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This paper is a contribution to the general theory of quantum spin systems. We
deal with a general theory in the sense that no concrete interaction shows up but an
arbitrary relatively short range interaction is chosen.

It is well-known that the mean entropy plays an important role in the thermody-
namics of quantum spin systems, it is one of the ingredients of the Lanford-Ruelle-
Robinson variational principle. We show that in the background of the existence of
the mean entropy, there is an operator convergence which resembles the McMillan
theorem from information theory. Asymptotic equipartition property and several en-
tropy densities are investigated, in particular, the relation of the Gibbs condition to
relative entropies.

Although this paper is not intended to be a review, we try to give an overview
of the theory of quantum Gibbs states in the mathematical sense. The paper is
organized as follows. Section 1 provides an introduction and the further sections
contain our new results. Each section is closed with a short discussion on sources
and references.

1. Introduction to thermodynamics of quantum spin systems. C*-algebras are
known to provide a suitable mathematical formalism for quantum statistical me-
chanics of spin systems on an infinitely extended lattice. In fact, the rigorous and
comprehensive treatment of quantum lattice systems was one of the early successes of
the algebraic approach to quantum statistical thermodynamics. The subject is sum-
marized in [7] and in [30], for example, the latter book contains more for physics. In
this section we give a concise introduction to the general theory of translationally
invariant interactions and we also fix the notations for the other sections.

Let an infinitely extended system of spins be considered in the simple cubic lattice
L = Z". The observables confined to a lattice site z € Z" form the selfadjoint part
of a finite dimensional C*-algebra A, which is a copy of My(C). It is assumed that
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the local observables in any bounded region A C Z" are those of the finite quantum
system

A= @ A;.
TeA
It follows from the definition that for A C A" we have Ay = Ay ® Ay 4, where
A"\ A is the complement of A in A’. The definition also implies that if A; and A, are
disjoint then elements of A4 4, commute with those of A 4,. The quasilocal C*-algebra
A is the norm completion of the normed algebra A,, = Us.A4, the union of all local
algebras A, associated with bounded (finite) regions A C Z".

We denote by a, the element of A, corresponding to a € Ay (z € Z"). It follows
from the definition that the algebra A., consists of linear combinations of terms
a&ﬁ) .. .aé’f} , where z1, ...,z and ™, ..., a® run through Z" and A, respectively.
We define «, to be the linear transformation
(1) (k)

1 k
aél)...a;k) = Oy g e Oy e

vz corresponds to the space-translation by z € Z" and it extends to an automorphism
of A. Hence 7 is a representation of the abelian group Z” by automorphisms of the
quasilocal algebra A. Clearly, the covariance condition

Va ('AA) = A/H-ac

holds, where A + x is the space-translate of the region A by the displacement x. An
important property of space-translations is that they are asymptotically abelian: If
|z| is large enough then

[V (Aa, ), Aa,] =0 (1.1)

for given finite regions Ay, Ay C Z".

Having described the kinematical structure of lattice systems we turn to the
dynamics. The local Hamiltonian H(A) is taken to be the total potential energy
among the spins confined to A. This energy may come from many-body interactions
of various orders. Most generally, we assume that there exists a global function &
such that for any finite subsystem A the local Hamiltonian takes the form

H(A) =) &(X). (1.2)

XcA

Each &(X) represents the interaction energy of the particles in X. Mathematically,
&(X) is a selfadjoint element of Ax and H(A) will be a selfadjoint operator in Aj,.
We restrict our discussion to translationally invariant interactions which satisfy the
additional requirement

V2(P(X)) = (X + z) (1.3)

for every x € Z" and every region X C Z". For a finite subset A C Z" let |A|
denote the volume of A (or the number of points in A). Furthermore, let d(A) denote
the largest distance between two points in A. d(A) is called the diameter of A. An
interaction @ is said to be of finite range if there is a number dy > 0 such that
@(A) = 0 whenever d(A) > dp. The infimum of such numbers is termed the range of
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@. The interaction @ is called finite body if there exist N € IN such that #(A) =0
whenever |A| > N. Any finite-range interaction is of finite body.

If w is a state of the quasilocal algebra A then it will induce a state w, on Ay,
the finite system of the region A of Z”. The energy, entropy and free energy of this
finite system are given by the following formulas.

EA(LU) == TI'ADAH(A) y

Sa(w) = =TrpDjlog Dy, (1.4)

F{(w) = Ba(®) = 5Sa(w).
Here D, denotes the density of w4 with respect to the trace Tryq of A4 and 8 > 0
denotes the inverse temperature. The functionals £ 4, S5 and Fff are termed local. It
is rather obvious that all three local functionals are continuous if the weak™* topology
is considered on the state space of the quasilocal algebra. The energy is affine, the
entropy is concave and consequently, the free energy is a convex functional.

The thermodynamic limit, “A tends to infinity” may be taken along lattice par-
allelepipeds. Let a € Z” with positive coordinates and define

Ala)={zeZ":0<2;<a;, i=12,...,v}. (1.5)

The volume of the parallelepiped A(a) is V(a) = [],_, a; and we write a — o0
if a; — oo for all 1 < ¢ < v. When a — oo, A(a) tends to infinity in a manner
suitable for the study of thermodynamic limit: The boundary of the parallelepipeds
is getting more and more negligible compared with the volume. The notion of limit in
the sense of van Hove makes this idea more precise and physically more satisfactory
(see [28]). For the sake of simplicity we restrict ourselves to thermodynamic limit
along parallelepipeds. (Although most results in the sequel hold more generally.)

We may define the global energy, entropy and free energy functionals of transla-
tionally invariant states to be

e(w) = Jim Ba@w)/|Al, (1.6)
s(w) = lim Sa(w)/|Al, (1.7)
FPw) = Jim Fiw)/|4], (18)

and assume that the global time evolution is given by the limit

oi(a) = lilrlna{l(a) (teR,a€ Ay), (1.9)

where o{1(a) = €M ge~*H(A) The existence of the limit in (1.7) is guarenteed
by the (strong) subadditivity of entropy, while that of the limits in (1.6), (1.8) and
(1.9) is assumed if the interaction is suitably tempered, as it certainly does if the
interaction is of finite range.

Theorem 1.1. For any translationally invariant state w of the quasilocal algebra A,
the limit (1.7) exists and

s(w) = inf{Saa)()/|A(a) : a € Z4} . (1.10)
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Moreover, the mean entropy functional s is affine and upper semicontinuous when
the state space is endowed with the weak* topology.

In the treatment of the quantum spin system the set &, of all translationally
invariant states is essential. The global entropy functional s is an upper semicontinu-
ous affine function on &, and physically it is a macroscopic quantity which does not
have a microscopic (that is, local) counterpart. Indeed, the local entropy functional
is not an observable because it is not affine on the (local) state space. The local
internal energy F(w) is microscopic observable and the energy density functional e
of &, is the corresponding global extensive quantity.

The translationally invariant interactions of finite range form a real vector space
F which may be endowed with the norm

|2 =3 “‘ﬁ(j’”.

A0

(1.11)

This normed space F is not complete. Its completion F~ consists of the translation-
ally invariant interactions @ such that

d(A
sl
2]

(Such @ are sometimes called relatively short range interactions.) The next results
show that || .| is the natural norm for interactions.

Theorem 1.2. Let @ € 7~ and w be a translationally invariant state of the quasilo-
cal algebra A. Then the thermodynamic limit (1.6) exists and the energy density is
given by
(A
e(w) =w(As) and As = Z %
A30

Furthermore, e(w) is an affine weakly* continuous functional of w.
Under the assumption of the previous theorem the free energy density f#(w) =
e(w) — B~ 1s(w) exists and it is an affine lower semicontinuous function of the trans-

lationally invariant state w.
We consider now a finite local system A4. The free energy functional

s P(E(A)) — %S(zp)

defined on the state space of A, is minimized by the canonical state

c Tr» a e BH(A)
0% (a) = Ty, o PHA) (a € Ay). (1.12)
The minimal value is given by
1



We shall call it canonical local free energy. This quantity depends on the inverse
temperature $ and on the interaction @. Our next goal is to discuss the existence of
the thermodynamic limit of the canonical local free energy. The corresponding global
quantity is called canonical free energy (density) but it is more usual to introduce
notation for its constant multiple which is named pressure. So the next theorem
establishes the existence of the pressure p. In terms of the pressure p the canonical
global free energy is —3~1p.

Theorem 1.3. For a relatively short range interaction ® € 7~ and 0 < 8 < oo the
thermodynamic limit

. 1 _
All_)lrréomlogTrAe BH(A) = p(B,P)

exists and satisfies the inequality

Ip(B, @) —p(B,¥)| < Bl|@ — ¥ (@, ¥ € F7).

Moreover, p is a convex functional of the interaction.

As an analogue of the variational principle for finite quantum systems, the global
free energy functional f# attains an absolute minimum at a translationally invariant
state, and the minimum value of f# is equal to the canonical global free energy. In
the next theorem this global variational principle will be formulated in a slightly
different but equivalent way.

Theorem 1.4. For a relatively short range interaction ® € F—

p(B,®) = sup{s(w) — Be(w) : wis a translationally invariant state on A}.

Let w be a translationally invariant state of the quasilocal algebra A. It is said
that w is globally thermodynamically stable (at the inverse temperature 8 and with
respect to the interaction @) if p(8, ®) = s(w)— B e(w), that is, w minimizes the global
free energy functional. (Some people say that w satisfies the variational principle
when it is thermodynamically stable.)

The thermodynamic stability condition may be reformulated in terms of relative
entropy. Let ¥; and 15 be states of a matrix algebra with densities D; and Ds. The
relative entropy of ¢; with respect to 1y is defined by

Tr Dy (log D1 — log D2) if supp 1 < supp s

1.14
+00 otherwise . ( )

St ) = {

In particular, S(1)1,12) is always finite if the density Dy has strictly positive eigen-
values. The relative entropy may be defined to states of an arbitrary C*-algebra and
it is a jointly convex functional. The general definition is not treated here. (Some-
thing more on relative entropy is found in Section 4.) For states ¢ and w of the
quasilocal algebra A, we have

S(w, p) =sup{S(wa,pa): ACZ"} = Ah_r)rgo S(wa,pa), (1.15)
where the relative entropy of finite dimensional restrictions is given by (1.14).

5



For a translationally invariant state w we have
S(wa, 99) = —S(wa) + BEA(w) + log Tr gePEA)

and in the thermodynamic limit

lim. |71|s<wA, 05) = h(w|B, D) = —s(w) + fe(w) + p(5, D). (1.16)

Theorem 1.4 tells us that A(w|3, ®) > 0 and this vanishes only for thermodynamically
stable states.

Let us use the notation Gg for the set of all thermodynamically stable transla-
tionally invariant states (with respect to the interaction @ and inverse temperature
B). This set is convex and is viewed as the set of equilibrium states of the infinite
lattice system at inverse temperature 3.

Theorem 1.5. For a relatively short range interaction @ € F~ the convex set 655
is a Choquet simplex and its extremal boundary consists of extremal translationally
invariant states.

By an ergodic state we shall understand an extremal translationally invariant
state.

The existence of the global time evolution (1.9) is usually proved for a class of
interactions which is between finite range and relative short range. Set for A > 0

1215 =) (a)]jeN™. (1.17)

A>0

When ||@]|, is finite, then the global time evolution exists and thermodynamic sta-
bility is equivalent to the KMS condition for translationally invariant states. This is
the case if ® € F~ is of finite body. The set of all those interactions will be denoted
by Fg, -

The theory of quantum spin systems was established in the papers [26], [27].
Theorem 1.1 was proved in [19]. (For the limit in the sense of van Hove, the strong
subadditivity is required, which was conjectured in [19] and proved in [21] somewhat
later.) Although the mean entropy s is discontinuous with respect to the weak*
topology, it is continuous for the norm topology ([12]).

The existence of the time evolution was obtained first [31] for a specific model and
then in [27] for a general finite range interaction. The equivalence of the variational
condition and the KMS condition is a result of [20] and [2]. Since the KMS condition
is not used in the present paper, we do not discuss it. Note that the existence of the
time evolution has been established in [22] under weaker condition than (1.17).

2. The Gibbs condition. The Gibbs condition provides a link between states of the
quasilocal algebra .4 and the local canonical states. This condition is formulated by
means of perturbation with a surface energy term. Given an interaction ¢ and a
finite region A C Z" the surface energy is defined as

Wa(Ad) = {&(X): X ¢ Aand X ¢ A°}. (2.1)
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It contains the contribution of all many-body interactions involving spins both from
A and its complement A°.

Lemma 2.1. For an interaction @ € Fg , the surface energy Wg(A) is defined and

L Wa ()]

A

Proof. For every ¢ > 0 choose N > 0 such that

(X
3 I |(X|)||

d(X)>N
X350

We have

DML EE DM M

-‘:CGA XﬁAC;éO)

DY > !

T€A d(X)>N

|A|Z >

z€EA d(X)KN
XNACHQD
X3z

NplA
< Noe + °|‘A|N'|||¢|||,

where Ay denotes the set of all z € A with dist(z, A°) < N, and #(X) = 0 when
|X| > Np. Since |[An|/|A| — 0 as A — oo, we obtain the lemma. 0

In order to state the Gibbs condition we recall the inner perturbation of a state.
For a state w and h = h* € A the perturbed state [w"] is defined as the unique
minimizer of the weakly* lower semicontinuous strictly convex functional

Y= S, w)+9(h),
where S(v,w) is the relative entropy (cf. (1.15)). It follows that

S([w",w) < w(h) = [W"](h) < 2||A].
Since the chain rule [[w"]¥] = [w"**] holds, this implies

S([W"), [W*]) < 2[|h — k|- (2.2)
More generally, one has

[S(®,9) = S, [¢")] < 2[1A].- (2.3)

We shall say that the state w of A satisfies the Gibbs condition in the weak sense
(with respect to g and @) if

[w P D) A = 0 (2.4)

for any finite region A C Z".



Theorem 2.2. If & € Fg, then any translationally invariant state satisfying the
Gibbs condition in the weak sense is thermodynamically stable.

Proof. We shall prove that for a translationally invariant state ¢ satisfying (2.4)

. 1 e
lim WS(()OA’()OA) =0.

A5 00
According to (2.3) we have
(i, [p™We]) < 28||Wa ()|
and from the monotonicity of relative entropy

S(ea, 0%) = S(e|As, [PV D] Ax) < S(p, [PV D) < 28| We(4)] .

The right-hand side divided by |A| tends to 0 by Lemma 2.1 and this makes the
proof complete. O

The state w of A satisfies the Gibbs condition (with respect to 8 and @) if
the cyclic vector (2 of the corresponding GNS-representation is separating for the
generated von Neumann algebra 7, (A)” and if, for any finite region A C Z", the
perturbed state [w_ﬂW¢(A)] has the following factorization property:

[wPWeD](ab) = @i (a) x 9() (2.5)

for every a € Ay, b € Aje, where ¢ is the canonical state on A4, and % is certain
state of A e. (The state 1) depends on the region A.)

Lemma 2.3. Let ¢ be a Gibbs state for a relatively short range interaction @ € Fg
at the inverse temperature 8. Let D4 be the density of ¢|. 44 and D be that of the
local canonical state. Then the operator inequality

log D} —log Dy < 28||Wa (4] (2.6)

holds for every finite region A C Z".

Proof. It suffices to show that for every state w on Ay

S(w;pa) < 5w, 07) + 26 Wa(A)]]

which is proven by the following chain of inequalities.

S(w,04) < Sw@ P, p) < S(w Y, [ PW+WD]) + 28| We(4)||
=S(w®Y,pa @) +28||Wa(A)|| = S(w, p3) + 28[[Ws(A)]|,

where the state 9 is the same as in definition (2.5). O

Theorem 2.4. Let ¢ be an ergodic Gibbs state for a relatively short range interaction
& € Fg,. Then for the density D4 of p| Ay

lim (—logDy) = s(p)I

A—oo mﬂ-(p



strongly in the GNS-representation of ¢.

Proof. First we prove that for the density D¢ of the local canonical state ¢
1 C
Jim G Ty (—log D}) = s(p)1 (2.7)

strongly. What we need is the mean ergodic theorem (cf. [8]) which tells

1
Ah_)n;o |A|7T‘P<Z% (Ag) ) = ¢(Ag)l strongly, (2.8)

where Ag is the same as in Theorem 1.2. Namely,
P(X)
Ag = —.
21X
Since we have

02l Swtao -] < = 52 FEN o

zEA xmAC;é@

as in the proof of Lemma 2.1, (2.8) implies the strong convergence

1

e (H () = o(As)1. (29)

Now in the light of the relation

B (H(A) 1
= et

— Bo(As) +p(B, )] = s(p)],

the strong limit (2.7) has been verified.

Now we set
1 1 2B||[Wa (4)||
ap=——1logDy and byp=-——logDqG+ —F—.
|A] 4] A 4]

Lemma 2.1 and relation (2.7) imply that m,(ba) — s(¢)I strongly. Moreover 0 <
ap < by by Lemma 2.3. Since (by) is uniformly bounded, to prove the theorem it
suffices to show that w(m,(ba — aa)) — 0 for a faithful normal state w of m,(A)".
Due to the Gibbs condition on ¢, the normal state ¢ induced by ¢ on m,(A)" is
faithful and

i o(ba —aa) = s(p) = s(p) =0

which completes the proof. O

The Gibbs condition appeared in [5] as the appropriate version of the Dobru-
shin-Lanford-Ruelle equilibrium condition for quantum systems. The perturbation
theory of states was developed earlier in [1], see [29] for its extension. The variational
approach to state perturbation (used above) is from [10] (see also Chapter 12 of
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[23]). When ||®||, is finite, then the Gibbs condition and the variational principle are
equivalent ([2]). So, for & € Fp , the weak form of the Gibbs condition implies the
Gibbs condition itself.

Theorem 2.4 resembles the McMillan theorem of information theory (see [6] for an
orientation and [18] for more sophisticated results). Our Theorem 2.4 is conceptually
close to [13], where random fields were discussed. It states the convergence of entropy
operators, contrary to Theorem 1.1, where the expectation values converge. (The
entropy operator appeared in [11] and a restrictedly noncommutative McMillan type
convergence theorem was obtained in [24].)

3. Macroscopic uniformity. Macroscopic uniformity is a basic feature of statisti-
cal mechanical systems and it is illustrated here, following [15], by the example of
equilibrium canonical ensemble. Let the Hamiltonian of the finite system confined
to the region A be the selfadjoint operator H(A). At the inverse temperature 3 the
equilibrium statistical operator is

which has spectral decomposition ZZ Aip; with Ay > Xa > ... > 0. (For the sake
of simplicity we have omitted $ and A from the notation. The projections p; are
assumed to be of rank one.) Choose and fix 0 < k < 1. Let n(x) be the smallest
integer such that

n(x)

j{:‘Ai;Z 11—k
=1

and set
n(k)
P(r)=> pi. (3.2)
i=1

The projection P(k) (or rather its range) is called the high probability subspace and
its orthocomplement I — P(k) is the low probability subspace. It is believed that in
the thermodynamic limit

lim = log Tr P(k) = logW (3.3)
Ar+oo|11|

exists and it is independent of the particular probability level k. (The book [15] says
that the high probability subspace is sharply defined in this case.) Limit theorems
of type (3.3) originate from the work of Shannon and led to the asymptotic equipar-
tition property of information theory (see [6]). (3.3) tells that asymptotically the
probability is concentrated on a small proportion of (eigen)states and it expresses
macroscopic uniformity for statistical mechanics. The formula was asserted on p. 76
of [15] as a “tentative theorem” which was expected to hold if the interaction falls off
rapidly enough with the distance. Grandy says also that the right-hand side of (3.3)
is an entropy. In this section we clarify (3.3) in the model of quantum spin systems.
For example, we show that the tentative theorem is a rigorous result for extremal
equilibrium states.
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When 1 is a state on a matrix algebra M, we define for 0 < x < 1
B (1) = min{log Trq : ¢ € M is a projection, ¥(q) > 1 — K}. (3.4)

If Ay > X2 > ... is the eigenvalue list of the density matrix of ¢ (in decreasing
order and counting multiplicities), then S, (%)) is given by log Tr P(k), where P(x) is
determined as in (3.2).

Theorem 3.1. Let ¢ be an ergodic Gibbs state for a relatively short range interaction
& € Fy. Then

. 1
Jim mﬂn((PA) = s(¢) (3.5)
for every 0 < k < 1.

Proof. For each § > 0 and finite region A C Z", let p4 denote the spectral projection
of —|A|7log D corresponding to the interval (s(¢) — 6, s(¢) + §). Then

exp(|4|(s(¢) = 6))Dapa < pa < exp(|4|(s(¢) +6))Dapa (3.6)

and Theorem 2.4 says that m,(ps) — I strongly as 4 — oc.
Choose (4,), A, — oo, such that

) 1 o1
lim mﬂm(LpAn) = lﬂgf W,B,i(LpA). (3.7)

n—oo

Then we can choose projections g, € Ay, , n € IN, such that ¢(¢g,) > 1 — x and

log Tr g, < Bix(pa,) + 1. (3.8)

Taking a subsequence of (g,), we may suppose that m,(¢,) — y € m,(A)"” weakly.
Hence

nli_)Igo Qa(ann) = @(y) = lim (P(Qn) > 1—k. (3'9)

n—o0

and from (3.6) we get

Tr ¢ > Tr prgn > exp (| 45| (s(@) — 6))0(Pnan)- (3.10)

By (3.9) and (3.10)

lim inf
n—oo

log Trq, > s(p) — ¢

|An|

which together with (3.7) and (3.8) implies that

lim inf Br(a)

A—00 | |

> s(p) — 0.

The other half of the proof, i.e.

. IBN(SOA)
lim su
Ame ]

< s(p)+4,
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is a consequence of the second inequality in (3.6):

Br(pa) < log Trpa
Al T[4

<s(p)+0

holds if A is so large that ¢(pa) > 1 — k. O

Relation (3.5) cannot hold for any Gibbs state. If ¢ < up? then pl(gs) > 1—&
implies ¢2(gx) > 1 — &' for some ' and

/Bm(go}l) > ﬂh‘/ (‘pgl) :

Hence the left-hand side of (3.5) is constant on a segment oy = Ap! + (1 — A)p
(0 < A < 1) (provided that it exists independently of k) but the right-hand side is
affine according to Theorem 1.1.

2

Lemma 3.2. Let ¢ be a Gibbs state for & € 7y and let a, € A4, be a positive
contraction for a sequence (A,) of regions such that A, — oc.

(i) If inf, @(an) > 6 > 0, then lim, [A,|~"log ¢4 (an) = 0.
If the surface energies Wg (A, ) are norm bounded, then
(ii) inf, ¢4 (an) > 0 implies inf, p(a,) > 0,

iii) lim,, ¢(a,) = 1 implies lim,, ¢4 (a,) = 1.
Anp

Proof. Let

1—
F(s,t)zslog?ﬁ—(l—s)log i

—  (0<st<), (3.11)

which is the relative entropy of the probability distribution (s, 1 — s) with respect to
(t,1 —t). Assume that opposite to the claim lim,, |A,|"log ¢4 (as) = 0, we have
0%, (an) < e~ 141" for some 5 > 0. Then by the monotonicity of relative entropy

S(pa,:¢%,) > F(pa,(an), ¢4, (an))

which implies

_ 1 . | c
lim sup i |S(<pAn,<pAn) zhnsz 1 |F(<pAn(an),<pAn(an))
> pliminf p(a,) > 0.
n

This contradicts to the Gibbs condition (see (1.16) and Theorem 2.2), hence the first
claim is proven.
To prove (ii) and (iii), we apply a similar argument.

F(¢4, (an), 94, (an)) < S(04,, 04,) < S(lp~P)] 0) < 26| Wa(40)]-

Hence the boundedness of F'(¢4 (an), ¢4, (an)) yield (ii) and (iii). O

Theorem 3.3. Let ¢ be a Gibbs state with respect to @ € F . Assume that the
surface energies Wg(A) are uniformly bounded, i.e. |Wg(A)|| < o whenever 4 is a
parallelepiped for some o < co. Then for every 0 < k < 1,
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lim Brlpa) _ (p) = lim ﬂ”((pi).

A—o0 |/1| o o A—o0 ‘/1|

Proof. We note first that under the conditions the Gibbs state is unique and ergodic.
Hence the first stated equality is covered by Theorem 3.1. To prove the second, our
argument will be similar to the proof of Theorem 3.1.

For a § > 0, let py be the spectral projection of —|A|~tlog D¢ corresponding
to the interval (s(¢) — 6, s(¢) + ). We know from the proof of Theorem 2.4 that
To(pa) — I strongly as A — oo (cf. (2.7)). Now let us follow the lines of the proof
of Theorem 3.1. Choose (4,,), 4, — o0, such that

. . P! c
lim Br (9%, ) = liminf W,Bn(‘/’/l),

n—00 |An‘ A—o0

and projections g, € A, such that ¢4 (¢n) > 1 - and log Trg, < B.(v%, ) + 1.
Then inf, ¢(g,) > 0 by Lemma 3.2 (ii). Assuming that 7,(¢,) = y € 7,(A)" weakly,
we get

lim @(ppgnpn) = ¢(y) = lim ¢(gn) >0
n—oo

n—o00

and limy, [A,|™" log ¢}, (Pngn) = 0 by Lemma 3.2 (i) because ¢f (Pngnpn) =
9%, (Pngn)- Since

Tr gn > Trpngn > exp(|4nl(s(p) — 6))9%, (Prdn),

we have

lim inf ﬁl‘m(m > 5(p) - 0.

A—o00

Since ¢5(pa) — 1 by Lemma 3.2 (iii), the other half is as in the proof of Theorem
3.1. O

In the one-dimensional case we have sligthly more than the content of Theorem
3.3. Namely, for & € F

K n K cn S n S cn
lim m: lim w: m M: lim m (3.12)

1
n—00 n n—00 n n—00 n n—00 n

The last equality follows from the existence of A > 0 such that

A 01 n) < O n) < AP (3.13)

for every n € IN in case of a finite range interaction (see [5] or [4]):

I S (0fy ny) = 5(@)| < @fy my(| =" og Dy 1 — s(0)1])
< Ap(| —n~"log Dfy .y — s(e)1])

and this tends to 0 according to (2.7).
We make a final comment on the last equality of (3.12). The upper semicontinuity
of the entropy density yields that
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lim sup S(ei) < s(p) (3.14)
A—00 |A|

for a Gibbs state ¢ in any dimension and at any temperature.

4. Relative entropy densities. For a translationally invariant state w the limit

lim iS(wA,cpcA) = h(w|s, D) (4.1)

A—o00 |A|
exists due to the existence of the mean entropy and the pressure. (In fact, the ex-
istence of the limit can be obtained directly by a superadditivity argument and an
alternative proof is provided in this way for the existence of the pressure.) The macro-
scopic quantity h(w|8, @) characterizes thermodynamically stable states. In (4.1) we
replace the relative entropy by its variant S., and we show that the limit remains
unchanged. This is the content of the section.

Let us recall the Legendre transformation formula

S(11,12) = max{Tr D1h — log Tr exp(php + log D2) : h = h*}, (4.2)

where D; is the density of v¢;, + = 1,2 and p is the support projection of Dy. A
variant of the relative entropy is defined as

Seco(¥1,%2) = max{Tr D;h —log Tr (Dgexph) : h = h*} (4.3)
and
S(¥1,v92) > Sco(¥1,¥2) (4.4)

due to the Golden-Thompson trace inequality. (It was proved in [25] that the in-
equality in (4.4) is strict except for the case of commuting D, and Dj.) S¢, may be
related to measurements described by projection-valued measures.

Seo(W,142) = masx { 37 o () (log s (pi) — log () :

(4.4)
p; are projections and Z =1 } .
i
So (4.4) also follows from the monotonicity of relative entropy.
Lemma 4.1. Let ey,..., e, be projections in a matrix algebra M with kazl er =1

and set E(a) =Y ;. exaex (a € M). Then for every density matrix D in M,
S(D, E(D)) < logm.

Proof. By the joint convexity of the relative entropy, it suffices to establish the
upper bound for a density D of rank one. Then

S(D, E(D)) = —Tr E(D) log E(D),

which is the entropy of E(D). Since each egDey, is of rank one or zero, the rank of
E(D) is at most m and the claim follows. 0
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Theorem 4.2. Assume that the translationally invariant interaction @ is of relatively
short range and of finite body. Then for a tranlationally invariant state w of A we
have

1
i Seo(wa, ) = 1|8, @),

where wy is the restriction of w to A4 and ¢ is the local canonical state (with
respect to B and @.)

Proof. The inverse temperature S does not play any role in the theorem, so let
B = 1. Since S, is smaller than the usual relative entropy, we have to show that

1 1
lim inf — A Seco(wa, 94) > hm mS(wA,goj). (4.5)

A—o00

In order to estimate S(wy, %) from above in terms of S,, we shall replace the
density D¢ of ¢ by a positive operator Dy in such a way that the relevant entropy
quantities can be controlled.

Let C = A(N) be a cube with edge length N € IN. Given a region A C Z" we
resolve A into disjoint translated images C1,Cl, ..., CL of C. Grouping the terms in
the local Hamiltonian H(A), we write

H(A) =) H(C)+ A4,0).

=1

It can be seen that

IBEON < LS oo+ A= Clg)

A Sl 2, 4]
XNC#0D
and hence
: A4 O 1
limsup ————— < — |2(X)]|, (4.6)
vV R 6] X;ﬂ
XNC#D

where the right-hand side tends to 0 as N — oo (cf. the proof of Lemma 2.1).
For a while we fix N and A and we put 0 = ||A(4, C)||. Since

L

~Y H(C) -6 <—H(A) < =) H(C) +3,
=1

1=1
we can choose a unitary U € Ay such that UH(A)U* commutes with Zle H(C))
and

~Y H(C) -6 < -UHAU* <= H(C) +3.
=1

=1

Then for the density D¢ of ¢, we have
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exp(-UHAU") _ _exp(= S H(C) +0)

UDSU* = < =e?®F, Dg, (4.7
! Tre~H ) Tr exp(— Y1, H(C)) — 6) iz D&, (47)

and similarly
UDGU* > e ®[_, D§, . (4.8)

Let 1, ..., uy be the eigenvalue list of Dg. Then the set of eigenvalues of ®f=1Dgl
is

M M
{H pbm 0y >0, ZlmzL},
m=1 m=1

which is arranged as {n1,...,nx} and K < (L + 1)M.
Taking the spectral decomposition of Dj let us write Dy = 3. ; Ajq; where g;
are projections. We may choose a partition Jq, Js,...Jg of J such that

e 2p, < Aj < X, if j e Jg. (4.9)

Now define

K
er = qu (1<k<K) and DO:anek.
JEJk k=1

Then D¢ commutes with Dj by definition and
e 2Dy < DY < e?° Dy

holds due to (4.9). Dy is an approximation of D and we estimate the relative entropy
S(wa, 9%) using this Dy as follows. We write D for the density of wy.

S(wa, %) < S(D,e_%DO) = S(D, Dg) + 2
= S(E(D), Do) + S(D, E(D)) + 26
< Seo(D, Dy) + S(D, E(D)) + 26
< Seo(D, e DY) + S(D, E(D)) + 26
= Sco(wa, p3) +S(D, E(D)) + 46

where E(D) = Zle erDey, as in Lemma 4.1. (Here the first and the third inequali-
ties are based on the monotonicity of the relative entropy in the second variable, and
the conditional expectation property and the relation between S and S., were uti-

lized. Moreover the second inequality can be seen from the commutativity of E(D)
and Dy.) Hence

S(OJA, SOCA) < SCO(WA, (;051) 1OgK ﬁ
i A Al 4]

due to Lemma 4.1. The last term of the right-hand side are arbitrarily small by (4.6)
when N is large enough. The last but one term converges to 0 as 4 — oo because
log K < M log(1 + |A]). O

Theorem 4.2 yields the following characterization of Gibbs states. When for any
net of selfadjoint hy € A, the condition
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1
lim sup (w(hA) — Wgoj(exp(|/1|h/1))> <0 (4.10)
A
holds for a translationally invariant state w, then w is a Gibbs state.

Let ® € F—, 8 > 0 and let ¢ be a Gibbs state. The mean relative entropy
S (w, @) is defined for a translationally invariant state w as

Sy (w, ) = limsup 7'5(&“’ Pa)

4.11
msup =7 (4.11)

The existence of the limit in (4.11) is not known to us. We can see that for a
commuting interaction (i.e., [H(X), H(Y)] = 0 for every X,Y) (4.11) is a limit and
equals to h(w|®, 8) which is well-known for Gibbs fields (see [14]). We can arrive at
the same conclusion for @ € F in the one-dimensional case. Then

1S (Wi1,n)s @11,m) — S(Win) l1p)| < log A

according to (3.13). This argument extends to the multi-dimensional case at small
inverse temperature. It was proved in [5] (see also [4]) that for & € F and for small
[ there are constants A4 such that

Aitea <95 < Aapa (4.12)
and

. logAa

1 =0. 4.1

A 0 (4.13)
Therefore,

‘S(wAa(PA) - S(wAa(pSl)‘ < lOg A/1
A (4]

and we obtain

. S(waspa)
Ah_)rr;o T h(w|B,P) . (4.14)
Hence
Sm(w, ) =0 (4.15)

implies that w is a Gibbs state. The converse holds generally. When w and ¢ are
Gibbs states then Lemma 2.3 gives (4.15).

The quantity S, showed up in [9] and [25]. Theorem 4.2 is continuation of our
previous results in some sense. In [16] we showed that the relative entropy and
Sco have the same asymptotics when the reference state is a product. The content of
Theorem 4.2 is similar but the reference is the local canonical state. Entropy densities

for states of another type (including quantum Markov states) will be discussed in
[17].
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