > 2, it follows from (3) that Fr(z,y) is
bounded and continuous, so that

—a?B5(n) + a / (Q(z) — 7 log 7) dy(z) = / / F(z,y) du(e) du(y)

is a well-defined and lower semicontinuous functional on M(IRT).

We know from the theory of weighted potential ([11]) that there exist unique
1o, i € M(IRT) such that

) dpo(z) duo(y) = inf ) dp(z) d
// (, y) dpo(2) dpo(y) ue/\lﬁmﬂ// (z,y) dp() du(y) ,

// (2, ) dpn () dptn (y) _ue/%m)// (z,y) dp() dp(y) -

Moreover, the minimizers po and p, of the energy integrals [[ F(z,y)du(z) du(y)
and [[ F,,(z,y) du(z) du(y) have compact supports (see [11] or [14], p. 27).

Lemma 2. For any R > 0, Fn,R(a:, y) = Fr(z,y) uniformly as n — oc.

Proof. Using (6) for F as well as for F}, and the assumptions on p(n) and ~(n), we
can see that for any R > 0 there exists § > 0 such that if (z,y) ¢ [5,07'] x [§,07}]
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then F(z,y) > R and F,(z,y) > R for all n. Furthermore, since log z and Q(z) are
bounded on [4,57], 61 > 0 can be chosen so that if (z,y) does not belong to

A={(r,y):6<z<6H6<y<ds?t |z—y|>b},

then F(z,y) > R and F,(z,y) > R for all n. It is obvious that Fy,(z,y) — F(z,7)
as n — oo uniformly on A. Hence the conclusion follows. O

n) 1s tight and

(1
//F(l‘ y) dpo(z) dpo(y) < hmmf// (,y) dpn () dpn(y) - (7)

n—0o0

Lemma 3.

Proof. Tt is clear that [[ F,(z,y) dun(x) dpa(y) < b (n € IN) for some b < 4oo.
Also, by assumption (3) and estimate (6) for F,,, there exists ¢ < +oo such that
F,(z,y) > —cfor all z,y € RT and n € IN. For o > 0 let

M, = inf{F,(z,y) :n € N, z,y > a}.
Then, by (6) for F, again, M, can be arbitrarily large when o — +o0. Since
b> Ma,un([a, OO))2 —C (n € N)7

we have sup,, p, ([, 00)) — 0 as a — 400, which means the tightness of (u,).

Thanks to the tightness (or relative weak compactness) of (u,) we can choose a
subsequence (fin(m)) such that pi,(,) — i weakly for some fi € M(IRT) and

im // n(m) (T3 Y) Aln(m) At (m)) (Y —hnrr_ggf// (2,y) dpn () dpn(y) -

Then

// (z,y) dpo(z) dpo(y //F(arydu(x di(y)

— sup / / Fr(z,y) dii(x) dji(y)
= sup lim // ﬁ’n(m),R(m,y) d,U,n(m)(.’E) d,un(m)(y)

(by Lemma 2)

< lim / / Fo(m) (2, 9) A (m) (%) i ) ()

m—0oQ0

showing (7). O

Lemma 4.

limsup — log Z, < — // (2,y) dpiolz) dpo(y) - (8)

n—00 n?
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Proof. We estimate

2n? ~
X exp (_p(n)2 Z F,(t;, tj)> dty -+ dty)

1<i<j<p(n)

< [/ exp (an) (_Q(x) N v(nn) 10%)) dx]pm)

x em(—n2 // Fo(z,y) dpin(z) dun(y)) :
Since by assumption (3)

ilgi/exp (1% (—Q(x) + 75?) logm)) dr < 400,

the above estimate implies that

1 ~
limsup — log Z, < — lim inf // Fo(z,y) dpn(x) dun(y)

n—ooo N n—00

<~ [[ F.w) duo(a) duo(w)

thanks to (7). O

Lemma 5. For every u € M(IR™),

el 1
Hcl:f [hm sup log P, (G)]

n—oo

|
< - / / F(z,y) dp(z) dp(y) — liminf 5 log Z,,

where GG runs over neighborhoods of p in the weak topology.

Proof. For any neighborhood G of x € M(IRT) set G := {te (RT)P™ : k;, € G}.
Then from the density (4) we get

Po(G) = v, (G)

p(n)
— Zin / e /éexp (% Z (—Q(ti) + ’Y(n”) logti)>
X exp <_pz(%j2 Z Fn(ti, tj)> dty -+ dbp(n)

1<i<j<p(n)

< Lo (-aw + ) ) ae]

X exp (—n2 inf // Fo r(z,y) dy' () dy/ (y) + nR)

weG
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for any R > 0. Furthermore, by Lemma 2 we can obtain

nli_)rgo(ﬂi,ré%// P, y) i () di (y )—Hnéfg//Fnydu 2) dyl(y)

so that

1
limsup — log P,,(G) < — inf / Fr(z,y)dy' (z) dp' (y) — lim 1nf — log Z,, .

n—oo M2 w'eq n—oo n2

Thanks to the continuity of p' — [[ Fr(z,y) dp'(z) dp'(y) it follows that

1 1
1gf lim sup 5 5 log P, (G)} < — // Fr(z,y) du(z) dp(y) — lim inf 3 log Z,, .
n—0o0

n—00
which yields (9) as R — +oc. 0
Lemma 6.
lim inf ﬁ log Z, > — // F(z,y) duo(z) dpo(y) , (10)

and for every p € M(IR™)

inf [hm inf — log P, (G)}
—>00 n

(11)

// x,y) du(z) du(y )—hmsup—loan,

n—oo

where GG runs over neighborhoods of p in the weak topology.

Proof. By a standard regularization argument, we may assume that the support of
p is a finite interval [0, R] and p has a continuous density f > 0 on [0, R]. Hence
§ < f(r) <671 (0 <z <R) for some § > 0. For each n € IN let 0 = r(n) < sgn)

ré") < sgn) . < ’I‘I()(T)L) < 31(3(71) = R be such that

(n)

/Or’ f(x)dar=i_%’ /0 f(z)dz = i (L<i<pm).

p(n)

We get

Define
A = {(t1, - tpmy) € RF)PO) 7 <4y <™ 1 < i < p(n)}.

For any neighborhood G of p, if n is large enough, then we have A,, C {t € (IRT)?(™) :
k¢ € G} and so



P,(G) > v, (A,

p(n) p(n)
= —/ / exp (—nZQ ) H tV(n)
X H ’l‘jn (n) 26/ / dty-- dtp(n)

1<i<j<p(n)
1 s\ P p(n) . p(n) ()
> — exp| —n " ™yr(n)
= Zy (2p(n)> p( Zg }:[1 )
< I1 @Y=",
1<i<j<p(n)

where £™ := max{Q(z) : r{"” < z < s{™}. The following are easy to check:

p(n)

(n) _
dm 3 <o [ Q@ uts

( ) p(n)
o Z log rlgn) = ay / log z du(x) ,
=1

n—)oo n?

lim % Z log(rj(.n) - sz(.")) =a?B3(p).

n—oo N
1<i<j<p(n)

Therefore

0> hmsup — log P, (G) > — //F(x,y) du(z) dp(y) — hmlnf— log Z,, ,

n—00 n? n—oo n2

which implies (10) by taking the infimum for p. Also, we obtain

lim mf — log P, (G) > — // F(z,y)du(z) du(y) — limsup — logZ
n—oo 12 n— oo n?
O
It is immediate from (8) and (10) that the finite limit B := lim,_,o, n~2log Z,
exists.

Lemma 7. (P,) is exponentially tight.

Proof. Since Q(z) — 400 as £ — +oo by assumption (3), it is easy to see that for
any « > 0 the set

Koi= {ue MY ¢ [ Q@) dut) <}
is compact in the weak topology. We have
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Po(KS) = v, ({t € MT)PM™ 1 5, ¢ K, })

p(n)
" Zn / /{ S gsa) (_n ; Qm))

p(n)
% Htv(n) H \t'—t~\2ﬁdt1---dtn
1<i<j<p(n)
1 p(n)
SZ—neX ( )/ /exp(——ZQ )
p(n)
<17 T |ti—t;*Pdtr---dts
i=1 1<i<j<p(n)

When Q(z) is replaced by Q(x)/2, the fact already shown says that the finite limit

p(n)
By := nli)rgon—log/ /exp(——ZQ )

p(n)

<[4 [ Ita—t;1*°dtr---dtn
=1

1<i<j<p(n)

exists. Hence the above estimate gives

hmsup—logP (K¢) < —B+B,— 2.
n—00 2
Since o > 0 is arbitrary, we have the conclusion. O

Proof of Theorem 1. The proof is contained already in the previous lemmas. If we
set I(p) == [[ F(z,y) du(z) du(y) + B for p € M(IR™), then (9) and (11) imply that

1
I(p) = sup [ lim sup — log P, (G)}
GEA, neG n—00 n?

= sup [ lim mf — log P, (G)]
GE.A, ,UEG n—00

for a base A of the weak topology. This together with the exponential tightness,

Lemma 7, is sufficient to conclude that the large deviation principle holds for (P,)

with good rate function I. The assertion about the minimizer was stated just before

Lemma 2. O

4. The case of non-singular Wishart matrices. The joint eigenvalue distri-
bution of the (renormalized) real Wishart matrix n=1T(n)T (n)? with p(n) < n is dis-
tributed according to the density (1). This is a special case of (4) when Q(x) = z/2,
B =1/2, and v(n) = (n — p(n) — 1)/2. So, when p(n)/n — a € (0,1] as n — oo,
the empirical eigenvalue distribution of n=1T(n)T (n)? satisfies the large deviation
principle with good rate function



I(p) = —%E(,u) + g /(a: —(1—a)logz)du(z)+ B. (12)

As stated in Sec. 2, it is known that the limiting distribution is the (non-atomic)
Marchenko-Pastur distribution u, from (2). Note that if (P,) is a sequence of random
probability measures on a Polish space and it satisfies the large deviation principle
with good rate function having a unique minimizer pg, then (P,) converges to pg in
the weak topology with probability 1. This can be easily shown by using the Lévy
metric for the weak topology and the Borel-Cantelli lemma. Therefore, we see that
M is the minimizer of the rate function (12).

Thanks to the Selberg integral formula ([10], p. 354) the normalization constant
Zy, in (1) is given as

fe’s) fe%s) p(n) p(n)
Zp =n" P / - / exp| — Z Z; H a:?_p(n)
0 0 i=1 i=1
X H (zi — 2;)? dz1 - - dTp ()

1<i<j<p(n)
p(n)

= p () H Jgl(n—j).
j=1

Hence, by using the Stirling formula, B in (12) is computed as follows:

1
2B = lim — log Z,

n—o0 M

= lim [p(nnz)2 (p(rll)2 10g2f[1)j! — %logp(n)> + (% logjlj:j! — %log n)
(=gl ((n L 1og”_ﬁ_lj! ~ L logn - p<n>>)
TR0 S L0 B L0 L _,f(”)]

= —Z(a2 +1-(1-0a)*)+ a2—210ga - @ log(1 — a)

= —ga+ a;loga - @bg(l —a).

This gives the exact value of B. Since I(u,) = 0, we can obtain

Y(pa) = -1+ %(a_l +loga+ (a=' —1)%log(1 — a)). (13)

The above arguments are summarized in the following:
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Theorem 8. When p(n)/n — a € (0,1] as n — oo, the empirical eigenvalue distri-
bution of the Wishart matrix n='T(n)T'(n)? satisfies the large deviation principle at
the scale n=2 with good rate function

(12

I) o= = %500) + 2 / (z — (1 - a)log ) dy(z) "

1
- Z(Ba —a’loga+ (1 —a)?log(l — a))

for y € M(IRT). Moreover, the unique minimizer of I is the Marchenko-Pastur
distribution p, from (2) and its free entropy is (13).

It is worthwhile to note that there is another way of determining the minimizer
of the rate function. In fact, it is not difficult to compute

= o (z— (1 —a)logz) + C if x € supp pa,

/10g = y| dpa ()

< E(x—(1—-a)logz)+C ifxeR"\ supp p,

2a
where C is a constant. According to the generalized Frostman theorem about
weighted potentials [11] (also [14], p. 27), the above condition characterizes u, being
the minimizer of the weighted energy functional (14). (Similar maximization prob-
lems for free entropy functionals were solved in [5].) Also, we know that the rate
function is convex because X (1) is a concave functional, see [5].

Let X (n) = (&;(n)) be a p(n) x n complex random matrix such that Re&;;(n)
and Im¢&;;(n) are independent and have the same distribution N(0,1). The choice
Q(x) =z, =1, and v(n) =n — p(n) in (4) yields the joint eigenvalue distribution
of the complex Wishart matrix (2n)~1X(n)X (n)*. When p(n)/n — a € (0, 1], this
satisfies the large deviation principle as well and the rate function is the above (14)
multiplied by a factor 2.

5. The case of singular Wishart matrices. Next we turn to the singular
case p(n) > n. Note that the eigenvalues of n=1T'(n)T'(n)? are those of n = T (n)*T'(n)
plus p(n) — n zeros. Furthermore, it is obvious that the eigenvalue distribution of
p(n)~'T(n)*T(n) is given by (1) again, however p(n) and n are interchanged. Hence
the eigenvalue distribution of n='7T'(n)*T(n) has the joint density

1 n — - e
Z—exp(—§Zti> [Tt D2 I -t (15)
n i=1 i=1

1<i<g<n

In this way we know that the empirical eigenvalue distribution P, of the singular
Wishart matrix n= 17T (n)T(n)? is written as

n

P, = (1 . ﬁ)a(o) + p(n)f’n,

where P, is a random discrete measure n ' (§(A1) + 6(A2) + - - + 6(\,)) such that
(A1, A2,..., A,) is distributed according to the density (15).
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From the regular case we can see that if lim,_,oo p(n)/n = a > 1 then P, satisfies
the large deviation principle with good rate function

~ 1 1
i) = 53 + / (2 — (a — 1) log ) du(x) o

1
— Z(3a —a’loga + (a —1)%log(a — 1))

for 4 € M(IRT). The minimizer of () is

. da — (z—1—a)?
fiq . (2m )X(l‘)dw,

where x is the same as in (2). In fact, note that if Dyp := p(a-) is the dilation of
p € M(IRT), then a=21I () is equal to I(u) of (14) with a~! in place of @ and on the
other hand D, i, is equal to p,-1.

Now the large deviation theorem related to singular Wishart matrices is stated
in the following:

Theorem 9. Assume that p(n) > n and p(n)/n — a > 1 as n — oc. Then the em-
pirical eigenvalue distribution of n=1T(n)T(n)? satisfies the large deviation principle
at the scale n=2 with good rate function

_ I ifp=(1-a"1)8(0) +a 1, i€ M(RY),
I(p) == .
400 otherwise,

where I is given by (16). The unique minimizer of I is p, (with an atom) from (2).

In the light of the discussion before the theorem was stated, it is enough to prove
the following lemma.

Lemma 10. For n € IN let P, be a random probability measure on a Polish space
X. Let pp be a fixed probability measure on X, and 0 < «,, < 1 be such that
an, — a € (0,1). If (]5n) is exponentially tight and satisfies the large deviation
principle at the scale L,, with rate function I on M(X), then the sequence of random

measures (1 — au,) o + anf’n satisfies the same with good rate function

I(p) == {f(ﬂ) if p=(1-a)po+ ap, i€ M(X),
400 otherwise.

Proof.  Write the distribution of P, on M(X) by the same P,. Then the distribution
P, of (1 — a)po + Py, is given by

P,(D) =P, ({i € M(X): (1 —an)po + anji € T})

12



for Borel sets I' C M(X). First we show that (P,) is exponentially tight. For any
e > 0 there exists a compact K, C M(X) such that

L 1
limsup L, log P, (K¢) < -2

n—00

By noting that the weak topology on M(X) is metrizable (by the Lévy metric), it
is easy to see that the closure K. of ., ((1 — Q) o + oanE) is compact. Since

P, (KE) < P,(KS), we get the conclusion.

Now it suffices to show that for every p € M(X)

inf [liminan loan(G)} > I(y), (17)
n—00

iICl;f [Iim sup Ly, log Pn(G)} < —I(p), (18)
n—00

where G runs over neighborhoods of p. Let D denote the set {(1 — @)uo + afi: i €
M(X)}. If p ¢ D then pu(C) < (1 —a)ue(C) for some closed C C X. Choose u(C) <
ap < (1 —a)u(C) and define a neighborhood G := {y' € M(X) : 4/ (C) < ap} of p.
Then, since P,(G) = 0 if (1 — ay)uo(C) > ap, (17) and (18) hold in this case. Next
assume that 4 € D and p = (1 — @)up + afi. For any neighborhood G of u there
exists a neighborhood G of ji such that (1 —ap)po+ anG C G for large n and hence

lim inf Ly, log P, (G) > liminf L, log P,,(G) > —I(ji).

n—0o0 n—oo

This implies (17). On the other hand, for any neighborhood G of i there exists a
neighborhood G of u such that a;1G — (a; ' — 1)pup C G or

{pe M(X):(1—ap)po+aniie G} C G

for large n. Hence

igf lim sup L,, log Pn(G)} < inf [lim sup Ly, log P, (G) | < —I(j),
G

n—0o0 n—0o0

implying (18). O
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