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Abstract.Motivated from the chemical potential theory, we study quantum statisti-
cal thermodynamics in AF C*-systems generalizing ususal one-dimensional quantum lat-
tice systems. Our systems are C*-algebras A which have a localization {A[; j1} of finite-
dimensional subalgebras indexed by finite intervals of Z and an automorphism v acting
as a right shift on the localization. Model examples are supplied from derived towers
(string algebras) for type II; factor-subfactor pairs. Given a (vy-invariant) interaction and
a specific tracial state, we formulate the Gibbs conditions and the variational principle
for (y-invariant) states on .4, and investigate the relationship among these conditions and
the KMS condition for the time evolution generated by the interaction. Special attention
is turned to C*-systems of gauge invariance (typical model in the chemical potential the-
ory) and to C*-systems considered as quantum random walks on discrete groups. The
CNT-dynamical entropy for the shift automorphism + is also discussed.

Introduction

Let Z" be the simple cubic lattice of dimension v, and Ay, (k € Z") be copies of M4(C),
the d xd matrix algebra. Then the usual v-dimensional quantum lattice system or quantum
spin system is described as the infinite tensor product C*-algebra A = @z Ax with
the space translations v, (k € Z¥). As is fully presented in [9], the rigorous treatment
of quantum lattice systems is one of major successes of the C*-algebraic approach to
quantum physics. An interaction ® in the quantum spin C*-algera A is given when a
selfadjoint element ®(X) in the local algebra Ax = @ x Ak is specified for each finite
X C Z". Then the local Hamiltonian for a finite A C Z" is Hy = )y, ®(X), and
the one-parameter dynamics (i.e. the time evolution) af (¢ € R) can be introduced as
the strong limit of e*Ha . e~#Hr a5 A — Z¥ under a certain decay condition for ®. The
so-called variational principle is an essential ingredient in the translation-invariant theory

of quantum lattice systems, where the mean entropy of a state and the pressure of an
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interaction play important roles. The main results concerning KMS or Gibbs states in the
above setting are summarized as follows: Given a translation-invariant interaction ®, the
a®-KMS condition, the Gibbs condition with respect to ®, and the variational principle
with respect to @ are all equivalent for translation-invariant states on A4 ([46, 32, 3]).
Another important result is concerning the uniqueness of a®-KMS states (i.e. no phase
transition) under the condition of bounded surface energies of ® ([4, 28, 47]); this is typical
in the one-dimensional quantum spin case. The aim of this paper is to extend quantum
statistical thermodynamics from the setting of quantum spin (UHF) C*-algebras to that of
AF (non-UHF) C*-algebras. An earlier attempt in this direction was made by Kishimoto
[29, 30]. Also, Matsui [35] recently discussed ground states on the CAR algebra and on its
gauge invariant part.

AF C*-systems considered in this paper naturally arise from a recent development
of the subfactor theory initiated by the celebrated Jones index theory [24] for type II;
subfactors. In fact, our discussions are strongly motivated from our previous study [13,
19, 20] succeeding to [38, 11] on the subfactor theory from the entropic viewpoint. When
N C M is an inclusion of type II; factors with the Jones index [M : N| < +oo, we
obtain the Jones tower --- C M_o C M_1 = N C Mo = M C My C My C --- by
iterating the Jones basic construction both upward and downward. Then the relative
commutant algebras or the string algebras A[; 1 = M;_; N M; are attached to intervals

(4, 7] of Z, which are finite-dimensional and generate the AF C*-algebra A = {J,, A[—n n]-
Furthermore, the Markov trace 7 on |J,, M,, restricts on A and the canonical shift vy (a
2-shift on the localization {A[; ;1}) is defined on A. This way, we can get an AF C*-system
(A, {A2i,251},7,7) which is a model example of our C*-systems. Recall that the double
sequence {M' N M, C N' N M,}>2, attached the weights from the Markov trace 7 is
crucial in classification of type II; subfactors; in fact, it provides a complete conjugacy
invariant among strongly amenable type II; inclusions ([42] and also [36]). Although the
Jones theory for type II; subfactors was generalized to the type III ones (see e.g. [31, 33,
23]), it is enough from the viewpoint of this paper to confine ourselves to the type II; case
because no new C'*-systems appear when general inclusions N C M are considered beyond
type II; ones. Also it should be mentioned that we are rather concerned with the infinite
depth case in the subfactor model, while the finite depth case might be more interested
from the subfactor theory. Indeed, when N C M has finite depth, the resulting C*-algebra
A has a unique traical state so that the situation is almost the same as the quantum spin
case.

Another motivation of our study comes from the chemical potential theory [7, 6],
where the observable algebra A is the fixed point subalgebra of the field C*-algebra F
by some gauge action of a compact group and a one-parameter dynamics a; on F is
commuting with the gauge action so that a restricts on 4. The main concern in [6] is to
extend an extremal a-KMS state on A to an extremal KMS state for a modified dynamics
on F. Here the notion of chemical potentials enters into the theory. A gauge action of a
compact group G is sometimes given as a product action 8y, = @, Ado, (9 € G) on the
field algebra F = @, M4(C) where o is a unitary representation of G on V = C¢. In
this case, the observable algebra A = F¥ having the localization Ap; j; = ( i:i M4(C))?
and the usual shift v is essentially the same as the C*-system arising from the subfactor of
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Wassermann’s type [53] defined by the representation o. It is worth noting that, in several
examples, the chemical potentials in [6] bijectively corresponds to the extremal faithful
(v-invariant) tracial states on A. So it seems reasonable that we consider such tracial
states on A as substitutes of chemical potentials in the abstract setup of AF C*-systems.

The paper is organized as follows. To begin with we fix the formalism of C*-systems
(A, {A[; 1}, ) treated throughout and justify it from the subfactor model. In §2 we intro-
duce, given an interaction ®, the notions (in the strong and weak senses) of Gibbs condition
for states on A. These notions are defined in terms of a chosen tracial state ¢ on A as well
as the interaction ®. Then it is proved that a state on A satisfies the KMS condition (at
B = 1) for the one-parameter dynamics a® generated by @ if and only if it satisfies the
Gibbs condition in the strong sense for ® with respect to some tracial state ¢. In §3 we
formulate the variational principle given a ~-invariant interaction ® in an AF C*-system.
In the course of doing so, we show the existence of the mean relative entropy Sy (w, ¢)
of a ~y-invariant state w and that of the pressure p(®,¢) of & with respect to a fixed
faithful v-invariant tracial state ¢ having some multiplicativity property. The variational
principle was obtained in [30] in a similar but somewhat different setting of C*-systems.
Furthermore, as in usual quantum lattice systems, given ® and ¢ as above we show the
following implications for v-invariant states on A: The Gibbs condition in the weak sense
implies the variational principle and the latter implies the a®-KMS condition. Our final
goal might be to establish the abstract version of the chemical potential theory with use
of extremal faithful tracial states on A instead of chemical potentials (see Problems 2.5
and 3.12 below). Although this problem in the abstract setting seems difficult, we can get
rather satisfactory results in §4 and §5 in some C*-systems with additional structures. A
C*-system in §4 is given as the fixed point subalgebra of the product action determined by
a unitary representation of a compact group, which is a typical example from the original
chemical potential theory. A C*-system in §5 is obtained from a discrete group with a
finite number of generators, which is considered as a quantum version of random walks
on groups. The final §6 is devoted to discussions on the CNT-dynamical entropy of v in
connection with its topological entropy, which are on similar lines of [11, 13, 19, 20].

Our C*-systems are restricted to AF C*-systems indexed to one-dimensional Z, while
we can similarly consider those indexed to multi-dimensional Z¥. But this restriction
makes some results considerably simpler because of bounded surface energies as in the
one-dimensional spin case.

1. Setting and examples

For i, j € Z let [1, j] denote the interval {i,i+1,...,7} of Z with convention [, j] = )
if 4 > j. Assume that finite-dimensional C*-algebras (or finite direct sums of matrix
algebras) Ay, ;1 are given for all intervals [4, j] of Z, 7 < j, and they satisfy the following:

(I) Ap ;1 C Apr jn with the common unit 1 if [4, 5] C [if, 5], i.e. i <i<j <,

(II) Ap; ;) and Apjiq k) commute if ¢ < j < k.

Let A denote the AF C*-algebra generated by {.A[; ;}, that is, the C*-completion of
Up—1 A{—n.n- For any K C Z we denote by Ag the C*-subalgebra of A generated by
Api ;1 with [4, 5] C K. Also set Ap = C1.

We further assume that there exists an automorphism v of A such that
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(III) v(Api 1) = Afit,j41) for all ¢ < 5.

This means that Af; ;) = A[itr, j1) for any 4,5,k € Z and «y acts on the local algebras
Aji ;) as the (bilateral) right shift. So v(Af1,00)) = Af2,00) and | A[1 o) is an endomorphism
of A[1,0) like the unilateral right shift.

We write S, (A) for the set of all y-invariant states on A. Since (A, 7) is asymptotically
abelian in the norm sense, i.e.

lim [[[a,7"(b)][[=0, a,be A,
|n|—o00

it follows [9, 4.3.11] that S.,(A) forms a (Choquet) simplex. The simplex of all tracial states

on A is denoted by 7(A). Also, we write 7,(A) for the set of all y-invariant ¢ € T (A).

The following fact might be well known and easily shown; so we omit the proof.
Proposition 1.1 7,(A) is a face of S;(A) and so 7,(A) becomes a simplex.

The quantum system (A,~) described above sometimes possesses a particular (not
unique in general) trace 7 having the following properties:

(IV) 7 is faithful and ~-invariant,

(V) 7 is multiplicative in the sense that 7(ab) = 7(a)7(b) for all @ € Aj; ;) and b €

A1y 1< J <k,

Let Tr, denote the canonical trace of Ay ,,), where the term “canonical” means that
Tr,(e) = 1 for all minimal projections e € Ay ,). For 7 € T,(A) let dr,/dTr, be the
Radon-Nikodym derivative of 7, = 7|A[1 ) with respect to Tr, (so it belongs to the center
of A1 ). Then the following rather strong condition for 7 is considered, which means
that the McMillan type convergence in the uniform norm holds for 7 with respect to the
localization {Af; ,1}:

(VI) For some constant A € (0, 1),

dry,
dTr,,

1
lim H—log —(log)\)lH =0.
n—oo || n
In the rest of this section let us explain that the subfactor model provides many
examples of (A, {A[; j1},7) together with a distinguished trace 7. More examples will be

presented in §4 and §5.

Example 1.2. Let A be a finite-dimensional C*-algebra, Ay (k € Z) copies of Ap, and
Apij) = Q7—; Ak (¢ < j). The AF C*-algebra A is the infinite C*-tensor product @, c5 Ak
and v is the usual right shift. Set 7 = @, 79, the product of 79 = Tr/Tr(1), where Tr
is the canonical trace of Ap. Then all (I)-(VI) are satisfied. Concerning (VI) we have
n~'logdr,/dTr, = Al for all n with A = Tr(1)~!. When Ay = My(C), the d x d matrix
algebra, this A is the so-called quantum spin C*-algebra.

Example 1.3. Let {e;}icz be a two-sided sequence of the Jones projections ([24, 38]),
that is, e; are projections such that for some 0 < A <1

(1.1)

{ eieir1€; = Ae;, 1€ Z,

€;€5 = €4€4, |Z — j| Z 2.



Then it is well known [24, 54] that A™! € {4cos®?w/(m + 1) : m > 2} U [4,00). Let
Apij) = Alg{l,ei41,...,¢;}, the algebra generated by {1,e;11,...,¢;}, and A be the C*-
completion of ;" ; A[_,,.n]. We can define a shift automorphism 65 on A by 6 (e;) = €41,
1 € Z. Moreover, the so-called A-Markov trace ¢, is defined on A, which satisfies

dr(aejr1) = Apa(a), a € Ap j)-

Then (I)-(V) are satisfied. Relations (1.1) first appeared in [51] in some model of statistical
physics; so the C*-algebras A[; j; as well as A are sometimes called the Temperley-Lieb
algebra (see also [17, 37)).

When A~ = 4cos? w/(m + 1), the Bratteli diagrams of

(12) CcC ./4[1,1] C A[l’g] C---

are determined by the graph A, ([24]), so that ¢ is the unique tracial state on A and
(VI) is satisfied (see Example 1.4 and Proposition 1.5 below). When A < 1/4, the Bratteli
diagrams of (1.2) have the graph A.,. In this case, A j; and hence A are independent
of 0 < A < 1/4. Furthermore, it is easy to check using the string algebra description of
{Ap,51} ([36]) that 0y is also independent of A up to unitary equivalence on each A ;.
Hence all tracial states ¢ (0 < A < 1/4) are invariant for v = 60;/4. In fact, the set of
all extremal points of T(A) is {¢x : 0 < A < 1/4}, where ¢ is a degenerate trace such
that ¢o(e;) = 0, i € Z. So T(A) = T,(A). Note that ¢/, satisfies (VI), because the
$1/4-trace vectors (i.e. the ¢ /4-values of minimal projections) of Ay 2,17 and Ay o) are
respectively 27(27=1)(2,4,. .. 2n) and 272(1,3,...,2n — 1) ([24]). See Examples 1.4 and
4.6 for somewhat different formulations of this example.

Example 1.4. Let N C M be an inclusion of type II; factors with the Jones index
[M : N] < 4o00. Let

--CM_sCM oCM i =NCMy=MCM , CMyC---

be the Jones tower of tunnel and basic constructions. Set Ay j; = M;_; N M; for i < j,
which are finite-dimensional algebras. The derived tower of N C M is given as C C
Ap1,1] C Api,2) C -+ -, whose inclusions are described as the principal graph. Sometimes the
principal graph comes from C C Ajg o) C Ajo,1] C - -; then the above one is called the dual
principal graph. (See [24, 17] on the index theory for type II; subfactors.) Let A be the
C*-completion of [ 7, A[_p,n], and set a normalized trace 7 on A as the restriction of the
unique trace on |J,, M, (called the A\-Markov trace with A = [M : N]='). The mirrorings
and the canonical shift on the derived tower were introduced in [36]. The mirroring v, of
Af1,2n) is defined by
Yn(x) = Jnz™Jy, T € Ap1,20];

where .J,, is the modular conjugation on L?(M,, 7). Since v,4+19%n = Yn0Yn_1 0N Al1,2n—2]
(see [13] for details), we can define the canonical shift v on |J,, Ap1,n) by

(1.3) (@) = mi(m(®), =€ Apon
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Indeed, the canonical shift v can be defined from each M_,, C M_,, 11, n > 0, so that
v extends to an automorphism on A preserving 7. Then (I)-(V) are satisfied with the
localization {.A[g; 2j1}i<j, because « is a 2-shift on {Aj; ;}. Concerning (V), the following
a bit stronger condition is satisfied: for any ¢ < 5 <k

Al € Alig
U U
Aiiv1,] € Ali+1,x]

is a commuting square in the sense that

By Btk = Epiv1,k) Bl ) = Efia,y; equivalently By j1(Apyak) = Afita,),

where EJ; ;1 is the conditional expectation onto Aj; ;1 with respect to 7.

The canonical shift v sometimes has a natural square root [12]. For instance, when
N C M is Jones’ subfactor Ry C R ([24]) with index A= < 4 or Popa’s subfactor N* C M?*
([41]) with index A~ = s > 4, {A; ;} coincides with Example 1.3 and ~ = 63.

The standard matriz (or the principal graph) I' = [aki|ke k11 and the standard eigen-
vector § = (si)wek are attached to N C M, so that TT* describes the inclusions of A1, 205
n > 0, and I'T*§ = A~'3. Furthermore, the trace vector of A 5, is given as (A"sg)rek, »
where K, is the set of vertices corresponding to the direct summands of A »,) and so
K, C Kni1, U, Kn = K. Hence, denoting the minimal central projections of A 2,] by
(fn,k)kek,, we have

d
LRE% > skfnk

dTry keK

If N C M is extremal in the sense of [42], then we have sy = [fnxManfar @ Mfur]'/?
k € K,,. (See [39, 42] for details on standard invariants.) Note that (VI) holds if and only
if s has subexponential growth, i.e.

li 1 1 =0
Jim, o (g ) =0
and in this case N C M is extremal [20]. In particular, if N C M has finite depth (this is
the case when [M : N| < 4), i.e. |K| < 400 (]K| denotes the cardinality of K), then (VI)
holds and furthermore 7 is a unique tracial state on A as is shown below for completeness.
Also, note that 7 is an extremal tracial state if and only if N C M has the ergodic core
[42], that is, M** = (J,, M’,, N M)" is a factor. So, a tracial state on A is not extremal
in general even though it satisfies (IV)—(VI). (The last fact will be more explicitly known
in Remark 5.2.)

Proposition 1.5 If N C M has finite depth, then 7 is a unique tracial state on A.

Proof. Choose ng such that K,, = K and hence the inclusion matrix of Ay 2,] C
Al1,2n 42k 18 I'T* when n > ng and k > 1. Let ¢ be any tracial state on .4 and ¥, the
¢-trace vector of Apy o, for n > ng. Then we get ¥, = (CTt)* 4,44 for k > 1, so that

Up € ﬂ (ITH) R4, n > no,
k=1



where d = |K|. Hence @, is proportional to the Perron-Frobenius eigenvector of I'T*, which
implies that ¢|A[1 2n) = T|A[1,20] for all n > ng. Therefore ¢ = 7.

2. KMS condition and Gibbs condition

From now on let (A, {Aj; j1},7) be a C*-system introduced in §1, which always satisfies
conditions (I)—(IIT). The symbol X stands for a finite interval in Z, and let | X|=j—i+1
for X = [i,j], i < j. We say that ® is an interaction if a selfadjoint element ®(X) in Ax
is given for each X. An interaction ® is said to be vy-invariant or translation-invariant if

Y@®(X)=®(X +1), XCZ,

where X +1={k+1:k € X}. Given an interaction ® and a finite interval A C Z, the
local Hamiltonian Hp is defined by

Hy= ) &(X).

XCA

Also the surface energy Wy is defined by
W= {®(X): XNA#0, XNA®#0},

whenever the sum in the right-hand side converges in norm.

We use the notion of the inner perturbation of a state on A to introduce the Gibbs
condition. The theory of state perturbation was first developed in [1] (see [48] for its
extension). The variational approach to state perturbation was exploited in [5, 16] by
means of the relative entropy. Let w, 1 be two state on A. For a finite interval A C Z, the
relative entropy of ¥ = 1| Ax with respect to wy = w| Ay is given by

dia (10 dipa dwa ))3

S(n,wa) = Trp (dTrA — log

& ITry dTra

where Try is the canonical trace of Ax. Then the relative entropy S(v,w) is defined as
5(107 w) = Sup S('@bA; wA) = lim S(¢[—n,n]7 w[—n,n])-

(See [37] on the relative entropy for states on a C*-algebra and for normal states on a von
Neumann algebra.) For any state w on A and h = h* € A, since

¥ = S, w) +P(h)

is weakly* lower semicontinuous and strictly convex on the state space of A, the perturbed
state [w"] is defined as a unique minimizer of this functional ([16, 37]). Recall [5, 16] that
for selfadjoint h,k € A the chain rule

(2.1) [[w"]*] = [w"**]
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holds and
1S (¢, w) — 81, [w"])| < 2[R

In particular,
(2.2) S(w, W) < 2||R].

Let 7, be the GNS representation of A associated with w and €2, the corresponding
cyclic vector. When €, is separating for «,(A)"” and A, is the modular operator for Q,,,
the perturbed vector Q" is defined by ([1, 2])

1/2 t1 tn—1
Qh / dt, / dty - - / dty

Alng, (h)Abn-17tn g (R) - - Al "t (B)Q,,

log A, — h)Q ‘

:eXp( 2

(Note that Q" stands for €, (—h) in the notation of [1, 2].) Then another definition of
[wh] is given as [w"] = (7, ()Q", Q) /||Q8||2. If @ and [w"] are the normal extensions of w
and [w"] to m,(A)", i.e. &(x) = (xQy,, Q) and [wWh] (z) = (xQF, QL) /||Q8 |12, © € 7, (A)",
then we have [w"]” = [@"«(P)] because for a state ¢ on A (see e.g. [37, p. 93])

S(¢,&) if ¥ has the normal extension 1 to m,,(A)",

400 otherwise.

23 S -

When an interaction ®, ¢ € T(A), and a finite interval A C Z are given, the canonical
state or the local Gibbs state ¢4 on Ap with respect to @ and ¢ is defined by

¢(e"Hra)
O

Under the above preparation let us introduce the notion of the Gibbs condition as
follows.

Pi(a) = a € An.

Definition 2.1. Let w be a state on A, ® an interaction, and ¢ € 7(A). Assume that
Wy is defined for any finite interval A C Z.

(1) We say that w satisfies the Gibbs condition in the strong sense with respect to
® and ¢ if €, is separating for 7, (A)” and if for any A C Z the conditional
expectation from m,, (A)” onto 7, (Ax) V7, (Aac)” with respect to [w™"a] exists
and the following holds:

[w™ V2] (ab) = ¢ (a)[w™4](b), a€ Ap, b€ Aje.

(2) We say that w satisfies the Gibbs condition in the weak sense with respect to ®
and ¢ if [w™Wa]|Ap = ¢4 for any A C Z.
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Obviously (1) implies (2). When w satisfies the Gibbs condition in the sense of (2),
¢ € T(A) is unique because ¢§ = ¢'C gives ¢ = ¢’ on Ay for ¢, ¢’ € T(A). In the usual
quantum spin case, the Gibbs condition (1) coincides with [9, 6.2.16], because .4 has the
unique tracial state and ¢¢ is the unique local Gibbs state on Aj.

In this section we assume that an interaction ® is not necessarily ~y-invariant but
satisfies the following;:

(a) sup;ez > x5 [|P(X)]| < +oo,

(b) supyeg [[Wall < +oc.

Note that (a) and (b) are satisfied if ® is y-invariant and ) x5, [X | [|®(X)]| < +oo0.

Under assumptions (a) and (b), [27, Theorem 8] (also [9, 6.2.6]) says that ® generates
a one-parameter dynamics o® on A. More precisely, there exists a strongly continuous
one-parameter automorphism group af (¢ € R) on A such that

Ii d _ JitHp —itHp —
lim |y’ (a) — ™ ae =0

for all @ € A and uniformly for ¢ in finite intervals. Furthermore, the generator of a? is
the closure of the derivation o with D(dp) = |J, Aa given by

So(a) =14 »  [®(X),a], a€A.
XNA#D
So we can consider the KMS condition (at 8 = 1) for a state on A with respect to o®.
Note that af oy = yo af if ® is y-invariant. (A recent development on the existence of
one-parameter dynamics in the Z"-lattice spin and CAR cases is found in [34, 35].)
Our main result in this section is presented as follows.

Theorem 2.2 If w is a state on A and ® is an interaction as above, then the following
conditions are equivalent:
(i) w satisfies the KMS condition with respect to a®;
(ii) w satisfies the Gibbs condition in the strong sense with respect to ® and ¢ for

some ¢ € T(A).

Proof. (ii) = (i). Assume that w satisfies (ii) for some ¢ € T(A). Fix A C Z
arbitrarily and write M = m,(A)", Mjx = 7,(Ar), and Mpre = 7,(Apc)”. Let @ be
the normal extension of w, and let & = [@™«("WA)] (= [w=WA]", the normal extension
of [w™"WA] to M). Since & as well as @ is faithful by [1, Corollary 4.4], we have the
modular automorphism groups o, and 6; (t € R) for @ and @, respectively. Since the
conditional expectation from M onto My V M. with respect to @ exists, it follows by
[50] that 64(Mpy V Mpe) = My V Mpe, t € R, and hence 6| My V Mpe is the modular
automorphism group for &|My V Mye. Let o® and o2° be the modular automorphism
groups for @|Mp and @|Mxe, respectively. Since [Ma, Mc] = 0 with finite-dimensional
My and @(zy) = w(z)o(y), £ € Map, y € Mpe, we see that (Mp V Mpe, @) is naturally
isomorphic to (Mp ® Mpe,O|Mp ® @|Mye). Hence 6| My = o™, But since

o(my(a)) = w™"](a) = ¢i(a),  a€ Aa,

9



it is easy to see that
(2.4) 6(z) = ettmeHa) pomitmo (Ha) xr € Mp.

Now let 0, and ds be the generators of ¢ and 6. Then the perturbation theory for the
modular automorphism group says (see [9, §5.4.1]) that

0o (z) = 05(x) + 11y (Wa), x], x € D(6,) = D(d5)-
By (2.4) we have M C D(d5) and for every a € Axp
0o (7w () = i[my (Ha), mo(a)] + i[my (Wa), 7w (a)]

mw< d o [ex )

X nA;é@

UJ 7

where § is the generator of a®. Thus we have shown that
1w (3(a)) = 6, (tu(a), a€ |J Aa

P

Since |J, Aa is a core of 6, we obtain m,, 06 C J, o m,, and hence 7, 0 @® = o o m,,. This

implies that w satisfies the KMS condition with respect to o®.
To prove the converse, the next lemma is useful.

Lemma 2.3 Let M be a von Neumann algebra and ¢ a faithful normal state on M.
Let Mg and M7 be von Neumann subalgebras of M and assume that the conditional
expectation E; : M — M, with respect to ¢ exists. If h € M is selfadjoint, then

(1) [¢"] = [(p|M1)"] 0 Ex,
(2) [¢"|Mo = | My whenever ¢(zy) = ¢(z)¢(y) for all z € Mg and y € M.

Proof. (1) Put ¢; = ¢|M;j so that ¢ = ¢1 0 E;. When h € M; is selfadjoint, we
have for every state ¢ on M

S, ) +(h) > S(Y|My, 1) + (Y| M1)(h)
> S([¢h], 1) + [F](R)
= S([¢}] 0 E1, ¢) + [}] 0 E1(h).

This implies that [¢"] = [¢?] o E;.
(2) The assumption means that F1(z) = ¢(z)1, x € My. Hence for every z € My we

get by (1)
[0"](x) = [¢}](Br() = ().

Proof of (i) = (ii) of Theorem 2.2: Assume that w is an a®-KMS state. Then
the cyclic vector Q,, is separating for M = 7, (A)" ([9, 5.3.9]) and the normal extension
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o of a® to M is the modular automorphism group for @. For any fixed A = [I,m], put
Q = —(Hp +Wy) and let a®@ be the perturbation of a® by @Q; namely the generator §%
of a®® is given as

(SQ(a) =d(a) +1i[Q, al, a€ D)) = D((SQ).
Furthermore define

ag") (a) — eit(H[—n,l—l]+H[m+1,n])ae_it(H[—n,l—l]‘*'H[m-f—l,n])’ a € A_
Now let us prove that

(2.5) a9 (@) = lim agn)(a), ac A teR.

n—00

To do so, it suffices (see [48, 4.1.2]) to show that (1£6()~1 — (1£69)~! strongly where
6(") is the generator of (™. For any A’ C Z and a € Aj we have

{@£6™)7 = (126971 £69(a)|
=[|(1£6™)"H1£6%)(a) - 1 £5™) ()}
< [18%(a) — 6™ (a).

Let
En =) {®(X): XNA#D, XN[-n,n]°#0},

Z, =) {®(X): XNA #0, XN[-n,n]°# 0}
Then HETL||7 HE;L | — 0 (’I’L — OO) When A C [—TL, 'n,]’ since
H[—n,'n,] + Q = H[—'n,l—l] + H[m—l—l,n] — En;

we get

(SQ(a) — 5(n)(a) = Z[ Z @(X) +Q, a:| — i[H[—n,l—l] + H[m+1,n]7 a]
XNA'£)

:—i[En,a]—}—i[ Yo oex)- ) @(X),a]
XNA'#0 XC[-n,n]

= —i[2p,a] +i[Z],, a],

so that |[09(a) — 6™ (a)|| — 0. Therefore (2.5) is shown. Since aﬁ")(a) = q for a € Ap
and agn) (a) € Ape for a € Aje, it follows from (2.5) that

(2.6) ol Q| Ay =ida,, ap?(Axe) = Axe.

11



Moreover let a®—Wa be the perturbation of a® by —Wj, which is the perturbation of
a®Q by Hy. Since ap™ " (a) = eHr a2 (a)e " HA | we get by (2.6)

(2.7) af TVMNAN) = Ax,  af TN (Ape) = Ape.

The normal extensions of a®? and a®~"4 are the perturbations of o by m,(Q)
and 7, (—W)), respectively, which are denoted by ¢% and o~"4. Recall [1, Proposition
4.3] (also [9, 5.4.4]) that 02 and o~"2 are the modular automorphism groups for the
normal extensions [w®]” and [w="A]" of [w?] and [w="A] to M, respectively. Let My
and Mj. be as in the proof of (ii) = (i). Since o; VA (My V Mpc) = My V Mye by
(2.7), the conditional expectation from M onto M V M e with respect to [w™"A]™ exists
by [50]. Tt follows from (2.6) that ¢y = [w?]|Ma is a trace on M, and the conditional
expectation By : M — M e with respect to [w?]™ exists. Furthermore, as is readily seen
because (Mp V Mpe,0?) is naturally isomorphic to (M ® Mye, idag, ® (02| Mye)) by
(2.6), we have

(2.8) [We (zy) = W (@) [w®] (y)
= P (2)[w®] (v), T € My, y € Mpe.

Now let Ay D A and Q1 = —(Hyp, + Wh,). Since by (2.1)

W] = [3™(9)] = [ (@@= Q)]

and 7, (Q1 — Q) € Mje, Lemma 2.3(2) together with (2.8) implies that [w® ] | My =
[w®] |Ma, that is, éa, | M, = pa. Hence there exists a tracial state ¢ on 7, (J, Aa) such
that ¢|MA = ¢ for all A C Z. Thus we obtain ¢ € T (A) which extends ¢om, on J, Aa.

Since o (MA V Mpe) = My V Mpe, the conditional expectation Fg : M — My V M
with respect to [w®]” exists. So we have by Lemma 2.3(1) and (2.8)

(2.9) w™ AT = [([w @)™ )]

(w9 |[Ma V Mpe)™HD] o Ey
[(a ® [wT | Mpe)™HN] 0 By
(

(67 @ (WO | M) 0 By

|

under the natural isomorphism My V Mpe & Mp ® Mpe. Since

pa (e~ H)m, (a))
$a(e=me ()
¢le”"*a)

:ﬁ_%() a € A,

[re ™) (7 () =

it follows from (2.9) that
[w™"2](ab) = ¢5 (a)[w?](D), a € Ap, b € Ape,

12



completing the proof.

Let K(®) denote the set of all KMS states on A with respect to a®, which becomes
a simplex (see [9, 5.3.30]). Then Theorem 2.2 asserts that a correspondence w € K(®) —
¢ € T(A) is determined in the way that w is a Gibbs state in the strong sense for ® and

¢

Proposition 2.4 If ® is y-invariant and w € K(®) is 7-invariant, then so is the
corresonnding ¢ € T (A).

Proof. By the y-invariance of ® and w we have
w™ "] = w0y, ACZ
Indeed, this is easily checked due to the definition of state perturbation through the relative
entropy. So we get ¢§ = @307 = (¢oy)§ on Ax for every A C Z, which implies ¢ = ¢ory.

We here want to pose the following problems, which may be considered as an abstract
version of the chemical potential theory [6] (see §4).

Problems 2.5.
(1) Is the correspondence w +— ¢ bijective between K (®) and T (A)?
(2) Under a suitable assumption, is w an extremal a®-KMS state if and only if the
corresponding ¢ is an extremal tracial state? Furthermore, when & is «y-invariant,
is w an extremal y-invariant a®-KMS state if and only if ¢ is extremal in T, (A)?

The next proposition is a partial answer concerning the injectivity of w — ¢ in the
above (1), whose proof is a slight modification of [4] (also [48, 4.7.3]); so we omit it.

Proposition 2.6 Let w,w’ € K(®) and assume that w is extremal. If w and w’
correspond to the same ¢ € T(A), then w = w'.

As a consequence, when 7T (A) is a singleton (as in the finite depth case of Example
1.4), we obtain the uniqueness of «®-KMS state as a slight generalization of [4, 28, 47].
(The existence of a®-KMS state is due to [44].)

3. Variational principle

In this section let (A, {A ji},7) be as in §1 and ¢ be a fixed traicial state on A
satisfying (IV) and (V). For n > 1 and w € S, (A), let S(wy, ¢n) be the relative entropy
of wp = w| A n) with respect to ¢, = ¢[Af1 5

Lemma 3.1 If w € S,(A), then lim,,_, %S(wn, ¢r) exists and

(3.1) lim %S(wn, ¢n) = sup lS(wn, ®n),

n—00 nzl n

Proof. It suffices to show the superadditivity:
S(wm+na¢m+n) 2 S(wma¢m)+5(wna¢n)a m,n 2 1

13



Put D, = dwyp/d¢n, which is a positive element of Ay, with ¢(D,) = 1. Then
S(Wn, ¢n) = w(log Dy). By (II)~(V), Dy, y™(Dy) is a positive element of Ay ,4n) and
(D™ (D)) = ¢( D )d(Y™(Dy,)) = 1. So we have by the positivity of relative entropy

m-+ns mfym(D ))

m-+n (108 Dy, — log Dy, — log ™ (Dy,)))
10gDm+n) - w(logD ) —wo 7m(10gDn)
Wm+n, ¢m+n) - S(wma (bm) - S(wna ¢n)

Hence {S(wp, ¢n)} is a superadditive sequence.

0<S

(D
¢(D
w(
S(

For each w € S,(A), the mean relative entropy of w with respect to ¢ is defined by
(3.1) above and is denoted by Sy (w, @) (€ [0, +00]).

Proposition 3.2 The function w — Sy(w, ¢) is affine and weakly* lower semicontin-
uous on Sy(A). Moreover, if w € S,(A), then Sy(w, ¢) = 0 if and only if w = ¢.

Proof. Since w — S(wy, ¢n) is weakly* continuous, the weak* lower semicontinuity
of w — Sy (w, @) follows from (3.1). The affinity is immediate from the following: For any
w,w €8,(A)and 0 < a <1

aS(wna ¢n) + (1 - a)S(w;, ¢n) > S(awn + (1 - O‘)w;u ¢n)
> S(wn;, ¢n) + (1= @)S(wy,, ¢n) + aloga + (1 — @) log(1 — a).

Indeed, the first inequality is a convexity property of relative entropy and the second is seen
from the operator monotonity of logt. If w € S, (A) and Syr(w, ¢) = 0, then S(wy, ¢pn) =0
for all n > 1 by (3.1), which implies w = ¢.

Proposition 3.2 shows that ¢ is extremal in S,(.A) or equivalently extremal in 75 (.A)
by Proposition 1.1. However, ¢ is not necessarily extremal in 7 (A) (see the last sentence
of Example 1.4 or Remark 5.2).

For w € S,(A), the von Neumann entropy S(wy) of wy, is given as

(3.2) S(wn) = Try, (_ j’;jrz log j;;;) - (log j’;:)
= —5(wn, ¢) = w(log d’?n ).

because dwy, /dTr, = (dwy/dén)(d¢,/dTr,) and de¢y,/dTr, belongs to the center of Ap ).
We define the mean entropy s(w) by

s(w) = Tim ~S(wn),

n—oco N,
whenever the limit exists.

Proposition 3.3 Assume that 7 is a tracial state on A satisfying (IV)-(VI) in §1.
Then for every w € S,(A) the mean entropy s(w) exists and

(3.3) s(w) =log A7t — Sy (w, 7).
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The function s(w) is affine and weakly* upper semicontinuous on S, (.A). Moreover, s(w) <
log A~ = 5(7), and s(w) = log A~! if and only if w = 7.

Proof. The first assertion is obvious from (3.2) and (VI). What remains is immediate
from Proposition 3.2.

The above proposition shows that if a tracial state 7 on A satisfying (IV)—(VI) exists,
then it is uniquely determined as a y-invariant state maximizing the mean entropy.
Now let @ be an interaction. In this section we assume that ® is y-invariant and has

relatively short range:
5 TN < .

X30

Let B denote the set of all «-invariant interactions of relatively short range, which be-
comes a real Banach space with the obvious linear operations and the norm |||®||| =

> x50 [1R(X)]]/]1X].
Given ® € B define Ay € A by

_ (X)
Ap = X%‘BW

Obviously ||As|| < H|<I>|H Moreover, for simplicity we write H, = H[; ), the local Hamil-
tonian, and ¢¢ = [1 n] the local Gibbs state on A[; ,) with respect to ® and ¢, i.e.

¢ (a) = dp(eFra) /(e ), a € Ap ).
Lemma 3.4 If ® € B and w € S, (A), then lim,,_,o, tw(H,) exists and

lim Lw(H,) = w(Ag).

n—oo N

Proof. Since

w(Hxy)

< - 5
< _EZ{”q"% X5k, Xﬂ[l,n]c;«é(b},

we have 1w(H,) — w(Ag) in the same way as [9, 6.2.39).

Theorem 3.5 If ® € B, then lim,,_,,, %log (e~ Hn) exists and

lim ~logg(e M) = sup {—Su(w, @) - w(Aa)}.
n—oo N wES, (A)
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Proof. For every w € S,(A) we get

ey dwn, e Hn
(3.4) 0 < S(wn,d:) =w (log M —log W)

= S(Wn, bn) + w(Hy) + log p(eHn),
so that
w(Hy)
-

"o ¢(e ) >~ S (wn, ) -

By Lemmas 3.1 and 3.4 we have

lim inf 1 log (e f1n) > —Spi(w, @) — w(As).

n—o00 N
Therefore
1
(3.5) liminf = log¢(e ) > sup {-Sm(w,¢) —w(4s)}.
n—,oo N wESV(A)

On the other hand, thanks to (V), for each n € N a state ¢(™ on A can be defined
by
=1  _mn(,—H
() () — [T y™"(e” ")
o) = o Lt

which is periodic, i.e. ¢(™ o4™ = (). Then we define w(™ € S, (A) by

x) T € Afint1,jn]> & < J,

1 n
() — LN ) o ok
w n;w oy

Using the convexity and the monotonicity of relative entropy, we have for j € N

n IR n
S(win) din) < D 86" 0 7 A jn, $1A1 jn)
k=1

1 — n
<= D S (@™ o VAL ki1, 1yn—t1  © VAL k1, G4 D)n—k])
k=1

= S(e™| A (j11)nps Bl AL (G4 1)m)

= o™ (10 d(‘P(")‘A[l,(m)nJ))
d(#| A, (j+1)n])

J
=3 ™ oy (—H,) - (j + 1) log ¢(e ")

= —(j + D™ (H,) — (j + 1) log p(e~").
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Since

o™ (H,) H,

e w(”)(fhp)‘ = ‘w - %zn:cp(")(v’“(fl@))‘
k=1

H, 1 Z” X
_Hn - v (As)|| = 0 (n — o0)
k=1
as in the proof of Lemma 3.4, we get given ¢ > 0

Sn(@™, ¢) = lim — 8w, din)

j—oo Jn gn
(n)(H. 1

S _M —_ 10g¢(6_H"1)
n n

1
< —w™(Ag) - " log p(e™m) + e

for every n large enough. Therefore

(3.6) lim sup 1 logp(e Hr) < sup {=Sm(w,d) —w(As)}.
n—oo T WES, (A)

The result follows from (3.5) and (3.6).

Definition 3.6. Define the thermodynamic free energy or the pressure p(®,¢) of ® € B
with respect to ¢ by

p(®,8) = lim ~ log ge~).

n—oo N

The above theorem asserts the variational equality:

(3.7) p(®,6) = sup {—Swi(w,d) — w(Aa)}.
w€S, (A)

Since w — —Sy(w, @) —w(Ag) is affine and weakly* upper semicontinuous by Proposition
3.2, it follows that

5(@,0) = {w € 5,(A) : p(®,¢) = —Sm(w, ¢) — w(4s)}

is nonempty and forms a face of S,(A), so that S(®, ¢) is a simplex. When w € S(®, ¢),
we say that w satisfies the variational principle (or it is thermodynamically stable) with
respect to ® and ¢.

From the variational equality (3.7) the following can be easily shown as in [9, 6.2.40].
Proposition 3.7 p(®, ¢) is convex in ¢ € B and

p(2,¢) —p(¥, )| < [[|@ - V][, @, V¥ebB.
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The next proposition says that when a trace 7 satisfies (VI) as well, the pressure
p(®, 7) is identical (up to an additive constant) to the usual one defined by using Tr,
instead of 7,,. So, our variational principle reduces to the usual one when A is a spin
C*-algebra with ¢ = 7 the unique tracial state.

Proposition 3.8 Assume that 7 is a tracial state on A satisfying (IV)—(VI). Then
for every ® € B, the limit P(®) = lim,_,o0 X log Try, (e ) exists and P(®) = p(®,7) +
log A~1. Furthermore
P(®) = sup {s(w)—w(ds)}.
wESy (A)

Proof. Condition (VI) means that we have with &, | 0 (n — 00)

dr,
logh—¢,)}H1 <
exp{n(log A — n)}1 <

< exp{n(log A +¢,)}1.

Since 7(e~Hn) = Tr,, ((dr,,/dTr,,)e Hr), we get
exp{n(log A — sn)}Trn(e_H”) < T(e_H") < exp{n(log A + &,) }Try, (e_H"),

so that . .

—log Tr,, (e ) — Zlog 7(e ™) + log A| < ep.

n n
This implies that P(®) exists and P(®) = p(®,7) + log A~!. The variational equality for
P(®) follows from (3.7) and (3.3).

The next proposition asserts that when ® € B satisfies |[W; || = o(n) (this is the
case if Y-, |[®(X)|| < +00), a Gibbs state in the weak sense satisfies the variational
principle.

Proposition 3.9 Let ® € B be such that the surface energy W,, = W[y ;) is defined
for every n > 1 and 1||W,|| — 0. If w € S,(A) satisfies the Gibbs condition in the weak

sense with respect to ® and ¢, then it satisfies the variational principle with respect to ®
and ¢.

Proof. Since by (3.4)

S(wn 85) = S(wn, ¢n) + w(Hn) + log g(e~ ),
we have

n—00

.1 c

lin - §(wn, 65) = Sui(w, 6) + w(Ae) + p(@, 9).
Hence it suffices to show that lim,,_, %S (Wn, @) = 0. But we get
S(wn, ¢5) < S(w, [w™"]) < 2|[W,|

due to the monotonicity of relative entropy and (2.2). Hence the conclusion follows from
the assumption of ®.
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Now let By denote the set of all interactions ® € B such that

(3.8) Y [@(X)|| < 400 and  sup ||Wy || < +oo.
X350 n21

Then ® € By generates a strongly continuous one-parameter automorphism group o®

satisfying af oy = vy o af. The next theorem means that S(®, ¢) C K(®) for ® € By.

Theorem 3.10 Let & € By and w € S,(A). If w satisfies the variational principle
with respect to ® and ¢, then it satisfies the KMS condition with respect to o®.

The details of this proof may be omitted because it is a slight modification of that in
[46, 32] (also [9, 6.2.42]). It can be performed by use of convex analysis on the real Banach
space By with the norm

191l = 37 119(X)]| + sup Wl (= 1[®]]):
X30 nzl

At the end we use the following approximation property: If ||®,, — ®||[p — 0 in By, then
af™(a) — o (a) strongly as n — oo for all @ € A and ¢ € R, which can be seen because
(1+£6,)"t — (1 £6)! strongy where J,, and § are the generators of a®» and a® ([27],
(48, 4.1.2]).

The following is a consequence of Theorem 2.2, Propositions 2.6, 3.9, and Theorem
3.10 altogether, which is a complete analogue of the one-dimensional quantum spin case.

Corollary 3.11 Assume that ¢ is a unique tracial state on A. If ® € By, then
there exists a unique w € S,(.A) which satisfies one (hence all) of the following equivalent
conditions:

(i) the KMS condition with respect to a®;

(ii) the Gibbs condition in the strong sense with respect to ® and ¢;

(iii) the Gibbs condition in the weak sense with respect to ® and ¢;

(iv) the variational principle with respect to ® and ¢.

In view of Problems 2.5 we are interested in the following:

Problems 3.12. Let ¢, ¢’ be tracial states on A satisfying (IV) and (V).
(1) If w € S(®,¢), then does w satisfy the Gibbs condition in the strong or weak
sense with respect to ® and ¢?
(2) Is S(®, ¢) a singleton?
(3) Are S(®,¢) and S(®, ¢') disjoint if ¢ # ¢'?

As a weak result in this direction we give:

Proposition 3.13 Let ¢, ¢’ be different tracial states on A satisfying (IV) and (V).
Then S(®, ¢) and S(®, ¢’) are disjoint for ® € B with sufficiently small |||®|||.

Proof. Choose m € N with ¢,, # ¢,,. Suppose that w € S(®,¢$) N S(P,¢'). Since
for0<t<1

—Sm(w, ¢) — w(ds) > =Sm((1 - Hw + 1, ¢) = (1 - t)w +1¢)(As)
= —(1=8)Sm(w, ¢) = ((1 - hw + t¢)(As)
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by Proposition 3.2, we get
Sm(w, ¢) < (¢ —w)(As) < 2|[As]| < 2[|[2]]].
An inequality for the relative entropy (see [37, 1.15]) gives
[|wm = ml| < {28 (Wm, ¢m)}/? < 2(ml||®]])*/?
thanks to (3.1). Since the same inequality holds with ¢’ instead of ¢, we have

[¢m = S ll < llwm = dml| + lwm — ¢l < 4(ml[|@[])*?,

so that [|[®]|| > L(|/¢n — #),]|/4)%. This shows the conclusion.

4. Gauge actions and chemical potentials

In this section we consider a quantum system obtained as the fixed point subalgebra
of a quantum spin C*-algebra by a gauge action of a compact group. This kind of C*-
systems are typical examples of field systems discussed in the chemical potential theory
[7, 6]. Such systems arise also from Wassermann’s subfactors [53] in the subfactor theory.

Let F denote a one-dimensional quantum spin C*-algebra ®kez Fr, Fr, being copies
of M4(C), and ~ the automorphism of right shift. Let G be a compact group and o a
(possibly reducible) unitary representation of G on V= C%. So G acts on End V' = My(C)
as Ado. We set a product action 8 of G on F by f, = Q4 Adoy, g € G. Let A be the
fixed point subalgebra F? of F. Then A is called the observable algebra, while F is called
the field algebra. The restriction of the shift v on A is denoted by the same 7. Moreover
for 1,5 € Z, 1 < 7, set f[i,j] = ®i¢=z Fr. and A[i,j] =AnN f[iﬂ = f[z il the fixed point
algebra of B|F; j;. Then A is the AF C*-algebra generated by {A; j} by [45, Proposition
2.1]. We call (A, {A}; j1},7) the C*-system of gauge invariance for (G, o).

Concerning the tracial state space T (A) we have:

Proposition 4.1 In the above setting, 7(A) = 7,(A), and ¢ € T(A) is extremal if
and only if ¢ satisfies (V) in §1.

Proof. Let ¢ € T(A) be extremal. Then by [45, Theorem 3.2] ¢ is the restriction of a
product state &), 1o on A where 1)y is a state on My4(C). This implies that ¢ is y-invariant
and multiplicative in the sense of (V). Hence 7 (A) = 7,(A). Now let £T(A) denote the
set of all extremal elements of 7(A). Each ¢ € T(A) has the integral decomposition
¢ =/ ET(A) pdv(p) where v is a probability measure on £T(A). Assume that ¢ satisfies

(V). If a € ;1 A[_pn n is selfadjoint, then we get for j large enough

{ o p(a)du(m}

¢(a)” = p(av’ (a))

p(ay’ (a))dv(p)

Joren
J

p(a)?dv(p),
ET(A)
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which implies that p(a) is constant for v-a.e. p € ET(A). Thus v is supported on a single
point, that is, ¢ is extremal.

Associated with (G, o) above, let us introduce the set (G, o) as follows: E(G, o) is the
set of all continuous one-parameter subgroups ¢ — &; of G, where we identify £, &' € 2(G, o)
if Adog; = Adog-1¢,4, t € R, for some g € G. Then E(G,0) can be regarded as the
chemical potentials in the setting of this section. Also, the next proposition says that
=(G, o) gives a parametrization of the faithful extremal (vy-invariant) tracial states on .A.

We use the notation £7F(A) to mean the set of all faithful and extremal ¢ € T(A).
By Proposition 4.1, £75(A) coincides with the set of all ¢ € T (A) satisfying (IV) and (V)
in §1.

Proposition 4.2 The bijective correspondence ¢ <> £ between 5Tf(A) and Z(G, o)
is determined in the way that ¢ extends to a KMS state with respect to f,.

Proof. For each { € E(G,0), since t — 0¢, is a continuous one-parameter unitary
group, there exists a unique selfadjoint h € My(C) such that 7o(e™") = 1 and Ado¢, =
Ade t € R, where 7 is the tracial state of My(C). Noting that the product state
Q5 To(e7" ) is a unique KMS state with respect to B¢, = ®, Ad o¢,, we define ¢ as the
restriction of @, 7o(e™"+) on A. For any a € A[_,, ,), since

exp(z‘t zn: 'yj(h))aexp<—z't zn: 7j(h))

j=—n j=—n
= <® eith)a,<® e_ith) = ﬂgt (a) = a, t € R,

we get

(4.1) [a, Xn: 'yj(h)] =0.

j=—n

Hence for any a,b € Aj_,, ;]

oo = (@) (o~ 3 4700 Jab) = s0),

—n j=—n

which imples that ¢ is tracial on .A. Moreover ¢ is faithful and obviously satisfies (V). So
¢ € ET'(A) by Proposition 4.1.

Conversely let ¢ € ETf(A) be given. By [6] (also the final remark of [9, §5.4.3]),
¢ has an extremal ~-invariant extension ¢ to F and v is a KMS state with respect to
Be, = Qz Ad og, for some & € Z(G, o). Furthermore, if ¢’ is another extremal y-invariant
extension of ¢, then ¢’ = o 3, for some g € G by [6, Theorem II.1] (also [9, 5.4.24]) and
the corresponding ¢’ € E(G, o) satisfies B¢ = By-18¢,8y or Adogs = Adog-1¢,,. Thus we
obtain the conclusion.
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In particular, assume that G is a compact connected Lie group with maximal torus T
of dimension N. Let FT denote the fixed point algebra of the restriction of 8 = Rz Ado
to T, so that A C FT' C F. It is known [18] that every extremal tracial state on A

extends to an extremal tracial state on FL. Moreover, every element of £ Tf(]:T) is of
the form @, Tr(D(r) - ) where the density matrix D(r) is explicitly written with a vector

r € (RY) . Thus the set £ ’Tf(A) in this case is parametrized by (R"™),,, more precisely,
by a fundamental domain for the action of the Weyl group of G on (R™), (see [18] for
details).

From now on an interaction enters into our discussions. Let ® € By, that is, ® is a
~-invariant interaction in the observable algebra A satisfying (3.8), which is also considered
as an interaction in the field algebra F. So ® generates a one-parameter automorphism
group a® on F, whose restriction on A is the dynamics generated on A. Let ¢ € ETf(A)
be fixed, which corresponds to { € =(G, o) by Proposition 4.2. Then, as in the proof
of Proposition 4.2, we have a unique selfadjoint element h of Fy = M4(C) such that
0(e™") =1 and Adoe, = Ade", t € R.

Associated with ® and ¢, an interaction ®” in the field algebra F is defined as follows:

{7+ (h) X ={j} je,

(4.2) oh(X) = { P(X) otherwise.

. . . h
Then ®" is y-invariant and generates a one-parameter automorphism group a®" on F. So

there exists a unique a®"-KMS state on F , which is automatically extremal in S.,(F) and
faithful (see [4, 28]).

Lemma 4.3 With the above notations,

(4.3) a?ﬁg = ﬁga?, teR, geq,

(4.4) a?h = o} Be,, teR.
Hence a® = a?" | A.
Proof. Since 84(®(X)) = ®(X) and hence By(H[_pn n]) = H|_nn], We get
eitH[—n,n] /Bg(a)e—itH[_n,n] — ﬂg(eitH[_n,n] (],e_itH[_"’n])
foralla € A, t € R, and g € G. Letting n — oo gives (4.3). The local Hamiltonian
Hi_p, )(®") of ®" inside [—n,n] is given by

H[—n,n](Qh) = H[—n,n] + Z ’Yj(h)'

j=—n

Since [H{_n n), >j—_, 7’ (k)] = 0 by (4.1), we have

exp (it H_p, n](®")) = e™H=nn exp (it Z 'yj(h)>.

j=—n
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Hence (4.4) follows.

The above (4.3) shows that (F, A, G, a®, B,7) is a field system in the chemical poten-
tial theory.

For an o®-KMS state w on A and ¢ € Z(G, o), we say that ¢ is the chemical potential
of w if there exists an extension ¢ of w to F which satisfies the o B¢,-KMS condition. By
(4.4) and the fact mentioned before Lemma 4.3, we see that there exists a unique a®-KMS
state with the chemical potential £, which is automatically y-invariant and faithful.

Theorem 4.4 Let ® € By, ¢ € ET(A), and ¢ € 2(G, o) with ¢ <> £ in the sense of

Proposition 4.2. Consider the following conditions for w € S, (A):
(i) w is an a®-KMS state with the chemical potential ¢;

(ii) w satisfies the Gibbs condition in the strong sense with respect to ® and ¢;

(iii) w satisfies the Gibbs condition in the weak sense with respect to ® and ¢;

(iv) w € S(®, ¢) or w satisfies the variational principle with respect to ® and ¢.

Then:

(1) (i) = (ii) = (iii) = (iv) for every w € Sy(A).

(2) Assume that w € S,(A) is extremal and faithful. Then (i) < (ii) < (iii).

(3) Assume that £ is in the center of G. Then all (i)—(iv) are equivalent for w € S.,(A).

Moreover there exists a unique w € S,(A) satisfying (i)—(iv), which is extremal
and faithful.

Proof. (1) (ii) = (iii) is trivial and (iii) = (iv) is due to Proposition 3.9. To
show (i) = (ii), assume that w extends to an afB¢,-KMS state ¢ on F. By (4.4) and
[9, 6.2.42 and its remark], ¢ satisfies the Gibbs condition with respect to ®". In the
following let us work in the von Neumann algebra M = 7, (F)" via the GNS representation
m,. Since af B¢, (A) = af(A) = A and the normal extension of af ¢, to M is the
modular automorphism group for the normal extension ¢ of ¢, the conditional expectation
E: M — 7m,(A)" with respect to ¢ exists. Set @ = @|m,(A)” so that w(a) = @(m,(a)),
a € A. For any finite interval A C Z, since m,(—Wj) € m,(A)", we have by Lemma 2.3

(4.5) (] = [T W) = oW
But it is seen that [@™¢(="4)] is the normal extension of [w™"2] via m,,, i.e.
(4.6) [w™"8](a) = @™ WV ](my(a)),  a €A,

because (2.3) holds with 7, (A)" instead of 7, (A)”. By (4.5) and (4.6) we have [w=Wa] =
[0~"A]|A. Hence, if a € Ay and b € Ape, then

'r(e_H“(q)h)a)

[w™"*](ab) = [~ "] (ab) = (e @)

[w™""*](0),

where 7 is the tracial state of F and Hy (®") is the local Hamiltonian of ®” inside A. Since

H\(®") = Hy+ )+ (h)
JEA
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and [Hp, Y icp 77 (R)] = 0 as (4.1), we get

T(e A ) (exp< > A(h ) a)=¢(€_HAa),

JEA

so that
[w™"*](ab) = ¢3(a)[w™"](b).
This together with (i) = (ii) of Theorem 2.2 implies (ii).
(2) Let w € S, (A) be extremal and faithful, and assume that w satisfies (iii) and hence
(iv). Then it follows from Theorem 3.10 and [6, Theorem IL.4] that w is an a®-KMS state

with some chemical potential ¢’. Hence by (1) above, w satisfies (iii) for ¢' € ETT(A) as
well as ¢ where ¢’ <> £'. This gives ¢’ = ¢ as was mentioned after Definition 2.1, so that
(i) follows.

(3) Let 1 = @, To(e~" - ) so that ¢ = | A. The assumption of £ being in the center of
G implies that Ado,(o¢,) = 0¢,, g € G. Hence for any A C Z, we have @), e'" € A, and
s0 @, e " € Ap. Define E4 : F — Aby Eq(a) = [, By(a)dg (dg is the normalized Haar
measure on G), which is a 7-preserving conditional expectation and satisfies E 4(Fp) = Ax
for all A C Z. Define ¢ = wo E4 and put w, = w|Aq n), ©n = @|F1,0], En = EalF1,n),
etc. Since w, o K, = ¢, and

#u(En(a (@9@)m®>
:T(<§;e%)g):¢mmx 0 € Fium,

we get by [37, 5.15]
S(wna ¢n) = S(wn o By, ¢no En) = S(Qona"pn)

= Ton (20 (log o —log 1™ )

= —S(¢n) — ¢n (— ;vj(h) — log d”)

—S(¢n) + ne(h) +nlogd.

Therefore
(4.7) Sm(w, ) = —s(p) + ¢(h) + logd.
On the other hand, we get

(4.8) p(®, ¢) = hm—mw ~Hn)

. 1
= lim_ log {exp(~His o (3")))

n—oo N

= P(®") —log d,
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where P(®") is the pressure of ®" in the field algebra F. Furthermore
(4.9) Agn = A + h.

By (4.7)-(4.9) altogether we see that w € S(®, ¢) if and only if ¢ satisfies the variational
principle with respect to ®"; equivalently ¢ is an of B¢,-KMS state by (4.4). Thus (iv) =
(i) is shown. For the last statement, the unique existence of w satisfying (i) was already

shown before Theorem 4.4. The extremality of w is due to (iv) because S(®, ¢) is a face
of Sy(A).

It is desirable to show the equivalence of (i)—(iv) of the theorem for a general £ €
Z(G,0). In the particular case when G is abelian, the following is a consequence of
Theorem 4.4(3); so Problems 2.5 and 3.12 are to some extent solved.

Corollary 4.5 Assume that G is abelian. Then for each ¢ € ETI(A) (or € € E(G,0))
there exists a unique w € S,(A) satisfying the equivalent conditions (i)—(iv) of Theorem
4.4. Moreover, the correspondence ¢ — w is bijective from £7(A) onto the set of all
faithful extremal y-invariant a®-KMS states on A.

In the rest of this section we briefly explain that C*-systems treated in this section are
derived from a certain model of Example 1.4. Let o : G — End V be a finite-dimensional
unitary representation of a compact group G and set o, = o (k € 2Z), o, = 7 (k € 2Z+1)
where o is the representation conjugate to o. For j € Z let R; be the type II; factor
generated by ®J_ o End V' via the GNS representation for the tracial state, and M; be the

fixed point subalgebra R? under the product action 3; = @7__ . Adoy. Since (R]ﬂ )N
R; = C as is well known, M; is a type II; factor. Then so-called Wassermann’s subfactor
53] arising from o is defined as M_; C My, i.e. R ¢ (R® End V)#®Ade with R = R_,,
which is an extremal inclusion of type II; factors with the index [Mp : M_;] = (dim V)2.
In the construction above we may take as  any minimal action on R. (In fact, minimal
actions on R are unique [43].)

The Jones tower of M_; C Mo is {M;}52_, defined above and the relative commu-

tants Ay ;) = M;_, N M; are given by A ;) = (®Z End V)P, the fixed point algebra of
+—i; Adog. In particular, the derived tower { A n1}n>0 is

C C (End V)247 C (EndV @ End V)Ado®Ads
C (EndV ® End V ® End V)Ad e®Ado®Ad s
C .-

and the standard invariant of M_; C M is determined by the way of irreducible decom-
positions of 7 ® 0 ® - - - ® 7 ® o (like the Clebsch-Gordan rules). For example, the vertices
of the principal graph corresponding to the direct summands of A[; 9y, is given by

Kn:{peé:p<6®a®---®6®a (n factors of & ® o)}

and the standard eigenvector § = (s,),ckx, K = |,, Kn, is given by s, = dimp. Recall
[43, 56] that M_; C M) is strongly amenable (see [42] on strong amenability).
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The C*-algebra generated by {Aj; j} is A = F? where F = @, End V. Note that
the canonical shift (1.3) on A coincides with 2| A where « is the right shift on F. In this
way, we observe that the C*-system derived from Wassermann’s subfactor M_; C M, is
nothing but the field system obtained by the gauge action c ® 0 : G — EndV ® End V.
In particular, when o is self-conjugate, v restricts on A and we arrive at the same setting
as was stated at the beginning of this section.

Example 4.6. According to Popa’s classification [40, 42] of hyperfinite type II; subfactors
of index 4, there are three cases having infinite depth. All of these are realized as Wasser-
mann’s subfactors (see [17, 4.7.d]). Consider the following three unitary representations
on V = C2, all of which are self-conjugate:
(1) G=SU(2) and o(g9) =g, g € SU(2).
~1
(2) G = Dy = {[S z(_)l] , [3) —u(; } D Z,Ww E T}, the infinite dihedral group,
and 0(9) =9, 9 € Dwo.
z 0
(3) G=T and 0(2) = [0 1
Then Wassermann’s subfactors for representations (1)—(3) have the principal graphs
A, Do, and Ay oo, respectively. (See [19, 56] for principal graphs of Wassermann’s
subfactors from other irreducible representations of SU(2)). Wassermann’s subfactor for
(1) coincides with Jones’ subfactor Ry/4 C R. The derived C*-algebras are the fixed point
algebras F5U2) ¢ FP=  FT of the CAR algebra F = @, M2(C) under the respective
product actions. (FT is sometimes called the GICAR algebra.) For 0 < r < 1 let 4,

denote the product state @, Tr ([T 0 } ) on F. Then the set £7(A) of extremal

],zET.

0 1-r
tracial states on A = FY is given as ET(A) = {¢,|A : 0 < r < 1} for each G. For
cases (1) and (2), since ¥p| A = P1_,|A, we write ET(A) = {¢x : 0 < X < 1/4} with
parameter A = (1 — 7). Also, for case (3) we write ET(A) = {¢, : 0 < r < 1}. The
trace vectors of Ay ,) for these extremal traces can be recursively computed (we omit
details). Note that ¢ in cases (1), (2) and ¢g, ¢1 in case (3) are trivial traces whose GNS
representations are one-dimensional. The chemical potential £ € Z(G, o) corresponding

eitr 0 .
,t € R, where 4 € R is

to ¢ or ¢, where 0 < r < 1 is given by & = [ 0 e—itw

determined by r = e # /(e * + e*) or p = logv/r~1 — 1. In cases (1) and (2) this & is
identified with £_;; note £_; = [(1) _01} &t {_01 (1)} and —p =log/(1—7r)~1 —1.

5. Quantum random walks on groups

There is another important model of subfactors obtained by finitely generated discrete
groups of automorphisms ([8, 42, 49]), whose derived C*-systems are imbedded in quantum
spin C*-algebras. Taking account of the description of derived towers in [8] and [42, 5.1.5],
we introduce a C*-system associated with a finitely generated discrete group.

Let G be a discrete group with a finite number of generators g1, . .., g4 in the sense that
the semigroup generated by g1, ..., g4 is all of G. Here, g, = g, for different r, s is allowed
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and the identity e of G' is not necessarily contained in {g,.}. Let F = M4(C), k € Z, and
{e,’?s}f’szl be the matrix units of Fj. For i,j € Z, i < j, define Ayj; 1 C Q7._; Fi by

J
A[ZJ] = Alg{® eﬁksk : g”'j o gr; = gSj “c s, }7

k=i
whose direct summands are indexed by g € K;_;;1 where
(5.1) K,={9€eG:9=¢,, --gr, forsomel <rqy,....,7r, <d}, n € N.
So Apy n) = @gEKn My, , (C) where
(5.2) dgn =#{(r1,...,mn) 1 <r,...,7n <d, g=9r, - 9r, }-

The C*-algebra generated by {A[; j1} is included in F = @, Fr and the right shift v
restricts on A. Then we call (A, {A; j1},7) the C*-system of quantum random walk on G.
Let G* denote the set of all homomorphisms from G into the multiplicative group

R, = (0,00). We use the notation ﬂm’f(A) to mean the set of all ¢ € T(A) satisfying
(IV) and (V) in §1. For each x € G*, set W = Zle X(gr) and define D € M4(C) by

1 d
(5.3) D=2 Xl(gr)err

r=1

Furthermore, define a product state ¢ = @, Tr(D - ) on F where Tr is the canonical trace
of Md(C)

Proposition 5.1 For every x € G* define 9 as above and ¢ = | A. Then the
correspondnece x — ¢ is bijective from G* onto ﬂm’f(/l).

Proof. Let ¢ be defined from y € G* as above. Let 4,5 € Z, i < j, and 1, s €
{1,...,d} for i <k <j. If (r4,...,75) # (Si,...,S;), then

J J
6(Q¢k. ) = [T TeDek,,) = .

k:Z k:z

Also we get

L 2 X(n) _ x(9)
¢<§6rkrk>:’£[i % :Wj—i—i-l

with g = g, - - - gr,. By definition of A[; ;; these imply that ¢ is tracial on A}; ;7. Hence ¢
is a trace. It is immediate that ¢ satisfies (IV) and (V).
Conversely let ¢ € ﬂm’f(A) be given. Assume that e = gp, -+ gp, = 9!, " Iy, where

pkap;c/ € {1a ceey d} Since e = (gpz o 'gp1)l, = (gp;, o .gpi)l’ it follows that
v ! ! v G=1)
4k j—1)I+k
(et ™) mt Q(@el*)
j=1 ‘k=1

j=1 “k=1
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are in the same direct summand of Ay ;1. Hence by the «-invariance and the multiplica-
tivity property of ¢ we get

l U U l
k _ k
(@) = (@l )
k=1 k=1

So we can define W = ¢(®Z:1 e’;kpk)_l/l independently of the expression e = gp, - - - gp, -

Now let g = gp, -~ - gr, = gr', -~ gy and g = grn,, - - gry. Since

€ =gy - GpGr,Gry = Gp cccGpiiGpr Gyt
n!! 1 n!! 1 n! 1

we have

W_(ﬂ+n ) = ¢<® efka)(b(@ eﬁlrglr;el) ’
k=1 k=1
_(n/+nr/) N k k
W = ¢(® 6%7,;6)(5(@ eT;c/rg),

so that W"¢(Qp_ ek ) = W”’¢(®Z’=1 ev’f;,rg)' Hence x(g) € R is well defined by

n
X(g) = Wn¢<® eﬁkrk) lf g = g‘T‘n o 'g’I‘l'
k=1

Iftg=g9,,---9-, and h =g _ ---gs,, then

x(gh) = W"™¢ <§ e'ﬁkrk) ¢ (é e',fksk) = x(9)x(h).

Therefore x € G*. For this x we have S.7_, x(g.) = W °_, ¢(el,) = W. Thus the
conclusion follows.

Remark 5.2. Let y € G* and ¢ € 'Em’f(.A) with ¥ <> ¢ in the sense of Proposition
5.1. Set a finitely supported probability measure p on G by u(g) = W13 gr=g X(gr)
for g € G. Then ¢ can be described in terms of the random walk (or the Markov chain)
on G with the initial distribution §, and the transition probabilities p(g|h) = u(gh™1),
g,h € G. Indeed, the ¢-value of a minimal central projection of A ,,) corresponding to
g € K, is given by u"(g), where u™ is the nth convolution of p. Hence we know by
(25, 26] that ¢ is an extremal tracial state if and only if the random walk (G, p) has
the trivial Poisson boundary (i.e. the p-harmonic bounded functions on G are trivial),
equivalently the entropy (G, p) = lim, 0o + H(u™) ([26]) is equal to 0. In particular, if
G has subexponential growth, then h(G, ) = 0 for any finitely supported measure p, so
that all ¢ € Tym’f(A) are extremal in 7 (A). By the way, it is worth noting [26] that there
is a solvable (hence amenable) group G for which h(G, ) > 0 for any finitely supported
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nondegenerate measure 4 on G. So, in this case, every ¢ € ﬂm’f(A) is not extremal in
T (A), though extremal in 7., (A) by the remark after Proposition 3.2.

Remark 5.3. Assume that G is abelian. Then for any 4,j € Z, 7 < j, it is obvious that
Ui, j) = Zf,s:l el,®el belongs to Ali j1- Since AdU (¢, j) acts on F as the transposition
interchanging the ith and jth components, the permutation group S(co) on Z appears
in the unitary group of A. So, applying Stgrmer’s results in the same way as in [45] we
can show that any extremal tracial state on A is the restriction of a symmetric product
state on F. Here we need a conditional expectation E 4 : F — A, whose existence is seen

from the fact that the trace-preserving conditional expectations Ey : Fx — Ap satisfy the

Aprn C Far
commuting square property for U U , A C A'. Hence Proposition 4.1 holds true
Ar C  Fa

and we have ETT(A) = ﬂm’f(A). (See also Example 5.6(2) below.)

Lemma 5.4 For any x € G* set D € M4(C) by (5.3). Then @, D belongs to the
center Z(Ap) of Ay for every finite interval A C Z.

Proof. The case A = [1,n] is enough. We get

n
1
® D - W Z X(g’l‘n T ng)eilTl ® U ® e?nr'n
1 T

15--Tn
1 1
= wn Z X(g) Z Crir Q- ® e?nrn'
geEK, 9rp-"9r1 =9
Since Zg e =g 611*1r1 ®---®ep ., g€ Ky, are central projections of A[; ,,), we have the
Tn = nT'n )

result.

Now let ® € By, ¢ € 7:,m’f(.A), and xy € G* with ¢ <> x in the sense of Proposition
5.1. Set

h=—logD = —i(log X(gT))e
W) e

r=1

Define a one-parameter automorphism group f3; on F by 8 = Q4 Ad e*? and an interac-
tion ®" in F by (4.2). Since by Lemma 5.4

_nyj(h):log(@D) € Z(An), ACZ,
JEA A

we have as Lemma 4.3
Bi(a) = a, ac A, teR,

h
ay By =By =af ,  teR.

Thus, the next theorem can be proved in the same way as Theorem 4.4 and Corollary 4.5.
In the proof of (iv) = (i), we use a conditional expectation E 4 : F — A preserving the
tracial state 7 of F mentioned in Remark 5.3.
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Theorem 5.5 With the above assumptions and notations, the following conditions
for w € S, (A) are equivalent:
(i) w is an a®-KMS state extending to an o 8-KMS state on F;
(ii) w satisfies the Gibbs condition in the strong sense with respect to ® and ¢;
(iii) w satisfies the Gibbs condition in the weak sense with respect to ® and ¢;
(iv) w € S(9, ¢).
Moreover, for each ¢ € ﬂm’f(A) there exists a unique w € S,(A) satisfying the above

conditions, and the correspondence ¢ — w is injective from ﬂm’f(A) into the set of faithful
extremal y-invariant a®-KMS states on A.

Examples 5.6. (1) Assume that G is a finite group and fix a generating finite set
{91,...,94}. Then G* = {1} and ¢ = 7|A is a unique trace on A as Proposition 1.5.
Hence Corollary 3.11 holds in this case.

(2) Let G = ZN and {wy,...,wq} be any generating set. Define a unitary represen-
tation o of G = TV on C¢ by

o, = diag(z"t, ..., z"),

1
where 2% = 211”( ).

Since

-'Z]u\;'(N) for z = (Zl,...,ZN) S TV and w = (w(l),...,w(N)) € z".

n
_ § : Wp, +-Fw 1 . n
®0-Z - zn " e"'l"'l & - ® e"'nrn7
1

T1yee3Tn

it follows that

n
A[l,n] = Alg{@dfksh Wy ot W, = Wy 0 wsn}
k=1
is equal to f[ﬁl,n] where 3 is the product action of Ado,, z € TV. Hence the C*-system
of quantum random walk on Z" coincides with the C*-system of gauge invariance for
(TN, o). Thus (Z")* is isomorphic to Z(T¥, o) and by Corollary 4.5 it parametrizes, given
® € By, the faithful extremal y-invariant a®-KMS states on A. Here the isomorphisms
X € (ZN)* <+ 1€ (RN) 4 < £ € E(TV,0) are given by

r=(r,r2,...,7n) = (x(1,0,...,0),x(0,1,0,...,0),...,x(0,...,0,1)),

£ = (e78r g2 gTUTNY) t € R.

Note that the above arguments remain valid when G is an arbitrary abelian discrete group
with a generating finite set. So Theorem 5.5 for abelian G is equivalent to Corollary 4.5.

(3) Let G = Fl, the free group with N generators gi,...,gn. Set gk = g5
1 <k < N. Then the C*-system (A, {A[; j1},7) of quantum random walk on Fy is a sub-
system of F = @, Man(C). Since (Fy)* = (RV),4, by Theorem 5.5 there are, given
® € By, faithful extremal y-invariant a®-KMS states parametrized by (RY), ., while it is
not known whether these exhaust such a®-KMS states on A.
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6. Dynamical entropies

In this section let us discuss dynamical entropy and topological entropy (and their
relation) in C*-systems introduced in §1. Noncommutative dynamical entropy was first
studied in [15] for an automorphism of a finite von Neumann algebra with respect to a
normal tracial state. This Connes-Stgrmer dynamical entropy was later on extended in [14]
to the so-called CNT-dynamical entropy in a general C*-algebra setup. As was clarified in
[14], the CNT-dynamical entropy nicely behaves for automorphisms (or endomorphisms)
of nuclear C*-algebras. So we consider this entropy as the most appropriate one in our
AF C*-systems (A, {A}; j1},7). Let hy(y) denote the CNT-dynamical entropy of y with

respect to w € Sy(A). Since A = J,, A{—n,n], We have by [14, Corollary V.4]

hw(’}/) = lim hw,’y(A[—n,n])a

n—00

where
1

hw,’y(A[—n,n]) = lim _Hw (A[—n,n]a ’Y(A[—n,n])a IR ’Ym_l(A[—n,n]))'

m—o0 M

(See [14] or [37, Chap. 10] for the definition of H, above.)

On the other hand, noncommutative versions of topological entropy were recently
studied in [21, 22, 52] in AF C*-algebras (or rather “local” C*-algebras). Although the
definitions of topological entropy in [21] and [52] are a bit different, they are identical for
our 7. In fact, the topological entropy h(v) of v on the local C*-algebra J,, A[_y ] (also
U, Af1,n]) is given as ([21, Theorem 3.32], [52, Lemma 3.2])

1
A(7) = lim — log Tr, (1),

n—oo M

where Tr,, (1) means the tracial dimension (i.e. the number of orthogonal minimal projec-
tions) of A ).
As in the classical probabilistic case we first have:

Proposition 6.1 A, () < i(y) for every w € S,(A).
Proof. For any w € S,(A), since by [14, Proposition IIL.6]

(61) H, (-A[—n,n]a V(A[—n,n])a <o arym_l(A[—n,n]))
= Hy(Ap2nt1], Ap2,2n42) - - s Aim,2n4m])
<H, (A[1,2n+m]) < S(w2n+m)7

and S(waptm) < log Trap4m (1), we have

. 1
hw,’Y(A[—n,n]) < lim — log T‘r2n-|-m(1) = h(’Y)

m—o00 M,

Hence h,(y) < h(y).
The next result is on the lines of [11, Theorem 1] and [13, Proposition 4.2].

31



Proposition 6.2 If w € S,(A) is multiplicative in the sense of (V) in §1, then the
mean entropy s(w) exists and

heo (7) = o (V[ A[1,00)) = 8(w)-

Proof.  The first equality is immediate because hey y(A[—nn]) = Pwy(A,2n+1])
by the proof of Proposition 6.1. For each n,m € N, let B = \/Zl:_ol Y (A[1,n)) and
{g; : 1 < j < I} be a set of minimal projections in the centralizer of w, such that
Z;Zl ¢; = supp wy, the support projection of w,,. Let qf = 'y"(k_l)(qj) for 1 < j <1l and
1 <k < m. Then by the multiplicativity of w, {gj, ---¢7* : 1 < j1,...,Jm <1} is a set of
minimal projections in the centralizer of w|B such that > . . qj, -~ q* = supp(w|B)
and w(gj, ---q" ) = w(gj,) - --w(g}" ). Hence we get by [14, Corollary VIIL8]

HW(A[I,n]a ’Yn(A[l,n])a T afyn(m_l)(A[l,n])) = S(LU|B) = mS(wn)i

so that by [14, VIL5 ii)]

ho(1) = hu(7")

L. 1 n n(m—
> — lim _Hw(A[l,n]a’Y (A[l’n]),---,’)/ ( 1)(A[1,n]))

n m—oo M

= %S(wn).

Therefore 1
ho(y) > limsup L S(w,).
n

n—00

On the other hand, since (6.1) gives

1
Py (A=n,n]) < liminf —S(wy,),

m—oo M

it follows that s(w) exists and h, () = s(w).
Theorem 6.3 Assume that 7 is a tracial state on A satisfying (IV)—(VI). Then:

he(y) = () =log A\ = sup  hy (7).
wES,(A)

Moreover, if w € S,(A), then hy,(y) = h(y) if and only if w = 7.

Proof. The equality A, (y) = log A~! follows from Propositions 3.3 and 6.2. We get
h(y) = log A~ by letting ® = 0 (so H,, = 0) in the proof of Proposition 3.8. Furthermore,
for any w € S, (A) we have
(6.2) ho(7) < s(w) <logA™!
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by Proposition 3.3 and the proof of Proposition 6.1. Hence the first part is shown. The
second is immediate from (6.2) together with the last part of Proposition 3.3.

For instance, let v be the canonical shift and 7 the A-Markov trace in the C*-system
of Example 1.4 arising from an inclusion N C M of type II; factors. If N C M has
the standard eigenvector § of subexponential growth, then 7 satisfies (IV)—(VI) and so we
have Theorem 6.3 with A™! = [M : N]. Furthermore, in this setting, it can be seen by
[20, Corollary 4.9] that Theorem 6.3 remains true when N C M is extremal and strongly
amenable.

In what remains we give a bit more detailed discussions on entropies specializing to the
cases of C*-systems in §4 and §5. First let o be a unitary representation of a compact group
GonV = C?%and (A, {A[; ;;},7) the C*-system of gauge invariance for (G, o), that is, A is
the fixed point algebra of the product action 8, = @, Adoy, g € G, on F = Q, M4(C).
Let 7 be the restriction on A of the tracial state of F, which of course satisfies (IV) and (V).
The direct summands of Ap; ,,) are indexed by K, = {p € G:p~ X7 o} and the T-trace
vector of Apy 1 is given by (dim p/d"),ck,. Hence, if (dim p)PEUn k, has subexponential

growth in the sense that

1
6.3 lim ~ log(‘max dim p) =0,
(63) 3 108\ e dim e

then 7 satisfies (VI) as well with A™! = d = dim V; so Theorem 6.3 holds.
In the next theorem, under assumption (6.3), we exactly compute h, () when w is
the restriction on A of a symmetric product state on F.

Theorem 6.4 In the above setting assume (6.3). If ¢ = @, ¢o on F and w = ¢|A
where ¢y is a state on My(C), then

ho(7) = 8(w) = he(7) = S(po)-

Proof. The first equality follows from Proposition 6.2 and the last is well known.
By [6, Corollary II1.2.3(iii)] we have =, (FPIG¢)" = 7,(A)" for the GNS representation
7, and the subgroup G, = {9 € G : po B, = ¢} of G. Recall [14, Theorem VII.2]
that hy(y) = hg(7) where w and 4 are the normal extensions of w and v via m,. Also,
(6.3) is satisfied for |G, as well, because the irreducible decomposition of (Q)7 0)|G, is a
refinement of that of @7 o. Thus, to prove the theorem, we may assume that o8, = ¢ for
all g € G. Now let K, = {p1,...,p,}, that is, @] o = 22121 My, kPkr With multiplicities
Mp,k- Then A ) is decomposed as @2":1 A(1,n]fn,k, where fy, . are the minimal central
projections of Apy ) and Ap p)fuk = My, , (C). Let Trz, ,, be the canonical trace of

n,k 1,n]
Fi1,n) and set D, = dopy,/ dTrx The S-invariance of ¢ implies that D,, € A}y ) and
hence D,, is written as

1,n]"

n Mnk

D, = Z Z ,U'n,k(j)pn,k(j)a

k=1 j=1
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where pp x(7), 1 < j < My, are minimal projections in Ay 1 fn,k S0 that they are of rank
dim py, as projections in F; ). Therefore ZZ"ZI Z;n"lk Pn k(7)) dimpg =1 and

l, Mn,k

> i,k (5) dim pg log (pin ke (5) dim py)
k=1 j5=1
l, Mn,k
ok () dim pg log dim py,.
k=1 j=1
Since

ln Mnk
Z Z j) dim pg log dim py, < log< max dlmpk)
k : v ='n

it follows from (6.3) that s(w) = s(¢) = S(¢0), completing the proof.

The above theorem can be applied to extremal tracial states on A due to [45, Theorem
3.2] (also Proposition 4.1).

Example 6.5. It is immediate that the unitary representations (1)—(3) of Example 4.6
satisfy (6.3). Hence Theorems 6.3 and 6.4 show that in cases (1) and (2)

gy (v) = 5(#x) = —rlogr — (1 —r)log(1l — r)
< hg,,,(7) = I(y) = log2
for \=7r(1—7r),0 < r < 1. The results in case (3) are analogous. Example 1.3 for A < 1/4

is nothing but case (1) above. The above formula hy, (y) = —rlogr — (1 —r)log(1 —r) as
well as hg, () = 3 log A™! for A > 1/4 of Example 1.3 was computed in [38, 10, 55].

Finally let (A, {A}; j1},7) be the C*-system of quantum random walk on a discrete
group G with generators gi,...,gq. In this case, the restriction 7 on A of the tracial state
of F satisfies (IV)-(VI), because n~'log dr,/dTr,, = (logd~')1 for all n. Hence Theorem
6.3 holds with A1 = d.

Proposition 6.6 Assume that G has subexponential growth. If ¢ € S,(F) and
w = p|A, then s(w) = s(p).

Proof. Let E, : F1,, — Apj ) be the conditional expectation with respect to
Trz, ,» which is written as

In
= Z fn,kafn,k7 a € f[l,n]7
k=1

where f,,  are the minimal central projections of A[y ). Set Dy, = dn/dTrx, . Then,
since Tr, = Trzx, |A[1,n], we have dwy, /dTr, = Ey,(D,) and

S(wn) - S(Qon) = Trn(Dn(log D,, —log En(Dn)))
= S(Dp, En(Dy)).-
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Now write D,, = Zj\;l w;ip; where p; > 0, Zjvzl pu; = 1, and p; are projections of rank
one. By the joint convexity of relative entropy we get

S(Dn, En(Dy)) < Z 158 (pj, En(pj)) = Z 155 (En (p5))-

Since the rank of E,,(p;) = Zﬁc":l fr.kDjfnk is at most I, we have S(E,(p;)) < logl,, and
hence 0 < S(D,,, E,,(Dy,)) < logl,. Therefore

1 1 1
0 < —S(wn) — =S(pn) < —logl, =0
< " S(wn) = - S(pn) < - logly =0 (n - )

thanks to the assumption of subexponential growth. This gives the conclusion.

By Propositions 5.1, 6.2, and 6.6 we have:

Corollary 6.7 Assume that G has subexponential growth. If ¢ € 'Em’f(.A) and x € G*
with ¢ <> x as in Proposition 5.1, then

Example 6.8. Let D = Z‘: ,—1 d'ers, which is a rank one projection in M4(C). Define
o =@Q,Tr(D-)on F and w = ¢|A. Let K, and dg.n be given by (5.1) and (5.2). Then it
is easy to check that dwy,/dTr, = . (dg,n/d")pgn Where pg, is a minimal projection
in the direct summand of Ap; ,,) corresponding to g € K,,. Hence, if p is the distribution
on G given by u(g) = #{r : g. = g}/d for g € G, then

—_ dg7n dgan J— n
S(wp) = — d—nlog qn = H(u"),
geK,

so that by Proposition 6.2 we have h,(y) = s(w) = h(G,u). On the other hand,
hy(v) = s(p) = 0. So, in view of Remark 5.2, this example shows that the assump-

tion of subexponential growth is essential in Proposition 6.6. When the generating set is

{91,---,9N: 97 -, 9N} (d=2N), it is known [8] that h(G, p) < 20=21og(2N — 1) for

the above p and the equality occurs only when G = Fly, the free group on N generators.
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