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Abstract

A Riemannian metric is defined on the state space of a finite quantum sys-
tem by the canonical correlation (or Kubo-Mori/Bogoliubov scalar product).
This metric is infinitesimally induced by the (nonsymmetric) relative en-
tropy functional or the von Neumann entropy of density matrices. Hence
its geometry expresses maximal uncertainty. We prove that the metric is
monotone under stochastic mappings, however an example shows that it is
not the only such Rimannian metric. This fact is remarkable because in the
probabilistic case, the Markovian monotonicity property characterizes the
Fisher information-metric. Essential difference appears in the curvatures of
a classical state space and a quantum one. We make a conjecture that the
scalar curvature is monotone with respect to the “more mixed” (statistical)
partial order of densitiy matrices. Furthermore, we establish an information
inequality resembling the Cramér-Rao inequality of classical statistics. The
inequality provides a lower bound for the canonical correlation-matrix (of an
unbiased observable) and it is saturated when a (partial) observation level
and the corresponding family of coarse-grained states are considered.
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1. Introduction

Two draw a picture of the background of this paper, we have to mention some facts
both from statistics and mathematical physics. On the one hand, there has been a great
interest recently in the use of differential geometry to provide insight into some problems of
probability and statistics. The idea originates from the paper [1] and a standard reference
is [2]. The basic aspects are contained in the easier-to-read few pages of [3] and the review
[4] is suggested to the ambitious readers to get full information about the directions of
current research in the field of inference and geometry. On the other hand, the idea of
statistical manifold appeared in thermodynamics as well [5] and the paper [6] initiated
the study of the particular Riemannian geometry which is the main subject of the present
discussion. The idea is essentially to use the maximum entropy principle infinitesimally
and to arrive at a Riemannian metric. In this way the maximum entropy principle may
get a geometric interpretation, and the information geometric ideas have been applied to
many-body systems [7].

Contrary to classical probability, quantum probability is used to describe the mi-
croworld. (In fact, the room for quantum probability is larger, because there are macro-
scopic quantum systems.) In the Hilbert space formalism of quantum mechanics a pure
state of a system is described by a state vector |®) belonging to a complex Hilbert space
H. The mean (or expectation) value of an observable A = A* € B(H) is the scalar product

(A) = (@]A]®). (L1)

The statistical operator (or density matrix) of a mixed state is a positive compact operator
with trace 1. We denote by & the set of all such operators acting on the basic Hilbert
space H. Sometimes & is called state space. In a mixed state D € & the mean value of
the observable A is

(A) =TrDA (1.2)
which extends formula (1.1).

In the present paper, we mostly assume that the underlying complex Hilbert space
‘H is finite dimensional and we write n for its dimension. So operators on H may be
represented by matrices and a statistical operator corresponds to a positive semidefinite
matrix of trace 1. Physically, a finite dimensional Hilbert space appears, for example,
when one deals with a spin. Our aim is to endow the state space with a differentiable
structure. Actually, we are going to study a Riemannian geometry on the space S of all
invertible density matrices.

Statistical and probabilistic ideas often find their ways to quantum mechanics, how-
ever, they have to be adapted to density matrices. Formula (1.2) of the expectation value
and the von Neumann entropy of a density matrix are the first successful adaptations.
The Riemannian metric we deal with is given by the Hessian matrix of the von Neumann
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entropy, hence it is strongly related to entropy maximization [8]. Its study is motivated
by quantum statistical mechanics (in particular, linear response theory) as well as quan-
tum extension of the differential geometric approach to classical probability and classical
statistics. The term “canonical correlation” is borrowed from linear response theory [9].

The paper is organized as follows. In Section 2 we show how to construct different
information quantities by mean of an operator monotone function. Quasi-entropies of [10]
and [11] are summarized here but the important special case of a-divergences is spelled
out. Concerning the details of quasi-entropies, [12] is a reference.

In Section 3 the Kubo-Mori product appears as Riemannian metric induced by the
relative entropy functional but one can reach it from the von Neumann entropy, too. The
exponential and affine parameterizations of the state space are explained. The metric is
explicitly given in both coordinate systems.

The main result of Section 4 is the monotonicity of the metric under stochastic map-
pings. Note that monotonicity determines Fisher’s information in classical probability. An
example of another monotone metric is given, so uniqueness does not hold in the quantum
case.

The topic of Section 5 is an analogue of the Pythagorean theorem concerning a triangle
determined by orthogonal exponential and mixture geodesics. Possibility of extension to
arbitrary von Neumann algebras is commented.

In Section 6 sectional, Ricci, and scalar curvatures are computed, mainly at the tracial
state where the Ricci curvature is found to be constant. It is explained that the shape of the
state space of a spin is very different from the geometry of the simplex of all probabilities
of a finite set. It is conjectured that the scalar curvature is monotone with respect to the
“more mixed” partial order of density matrices and, in particular, it is maximal at the
tracial trace.

In Section 7 the Cramér-Rao pattern is followed and a lower bound is obtained for the
canonical correlation-matrix of an unbiased estimator. The inequality is saturated by an
observation level with respect to the coarsed grained states. The metric of an observation
level is subject of Section 8. In this setting the Hilbert space can be infinite dimensional
(or an operator algebra may be taken) and a class of states is endowed with Riemannian
structure.
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2. Some information quantities

In this section we recall how to construct a garden of information quantities for density
matrices D; and D, from a function f : RT — IR, and from an operator K. (For simplicity
only invertible densities are considered below.) Before entering that subject, we fix a
convention. Linear transformations of the space of operators will be called superoperators
as it is rather frequent in physics literature. Superoperators will be denoted by bold face
or Greek. We often use the Hilbert-Schmidt inner product on the space of matrices:

(A,B)us = Tr A*B.
For the densities D; and D5, the relative modular (super)operator is defined as
A(Dg, D) : a+ DyaD7 .
The quantity
Sf (D1, Dy) = (KD}’?, f(A(D, D1)) KD}*)us (2.1)

was called quasi-entropy in [10], [11]. Physically, most of the functions f are irrelevant but
some show up in the literature. Set

4 tay .
1_()[2(1—1t2) if o £ £1,
fa(t) = tlogt fora =1, (2.2)
—logt fora=-1.

By the choice of this f,, (2.1) supplies the following.

4 lta _lta
— T DIK* (K - Dy” KD] 7)) ifa# 1,
—
Dg (D1, D2) = { Tr K* Dy(log Dy K — K log Ds) if o =1, (2:3)
Tr D1 K*(K log D, — log D3 K) if o = —1.

One may now decrease the number of parameters by taking K = I. So the a-divergences
are obtained:

4 14+ 14

Da(Dy,D2) = 7——=Tr(I=D,” Dy 7)Dy (a# 1) (2.4)

and the limit &« — —1 yields Umegaki’s relative entropy

S(Dl, Dg) = T‘I‘Dl(lOg _D1 - log DQ) . (25)
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On the other hand, keeping K but choosing D; = Dy = D, we get to the skew information
I,(D,K)=TrDK*K — Tr D'"?PK*DFK (2.6)

(due to Wigner, Yanase and Dyson, [13]) apart from a normalization factor and with
parameter p = (1 — «)/2 (see also [14]).

The quasi-entropies (2.1) are useful when — f is operator monotone and then they are
regarded as information distances. They show analogy with some statistical distances, cf.
[15]. We do not enter the details of the general theory and operator algebraic extension.

Theorem 2.1. If —f is operator monotone, then S’]S(Dl,Dg) is a convex function of
(D1, Dy) and S]{(Dl,Dg) > f(1). Moreover, if f is not linear, then S}(Dl,Dg) = f(1)
implies that D = Ds.

A superoperator v : B(H) — B(#) will be called stochastic if it is unital and com-
pletely positive. (The later condition implies that the Schwarz inequality y(X)*y(X) <
~v(X*X) holds for every X.) The dual v* of a stochastic mapping v with respect to the
Hilbert-Schmidt inner product is completely positive and trace preserving. In particular,
v* sends a density matrix into a density matrix.

Theorem 2.2. Let f : [0,00) — IR be an operator monotone function with f(0) > 0. If
is a stochastic mapping, then for every K € B(#) and for densities Dy, D2 we have

SK(y*(D1),7*(D2)) > S (s, D).

These theorems apply to f, if —1 < a < 1. Concerning the proof and similar general
results we refer to [10], [11]. (Two decades ago convexity of (2.6) received a lot of attention,
and it should be cited as Lieb’s convexity [16, 12].)

Stochastic mappings are the appropriate “morphisms” between C*-algebras. In par-
ticular, the dynamical evolution of a quantum system is described by a semigroup of
stochastic mappings, and measurements correspond to positive unital mappings as well.
The content of Theorem 2.2 may be explained as follows. The information distances are
decreasing under the transformation v* of states associated with a stochastic mapping
. All reasonable information distances must have this monotonicity property. (In some
sense, stochastic mapping is the quantum analogue of a Markov kernel.)
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3. The Riemannian metric of the canonical correlation

The state space & is easily visualized for spin 1/2. In this case & is the space of all 2 x 2
density matrices. They are in the form

1 (142 y+iz

2 (y —iz 1—-=z ) ’
where x,y, z are real parameters and 22 +y2+2? < 1. (This is the well-known polarization
representation of a spin 1/2.) Hence & isregarded as the unit ball in the Euclidean 3-space.
The extreme boundary, i.e. the set of all extremal points, coincides with the topological
boundary. This simple description does not generalize to higher dimension, and in fact,
the spin 1/2 does not show several features typical for the the general (quantum) case.

For example in higher dimension, the extreme boundary will be much smaller than the
topological one (cf. [17]).

Let S be the set of all invertible density matrices acting on the (n-dimensional com-
plex) Hilbert space H. (When the dependence on n will be emphasized we use the notation
Sp.) Motivated by quantum statistical mechanics, we write elements of S in the form

e‘ﬂH

Rﬂ(H) = W’

(3.1)
where 8 > 0 is a real constant and H is a self-adjoint operator. (Rg(H) is the density
of the so-called Gibbs state at the inverse temperature  for the Hamiltonian H.) If the
difference H — H' is a multiple of the identity then H and H’ give the same density matrix
in (3.1). Therefore, to get a suitable parameterization we have to identify self-adjoint
operators differing in a constant multiple of the identity I. For example, we may consider
only traceless self-adjoint matrices, their space is denoted by K9. The real linear space K

has dimension n2 — 1 and will be identified with the Euclidean space R™ ! by means of
the following linearly independent matrices.

1
U{CZZE(Ekl-FElk) (1§k<l§n),
1 . .
O'S?l — E(_IEM +1Elk) (1 < k<l < n), (32)
1 m
or= N By (1<m<n—1),

(2 m+1,m-+1
vm?2 +m — vm?2 +m

where (E;;) is a system of matrix units. Observe that for n = 2 exactly the Pauli matrices
show up here. (Of course, one may choose other basis matrices; this choice is convenient
because the matrices (3.2) are orthonormal with respect to the Hilbert-Schmidt scalar
product.) The homeomorphism

1 1
h:Dn—)—BlogD—i—BTr log D (3.3)
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maps onto K = R™ ! and endows S with a differentiable structure. The mapping h
is called the logarithmic coordinate system at the inverse temperature 3. S becomes a
differentiable manifold with an atlas containing a single chart. Differentiation of a function
f S — IR along the curve

e—B(H+tA)
s =Rp(H+tA) (A He o) (3.4)

b Dy = i)

is the same as differentiation of f o h=1 in the direction A. The curves like (2.4) will
be called e-geodesic. They correspond to straight lines in the parameter space when the
exponential parameterization of the state space is considered.

Differentiating the relative entropy (2.5) we have

0? 1
H+tA H +uB
= 50l 5 S Bo(H +14), Ry(H +uB))
(3.5)
=3 / Tr (R(H)e"" Ae=*" B) dz — Tr R(H)ATr R(H)B
0
which is often called the canonical correlation of A and B. For the rest we fix § = —1.
The scalar product
1
(A,B)y = / TrR(H)e* A*e *H B dz . (3.6)
0

is an important ingredient of linear response theory and bears the names Kubo-Mori scalar
product, canonical correlation, Bogoliubov inner product or Duhamel two-point function
(18, 9, 19, 20]). We choose it for the Riemannian metric.

We identify the tangent space T (S) of the manifold S at the density matrix R(H)
by the space of all fluctuations

Ty(S)={A=A":TrR(H)A =0} (3.7)
and the Riemannian metric g is given by the Kubo-Mori product. If A = A* is an
observable, then A = A— (Tr R(H)A)I is its fluctuation around the mean value Tr R(H)A.

So we use the tilde when we want to stress that a self-adjoint matrix is a fluctuation at
some density R(H). Accordingly,

9(A,B)(H) = (A, B)x (A, B Tu(S)). (3.8)

Note that g is also obtained by differentiations of the generalized partition function:

02 i o - -
sl T eHHtAtsB (4 B e Ty(S)). (3.9)
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Density matrices may be parameterized directly by their entries. More precisely,

D — D — I/n embeds S, into IC8 = ]R"Q_1 as a convex open subset and §,, inherits
a differentiable structure. This affine parameterization is equally natural (if not more
natural, cf. the beginning of this section). The segment

Dy=tD,+ (1—t)Dy  (t€]0,1]) (3.10)

joining Dy, D; € S is called m-geodesic. (This terminology is from [2] and m comes from
the word mixture.) By means of the identity

21og(L+tK)\ :/ (L+ ) K(L+ )~ ds (3.11)
8t t=0 0
one can compute
82 [e%s) . .
- S(D+tA,D+uB)= [ TrA(D+s) 'B(D+s) ds. (3.12)
Otou lt=u=0 0

This shows that in the affine parameterization the tangent space T p(S) is regarded as the
set K of all traceless self-adjoint matrices and the Riemannian metric is in the form

g(A, B)(D) = /OOOT‘rA(D+s)_lB(D+s)_1ds (A, B € K3). (3.13)

Above the Riemannian metric was deduced from the relative entropy functional (2.5) (cf.
[6], [19]). It is worthwhile to note that one can arrive at the same metric starting from the
von Neumann entropy S(D) = —Tr Dlog D (cf. [7]). Indeed,

62

- 0
otou t:u:OS(D +tA+uB) (4, B € Ko)- (3.14)

9(4, B)(D) =

There are some other Riemannian metrics occurring in the literature. The metric

9s(A, B)(H) = 1Tr R(H)(AB + BA) (3.15)

-2
has the form of a Hessian, too:

82

A i =\ 2
= 350 t:u:OTrR(H—i—tA)(logR(H+tA) —log R(H +sB))”, (3.16)

9s(4, B)(H)

see [21]. It is noteworthy that
g(A, A)(H) < gs(A, A)(H) (A€ Txu(S)) (3.17)

due to the Bogoliubov inequality [18] and the right-hand side of (3.16) is a quasi-entropy
(corresponding to the function ¢t — (logt)2.) Another metric comes from the Bures distance
[22]. Both metrics do not seem to be in a direct relation to the subject of this paper.

8
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4. Monotonicity of the metric

Every stochastic mapping ~ induces a transformation of &. Indeed, the restriction of +*
to &. When v*(S) C S, then * is a diffeomorphism of S and its differential (v*), in the
affine coordinate system is the restriction of v* to the traceless self-adjoint matrices. The
next results is the monotonicity of the Riemannian metric g under stochastic mappings.

Theorem 4.1. Let v be a stochastic mapping and D € §. If v*(D) € S then v* is a
diffeomorphism in a neighborhood of D and its differential is a contraction with respect
to the Riemannian metric g.

Proof : The differential (y*), has simple form in affine coordinates. As it was noted
above, at the point D € § (v*)« : K — KJ is the restriction of v*. So we have to show
the inequality

/0 T (" (D) + 8) " (K) (1" (D) + 5) "' (K) ds
< /OOT&«(D +8) 'K(D+s) 'K ds

for every K € K. By means of the superoperator (5.2) our claim is equivalent to

’YT,Y*(D)’)/* STD (41)

Theorem 2.2 yields that
1 1
/ Try*(D)'"K~+*(D)'K dt > / Tr D'ty (K)D'y(K) dt . (4.2)
0 0

Introducing the superoperator

1
Tél:KH/O QItKQt dt, (4.3)

(which is the inverse of T from (5.2)), we rewrite (4.2) as

T oy =7 Tp'r- (4.4)

Since (4.1) and (4.4) are equivalent, the proof is complete.

Note that in logarithmic coordinates (v*)«(A) = T,«(pyoy* o T5'(A). O

The monotonicity of the Riemannian metric is crucial when one likes to imitate the
geometrical approach of [23]. An infinitesimal statistical distance has to be monotone

9
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under stochastic mappings. We note that the monotonicity of g is a strengthening of the
concavity of the von Neumann entropy. Indeed, positive definiteness of g is equivalent to
the strict concavity of the von Neumann entropy due to (3.2) and monotonicity is much
more than positivity.

In the probabilistic case the monotone metric is unique and is identical to Fisher’s
information. In the quantum case the uniqueness is certainly not true. Set a metric g, as

9r(A,B)(D) = %Tr D~ Y(AB + BA) (A, B € KJ). (4.5)
Under the conditions and with the notation of Theorem 3.1, monotonicity of g, is the
inequality

Try*(D) '4* (A2 < Tr D 'A% (AeK)) (4.6)
which is a consequence of the operator inequality
7Ky (T) " (K)* <y (KT K¥), (4.7)

due to Choi [24], for positive invertible T'. Indeed, taking the trace of both sides of (4.7),
we conclude (4.6) if K = A because Tr oy* = Tr. Observe that for commuting D and A we
have g(A, A)(D) = g-(A, A)(D) in accordance with the uniqueness of the monotone metric
in the commutative case. The example shows that in the quantum case the monotone
metric is not unique.

The question arises naturally: What is the class of the monotone Riemannian metrics
on matrix algebras? The paper [25] attempted to describe this class but the conclusion
of its analysis is not clear to the present author. Let us summarize our understanding of
[25]. Let g be first a unitarily invariant metric whose matrix is to be described. Then it is
enough to consider points where D is diagonal, say D = Diag(\1, A, ..., A,) and we take
the basis (3.2). It is established in [25] first that up to a constant factor the metric is of
the following kind.

g(0%",03)(D) = Tr D™ 050,
glot', 05 )(D) =0,

g(or',01")(D) = §(o3', 05')

G(o®, " (D) = c(M, A1), where c is a real function.
Therefore, the prescription of a unitarily invariant metric is done by giving the function
c. Then the authors of [25] assume that § is monotone and possesses also a certain
property concerning tensor product, and they show that the function ¢ of such a metric
satisfies a functional equation. They find 8 solutions of the equation and they arrive at 8
corresponding metrics. However, it is not stated in [25] that those metrics are monotone
or only those functions satisfy the functional equation. In any case, g and g, are on the list
as items 3 and 8. In our opinion, it would be worthwhile to complete the analysis of [25]
but in this paper we do not attack the problem of characterization of monotone metrics.
Our aim was only to expose the state of affair.

10
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5. The Pythagorean theorem

Let P, @@, and R be three points in S. The e-geodesic connecting ) and R is the curve

e ( ) o eXP(H+tA)
TR =y exp(H + tA)

(t €[0,1)),

where H = log @ and A = log R —log Q. Then 7§¢(0) = Q, 7§r(1) = R and ¥§(0) = A.
The m-geodesic connecting () and P is the curve

1) =(1=)Q +tP=Q +t(P—-Q) (t€l0,1])

which has a tangent at t=0

ot

0p(0) = 5 @+ Q- P)|_ = [ @+ (P~ Q)@+ 9.

The following result is called the (matricial) analogue of the Pythagorean theorem (in
the sense of [2]).

S(P,Q) +5(Q, R) = S(P, R) + (Y5r(0), 15r(0))q (5.1)

In particular, we have

Theorem 5.1 If the e-geodesic connecting 2 and R is orthogonal to the m-geodesic
connecting ) and P at the point (), then

S(P,Q)+ S(Q,R)=S(P,R).

Proof : Plain computation yields
S(P,Q)+ S(Q,R)— S(P,R)=TrA(P - Q) = (A, P — Q)us ,

where HS indicates the Hilbert-Schmidt inner product. For the superoperator

To: X /OO(Q-l—s)_lX(Q-l—s)_lds (5.2)
0
we have
(X, Y)us = (T@(X),Y)q - (5.3)
Therefore,

(A, P = Q)us = (Tq(A), P — Q)q = (15r(0), 1gr(0))q

11
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and this completes the proof of (4.1) and that of the theorem. O

The rest of this section is devoted to the extension of Theorem 5.1 to the context of
von Neumann algebras. Since this part of the paper is rather independent of the differential
geometric main line, we use the operator algebraic formalism of relative entropy developed
in [26] freely. We refer to the monograph [12] concerning details. The discussion below
shows that in the background of (5.1) one can meet the duality between states and relative
Hamiltonians [29].

Let M be a von Neumann algebra and w, 9, ¢ faithful normal states. For the sake
of simplicity, we assume that A=1¢ < ¢ < \) for some positive A € IR. This majorization
condition guarantees the existence of a relative Hamiltonian, that is, there is h = h* € M
such that 1 is the minimizer of the functional

v S(v,p)+v(h),

in notation ¢ = [p"] [30]. Suppose, further more, that the relative entropy S(w,¢) is
finite. Then it can be obtained by differentiation of the Connes’ cocyle [Dw, Dy]; as

S(w,9) = igs| _ w([Dw, Dyl

0
=iz | _ w((Dw, Dy]:[Dy, D)

due to the chain rule. Performing the differentiation we get
S(w, @) = S(w,9) + w(h)
which together with S(v, ¢) = 9(h) yields
Sw, ) = S(w,¥) + 5(1, 9) + (w = ¥)(h) (5.4)

and this corresponds to (5.1). When the orthogonality condition (w—1)(h) = 0 is fulfilled,
we have the analogue of the Pythagorean theorem.

12
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6. Curvature

In this section curvatures of S will be discussed on the basis of [31]. The starting point is
the Levi-Civita connection V induced by the metric.(What we need here from differential
geometry is standard, and we follow the book [32].) The Kostant formula says that

_g([XaY]aZ)_g([ZaY]aX)_g([XaZ]aY) .
When the Lie brackets [ X, Y], [Y, Z], [Z, X] vanish, as it happens when X, Y, Z are coor-
dinate fields, (6.1) becomes simpler. Since we want to have the convenience of vanishing
Lie brackets, we restrict our discussion to linear combinations of coordinate fields (with
constant coefficients). A tangent vector can uniquely extend to a vector field which is
the linear combination of coordinate fields with constant coefficients. From now on, ev-
ery vector field, usually denoted by X, Y, Z, is supposed to be a linear combinations of
coordinate fields.

If X(H) = A,Y(H) = B,and Z(H) = C, then we understand A(B, C) as X(Y, Z)(H).
Assuming that Tre™# = 1, we infer

1 T
A(B,C) :/ / Tre~DH fe=@-VECe v E R dy dy;
T 01 v Ox ] ) ~ (6-2)
+ / / Tre~ @=VHEGe—vH fo~(1-2)H B gy, dy
=0 Jv=0

from the perturbation series of the exponential function. Observe that the two terms on
the right-hand side are similar, exchanging A with B one gets from each term the other
one. Moreover, both terms are invariant under cyclic permutations of A, B and C. Hence
the full symmetry of their sum is follows. Due to the symmetry, we have

(X,VyZ)(H)=1A(B,C). (6.3)

1
2

We are interested in the sectional curvatures of S. Let A,B € Ty(S) and let X,Y be
vector fields such that X (H) = A and Y (H) = B. The sectional curvature for the plane
spanned by A and B is

<VyVXX, Y) — <VXVyX, Y)
<X7X><KY) - <XaY>2

K(A,B) = (6.4)

by definition. Since

(VyVxX,Y)=Y(VxX,Y)— (VxX,VyY)
(VxVyX,Y)=X(VyX,Y)— (Vy X, VxY)

13
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and
Y(VxX,Y) = lYX(X,Y) = LXY(X,Y) = X(Vy X,Y)
due to [X,Y] =0 and (6.3), we have

(Vy X, VxY) —(VxX,VyY)

KA B) = Xy v) - (X, 7

If AH = HA and BH = HB, then from (6.3)

A(B,C) = L(AB + BA,C),
where ordinary matrix multiplications stand on the right-hand side. We conclude that
under the above commutations

1, -~~~ 1 ca
VxY = Z(AB-I—BA) — Z’I‘rR(H)(AB-I—BA) (6.6)
and we arrive at the following

Theorem 6.1. Let A, B € Ty(S) be orthonormal. If AH = HA and BH = HB, then

_ A+ Tr (R(H) (AB — BA)?)

K(A, B)(H) T

Since (AB — BA)? < 0, the sectional curvatures do not exceed 1/4 at the tracial state
H = 0. Positive sectional curvature will appear if n > 3 because then AB — BA = 0 may
happen. It seems that the 2 x 2 case is exceptional from the point of view of curvature.
Recall that for n = 2 all sectional curvatures are strictly negative except for the tracial
state where they vanish [19].

_ Next we compute the Ricci and scalar curvatures at the tracial state 7. Let Ay, A, ...,
Ayp2_1 be an orthonormal basis in T,(S) and write A for A;. The Ricci curvature of the
direction A is expressed by means of sectional curvatures as

n?-1
Ric(4,4) = ) K(A A;). (6.7)
i=2
We shall see that the Ricci curvature is independent of A (at the tracial state). The

reason for this fact is the invariance of the tracial state under unitary transformations. To
compute

"iIK(A Aiy="""2 1 2_2 (3242 — AA,AA)
p y Ly ) — 4 - E P T i ) 7
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we use the Liouville operator L : K /lK — :K:fi and the trace functional Tr of superop-
erators. We have (L%(A4;), A;) = 27(A%2A? — AA;AA;) and

because L(I) = L(A) = 0. Hence the value of the Ricci curvature is

n?—4

Ric (4, A) = -

(6.8)

The scalar curvature is the sum of the sectional curvatures for all pairs of basis vectors
and in this special case it equals to n? — 1 times the Ricci curvature.

Theorem 6.2. The scalar curvature of S, is given by the formula

2_
Scal (0) = n g 1(n2 —4)

at the tracial state corresponding to H = 0.

Hence the scalar curvature at the tracial state is positive for n > 3. It was conjectured
in [31] that the scalar curvature of S, is maximal at the tracial trace (corresponding to
H = 0). This is certainly true for n = 2 [19] and there are some numerical evidences for
n =3 and 4 [31]. For n = 3:

R(H) = Diag(0.335,0.333,0.332) Scal (H) = 4.9999
0.339, 0.336, 0.325) 4.99769
0.36,0.34, 0.3) 4.95935
0.35,0.4, 0.25) 4.72556
0.35,0.5,0.15) 3.13543
0.5,0.4,0.1) 1.16438
0.7,0.2,0.1) — 0.668265
0.99,0.001, 0.009) — 568.425
0.999, 0.0001, 0.0009) — 5212.51

0.99999, 0.000001, 0.000009) — 459501

N N N N N N N N SN N

The paper [31] contains some results on the sectional curvatures, too.

When the (full) state spaces of a classical probabilistic and a quantum spin system are
compared, the difference in curvature is easy to describe. While the classical state space
has positive constant curvature, the scalar (or sectional) curvature of a quantum system
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can be both positive and negative. This statement is independent of the validity of the
conjecture. In the state space of an algebra with nontrivial center (i.e., in the presence
of “superselection rules”), there are several tracial traces. By the above method, we can
compute the scalar curvature at them. We find that the scalar curvature is constant on
the set of tracial states.

Let us recall that a density D; is called more mixed than D5 if there exists a trace
preserving stochastic map « such that D; = a(Ds), in notation Dy > Do (see [27], for
example). We claim that the following conditions are equivalent.

(i) The function ¢ +— Scal (tH) is decreasing for t € R™ and for selfadjoint H.
(ii) If R(H) > R(K) then Scal (H) > Scal (K).

The implication (ii)=-(i) follows from the fact that R(toH) > R(t1H) when t; < t5. (A
result of [33] should be quoted here, see also Prop. 3.18 in [12].) To see (i)=-(ii), we take H
and K such that R(H) > R(K). We can find a sequence Hy = H, H,, ..., H,, = K such
that the spectrums of each consecutive pair differ only in two eigenvalues and R(Hj) >
R(Hp41). It is straightforward that (i) yields

Scal (R(Hy)) < Scal (R(Hg+1))
and (ii) follows.
It is natural to guess that (i) and (ii) hold true.

Conjecture 6.3. The scalar curvature is monotone with respect to the “more mixed”
partial ordering of density matrices.

The conjecture implies that the scalar curvature maximal at the tracial state because
that is the most mixed. The parameter ¢ in (i) is rather physical, the negative inverse
temperature. Hence (i) says that the scalar curvature is an increasing function of the
temperature. The conjecture is true in the 2-by-2 case, where the “more mixed” ordering
is very simple. It was noted in [19] that the von Neumann entropy and the scalar curvature
are monotone functions of each other.

In the paper [21], the Gaussian curvature was computed for the metric (3.15) in case
of the quantum continuous ideal Boson and Fermion gases (two dimensional manifold) and
physical meaning was attributed to the curvature.
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7. An information inequality

In this section we follow the familiar Cramér-Rao pattern of mathematical statistics [34],
[35]. Let (1¢) be a family of states of the quantum system M and let the parameter set
be an open subset of R™. By an estimator we mean an m-tuple (M, Ms,..., M,,) of
observables, that is, self-adjoint elements of M. The estimator M is called unbiased if

Pe(Mi) =t; (1 <i<m). (7.1)

Since we are interested in the local behavior of the estimation, we assume that ¢t — 1, is
sufficiently differentiable and the less restrictive condition

W) 5 (1 <ij<m) (7.2)
3tj t=u

will also work. If M satisfies (7.2) then it is called locally unbiased at s (being unbiased
means locally unbiased at each point).

The Cramér-Rao pattern consists of finding a lower bound for the variance of the
estimator. More precisely, we shall find lower bound for the canonical correlation-matrix

[((Mi; — e (M;), My — b (M), )ig) = [((Miy M)y, — e(Mi)he(M;))ig] (7.3)

of the estimator. The following concept of logarithmic derivative will be involved. If
t — 1 is a differentiable family of states then its logarithmic derivative (with respect to

the canonical correlation and taken at s) is an m-tuple (Lq, Lo, ..., Ly,) of operators from
M such that
oY (A
P = (L Ay, — a(Li(4) (7.4
1 =S

for every A € M and for 1 <17 < m.

Theorem 7.1. Let M = (M, My, ..., M,,) be a locally unbiased estimator for the family
)y of states at t = s. Assume that the logarithmic derivative L = (L1, Lo, ..., L,,) exists.
Then

[((Mi = s (M3), Mj — 5(M;)), )i5] > [((Li, Ly, )ig] ™
in the sense that the difference is positive semidefinite.

Proof : The usual proof of the Cramér-Rao pattern may be followed which is linear algebra
based on the relation

(M — s(Mi), L))y, = 0ij -
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This implies that the Gram matrices are in the stated relation (cf. [34], p. 276). O

The information inequality of the previous theorem is tailored to the coarsed-grained
states of an observation level, the subject of the next section.

It is in order to note the relation

(s (M M) — s (M;)1hs(Mj) )ij] > [((Mi — s (M), My — s (M), )i5] (7.5)

which is the consequence of the inequality (K, K), < ¥(K?) for a self-adjoint K (see
[18] or [19] for details of the Bogoliubov inequality). (7.5) is an inequality between the
canonical correlation-matrix and the more standard covariance matrix. Hence the theorem
yields a lower bound for the covariance matrix as well but this seems less useful. Note that
the canonical correlation-matrix appeared already in [9].

Extension of the Cramér-Rao inequality was a reason to introduce Riemannian metrics
on the state space. For example, the metric g, of (4.5) corresponds to the so-called right
logarithmic derivative, while g5 of (3.15) is the symmetrized correlation, see [34, 35, 19].

8. Geometry of an observation level

We start this section by a concise summary of some ideas of [7]. Let H = (Hy, Ho, ..., Hy,)
be an m-tuple of observables of a quantum system. We may think that those are the
observables whose expectation values are supposed to be known from measurements. H
means an “observation level”, dealing with only these observable we regard the collection
(Hy,Ho,...,H,,) as “relevant observables”. The expectation values t = (t1,%2,...,t;) of
the relevant observables yield an incomplete description of the actual state of the system,
there are several states ¢ satisfying the constraints

o(H;) =t; for 1 <i <m, or shortly op(H) =1t. (8.1)

Since the von Neumann entropy S is an uncertainty measure, the state containing the least
possible information about the irrelevant observables is the one which maximizes the von
Neumann entropy under the constraint (8.1). This is the least biased prediction for the
actual state of the total system. (What we follow here is the maximum entropy principle
advocated by Jaynes and others, see [8, 36]). When states correspond to density matrices,
the solution of the above extremum problem is among the generalized canonical statistical
operators

exp (Z;ll )‘iHi)
T‘I‘ exXp (Z:il )‘ZHZ)

cf. [37]. If Tr R(AH)H =t then R(AH) is the unique maximizer and we write this A as
A(t). Assuming that R(A(t)H) is defined when t is an open set S C R™, we obtain a

R(\H) =

(A e R™), (8.3)
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parameterized family of states ¢;. ¢; is the reduced or coarse-grained state, its entropy
S(¢¢) is called the relevant entropy (for the observation level H). Now a Riemannian
metric is supplied by the Hessian matrix of the relevant entropy function t — S(p¢):

g; (t) — _825(900 — a)‘J(t) (8 4)
“ ot; 0t o, '
Concavity of the relevant entropy guarantees that (g;;) is positive semidefinite. (Actually,
it is definite, its inverse appears below.) This Riemannian metric defines the geometry of
maximal uncertainty for the given level of observation. Next we explain how it is related
to the content of Section 3.

We consider the case of complete observation: (Hy, Hs, ..., H,,) will be the collection
of matrices (3.2). There is only one density D; which satisfies Tr D;H = t, namely D; =
I/n + tH and this must be the density of the “reduced” state ¢;. The correspondence
t — D; what we have arrived at is just the affine parameterization of the state space. The
relevant entropy coincides with the von Neumann entropy and (8.4) reduces to (3.14).

Now we have a look at the coarse-grained states ¢, from the viewpoint of estimation.
Since 9¢(H;) =t; (1 <i <m), H is an unbiased estimator for the family ;. What is the
corresponding logarithmic derivative? Due to simple computation

8 Trexp AL, N(H;) & O\ (t)
8—151' Tr exp (Zil )\j(t)Hj) - ;<HJ - wt(Hj),A>w —8Jti
and we find that
= S (H; — () 2. (8.5)

ot;

Jj=1

In this case the inequality of Theorem 7.1 becomes an equality. The matrix of the canonical
correlation is inverse to g. From the point of view of statistics, the observation level is an
efficient estimator for the family of coarse-grained states, which look like an exponential
family.

The maximum entropy method is restricted to the case when (8.3) has a meaning, so,
for example, all the observables H; must have discrete spectrum. (This point is mostly
overlooked in the literature.) When the relevant entropy is infinite, one has to have an “a
priori” state to make prediction. (Even when the relevant entropy is finite, one can have
a “bias”, for example, the state of the system known from a previous observation.) The
relative entropy is invented for use in those cases when an a priori state is at disposal.
Details are out of the scope of our present discussion but they will appear in a future
publication. We note that the relative entropy principle is approached in an operator
algebraic treatment in [38].
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