LOGARITHMIC ENERGY AS AN ENTROPY
FUNCTIONAL

Dénes Petz and Fumio Hiai

ABSTRACT. This paper is twofold. On the one hand, a short introduction is
given to noncommutative random variables and a concise review of some areas
of Voiculescu’s analysis is presented, especially concentrating on the relation
to random matrices. The main goal is to show that the negative logarithmic
energy shares some properties with classical entropy functionals. On the other
hand, we present a large deviation theorem for the empirical eigenvalue dis-
tribution of some not necessarily selfadjoint Gaussian random matrices with a
full proof. This extends the first large deviation result due to Ben Arous and
Guionnet for selfadjoint Gaussian matrices.

The concept of entropy originated from thermodynamics and became a math-
ematical notion in the work of Gibbs and Boltzmann. Later it got importance
in information theory and in the statistical problem of testing hypothesis. The
Boltzmann entropy — [ g(z)log g(z) dx of a probability density g appears mostly
in limit theorems. The reason for the observation that entropy shows up in so many
limit problems is the fact that this quantity governs often the asymptotics of some
probabilities. This is very clear in the large deviation theory which concerns limit
theorems with exponential convergence. The rate of the convergence is described
by an entropy functional.

In the last 15 years Voiculescu systematically has developed an analysis to
create new invariants to study free group factors. He recognized that the algebraic-
probabilistic free relation may be modeled asymptotically by random matrices and
heuristically studied the asymptotics of the Boltzmann entropy of large random
matrices. In this way he arrived at the appropriate entropy concept from the point
of view of free relation. In our opinion, his main achievement is the discovery of a
concept of entropy which becomes additive in case of freeness while the subaddi-
tivity holds in general. (This property provides motivation to call the new concept
free entropy, but this free entropy does not have much to do with free entropy in
the context of thermodynamics.) Although the highlight of his theory is in the
multivariable case, we confine ourselves in this paper mostly to a single variable,
which can be a probability measure. In the context of probability measures, the
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free entropy is the logarithmic energy, at least up to a sign, which is familiar from
two-dimensional potential theory.

The free entropy appears as an important component in the rate function in
large deviation theorems for random matrices. Wigner’s original result was the
convergence of the mean spectral density of a certain Gaussian random matrix to
the semicircle law. His result was improved in [1] by showing that the empirical
eigenvalue density converges almost surely. The large deviation result was hinted in
the work of Voiculescu but first proven by Ben Arous and Guionnet [2]. According
to their result the convergence to the semicircle law is exponentially fast.

The present paper is twofold. On the one hand, we give a rather short review
of certain areas of Voiculescu’s analysis; especially we concentrate on the relation
to random matrices. Our main goal is to show that the negative logarithmic energy
shares some properties with classical entropy functionals. On the other hand, we
present large deviation theorems for the empirical eigenvalue distribution of some
random matrices. We mostly consider non-selfadjoint Gaussian matrices in which
the real part and the imaginary part play non-symmetric role. We call such ma-
trix elliptic. The large deviation theorem is presented with full proof for elliptic
Gaussian matrices. In the elliptic Gaussian case we can determine the limit distri-
bution (i.e. the integrated density of states) which is, of course, the minimizer of
the rate function. It is the uniform distribution on an ellipse and called the elliptic
law. Note that our large deviation result implies almost sure convergence to the
elliptic law. Almost sure convergence to the circular law has been known in the
case when real part and imaginary part have the same variance; [11] attributes the
proof to J.W. Silverstein. Also, the general elliptic case where random matrices
are not necessarily Gaussian was treated by Girko [5, 6]. We explicitly have the
joint eigenvalue distribution in the elliptic Gaussian case. Our approach, as well as
Silverstein’s proof and the method of Ben Arous and Guionnet, is based on the ex-
plicit form of the joint distribution of the eigenvalues and does not extend to more
general non-Gaussian examples. Finally, we discuss a large deviation result for the
eigenvalue distribution of some unitary random matrices, whose proof will be pub-
lished elsewhere. It is remarkable that the limit distribution of this convergence
result was identified earlier by Gross and Witten [7].

1. Noncommutative random variables,
free relation and random matrix models

Let A be a bounded or unbounded selfadjoint operator on a Hilbert space H,
and let A = [ AdE()) be its spectral decomposition by means of a projection-
valued measure E on the Borel sets of the real line. In a state vector f € H the
distribution of A is the probability measure H — (E(H)f, f). This concept of
distribution originated from quantum mechanics. When H = L?(IR), the position
operator () is defined on the domain D(Q) = {f € L*(R) : zf(x) € L>(R)} and
(Qf)(x) = xzf(x). A unit vector f € L%(IR) is usually called a wave function
in quantum mechanics. The distribution measure of ) at the vector f has the
density |f|> and [}, |f(z)|* dz gives the probability that the quantum particle of
one degree of freedom is confined to a subset H C IR. This example appeared in
von Neumann’s famous book “Mathematical Foundation of Quantum Mechanics”
published 1932 and it contains the essence of the statistical interpretation of the
theory. The momentum P can be regarded as a random variable as well and its
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probability density in the state f is | f (7)|?, where f is for the Fourier transform
of f. Tt is well understood that P and ) cannot be regarded as Kolmogorovian
random variables on the same probability space because their joint distribution
cannot be defined. The reason for this is very simply PQ # @QP. Nevertheless, we
need to have a probability theory in which the position and the momentum can
be treated at the same time. A solution is the algebraic probability theory. An
algebraic or noncommutative probability space is a pair (A, ) such that A is an
algebra with unit I and ¢ : 4 — C is a linear functional with ¢(I) = 1, and this
gives the expectation value of the noncommutative random variables, elements of
A. In case of position and momentum, all polynomials of P and @) can be taken as
A. The only good choice for domain is the Schwartz space S(R) C L?(IR) and the
functional ¢ is a — (af, f), where the state vector f is from S(IR).

Random matrices form a very important class of noncommutative random vari-
ables and they have been often used in theoretical physics [14]. Let us restrict
ourselves to n x n matrices with entries in an algebra of classical random variables,
and set the expectation functional 7, as X — n™' Y7 | E(X;;). A concrete non-
commutative random variable is the standard selfadjoint Gaussian random matriz
W(n):

(i) {ReW;j(n) : 1 <i <j<npUu{ImW;n):1<i<j<n}isan
independent family of Gaussian random variables,
(ii) EW;j(n)) =0for 1 <i<j<n, E(W;(n)?) =1/nfor1 <i<n,and
E((RQWU)2) = E((Im Wz'j)2) = 1/27’L forl1<i<j<n.
We use the word standard because 7, (W (n)) = 0 and 7,,(W (n)?) = 1. The variance
of the entries is chosen such a way that the distribution of W (n) is invariant under
unitary conjugation. A famous theorem of Wigner tells us that (W (n), ) converges
in distribution to the semicircle law ws, in other words

n—oo

1 2
lim 7,(W(n)k) = g/zxk\/él—mz dx for keNN.

Another class of examples of noncommutative random variables can be shown
on the full Fock space F(#) over a Hilbert space H. For every h € ‘H an operator
£(h) is determined on F(H):

URE=h®E& for &€ F(H).

The vacuum expectation ¢ is defined as A — (A®,®) on the operators acting on
F(H), ® being the vacuum vector. (If # = C, then F(H) = I*>(Z*) and £(1) is
simply the right shift.) The distribution of £(h) + £(h)* is the standard semicircle
law wy when h is a unit vector. Hence, we can say that the sequence (W (n),7,) is
a random matriz model for £(h) + £(h)*.

Let (A, ) be a noncommutative probability space and let A4; (i € I) be subal-
gebras of A. We say, after Voiculescu, that the family {A; : i € I} is in free relation
(or shortly free) with respect to ¢ if

p(aras - --a,) =0 whenever
ap € .A,'(k), 'L(k) el, QO(ak) =0, ’L(k) # ’L(k + 1)

The elements a,b € A are free if the algebras generated by them are free [26]. The
free relation is more understandable in the context of the free product of groups,
but the full Fock space provides an instructive example as well [26].
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ExXAMPLE 1. Let h; € H (i = 1,2). Then £(hy) and £(h2) are free with respect
to the vacuum state if and only if (h;, he) = 0.

Another example tells us that the spectrum of uv can be continuous even if u
and v have discrete spectrum.

EXAMPLE 2. Let u and v be free unitaries with 0 expectation. Then the
distribution of uwwv is the Haar measure on the unit circle.

The free relation is analogous to the independence of classical random variables,
for example, because a kind of central limit theorem holds as stated in the following
theorem of Voiculescu [21]. Since the limit distribution in the free central limit
theorem is the semicircle law, this was the first sign that there must be some
connection between freeness and random matrices.

THEOREM 3. Let ay,az,--- € A and assume that they are free in A with respect
to a state 9. If p(a,) =0 and p(a2) =1 for every n € IN and sup,, |p(ak)| < +oo
for all k € IN, then

a+azx+---+an
Vvn

converges in distribution to the semicircle law wa.

The next argument is almost a proof of the theorem. Let
an = L(hn)* + L(hn) + D ail(hn)’,
=2

which gives a Toeplitz operator on F(H) if >, |a;| < oc. If we choose the unit
vectors hi, hs,... to be pairwise orthogonal, then a;,as, ... are free according to
Example 1 and all conditions of Theorem 3 are fulfilled. Since the left creation
operators £(h) are linearly depending on h, in our example (a3 +as + -+ +a,)//n
is written as

Y

£((hy +ho + -+ hp)/v/n)* + L((hs + ha + - -+ hy) [V/n) +iaii€(\%

It is a matter of elementary algebraic computation that the distribution of the last
operator is the same as that of

U(hy +ha+ -+ ha) [VR)" + 5((h1+h2+-..+hn)/\/ﬁ)
+ Z n(i— 1)/2 ((hy + ha + -+ + hn) /)"

We may replace the unit vector (hy + ha + --- + hy,)/+/n by hi, which obviously
does not affect the distribution. In this way we arrive at

E(ha)" +L(h1) + ) =
; (Vn )
that has the strong limit as n — oo, namely £(h1)* + £(hy), which is known to be
semicircle-distributed already.
The free relation can be modeled by independent random matrices. Let Y (n) be

a sequence of diagonal random matrices such that (Y (n), 7,,) has a limit distribution
f and Y (n) is independent of W(n). Then Y (n) and W (n) become free in the limit

—(hy)’
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n — oo. This means that if py,pe,...,pr and q1,qz,...,qr are polynomials such
that

lim 7,(pi(Y(n))) =0 and  lim 7,(g;(W(n))) =0,

n—oo n—oo

then
lim 7, (p1(Y' (n))qu (W (n))p2(Y (1)) - - - qx (W (n))) = 0

n—oo

holds. This discovery allows to use method of freeness to compute the limit distri-
bution g of the sequence (Y (n) + W(n),7,) which is a statement for the limit of
the eigenvalue distribution of the random matrix Y (n) + W(n) [26, 18]. In fact,
this has been done much earlier than the breakthrough of Voiculescu’s analysis.
Marchenko and Pastur studied this subject in late 60’s and they called a deformed
Wigner law for the limiting density g [13]. In the language of the free probability
theory one says that g is the additive free convolution of the limit distributions of
(¥ (), 7)) and (W (n), 7)) [26].

The Wigner theorem concerning the random matrices W (n) has stronger form
than the one stated above. Assume that Y, (w) is a random n X n matrix with
eigenvalues A;(w), A2(w), ..., An(w). Then the empirical eigenvalue distribution of
Y, (w) is the random atomic measure

(M (W) + (A2 (w)) +--- + d(An(w))

P,(w) :== p ,

where d(¢) denotes the Dirac measure at (. The above stated Wigner theorem
nearly means that E(P,) converges to ws in weak topology when P, is the empirical
eigenvalue density of W(n) (and E(P,) is the mean eigenvalue density). However,
P, (w) converges to the semicircle law for almost every w [1]. Some people expresses
this fact by saying that w, is the integrated density of states.
The standard non-selfadjoint Gaussian random matriz X (n) is defined in the
following way:
(i) {ReX;j(n) :1<4,j <n}U{ImX;;(n):1<14,j<n}is an independent
family of Gaussian random variables,
for 1 <i,j <n.
Equivalently, one can say that X (n) = (WM (n) +iW® (n))/v/2, where W) (n)
and W) (n) are independent standard selfadjoint Gaussian matrices.
Let u,v € IR such that u,v > 0 and 4?2 + v? = 1, and for n € IN set

(1) Y(n) = uX(n) +vX(n)",

what we call the elliptic Gaussian matriz. This is a kind of interpolation between
the standard selfadjoint Gaussian and the standard non-selfadjoint Gaussian cases.
Namely, the choices © = v and v = 0 recover those examples.

We need the joint distribution 7,, of the eigenvalues of Y (n). The probability
measure on M, (C) induced by X (n) is

1
7 exp(—nTr A*A) dA,(A),

n

where A,, is the Lebesgue measure on M, (C) = R2". The measure induced by
Y (n) is the image measure of the above via the transformation B = uA+wvA*. This
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is a non-singular linear transformation when u # v. Its inverse is A = aB + bB*
and therefore the measure induced by Y (n) is

1
Vni = exp(—nTr[aA + bA*|*) dA,(A)
_ ]-n n * 2
= e [_1_—T2Tr (A*A — TRe A2)| dA,(A),
where u v
a:= e b:= Er—t T :=2uv,

and Z, is a new normalizing constant (including the Jacobian of the above linear
transformation).

LEMMA 4. If u # v and hence —1 < 7 < 1, then b, has the following joint
probability density with respect to d¢y - - -d(, (d(; is the Lebesgue measure on C):

Zinexp[—né(liefil Img )]H|Cz Gl

PRrROOF. The proof is on the lines similar to that for X (n) in [14, A.35]. Take
a unitary U such that U*AU = T is upper triangular. Then (; := Tj; are the

eigenvalues of A and dH := —iU*dU is Hermitian. We may impose dH;; = 0
(1 <i<n). Since
a2 _ \~ (ReG)? (Im ¢;)* 2
Tad+oarp =3 e 5 GoOl s S
i=1 =1 i<j
we have

v = |- nz(?ef; m G SIICE cjl“’Hdcz
x exp(—l_—7_2 31Tl ) Hd ReTij)d(ImTij)

i<j i<j

i<j
Integrating with respect to [] d(Re T3;) d(Im T3;) and [] d(Re H;;) d(Im H;;) we ob-
tain the desired result. O

2. Logarithmic energy versus Voiculescu’s entropy

Let i be a measure on C. In a physical picture the measure p may be thought
as the distribution of electric charges in a two-dimensional universe. The double

integral
== [[ 10812~ yl du(w) dutw)

yields the Coulomb energy of the two dimensional electrostatic field due to electro-
static repulsion if the repulsion force between charges is proportional to the inverse
of the distance. I(u) has been called the logarithmic energy of p [12, 19].

On the other hand, Voiculescu’s work opened a completely new perspective
for the logarithmic energy [23, 24]. Before discussing this, we recall the classical
relative entropy, or Kullback-Leibler information. If u; (i = 1,2) are measures on
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R with density f;(x), then the relative entropy of u; with respect to us is defined
as

S(p1, p2) = /fl(m) (log f1(z) —log f2(x)) dz

This quantity is non-negative when p; and py are probability measures. It is
worthwhile to note that S(u1, o) is not symmetric in its two variables; py and po
play really different roles.

Let p and v be probability measures on IR and v™ denote the n-fold product
measure v X v X --- X v. Furthermore, let my(u) be the kth moment of y, i.e.
my(p) = [z* du(z) for k € N. For z = (z1,...,2,) € R" we denote by &, the
discrete measure

%(5(331) +8(22) + -+ 8(zm)).

THEOREM 5. Assume that p and v are probability measures on R and u is
compactly supported. Then

lim lim sup % logv™ ({z € R : |mi(ke) — mi(p)| <e, k<r}) =—-S(u,v).

T—0Q
e—40 n—oo

Note that this theorem follows from the so-called Sanov theorem [4, 10]. In
particular, if v is the standard Gaussian measure, then the limit is

S(p) — (log 2m + ma(p)) /2

where my(p) is the second moment. So the main term is the Boltzmann entropy

S(p)-

One way of interpretation of Voiculescu’s work is that he replaced the product
measure v" in Theorem 5 by another 7,, whose joint probability distribution is of
the form

1 2 2/3
(2) Eexp( 42ZA>[[|A -\
N i<y

where 3,02 > 0 are fixed and Z (n ) is a constant for normalization. This measure is
an extension of the joint dlstrlbutlon of the eigenvalues of the standard selfadjoint
Gaussian matrix W(n), 8 = 1 and o? = 1/2.

THEOREM 6. Let p be a measure on IR with density f(x) of compact support
and denote v™ the measure of density (2) on R™. Then

1
lim lim sup —logun{)\ ER" : [mi(rr) —mi(p)| <e, k<r}

=5 [[1oglo — vl @)1 ) dndy - 15 [ (@)= S 10p(260%) + .

If we compare Theorems 5 and 6, we observe that the logarithmic energy of
the measure p is replacing the Boltzmann entropy term. This is a completely new
aspect of the logarithmic energy. We call

_ / / log |z — y| dp(x)du(y)

the free entropy of the measure pu.
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Basic properties of ¥(u) are determined by the fact that the logarithmic kernel
(z,y) — log |z — y| is strictly negative definite. This yields the following concavity
result [8].

THEOREM 7. The free entropy functional X(u) is strictly concave and weakly
upper semicontinuous restricted to the set of probability measures supported in a
compact subset of C.

Voiculescu’s definition for the entropy of the multivariables (X1, Xo,..., X,)
goes as follows. X1, Xs,..., X, are selfadjoint elements of a von Neumann algebra
endowed with a faithful normal tracial state 7.

For m,k € N, R > 0, and € > 0 set:

Pr(X1,....Xpuymke) = {(A1,...,4n) € (Mp(C)**)" : ||Ai]| < R,
|T(Xiy - Xi) — T (Aiy - A,)| < €

for all (i1,...,4p) € {1,...,n}?, 1 <p<m},

which is a set of n-tuples of k x k selfadjoint matrices approximating the given
n-tuple (X1,...,X,) in a set of joint moments.

. 1 n
Xr(X1,..., Xpn;m,e) = limsup ﬁlogA(FR(Xl,...,Xn;m,k,s))+§10gk ,

k—o0

where A is the Lebesgue measure on (M (C)**)™ and the correction (n/2)logk
gives a chance for a finite limsup. After the matrix size went to infinity, we take
the limit in the other parameters:

xr(X1,...,Xpn) = "}i_r)nooxR(Xl,...,Xn;m,s) ,
e—+40

x(X1,...,Xn) =sup xr(X1,..., X5).
R>0

Finally x(Xi,...,Xp) is the (multiple) free entropy of the n-tuple (Xi,...,Xp).
For the case of a single X, we can take R > || X|| and

1 1
Xr(X;m,e) = lim | = log A(Cr(X;m, k,e)) + = logk
k—oo | k2 2
since the lim sup becomes a limit, and

3 1
x(X) = xr(X) = 3(X) + 7 T glog2m.

The additive constant is not important, it could be removed by an appropriate
renormalization of the measures used on matrix algebras.
The subadditivity

X(Xla---;Xn) S X(Xla---;Xk) +X(Xk+1;---;Xn)-

holds for every 1 < k < n. The key property of the multiple free entropy is the
additivity under freeness [24, 25]:

THEOREM 8. If X1,...,X, are in free relation, then
X(X1, .., Xn) = x(X1) + -+ + x(Xn) -

Conversely, if x(X;) > —oo for 1 < i < n and the above additivity holds, then
Xi1,..., X, are free.
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If (X, 7) is a not necessarily selfadjoint noncommutative random variable, then
by the free entropy of X we can mean simply x(Xi,X2) where X = X; +iXs.
Under the constraint 7(X*X) = 1 the entropy x(Xi,X2) is maximal if X; and
X, are free and semicircular-distributed. Such X is called a circular element by
Voiculescu. While the semicircular element is the analogue of real Gaussian random
variable, the circular resembles complex Gaussian variable. The standard non-
selfadjoint Gaussian matrix is a random matrix model for the circular variable; in
fact it converges in distribution to the circular law. In the next section we shall
prove that the convergence is exponential, that is, there is a large deviation in the
background.

3. Large deviation for empirical eigenvalue distribution

Since we are interested in large deviation for the empirical eigenvalue distri-
bution of certain random matrices, we recall the concept of large deviation in the
appropriate setting. See [3,4] for more general definitions. Let M(C) be the space
of all probability Borel measures on €. M(C) is a Polish space when endowed with
weak topology. Let P, be a measure on M(C), in other words P, is a random
measure on C or a measure-valued random variable, and we write sometimes P, (w)
to emphasize this side. The sequence P, satisfies the large deviation principle if

liminf n~2log P,(G) > —inf{I(u) : u € G}
n— 00

holds for every open set G C M(C) and
limsupn~?log P,(F) < —inf{I(pu) : p € F}

n—oo
holds for every closed set F C M(C) with a lower semicontinuous function I :
M(C) = IRY U {oc}. When the level sets {u : I(u) < c} are compact for all ¢ > 0,
it is said that I is a good rate function.

The first large deviation theorem for the empirical eigenvalue distribution of
selfadjoint Gaussian random matrices was inspired by the work of Voiculescu [23,
24] and proven by Ben Arous and Guionnet [2]. We do not state their result now
because it will be recovered from our generalization.

Our main goal is to discuss the large deviation principle for the empirical eigen-
value distribution of the elliptic Gaussian matrix Y'(n) given in (1). Let A, denote
the elliptic law uniformly distributed on the ellipse

2 2

. T Y
ET::{ : <].}
SR (P R e

THEOREM 9. Let P, be the empirical eigenvalue distribution of the elliptic
Gaussian random matriz Y (n). Then

1 3
lim < logZ, = —-
im og 1

n—oo N2

and P, satisfies the large deviation principle with good rate function

) =-50+ (s 4 1on) a0 -5 (C=w+iv)

147 1-71

for p € M(C). Furthermore, the elliptic law A, is a unique minimizer of I so that
I(\)=0.
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The theorem implies that the empirical eigenvalue distribution of Y (n) con-
verges to the elliptic law A, almost surely, or the integrated density of states of
Y (n) is A;, while this is rather known [5]. In particular, in the selfadjoint case
where u = v = 1/v/2 (so 7 = 1), the large deviation result was obtained by Ben
Arous and Guionnet, and the limit distribution is the semicircle law wy (= A1). In
the circular case where v = 0 (so 7 = 0), the limit distribution is the circular law.

From now on we will treat a more general probability on M, (C)**. Let Q(()
be a real continuous function on C such that

(3) |Cl|im [¢lexp(—eQ(¢)) =0 for any &> 0.

For each n € IN let v, be a probability measure on M,(C) and assume that the
induced measure 7, on the space C" of eigenvalues has the joint probability density

n
(4) Zin exp <—n Z Q(Ci)) H G = ¢,

i=1 i<j
where 8 > 0 is fixed (independent of n) and Z,, is a normalization constant. Thanks
to Lemma 4 we may take Q(¢) = z2/(1+7)+y*?/(1—7) ((=z+iy)and B =1
in the elliptic Gaussian case. Assumption (3) is satisfied when — < 7 < 1. (But
the discussions below are valid even when 7 = 1, the selfadjoint case). In this case

Q(¢) means
. [ 2*/2 ify=0,
Q(ﬂf-}-ljg)—{ 00 if y # 0,

and we may restrict probability measures to those supported on IR. The situation
when 7 = —1 is of course similar.)
To prove the theorem, set

F(Gm) = ~Blog|¢ — 1l + 2 (Q(O) + Q)
Fa((;ﬂ) = mm{F(C;n):a} fOI‘ a> 0

Since F' is bounded from below thanks to (3), Fo({,n) is bounded and continuous,
so that

e M(T) / / Fo (¢, ) dp(C) da()

is continuous and
=63 + [ Q) dutc)
/Fc, Q) duton) = sup [ [ Ful¢.) du(¢) dutn)
a>0

is lower semicontinuous in the weak topology on M(C). For simplicity write
1 n
= EZJ(Z’) for z=1(z1,...,2n) € C™.

LEMMA 10.

1s—loZ<—'f F(¢,n) du(¢) du(n) .
imsup - log ot / (¢, m) du(C) du(n)
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ProOOF. We get

Zn = / /exp( ZIQ z,)exp( 2;Fzz,zj>dz1 -dzp,

ool L)

X exp (—rﬂ / /{ | PG an.(Qds. (n)) dzy -+ dzn

(-t [ PG 0 anin)
x/---/exp(—i@(z,)) dzi ---dz

= ( / e @) dz)nexp (—n2 inf / F(¢,m) dp(Q) du(n)) :

implying the conclusion.

~.

n

IA

(1)

IA

LEMMA 11. For every p € M( ),

n—oo

1rG1f [hm sup 5 5 log P, (G)]

</ / F(¢,n) du(€) du(n) ~Timinf - log Z,
where G runs over a neighborhood base of p.
ProoF. For any neighborhood G of € M(IR) put
G={2€C":k,€G}.

As in the proof of Lemma 10 we get

P(G) =
_ _/ /exp( Zsz>exp< 2;Fz,,z])dz1 dz,
< 5 [ feo(-30w)
xexp(—n [[ Fatc. dn.(0 dnz<n)+na) doy -z
= Zin(/e_Q(Z)dz>nexp< 1nf //F (¢,n)du' (¢ ()-I—na).
Therefore

. 1
lim sup 3 log P, (G)

n—oo

1
. 12 1 o . _
< _,}r‘éfa / Fa(C,m) dp'(C) dp'(n) — liminf — log Zy,

Thanks to weak continuity of ' — [ Fo({,n) dp'(¢) dp'(n) we get

1nf hmsup—logP ] / Fo(¢,m) du(C) du(n )—hn_1>1nf—logZ

n—o0
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Letting a — 400 yields the desired inequality. a

LEMMA 12. For every u € M(Q),
limint - log Z, > = [ [ F(¢,n) du(Q)dut)

and

inf [hm inf — log P, (G)]

1
/ F(¢,m) du(C) du(n) — limsup — log Z,,
n—oo T
where G runs over a neighborhood base of p.

Proovr. First, a suitable regularization process can be performed. It is clear
that
we M(C) — 1nf{hn_1}1nf 3 log P,(G) : G is a neighborhood of ,u}
n

is upper semicontinuous. Since F(¢,7) is bounded below, if [[ F({,n) du(¢) du(n) <
400 and py is the conditional measure to the disk of radius &, then

/FC, Ydu(¢) du(n hm//FC, ) dpie (C) dpure(n) -

So we may assume that p has a compact support. For £ > 0 let ¢, be a nonnegative
C>-function supported in the disk of radius & such that [ ¢.(¢)d¢{ =1, and ¢, *
be the convolution of u with .. Thanks to concavity and upper semicontinuity
of X(u) restricted on probability measures with uniformly bounded supports, it is
easy to see that

(e x ) > E(p)

tim, [ Q) dle. <) / Q(Q) du(¢

Hence we may assume that p has a continuous density with compact support.
Moreover, let A be the uniform distribution on a rectangle including supp . Then
it suffices to show the required inequalities for each (1 — d)u + dA (0 < § < 1).
After all, we may assume that p is supported on a rectangle R, it has a continuous
density f on that rectangle and § < f(¢) < 6! for some § > 0 on R.

Next we divide R into n smaller rectangles Rl!"), 1 < i < n. The following

Also

assumption can be made: N(R,(n)) = 1/n and the ratio of the horizontal and vertical
length of Rg") is uniformly bounded from above and below. Then we get

(5) lim (max dlam(R("))> =0.

n—oo \ 1<i<n

In each rectangle R{™ we take a smaller one 5{™ by dividing B\ into 9 congruent
rectangles and selecting the one in the middle, so that

d
> —.
/Slf") 2 In

nz{(Cl,---,Cn)EC”:C,-ESZ.("), 1<i<n}.

Now we set
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For any neighborhood G of p, it is easy to check that
A, C{CeC":k€G}
for all n large enough. For such n we have
Pu(G) = 7n(An)

T (o) Teaes

i<j

v

v

L exp (—n max Q(@-))

(n)
Zn i=1 CGS,‘-

x min _ 25)// d¢i ---d¢,
H(CESWWES(")K ol e dC

i<j

13

1 /46 ) 9
> —(—) exp —nE maxQC, ”( min ¢ —n| B).
Zn (Qn ( = ces™ )Kj ¢ces™ pest™

So, to obtain the required inequalities, it suffices to show that
1 n
©) i o> (Crélg(f 20) = [ Q@i

and

(7) hnrggfn—zlog( min )IC—nI) //f n)log |¢ — nl d¢ dn .

i<j Cesgn)’"esﬁn

But (6) is clear from (5). We have

J[ s 11081 - nlacan

<23 [, o 1T @) 081 =l dC
i<j
< p—
< zzlog(@g%w c=al) [ 1@ [ s
1< i J i J
2
= — log< max ¢— n) .
n2 ; CEREH)’WERgn)l |

Since the construction of R{™ and S\ yields

o ma o e €=
J:f%leog(. e Rl

i<j m1n<€s1§"),nes§") |< T’|

we obtain (7).
LEMMA 13. The finite limit L := lim,_,.. n"2log Z,, exists.

PROOF. By Lemmas 10 and 12 we have

n—oo

1
lim sup logZ <- iﬂf/ F(¢,n) du(¢) du(n) < linrr_1>ioréf 3 log Z,, .

LEMMA 14. (P,) is exponentially tight.
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Proor. For any a > 0 set

K, {ueM /Q ¢) du( )<a}

Since Q(¢) = 400 as || = +oo by assumption (3), it is easy to see that

sup({C [{|>r}) =0 as r— +o0
peEKy

and hence K, is compact in weak topology. We have

T ({c eqC": %ZQ(@-) > a})

1 n
 Zn / - /{ Lyasa) <_n 2 Q(C’)>

=1

x ] 16— ¢*P déy -+ dn

i<j

Z%fm(—n%a) /---/eXp<—giz;:Q(Ci)>

x [[1G =GP déy - .
i<j
When Q(¢) is replaced by Q(¢)/2, Lemma 13 may be referred to and the finite
limit

Pr(KQ)

IA

B, ::nh_{réo%bg/' /exp< ZQ C1>H|Ci_Cj|26dC1"'an

i<j
exists. From the above estlmate we conclude

hmsup—logP (K) < —B+ By — 5

n—oo

Since a > 0 is arbitrary, we have the conclusion. a

THEOREM 15. Assume that the joint distribution of the random variables &,1,

&2y - -5 Enn 18 given by (4). If assumption (3) holds, then the random measure
o) o= () T 06 ) & o+ (6 (0)

satisfies the large deviation principle with good rate function
16 = ~8%(0) + [ Q) du(0) + L

for p € M(C). The constant L is determined by the condition inf I(u) = 0 and
also given by L = lim,, oo n~2log Z,. There exists a unique py € M(C) such that
I(po) = 0.

PROOF. First we note that the measures P, are exponentially tight due to
Lemma 14. By Lemmas 12 and 13, I(p) = [[ F(¢,n) du(¢) du(n) + L > 0 for all
u € M(C) and I becomes a rate functlon According to the general theory of large
deviations [3], it suffices to prove that

igf lim sup n =2 log P- (G)] < -I(p) < igf [Iim inf n=?log P.(G)

n—oo n—oo
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for every u € M(C), where G runs over a neighborhood base of u. This holds
according to Lemmas 11 and 12.

The minimizer of the rate function is unique, because the minimizer is nothing
else but the equilibrium measure for a weighted potential [15]. O

Now, to prove Theorem 9, it remains to specify the minimizer yo = A, and the
constant term L = —3/4 for the rate function I in the theorem. According to the
generalized Frostman theorem about weighted potentials [15] (also [19, Appendix]),
the minimizer pg in Theorem 15 is characterized by the following condition for some
real constant C:

= 2O +C if ¢ € supppo,
/10g|§—n|duo(n) )
< QO +C if (€ C\supp o,

and L = C — 1 [ Q(¢)duo(¢) in this case. So the next lemma is enough for our
purpose.

LEMMA 16. For ( =z +1iy,

1/ z? y? 1
== —= E
2<1+T+1—T) 5 YCekbn
/logIC—nIdAT(n) , ,
1/ z Y 1 .
<§(1+T+1—T)_§ fCEC\Ey.

ProOF. This is proved in detail in [8]; so we just sketch the proof here. In case
of 7 = 1 the conclusion means

22 1
2 ZZ_i if |$|S21
/ wy(y)log |z — y| dy
—92 $2 1

and this is a special case [20, pp. 12-13]. When —1 < 7 < 1, one can use the Gauss
integral formula (see [5, p. 687], [16, Appendix IV]) to show that

Z .y .
—i it¢eE;,
d)\r(ﬂ): 1+7 1—71
¢(—n ¢ 4T .

(Note that this formula was given in [17].) Let (o = 29 +1iyo be on the boundary
of E,, and set ¢(t) := [ log|t¢o — n|dA-(n) for ¢t > 0. Then it follows that

teg | typ
dA-(n) dAr(n) =11, 1=, H0<t<d,
¢I(t):$0Re/ T -y Im/ T
o omm | e

<

].+7'+].—7'

ift > 1,
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so that 5 s )
1/ t°x; t2yd ) .
= — fo<t<1
2<1+7’+1— +9(0) i#0sts<l,
(1) N
1/ t°x; 2yl ) .
= f 1.
<2<1+T+1 +¢0) ift>
Finally, ¢(0) = —1/2 is an elementary integral computation. d

The above lemma, shows that the minimizer of the rate function in Theorem 9
is A,;. Furthermore, the constant term L (= lim,—con™ logZ ) is given as

L—————/Q ) dAr(

and the proof of Theorem 9 is completed.

It is worthwile to note that the free entropy of the elliptic law A, is Z(A;) =
—1/4, independently of parameter 7.

Finally we are going to turn to unitary random matrices and we state a large
deviation theorem on the unit circle T.

THEOREM 17. Let A > 0, and P, (n € IN) be the empirical eigenvalue distri-
bution of the n x n random unitary matriz having density

7 eD(-nTQU)), Q(Q)=-1ReC (CET)

n
with respect to the Haar probability measure. Then the finite limit
L:= hrr;o ﬁ log Z,,
exists and P, satisfies the large deviation principle with good rate function

() = —3() — ;/ReCdu(C) L for peM(T)

The unique minimizer py of the rate function and the value of L were computed
by Gross and Witten [7] earlier:

1 2
o <1+)\c0s0>d0 if A>2,

where ¢ = e'? (—m < 0 < ) and a := 2arcsin \/)\/2, and
1 .
ﬁ if A Z 27
L=
A2 3
—1 —+—-—- if0<A<2
+ N a1 H0<AL
More details about the mimmlzamon of the rate function are found also in [8, 10].
Theorem 17 generalizes to any real continuous function ) on T. The details

are found in [9].
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