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ABsTRACT. Algebraic (or finitely correlated) states are translation-invariant states
on an infite tensor product C*-algebra, whose construction is rather general including
quantum Markov chains. For a strongly mixing algebraic state, we obtain the relation
between the mean entropy and another entropy density, which means the macroscopic
uniformity under the relevant state in the statistical mechanical sense. For this
purpose an outstanding property of approximately pruduct type is shown for strongly
mixing algebraic states. We also obtain similar relations of the mean relative entropy
to other entropy densities of two translation-invariant states when the reference one
is a strongly mixing algebraic state.

Introduction

In this paper we discuss entropy densities and relative entropy densities for
strongly mixing algebraic states. Algebraic states are stationary (or translation-
invariant) states on a quantum spin C*-algebra A = ),.4 Ai, the infinite C*-
tensor product of A; = My(C), i € Z, which are constructed in a certain way from
finite-dimensional algebraic objects. The prototype of these states is the class of
classical Markov chains. The most general and complete exposition on “algebraic”
states was presented in [12] under the term “finitely correlated” states, while similar
notions were introduced in [1, 11, 19] with other terms such as “quantum Markov”
states.

The ergodicity for algebraic states was already characterized in [12]. In Section 1
of this paper we characterize the strong mixing for algebraic states in several ways.
In particular, it is proved that the strong mixing, the weak mixing, and the complete
ergodicity are all equivalent for algebraic states as in the case of classical Markov
states. Also we prove that strong mixing algebraic states have some property of
approximately product type, which is quite useful in the subsequent analysis on
entropy densities.

The mean entropy is a typical entropy density for states on quantum spin
C*-algebras. This can be defined for any stationary state ¢ on A as s(p) =
lim,, o0 %S (¢n). Here S(gpn) is the von Neumann entropy of ¢, = ¢|A[1 ) where
Afin = ®?=1 A;. The mean entropy plays an important role in the theory of quan-
tum statistical thermodynamics of spin systems, which is one of the ingredients in
the variational principle for equilibrium states. For 0 < & < 1 another entropy
density is defined by

Be(on) = inf{log Try(q) : ¢ € A1 ,n) is a projection with ¢,(q) > 1 — €},
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where Tr,, denotes the canonical trace on A[l,n]. Then it may be rather natural to
conjecture that when ¢ is an ergodic state on A, the relation

T 6. (p,) = 5(¢) (0.1)

holds for every 0 < e < 1. This equality was obtained in [21] particularly when
© is a homogeneous product state that is a simplest example of algebraic states.
Furthermore we proved in [16] that the equality (0.1) holds when ¢ is an ergodic
Gibbs (or equilibrium) state in the setup of Z”-quantum lattice spin systems.

The relative entropy is an entropy quantity attached to two states of a system.
Let ¢ and w be states on a matrix algebra with the canonical trace Tr. Then the
Umegaki relative entropy is given as

S(w, ¢) = Tr D, (log D,, — log D),

where D, and D,, are the densities of ¢ and w with respect to Tr. Also let us
introduce the following relative entropy quantities:

Seco(w, @) = sup{z w(q;) log w(9:) : ¢; are projections with Zqi = I}

o(q:)
and for 0 <e <1
Be(w, p) = inf{log p(q) : g is a projection with w(q) > 1 — &}.

The quantity Sco appeared in [9] and may be related to measurements described
by projection-valued measures. On the other hand, the quantity Be¢(w, ) has a
natural meaning from the viewpoint of quantum hypotesis testing (see [5, 8, 14]).
Let Hy and H; be the hypotheses so that the system has states w and ¢ under
Hy and Hq, respectively. A projection ¢ can be regarded as a (quantum) question
whose outcomes are the eigenvalues 1 and 0. The decision rule is that Hy [or
H,] is true if the outcome of ¢ is 1 [or 0]. Then ¢(q) [or w(I — q)] means the
error probability of accepting Hy [or Hq| when H; [or Hy| actually is true. So
the quantity exp{S:(w, ¢)} can be considered as the lower bound of the first error
probability over all decision rules whose second error probability does not exceed
€.

Now let ¢ and w be stationary states on A. The mean relative entropy is defined
as Sm(w, @) = limy, o0 %S (Wn, ) whenever the limit exists. When ¢ is a product
state, we proved in [15] that for every stationary state w

. 1
lim —Seco(Wn, n) = Sm(w, @), (0.2)

n—oo N

and that for every completely ergodic state w and 0 < e < 1

1
thllp _Bs(wnaQOn) < _SM(waQO)a (03)
n—oo N
lim inf = . (@n, ¢n) > ——— S, @) (0.4)
lnn—l>l£ ﬁ e\(Wny Pn _—1—_6 MW, @). .

The equality (0.2) means that the relative entropy and its variant S, give rise to
the same asymptotics in the infinite tensor product system. The inequalities (0.3)
and (0.4) show that we obtain exp{:pS.(wn,¢n)} ~ exp{—Sm(w,¢)} for large n
and small €.

Our main aim here is to extend the above relations (0.1)-(0.4) to the case when
© is a strongly mixing algebriac state. These are proved in Sections 2 and 3.



1. Preliminaries on algebraic states

Let M4(C) be the d x d matrix algebra and A = @),z A; be the infinite C*-
tensor product of A; = My(C), i € Z. Given a subset K of Z we denote by Ak
the C*-tensor product @),k A; which is viewed as a C*-subalgebra of A. Let v
denote the automorphism of translation, i.e. the right shift automorphism on A.

First let us recall the definition of algebraic states. A linear map ® : B — C
between C*-algebras B and C is said to be completely positive if, for any n € N,
P, : B® M,(C) — C® M,(C) defined as ®,([z;]) = [®(zi;)] for [z;5]];-1 €
B ® M,(C) (= M,(B)) is positive. Let a completely positive unital map & :
M;(C) ® My(C) — M (C) and a state w on M(C) be given so that

w(€(I®1x)) =w(x), z € Mg (C). (1.1)

For each a € My(C) define &, : Mi(C) — My(C) by E,(z) = E(a®x), x € M (C).
Then we can uniquely define a stationary (or y-invariant) state ¢ on A as follows:

Qo(a'0®a1®"'®an) :w(gaoogM o"'ogan(I))

for every a; € A;, 0 < i < n. Here the complete positivity of £ ensures the positivity
of ¢. We call this ¢ the algebraic state generated by (£, w) because of its algebraic
manner of definition.

The notion of algebraic states was introduced in [12] under the name “C*-finitely
correlated states”. This notion is closely related to that of quantum Markov states
in [1]; in fact, algebraic states become (stationary) quantum Markov states in the
sense of [1] when My (C) = M4(C).

Thanks to [12, Lemma 2.5] we can assume that w is faithful in the above definition
of an algebraic state ¢. In the sequel, the faithfulness of w always is assumed when
we refer to the algebraic state generated by (€, w).

The set of all stationary states on A forms a Choquet simplex. An extremal point
of this set is called an ergodic state. It is known [12] that the set of algeraic states
on A forms a face (in particular, a convex set) in the set of stationary states, so that
an algebraic state is ergodic if and only if it is extremal in the set of algebraic states.
A stationary state ¢ on A is said to be strongly mixing (or strongly clustering) if

lim ¢(ay"(b)) = p(a)p(b), a,be A,

n—0o0
and weakly mixing if

n—1

Jim 3 p(@r" () - pla)p) =0, abe A

Moreover we say that ¢ is completely ergodic if it is ergodic for all v, n > 1. For
ergodicity in general C*-dynamical systems, see [10, 25] for instance.

The next proposition characterizes the ergodicity and mixing properties for al-
gebraic states.

Proposition 1.1. Let ¢ be an algebraic state generated by (€, w).
(1) ¢ is ergodic if and only if £5 is irreducible, i.e. I is the only eigenvector of &r
with respect to the eigenvalue 1.
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(2) The following conditions are equivalent:
(i) ¢ is strongly mixing;
(ii) ¢ is weakly mixing;
(iii) @ is completely ergodic;
(iv) &1 is primitive, i.e. E} is irreducible for all n € N;
(v) limy, 0 EF(x) = w(x)I for all x € M(C).

Proof. (1) was given in [12, Proposition 3.1].
(2) (i)=(ii)=-(iii) holds for a general stationary state. For any n € N we can
define a completely positive unital map £ : Afo,n—1] ® My(C) — My (C) by

6(")((a0® ...®an_1) ®$L') == gao o ...Oganil(x)

for ap®- - -®an_1 € Ajp,n—1) and z € My(C). Then p on A = Q);cz A[nin(i+1)—1] 18
the algebraic state generated by (£(™,w). Since 5;71) = &7, (iii)=(iv) immediately
follows from the first assertion (1). (iv)<>(v) was given in [24, Theorem 6]. Finally
let us show (v)=(i). Fora =ap® - - ®@ ap and b =by ® - - - ® by, in Ajg ) We get
forn >m

w(ay™ (b)) =w(€gg0---0&,,, © 5?_m_1 0&py0--0&, (I)).
Hence (v) implies that

i (a7 (b)) = @(Eay 0+ 0 Eayy (D)o (€ 0+ 0 &, (1)
= @(@)o(b)

This shows that ¢ is strongly mixing. [

We have another characterization of the strong mixing for algebraic states as
follows.

Proposition 1.2. Let ¢ be the algebraic state generated by (£,w). Then ¢ is
strongly mizing if and only if for any o > 1 there exists | € N such that for all
meN

a_l((p|'/4(—oo,m]) & (Qo|"4[m-|-l-|-1,oo)) < ()0|A(—oo,m]u[m+l+1,oo)

< a(p|A(—oo,m]) ® (@I A[m+141,00))-
(1.2)

Proof. Suppose that ¢ is strongly mixing. We show that there exists [ € N such
that
alw()I < E < aw()I (1.3)

in the order of complete positivity; namely £ — o™ lw(-)I and aw(:)I — £} are
completely positive maps of My (C) into itself. For this sake it suffices due to [7]
(also [22, Theorem 3.12]) to prove that for sufficiently large [

[a™ w(eig)]F j=1 < [E1(ei)IF j=1 < [ow(eig)]F j=u (1.4)
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in My (M (C)) = Mj2(C) with some matrix units {e;;} of My(C). Here we can
choose {e;;} so that the density of w is written as Zfﬂ Aieq; where \; > 0. Since
by Proposition 1.1(2)

llilglo[gfr(ez‘j) —a"lw(eig)l] = (1 - a™)w(eij)]]

M0 - 0

0 Ao --- 0

=(1-a) .. .
0 0 - Al

is strictly positive, we get the first inequality in (1.4) for large [. The second in
(1.4) is similar. Hence there exists [ € N for which (1.3) holds. Now let m,r,s € N
with r <m and m+1 < s. When q; € A; for i € [r,m]U[m+1+1,s],

So(ar®"'®am®I®"'®I®am+l+1®"'®as)
:w(garo---ogamogfogamHHo---oEas(I)).

So it follows from (1.3) that

a_l((p|"4[r,m]) & (@‘A[m—i—l—i—l,s]) | U[m+1+1,s]

<
<a (80|«4[rm) (Pl Apmtit1,5)-

Passing to the limit as 7 — —oo and s — 0o we obtain (1.2).

Conversely suppose that for any a > 1 there exists [ € N for which (1.2) holds.
Leta=ap®  ®amy and b=by ® -+ Q by, with a;,b; € (A;)4, 0 < i< m. When
n > m+1, since a € (Ajo,m))+ and v*(b) € (Apm+i+1,00))+, the assumption implies
that

a"lp(a)p(b) < p(ay™ (b)) < ap(a)p(d).

Hence ¢(ay™(b)) — ¢(a)@(b), which shows the strong mixing of ¢ because Ajg ;]
is the linear span of such elements as a,b above. [

Translationally invariant product states on A are known to be algebraic states
(see [12]). In particular, the product state ¢ = Q) @o of a state g on My(C) is
a simplest example of strongly mixing algebraic states. Proposition 1.2 says that
strongly mixing algebraic states have a certain property of approximately product
type. This property will be very useful in the subsequent sections. Also note that
the “if’ part of Proposition 1.2 is valid when ¢ is a general stationary state.

We close this section with typical examples of algebraic states. See [12] for more
examples related to quantum statistical mechanics.

Example 1.3. We denote by {e,,}? _; and {fij}f’j:l the usual matrix units of
My(C) and Mg(C), respectively. Let E,., 1 < r < d, be k X k matrices with non-
negative entries such that £ = Zle E, is a stochastic matrix, i.e. Z§:1 E(i,j) =
1, 1 < i < k. Further let (p1,...,pr) be a probability distribution such that
S piE(i,j) = pj, 1 <j < k. Define £ : My(C) ® My,(C) — M(C) by

k
E(ers ® fij) = 6rs0i5 Y Er(l,1) fu,

=1
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and a state w on My(C) by w(fij) = 6ijp;. Then £ is a completely positive unital
map and (1.1) is satisfied, so that (£,w) generates the algebraic state ¢. This
¢ is essentially a state on the commutative C*-subalgebra ®z(®g=1 Ceppr) =
C({1,...,d}%), the tensor product of the diagonal parts, which becomes an al-
gebraic probability measure in the sense of [11]. (The definition of algebraic prob-
ability measures in [11] is formally a bit more general.)

In particular, let My (C) = My(C) and [pij];-i,jzl be a stochastic matrix. When
we set E, = [0,;pi;], the generated algebraic state is essentially a Markov state (in
the classical sense) with the transition matrix E = [p;;], and the characterizations
of its ergodicity and strong mixing are well known (see [4]).

Example 1.4. Let (V1, V5, ..., V) be an operational partition of unity in M (C),
ie. V; € Mi(C) and 2?21 V:*V; =1, and let w be a state on My (C) such that

w(zz: Vi*a:Vi) =w(z), x€ M(C).

(The notion of operational partitions of unity was used in [18].) Define £ : M;(C)®
M (C) — My (C) by

Eleij @) =ViaV;,  1<4,j <d, z € My(C).

It is easy to check that & is a completely positive unital map satisfying (1.1). Then
the algebraic state ¢ generated by (£,w) is given by

P(irj, ®€iyjy @+ ®€i,4,) =w(Vi - VIV, - Vj).

In the above setup we may assume that w is faithful (if not, V; can be replaced
by V;e where e = suppw). Then it is seen that £; is irreducible if and only if

span{Vi’;---V{:E:1§i1,...,inSd,nEO}:Ck (1.5)

for every nonzero ¢ € CF. In fact, let p denote the projection onto the subspace
in the left-hand side of (1.5). Since pV;*p = V*p, we get Er(p) = E?zl V*pVi < p,
which implies £;(p) = p because w(p — £r(p)) = 0. Hence the irreducibility of &;
implies p = I. Conversely suppose that £; is not irreducible. Then &;(z) = x for
some ¢ € My(C) with ¢ CI. Such z can be selfadjoint. Writing z = >, Aip;
where Ay > Xy > ..., since

0 < p1&1(I —p1)p1 < (A1 — A2) " 'p1Er( M — z)py
= ()\1 — )\2)_1])1()\1[ — £E)p1 = 0,

we get p1 = Er(p1)p1 < Er(p1) and so E7(p1) = p1- This implies that (I—p1)V*p1 =
0 for 1 <4 < d. Hence (1.5) does not hold for ¢ € p; CF.

For instance, when (V;) is (e21,e12) in M3(C) and w is the tracial state, &5 is
irreducible but £} is not; so by Proposition 1.1 the generated algebraic state ¢ is
ergodic and not strongly mixing. When (V;) is (e11/1/2, €21/1/2, €12) in M3(C) and
w has the density %611 + %622, £7 isirreducible for all n € N and hence ¢ is strongly
mixing.



2. Relative entropy densities

The theory of quantum relative entropy was studied first in [27] for normal
positive functionals of semifinite von Neumann algebras. Extension to more general
setups were done in [2, 3, 26] and so on. See [20] for details on the relative entropy.
We here need the relative entropy of states on finite-dimensional C*-algebras. So
we mention the definition just in this case.

Let B be a finite-dimensional C*-algebra with the canonical trace Trz such that
Tr(e) = 1 for all one-dimensional projections e in B. For two states ¢ and w on B
let D, and D,, be the densities of ¢ and w, respectively, with respect to Trz, whose
support projections are denoted by supp D, and supp D,,. Then the (Umegaki)
relative entropy of w with respect to ¢ is defined by

TrgD,,(log D, —log D,), suppD, < suppD,,

S(w,p) =
2 { ~+00, otherwise.
When B is commutative so that B = @._, Ce; with minimal projections {e;},

S(w, ¢) is given as
n

S(w,p) =Y wlei)log :EZ;

which is called also the (Kullback-Leibler) information divergence. In this connec-
tion, besides S(w, ¢) we may define a variant of relative entropy as follows:

=1

Seco(w, @) = sup{z w(q;) log :EZZ; :q1,...,q, are projections in B, Zqi = I},

or equivalently
Sco(w, @) = sup{S(w|C, ¢|C) : C is a commutative C*-subalgebra of B}.

The inequality Sco(w, ) < S(w, ) follows from the monotonicity of relative en-
tropy. It is known [23] that D,, must commute with D, when Sco(w, ¢) = S(w, ¢) <
+00.

For 0 < € < 1 we define another type of relative entropy quantity as follows:

Be(w, ¢) = inf{log p(q) : ¢ is a projection in B, w(q) > 1 — ¢}.

Now let A = Q;cz Ai; Ai = My(C), be as in Section 1. Let ¢ and w be
stationary states on A. Put w, = w|Ap n) and @, = @| A} ) for n € N. Then the
mean relative entropy Sy (w, ¢) is defined by

. 1
SM(wa QO) = nlggo gS(wn, ‘Pn)

whenever the limit exists (including +00).

The relations (0.2)—(0.4) between Syt (w, ¢) and the asymptotic limits of Sco(wn, ©n)l}
and e (wn, ¢n) Were obtained in [15] when ¢ is a product state @, ¢o. In this sec-
tion we prove that the same relations hold also when ¢ is a strongly mixing algebraic
state.
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Theorem 2.1. Let ¢ be a strongly mixing algebraic state on A. Then for every
stationary state w on A, Sy(w, @) exists and

o1
].lm _Sco(w'n,, Son) = SM(UJ, ()0)'

n—oo n

Proof. Let a > 1 and choose [ as in Proposition 1.2. For each m,n € N with
n > m-+1 write n = r(m+1) + s where 0 < s < m+1. Repeated use of Proposition
1.2 implies that

|
-

T
-r

Q . (‘P|-A[i(m+l)+1,z’(m+l)+m]) < 90|AU:=_01[z’(m+l)+1,z’(m+l)+m]

-
I
=

< & Q)P ALim 1) 41,im+1)+m])-
i=0 (2.1)

Put B; = Afi(m+1)+1,i(m+1)+m] for @ € Z. By the monotonicity of relative entropy
and the above inequality we have
2

> SCO< ®BZ, ® \Bi)) —rloga. (2.2)

1=0

r—1 r—1
Sco(wna@n) > Sco <w ®Bi7 2

Now let us consider the infinite C*-tensor product A = Xz Bi of Bi (= A1,m)),
which is a C*-subalgebra of A. Let ¢ = @,z (¢|B;) and @ = w|A. Then ¢ is the

product state of ¢, = @|A[1,,) and @ is a stationary state on A. Hence we can
apply [15, Theorem 2.1] (or (0.2)) to ¢ and @, so that

r—1
.1 -
Tim Sco( (go)(gowi)) = lim —Sco(@r, ¢r)
::‘ghl(a%<ﬁ)
> S(wm, om)- (2.3)

The inequality in (2.3) is seen by [15, (2.1)]. Since r/n — 1/(m +1) as n — o
(hence r — o0), (2.2) and (2.3) imply that

1 1

|
lim inf —Sco(wn, n) > —— S (W, Pm) — m+1

iminf o log c. (2.4)

Letting m — oo, I being fixed, we obtain

1
lim inf — Sco(wn, ©n) > limsup —S(wn, Pn)-

n—00 n—oco N

This completes the proof because Sco(wn, ¥n) < S(Wn, Pn). O
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Theorem 2.2. Let ¢ be a strongly mizing algebraic state and w a completely er-
godic state on A. Then for every 0 <e < 1,

1
limsup _:Bs(wna Qpn) < —SM(CU,QO), (25)
n—oo N
lim inf B (wn, ) = ——— 1 (w, ) (2.6)
1m 1Mt — Og nyPn) = —7T—— , . .
n—oco 7 Wn, ¥ 1—¢ MW, @

Proof. We use the same notations as in the proof of Theorem 2.1. Since the
complete ergodicity of w implies that of w with respect to the right shift on
A= Q,cz Bi, we can apply [15, (2.3)] (or (0.3)) to ¢ and w, so that

1
lim sup ;ﬁE(a)Ta Qbr) < _SM(‘Da Qb) < _S(wma Qom)- (27)

r—00

Let ¢ be a projection in ®:;01 B; such that @(q) > 1 —e¢. Then since g € A} ,,) and
w(q) = @(q), we get by (2.1)

Be(wn, n) < logp(q) <logp(q) +rloga.

Therefore
ﬂt—:(wna Qon) < :Bz-:(a’rv ‘ﬁr) +rloga.

This together with (2.7) implies that

1 1
lim sup _5€(wna (pn) S _—S(wmu (Pm) + IOg a.

Letting m — oo we obtain (2.5).

To prove (2.6), first suppose Sy(w, @) = 0. Then S(wm, m) < loga is seen by
(2.4) and Theorem 2.1. Here we can let « — 1 and m — oo independently, so that
w = ¢ follows. Therefore (2.6) is obvious. Next suppose Syi(w, @) > 0. Then the
proof of (2.6) is the same as that of [15, (2.4)] (or (0.4)), where we did not use the
assumption of ¢ being a product state. [

As was explained in Introduction, the quantity exp{S.(wn, ¢rn)} has a meaning as
the lower bound of an error probability in the quantum hypothesis test for {wy,, ¢n }
So Theorem 2.2 says that exp{—Sy(w, )} is a certain kind of asymptotic error
bound in the quantum hypothesis test for {w, ¢}.

It may be conjectured that lim,,_, % Be(Wn, ¢n) = —Sm(w, @) holds under suit-
able ergodicity assumptions of ¢ and w. However this equality is not known even
when both ¢ and w are product states.
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3. Entropy densities

For n € N let Tr,, denote the usual trace on A ), i.e. Tr, = @7 Tr, Tr being
the usual trace on My(C). Let ¢ be a stationary state on A and ¢, = ¢|A[1 n)-
The (von Neumann) entropy S(¢y,) of ¢, is given as

S(¢n) = —Tr, Dy log D,

where D,, is the density of ¢,, with respect to Tr,,. Then the limit

.1
s(p) = lim —S(pn)
exists, which is called the mean entropy of ¢. Indeed the mean entropy can be
defined for translation-invariant states on C*-algebras of Z"-lattice spin systems,
and it plays an important role in the theory of quantum statistical mechanics of
spin systems (see [6, 17] for instance).
For 0 < e < 1 let us define

Be(n) = inf{log Try(q) : ¢ € A1) is a projection with ¢, (q) > 1 —¢}.

We can give a more concrete formula of B¢ (p,,) as follows. Let Ay > Xy > --- > Agn
be the eigenvalue list of D,, in decreasing order (counting multiplicities). Define

N.(¢p) = min{N : i,\i >1— a}.

=1

Then it is obvious that B¢ (p,) = log Ne(py).
It was shown in [21] that when ¢ is a product state, the following holds for every
0<e<:

lim LB, (pn) = 5(0). (3.1)

n—oo N

Moreover we proved in [16] that the relation (3.1) extends to the case when ¢ is an
ergodic Gibbs state in a ZY-quantum lattice system.

In this section we prove that (3.1) holds also when ¢ is a strongly mixing algebraic
state. First let us give a result which is weaker than (3.1) but is valid for any
completely ergodic state.

Proposition 3.1. If ¢ is a completely ergodic state on A, then for every0 <e < 1,

. 1
lim sup —Be(n) < s(p), (3.2)
n—oo N

Jim inf - > ° logd

iminf ~fe(pn) 2 T——s(p) — 7—_logd.

Proof. Let 7 denote the tracial state on A, i.e. the product state of the normalized
trace on M;(C). Then [15, Theorem 2.2] (also Theorem 2.2) says that

1
lim sup —Be (¢n, ™) < =Sm(e, 7),
n

n—00
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1
lim inf — ﬁs(cpn,Tn) > _1—SM(<;07 7).

n—0o0

Since 7,, = d~"Tr,, we get

%ﬂs(‘ﬂn: Tn) = %ﬂe(‘ﬂn) — logd.

Furthermore
1
—Sm(p,7) = lim —{S(p,) +logd™"} = s(p) —logd.
n—,oo N

These yield the desired inequalities. [

Theorem 3.2. Let ¢ be a strongly mixing algebraic state on A. Then for every
0<e<l,

lim B, (¢n) = 5(0).

n—o0o N,

We divide the proof of the theorem into several lemmas. It suffices by (3.2) to
prove that

lim inf — ﬂe(wn) > s(¢). (3.3)

n—>00

Assume that ¢ is strongly mixing algebraic state. Let o > 1 and choose [ as
in Proposition 1.2, so that (2.1) holds for all » € N. For each m,n € N write
n=r(m+1)+ s where 0 < s < m+1 and put

Bi = Alitm+1)+1,i(m+1)+m]> 0<i<r—1,
Cn = ‘A[l,n]\U::_ol[i(m+l)+1,i(m+l)+m]'

Then Ap ) = (®::_(} B;) ® C,,. Besides ¢, and D,,, define states ¢}, and ¢, on

A[l,n] by
( Z) (7|Cp),

- (gm&)) ® (7[Cn),

and let D! and D,, be the densities of ¢! and @y, respectively, with respect to Tr,.
Of course, D!, and D,, depend on I, m too, while for simplicity we omit them from
the notations.

Lemma 3.3. In the above notations,

a "D, < D! < arﬁn, (3.4)
_ d(¢| iy Bi)
I (rl+s) =0
d ITs , (3.5)
r—1
Dy, = d=0+) Q" (D), (3.6)

1=0
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r—1

supp D!, = supp D,, = ® A+ (supp D,y,), (3.7)
i=0

where Tr in (3.5) is the canonical trace on ®::_(} B;.
Proof. We have a~ "¢, < ¢l < a"¢, by (2.1), so that (3.4) holds. Since

d(7|Cn)

— d—(n—'rm)I — d—(rl—i—s)l
d’I‘I'cn Cn Cpo

(3.5) and (3.6) are immediate. (3.7) follows from (3.4) and (3.6). O

Let 7, be the GNS representation of A induced by ¢ with the cyclic vector €2,
and the implementing unitary V,,; namely ¢(a) = (7,(a)Q,, Q,) and m,(vy(a)) =
Vomp(a)Vy for a € A.

Lemma 3.4. Asn — oo (hence r — o),

r—1
1 .
Ty (; > 7 ™) (—(supp Dy logDm))Q«: — S(pm) Q|| = 0.

1=0

m-1

Proof. Since ¢ is ergodic with respect to v, the mean ergodic theorem says that

r—1
1 ‘
Ty (; Z fy’(mH) (—(supp Dy, ) log Dm)) Q,
i=0
1 r—1 .
= Z Vé(mﬂ)mp(—(supp Dp,) log Dy, )2,
i=0

converges to
@(—(supp Di,) 1og Dy )2 = S(m )y,

as desired. [

Lemma 3.5. For any 0 > 0 let p, be the spectral projection of D), corresponding
to the interval [0, exp{—n(s(¢) —9)}). If m is sufficiently large, then o(p,) — 1 as
n — 00.

Proof. We can choose m such that

1

s(p) —6 < m—HS(SOm) -

Let
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Then since r/n — 1/(m+1) as n — oo, Lemma 3.4 implies that ||(7,(a,)—&)Qy|| —
0. Moreover

. 1 .
an = (supp Dy,) (—— log Dn) _r log a
n n
1
< (supp ;) (— log D},
n

by (3.7), (3.6), and (3.4) due to the operator monotonicity of logt, ¢ > 0. Since
I — p, < supp D!, and I — p,, is the spectral projection of (supp D!)(—2 ~log Dy,)
corresponding to ( 00, s(¢) — d], we have

(I = pa)an — )T = pa) < (I = pa) (- log D] —¢)
< (5(0) ~ 6~ )T ~ ).

Therefore

(s(¢) =6 = &)l = pn) 2 ¢((I = pn)(an —£)), (3.8)

because p,, belongs to the centralizer of ¢ ®:;01 B; by (3.5). Since s(p)—d—£ <0
and

@((I = pn)(an = &)) = ((mp(an) = £)Qp, (I = 74 (Pn)) )
[[(mp(an) = £)Qpl| = 0,

(3.8) implies taht (I — p,) — 0 and hence p(p,) = 1. O

Lemma 3.6. For any n > 0, if m is large enough, then

lim sup ls (@n> @) < -

n—00

Proof. Noting that supp D,, < supp D,,, we have by (3.5)
S(¢n, ‘P;L) = Try(Dy log Dy, — Dy, 1OgD;1,)
-1
o1 8L,

= —S(pn) — Tr, (Dn log BZ)) + (rl + s)logd

st1+5(o[&

r—1

—S(en) + ZS(W|31') + (rl + s) logd
—S(n) +7S8(pm) + (rl + s) logd.

) (rl + s)logd

In the above estimate, the inequality follows from the subadditivity of entropy.
Hence

1
limsup — S(wn, ©n) < —s(p) + ——S(om) + log d.

n—00 m + l

m+1

This yields the conclusion because the right-hand side tends to 0 as m — co. [
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Lemma 3.7. Leta, € A,,0<a, <I,and0<¢e <1. If

liminf ¢(a,) >1-¢,

n—oo

then for any § > 0
1
lim inf = log ¢!, (a,,) > —6

n—oo 1

whenever m s sufficiently large.
Proof. By Lemma 3.6 we get

1
lim sup ES(QO”, o) <6(1—¢€) (3.9)

n—oo

whenever m is sufficiently large. Suppose

1
lim inf — log ¢!, (an) < —6.

n—oco N

Then choosing a subsequence we may assume that ¢! (a,) < e”™ for all n. As in
the proof of [15, (2.4)], letting

1—
F(s,t):slogg—l—(l—s)logl—i, 0<s,t<1,

we can estimate for n large enough

S(Qonﬂo;z) > F(pn(an), ‘P;z(an))
F(‘Pn(an)ae_né)

>
> ndp(a,) — log 2.

Therefore 1
lim inf —S(pn, ¢},) > dliminf p(a,) > §(1 — €'),
n—oo N n—0o0

contradicting (3.9). O

Proof of (3.3). For each n choose a projection ¢, in Ay ,) such that p(g,) > 1—¢
and

log Try,(gn) < Be(pn) + 1. (3.10)
For any 6 > 0 let p, be as in Lemma 3.5 with m being large enough. Then
¢(prn) — 1 by Lemma 3.5. Since

Pn > exp{n(s(p) — 8)}D;,pn,
we get
Trn(gn) > Trp(pngn) > exp{n(s(¢) — 0)}¢, (Pnan),

so that . 1
E 10g Trn(Qn) 2 3((:0) -6 + ﬁ IOg @;L(pHQHpn)' (3'11)
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On the other hand, since

(P(I - annpn) QO(I - pn) + (p(pn(I - Qn)) + Qo(ann(I - pn))

< oI —pn) + 0(00)Y20(I — )% + @ (Prgnpn) 201 — pn)*/?
< (I —pn) + Y2+ (I — pp)'/?,
we get
limsup @(I — ppgnpn) < e/,
n—oo
that is,

lim inf @ (ppgnpn) > 1 — el/?,
T—00

Hence Lemma 3.7 implies that

1
lim inf = log @), (Prdnpn) > —5. (3.12)

n—oo nN

By (3.10)—(3.12) we obtain

lim inf %ﬁe(gon) > s(p) — 6,

n—00

showing (3.3). O

The conclusion of Theorem 3.2 says that for every 0 < ¢ < 1 and § > 0 we obtain

exp{n(s(p) —6)} < Ne(on) < exp{n(s(e) + )}

when n is large. In particular, this means that the probability distribution consist-
ing of the eigenvalues of D,, is concentrated on a smaller and smaller proportion
of eigenprojections as n — oo whenever s(¢) < logd. The limit property of this
type resembles the asymptotic equipartition property in information theory (see
[4] for instance) and expresses the macroscopic uniformity from the viewpoint of
statistical mechanics (see [13, p. 76-77]).
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4. Concluding remarks

(1) Let 7 be the tracial state and ¢ be any stationary state on A. Then for
0 < e < 1/2 we have Sy(2ep + (1 — 2¢)7,7) > 0 but

1
lim —B.(2epn + (1 — 2e)7y, 1) =0
n—oo N
according to [15, Example 2.4(1)]. Since

1 1
ﬁﬂe(Qegon +(1—=28)1, ™) = ﬁﬁe(Qscpn + (1 —2¢e)1,) — logd

as in the proof of Proposition 3.1, we get

1
lim Eﬂe(%gon + (1 —2¢)71,) = logd.

n—0o0

On the other hand, the affinity of mean entropy yields
s(2ep + (1 —2¢e)7) = 2es(p) + (1 — 2¢) logd.

These estimates show that Theorem 2.2 and Proposition 3.1 (also Theorem 3.2)
cannot hold without the ergodicity assumptions of w and ¢. (See also [16, the
remark after Theorem 3.5].) It may be possible that Theorem 3.2 holds true for
any ergodic algebraic state (or more generally for any ergodic state).

(2) In Sections 2 and 3 we only used the property of strongly mixing algebraic
states described in Proposition 1.2. Moreover we needed to let @ — 1 just once in
the proof of (2.6). So all the results of Sections 2 and 3 except (2.6) are valid for a
stationary state ¢ on A such that the relation (1.2) is satisfied for some o > 1 and
some [ € N.

(3) In the definition of algebraic states, the finite-dimensionality of My(C) is
essential but that of My(C) is not. Indeed, algebraic states can be formulated on
the infinite C*-tensor product A = ;7 Ai of A; = A where A is an arbitrary
unital C*-algebra (see [12]). In this extended setting, the characterizations of the
strong mixing for algebraic states in Section 1 are valid without any change. Fur-
thermore the results in [15] extend to this setting as was remarked in [15, §4]. So
the arguments in Section 2 show that Theorems 2.1 and 2.2 hold true also when A is
the C*-tensor product of a general C'*-algebra with the use of the relative entropy
for C*-algebra states in defining Sy;(w, ¢). However the arguments in Section 3
heavily depend on the finite-dimensionality of My(C).
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