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Abstract

The subject is the applications of the use of quasi-entropy in finite dimensional
spaces to many important quantities in quantum information. Operator monotone
functions and relative modular operators are used. The origin is the relative en-
tropy, and the f-divergence, monotone metrics, covariance and the y2-divergence
are the most important particular cases. The extension of monotone metrics to
those with two parameters is a new concept. Monotone metrics are also charac-
terized by their joint convexity property.
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Introduction

Quasi-entropy was introduced by Petz in 1985 as the quantum generalization of Csiszar’s
f-divergence in the setting of matrices or von Neumann algebras. The important special
case was the relative entropy of Umegaki and Araki. In this paper the applications
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are performed in the finite dimensional setting. Quasi-entropy has some similarity to
the monotone metrics. In both cases the modular operator is included, but there is
an essential difference: In the quasi-entropy two density matrices are included, and the
monotone metric has a single parameter of density matrices as foot-points. Indeed, the
general form of the quasi-entropy in the matrix algebra setting is

SH(D1||D2) == (A, f(Lp,Rp)Rp, A),
while the form of the monotone metric is
YHh(A, B) == (A, (f(LpR Rp) ™' B),

where Dy, Dy, and D are positive definite (density) matrices, A and B are (self-adjoint)
matrices, and (-,-) is the Hilbert-Schmidt inner product for matrices. In the above, let
Lp and Rp are the left and the right multiplications on matrices, and ]LDlRB; is the
relative modular operator in the matrix setting. For the monotone metric, an operator
monotone function f : RT — R* is used.

The aim of this paper is twofold. The first is to give a unified study of the f-divergence,
monotone metrics, the generalized covariance and the y2-divergence in terms of quasi-
entropy. Those important concepts in quantum information have often been discussed
separately in their own languages. The second is to introduce a new concept of monotone
metrics with two parameters and obtain its joint convexity, an extension of the Lieb
convexity.

In Section 1 of the paper the definition and the basic properties of the quasi-entropy
are reviewed. In Section 2 we discuss the quantum concepts mentioned above to show
that many important quantities in quantum information are special cases (or simple re-
formulations) of the quasi-entropy. We show that rather recent results on the generalized
WYD information and the y2-divergence can also be understood in terms of the quasi-
entropy. Finally in Section 3 we consider the extended monotone metrics 7}4(D1||D2)
with two parameters D, and Dy. We prove that vf(Dl ||D2) is jointly convex in the three
variables Dy, Dy and A if (and only if) f is operator monotone.

1 Quasi-entropy

Let M,, denote the algebra of n x n matrices with complex entries. For positive definite
matrices py, po € M, for A € M, and a function f : Rt = [0, 00) — R, the quasi-entropy
is defined as

Stpillpe) = (Apy*, F(A(p1/p2))(Apy®))
Tr py/* A" F(A(p1 [ p2)) (Apy ), (1)

where (B,C) := Tr B*C is the so-called Hilbert-Schmidt inner product and A(py/ps) :
M, — M,, is a linear mapping acting on matrices:

A(p1/p2)B = pBpy .
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This concept was introduced by Petz in 1985, see [23, 24|, or Chapter 7 in [22]. (The
relative modular operator A(p;/p2) was born in the context of von Neumann algebras
and the paper of Araki [2] had a big influence even in the matrix case.) The quasi-
entropy is the quantum generalization of the f-divergence of Csiszar used in classical
information theory (and statistics) [3, 20]. Therefore the quantum f-divergence could
be another terminology as in [10].

The definition of quasi-entropy can be formulated with mean. For a function f the
corresponding mean is defined as my(z,y) = f(z/y)y for positive numbers, or for com-
muting positive definite matrices. (In fact, if f : R™ — R™ satisfies f(1) = 1 and certain
other conditions, then m; is a mean discussed in [9].) The linear mappings

L, X=pX and R,X = Xp,
are positive and commuting. The mean m; makes sense for them and

St (pllp2) = (A, my(Ly,, Ry,) A). (2)

Let o : M,, — M,, be a linear mapping between two matrix algebras. The dual
ao* : M,, = M,,, with respect to the Hilbert-Schmidt inner product is positive if and only
if av is positive. Moreover, « is unital if and only if a* is trace-preserving. The mapping
« is called a Schwarz mapping if

o(B'B) > a(B")a(B) (3)
for every B € M,,.

The quasi-entropies are monotone and jointly convex (under a suitable condition for
f) (22, 24].

Theorem 1 Assume that f : RT — R is an operator monotone function with f(0) >0
and o : M,, — M,,, is a unital Schwarz mapping. Then

S (p)lla*(p2) = S7 (pallp2) (4)

holds for A € M,, and for invertible density matrices p1 and py from the matriz algebra
M,,.

It is remarkable that for a multiplicative « (i.e., « is a *-homomorphism) we do not
need the condition f(0) > 0. Moreover, since V*AV = Ay, we do not need the operator
monotony of the function f. In this case the operator concavity is the only condition to
obtain the result analogous to Theorem 1. If we apply the monotonicity (4) (with —f
in place of f) to the embedding a(X) = X & X of M,, into M,, ® M,, C M,, ® M, and
to the densities p; = AE; & (1 — A\)Fy, po = AEy @ (1 — )}, then we obtain the joint
convexity of the quasi-entropy:

Theorem 2 If f : Rt — R is an operator convex, then Sf(lepg) is jointly convex in
the variables py and ps.



If we consider the quasi-entropy in the terminology of means, then we can have another
proof. The joint convexity of the mean is the inequality

F(Larra)2R 3,y gy ) RBr B2 < 5F (L RE)RE, + 3./ (La,Rp,) Rz,
which can be simplified as
fLar+a,Rp 4 )

< R\ {5 Ry, (L RDRE R, s, + R, U, Ry, f (L, Rp)RY, Ry,

= Cf(L4,R5)C* + Df(La,R5)D".
Here CC* + DD* = I and

C(La,R5)C* + D(La,R5)D* = La, 4 4,R5 5,
So the joint convexity of the quasi-entropy has the form
fCXC*+DYD") <Cf(X)C*+ Df(Y)D*

which is true for an operator convex function f [6, 28].

If f:RT — R* is operator monotone, then it is operator concave and we have joint
concavity in the previous theorem. The book [28] contains information about operator
monotone functions. The standard useful properties are integral representations. The

Lowner theorem is © (A+1)
x
f(x):f(0)+ﬁx+/0 Nra

where 3 > 0 and g is a finite positive measure on (0, 00).

dp(A), (5)

An operator monotone function f : Rt — R* will be called standard if f is symmetric
and normalized, i.e., zf(z™!) = f(z) and f(1) = 1. A standard function f admits a
canonical representation

1+t ! ) -1
== eXp/o(l_t) D1 OA AT 1)2

where h : [0,1] — [0,1] is a measurable function [7].

h()\) d), (6)

2 Applications

The concept of quasi-entropy includes many important special cases.



2.1 f-divergences

If po and p; are different and A = I, then we have a kind of relative entropy. For
f(z) = zlogz we have Umegaki’s relative entropy S(p1||p2) = Tr p1(log p1 — log po). (If
we want an operator monotone function, then we can take f(z) = logz and then we get
S(p2]|lp1).) This makes the probabilistic and non-commutative situation compatible as
one can see in the next argument.

Let p; and py be density matrices in M,,. If in certain basis they have diagonal

p = (p1,p2,---,pn) and ¢ = (q1,q2, .-, qy), then the monotonicity theorem gives the
inequality

Dy(pllg) < S¢(prllp2) (7)

for an operator convex function f, where Df(p||q) is the f-divergence of p,q. If p; and
p2 commute, then we can take the common eigen-basis and in (7) the equality appears.
It is not trivial that otherwise the inequality is strict.

If p; and py are different, then there is a choice for p and ¢ such that they are different
as well. Then

0 < Dy(pllg) < Sy(prllp)

as long as f is a non-linear operator convex function and f(1) = 1. Conversely, if
S¢(p1]lp2) = 0, then p = ¢ for every basis and this implies p; = py. For the relative
entropy, a deeper result is known. The Pinsker-Csiszdr inequality says that

Ip — qll} < 2D(pllg)- (8)

This extends to the quantum case as
o1 = p2|lT < 25(p1lpa), (9)
see [11] or [28, Chap. 3.

Example 1 The f-divergence with f(x) = xlogx is the relative entropy. The rather
familiar modification of the logarithm is

(B €(0,1)),

whose limit as 8 — 0 is the log. If we take fz(x) = xloggx, then

TrpHﬁp*ﬁ -1
Ss(p1llp2) = : 52

Since fz is operator convex, this is a good generalized relative entropy. It appeared in
the paper [31] (see also [22, Chap. 3]) and

S(prllp2) < Sp(prllpz) (B €(0,1))
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was proven. The relative entropies of degree o
Sa = ———Tr (I — p5p1%)p1.
(p1llp2) ol —a) (1= pypi*)m
are essentially the same. O

The f-divergence is contained in details in the recent papers [29, 10]. Recent results

on the monotonicity of the f-divergence in the case where f is operator convex are in
[18, 10].

2.2 WYD information

In the paper [14] the functions

Zﬁ(:p—mp) if p#£ 1,
gp(x) :=
xlogx ifp=1

were used, which is a reparametrization of fz(z) in Example 1 (up to a constant). (Note
that g, is well-defined for > 0 and p # 0.) The considered case is p € (0, 2]; then g, is
operator concave.

For strictly positive A and B, Jencovd and Ruskai [14] defined
J,(K, A, B) := TrvVBK* g,(LsR3")(KVB)
which is the particular case of the quasi-entropy Sf (A]|B) with f = g,.

The joint concavity of J,(K, A, B) is stated in Theorem 2 in [14] and this is a particular
case of Theorem 2 above. For K = K*, we have

J (K, A A) = — Tr [K, AP][K, AY7)

2p(1 —p)

which is the Wigner-Yanase-Dyson information [33] (up to a constant) and extends it to
the range (0, 2].

2.3 Monotone metrics

Let M, be the set of positive definite density matrices in M,,. This is a differentiable
manifold and the set of tangent vectors is {A = A* € M,, : Tr A = 0}. A Riemannian
metric is a family of real inner products yp(A, B) on the tangent vectors [21]. By
monotone metrics we mean a family of inner products for all manifolds M,, such that

80y (B(A), B(A)) < 7p(A, A) (10)
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for every completely positive trace-preserving mapping 5 : M,, — M,,.

Define JfD :M,, - M,, as
I}, = f(LpRHRp = Lpms Ry, (11)
where f: Rt — Rt and my is the mean induced by the function f.
It was obtained in the paper [26] that monotone metrics with the property
vp(A,A) =TrD'A* if AD = DA (12)
has the form
Yo(A, B) = 75 (A, B) := Tr A(J5) " (B) (13)

where f is a standard operator monotone function. These monotone metrics are ab-
stract Fisher informations [25]; the condition (12) tells that in the commutative case
the classical Fisher information is required. The familiar case in physics corresponds to
f(z) = (14 x)/2, this gives the SLD (or Bures-Uhlmann) Fisher information [13]

Since

T A() ™ (B) = (AD™)D'%, £ (A(D/D)(AD™)D'),

we have

vp(A, A) = S{R 7 (D||D).

So the monotone metric can be reformulated in terms of the quasi-entropy, but there is
another relation. The next example has been well-known.

Example 2 The Bogoliubov-Kubo-Mori Fisher information is induced by the function

-1 1
2 :/ 2t dt.
log x 0

1 1
ThA = / (LoRS)'RpA dt — / D'AD™ dt
0

0

()

Then

and computing the inverse we have
(A, B) = / Tr (D +tI) A(D + tI)"'B dt.
0

A characterization is in the paper [5] and the relation with the relative entropy is

82
S(D + tA|D + sB)

BKM (4 B) — .
(4, B) Otos t=5=0



Lesniewski and Ruskai [18] discovered that any monotone Fisher information is ob-
tained from an f-divergence by derivation:

2

0
f _
7h(A.B) = 5=-Sp(D +tA|D + sB)

t:s:0‘
The relation of the function F' to the function f in this formula is

1 F)+tF(t™)

O L (1)

When f is an operator monotone function, the monotone metric v/ (A, B) in (13)
makes sense for all positive definite matrices D and general A, B € M,,, and the mono-
tonicity (10) holds for such general D and A [26]. In this general situation, if (10)
is assumed but condition (12) is not required, then we have the generalized monotone
metric characterized by Kumagai [16]. They have the form

K,(A, B) == b(Tr p)Tr A"Tr B + (A, (J]) 7 (B)),
where f: RT — R* is operator monotone, f(1) =1, b: Rt — R" and ¢ > 0.

Let 8 : M, ® My — M,, be defined as

|:Bll BlQ

— B + Bas.
By 3221 11 22

This is completely positive and trace-preserving, it is a so-called partial trace. For

[AD, 0 Y
D‘{ 0 (1—A>Dz]’ A‘[ 0 (1-NA,

the inequality (10) gives

’7/\D1+(1—,\)D2()\A1 + (1 — )\>A27 AAl + (1 — A)AQ)
< Yo, (AAL AAL) + Y-, (1T — A) Az, (1 — A)Ay).

Since y,p(tA,tB) = typ(A, B), we obtain the joint convexity:

Theorem 3 For an operator monotone function f, the monotone metric fy,’;(A,A) s a
joint convex function of (D, A) of positive definite D and general A € M,,.

In particular, the convexity of 7% (A4, A) in D can be reformulated from formula (13).
We have the convexity of the operator (J4,)~! in the positive definite D.



2.4 Generalized covariance

If pp = po = p and A, B € M,, are arbitrary, then one can approach to the generalized
covariance [27], which is defined as

aCov) (A, B) == (Ap"%, f(A(p/p))(Bp'?)) — (Tr pA*)(Tx pB). (15)

The first term is (A, Jij B) and the covariance has some similarity to the monotone met-
rics.

If p, A and B commute, then (15) becomes f(1)Tr pA*B—(Tr pA*)(Tr pB). This shows
that the normalization f(1) = 1 is natural. The generalized covariance quvi: (A, B) is

a sesquilinear form and it is determined by quvf: (A, A) for A € M,, with Tr pA = 0.
Formally, this is a quasi-entropy and Theorem 1 applies if f is operator monotone. If we
require the symmetry condition qCOVZ (A A) = quvg (A*, A*), then f should have the
symmetry zf(z7!) = f(z).

Assume that Tr pA = TrpB = 0 and p = Diag (A1, A2, ..., A,). Then

qCov/ (A, B) ZAf (Aj/ M)A (16)

The usual symmetrized covariance corresponds to the function f(t) = (t+1)/2:

Cov,(A, B) = %Tr (p(A*B + BA")) — (Tt pA")(Tr pB).

It turns out that there is a one-to-one correspondence between generalized covariances
and Fisher informations.

Theorem 4 For a standard operator monotone function f the covariance quvg(A, A)
is a concave function of p for each fixed self-adjoint A.

In fact, (A, JJA) = S{(pllp) is concave in p by Theorem 2. The convexity of (Tr pA)?
is obvious.

2.5 y’-divergence

The 2-divergence

X*(p,q) :Zz(pig—i%y = (&_1>2%

% i

was first introduced by Karl Pearson in 1900. Since

() = (Tl e) <3 ()’

Pi_4
gi




we have

lp = allf < x*(, ). (17)
We also remark that the y2-divergence is an f-divergence of Csiszar with f(z) = (z—1)?
which is an operator convex function. In the quantum case definition (1) gives

S¢(p,o) =Trp*c™" — 1.
Another quantum generalization was introduced very recently in [32]:

Clp.o) =T ((p—0)o(p— 0)0* ) = Trpopo° '~ 1,
where a € [0,1]. If p and o commute, then this formula is independent of . In the

general case the above Sf(p, o) comes for a = 0.

More generally, they defined

Xa(p.o) = {p—0,9(p—0)),

where QOF = R-'k(A(o /o)) and 1/k is a standard operator monotone function. In the

present notation Qf = (J¥*)~1

Xi(p, o) = (p,Qhp) — 1= (p,(T/*) ' p) — 1 =¥ (p, p) — 1.

Up to the additive constant this is a monotone metric. The monotonicity of the y>2-
divergence follows from (10) and monotonicity is stated as Theorem 4 in the paper [32],
where the important function £ is

1

ko(z) = 5 (z742%7") and x; = x>

and for density matrices we have

Note that 1/k, is a standard operator monotone function for a@ € [0,1] and k,(z) is
convex in the variable . The latter implies that x2 is convex in a. The x2-divergence
X2 is minimal if o = 1/2. (It is interesting that this appeared in [30] as Example 4.)

When 1/k(x) = (1+x)/2 is the largest standard operator monotone function, then the
corresponding y?-divergence is the smallest and in the paper [32] the notation x3 . ..(p, o)
is used. Actually,

X%ures(p7 U) = 2/ Trpexp(—ta)peXp(—tU) dt — ].7
0
see Example 1 in [30].
The monotonicity and the classical inequality (17) imply that

lp—ollf < X*(p,0).

Indeed, if E' is the conditional expectation onto the commutative algebra generated by
p — o, then

lp—olli = 1E(p) — E(0)I} < x*(E(p), E(0)) < X*(p,0).
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3 Extension of monotone metric

As an extension of the operator (11), define ‘,]]fDLDQ :M,, = M,, as

JDl Dy T f<LD1R51)RD2 = f<A(D1/D2))RD2 =Lp, my Rp, ,
where f : RT — R*. In this terminology,

5}4(01H02) (4, J£1p2 ).

Theorem 2 says that for an operator monotone function f, (A, J/

1. 0 A) is a jointly concave
function of the variables p; and ps.

The monotone metrics contains (J/ )~'; therefore we consider the inverse

(JDl DQ) = f_l(A(Dl/Dﬁ)RB;

whenever f(z) > 0 for x > 0. In this section § is completely positive trace-preserving
mapping between matrix spaces.

Lemma 1 Assume that Dy, Do, B(D1), and 3(Ds) are positive definite and that f(z) >
0 for x > 0. Then the conditions

B Tyiony o) B < T, p,) 7" (18)

and
B835,.0,8" < Ty s (19)

are equivalent.

Proof: The following inequalities are equivalent forms of (18):
(F50.0.)"* 8" o) s0)) B0 * < 1,
10,5002 B@hy02) 21 = 1Dy.0,) 8" Ty, 500) " BTD,0) 2 < 1,
15, 028" B p0) smay) 21 < 1,

f v/t _
Foonyam) BB, B" Ty o)™ < -
The last inequality is equivalent to (19). -

Example 3 Let f(x) = sz + 1, where s > 0. Then
< (JDl D2) 1A> = <A7 (SA(Dl/D2) + 1)_1RB;A> = <A7 (S]L‘Dl + RDQ)_1A>'
This was studied in the paper [18], where the result
B (sLgny) + Rpn,)) ™' 8 < (sLp, +Rp,)™" (20)
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was obtained. Another formulation is

B Toony a2~ 8 < Th,0,) " (21)
which is equivalent to
) * !
ﬁle,DZﬁ S “Uﬂ(Dl)ﬂ(Dz) (22)
due to the previous lemma.

For f(z) = sz + 1 this is rather obvious:
(A, 6JD1 p,3"A) = sTr D13*(A)B"(A") + Tr Do 5" (A™) 5" (A)

and

(AT 00 s0payA) = sTr Dy B*(AA™) + Tr DB (A" A).

The Schwarz inequality
AHX)BH(XT) < f7(XXT)
is used, which gives (22) and hence (20). O

Theorem 5 Let 3 : M,, — M,, be a completely positive trace-preserving mapping and
f:10,400) — (0,400) be an operator monotone function. Assume that Dy, Dy, B(D1),
and B(D3) are positive definite. Then

/6 (“]]f B(D1),8(D2) ) 6 ( Dy, DQ)_I'
Proof: Due to Lemma 1 it is enough to prove (19) for an operator monotone function.
Based on the Léwner theorem (5), we may consider f(z) =z/(A+x) (A > 0). So

A T
PPz A+ Lp, Ry

and the equivalent form (19) is
(B(A), (A + Loy R, g,y B(A)) < (A, (A + L, Rp, )L, A)
or
ATr B(A*)B(D1) ' B(A) + Tr B(A)B(D2) ' B(A*) < ATr A*Di ' A+ Tr AD; T A*.
This inequality is true due to the matrix inequality
BXTBY)B(X) < BXYTIX) (Y >0),
see [19]. O
The generalized monotone metric
Yby0.(A, B) := (A, (I, p,) "' B) (23)

is an extension of the monotone metric which is the case D; = Dy = D. We can call it
also as monotone metric with two parameters. (The geometric meaning of this quantity
is not clear in the moment, although the case f(x) = 1 + sz appeared already in the

paper [18].)
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Example 4 Let f(x) = (x 4+ 1)/2. Then
35, p,A=L(D1A+ ADy)

and
(JfDLDQ)*lB = / exp(—tDy/2)Bexp(—tD4/2) dt.
0

If Dy, Dy and B commute, then

W, p) B = (%)_1 B
0
Example 5 Let f(x) = (2 — 1)/logz. Then similarly to J/, in Example 2, we have
35, p, A= / 1 DY{AD)™ dt.
0
When
D = Z)‘iP’i and Dy = Zuij
? J

are the spectral decompositions, then

I A= ms(Ni, 1) BAQ;, (24)

.3
where my is the logarithmic mean. (The formula is general, it holds for all functions
f Rt — R*.) To show that
(I}, p,) B :/ (Dy +tI)"'B(Dy + tI)"" dt.
0

is really the inverse, we may compute

o 1
(Dy +t) 'B(Dy+tl) tdt =Y —————P,BQ;,
If Dy, Dy and B commute, then
Di—D
f _1B _ 1 2
(JDl’DQ) log D; —log Dy
We can recognize that in the commuting case
I . B= mys(Dy, Dy)B, (Jf )'B = ;B
D1,D2 ? D1,D2 mf(Dl, DQ) ’
where m is the mean generated by the function f, i.e., ms(z,y) = zf(y/x). O
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Now let f : (0,00) — (0, o0) be a continuous function; the definition of f at 0 is not
necessary here. Define g, h : (0,00) — (0,00) by g(z) := zf(z™') and

h(z) == (f(x)_l +g(x)_1)_1, > 0. (25)

2

Obviously, h is symmetric, i.e., h(z) = xh(z~!) for z > 0, so we may call h the harmonic
symmetrization of f.

Theorem 6 In the above situation consider the following conditions:

(i) f is operator monotone,

(ii) (D, A) — (A, (J5) " A) is jointly convex in positive definite D and general A in
M,, for every n,

(iii) (D1, Do, A) — (A, (JthDz)’lA> is jointly convex in positive definite D1, Dy and
general A in M, for every n,

(iv) (D, A) — (A, (J5)A) is jointly conver in positive definite D and self-adjoint A
in M, for every n,

(v) h is operator monotone.
Then (i) < (ii) < (iii) = (iv) < (v).

When f is symmetric, one can define the metric 7D on the manifold of positive definite
matrices in M, by formula (13). Then the theorem says that ’yD(A A) is jointly convex
in (D, A) for every matrix size n if and only if fy{) is a monotone metric. Thus the
monotone metrics are characterized by the joint convexity.

The difference between two parameters and one parameter is not essential if the matrix
size can be changed. We need the next lemma.

Lemma 2 For Dy, Dy > 0 and general X in M,, let

o8 8] v ) 4 [ 3]

0 Dy 0 0 X0
Then
(Y, (ID)Y) = (X, (I, p,) ' X), (26)
(A, (J5) 7" A) = 2(X, (I, p,) ' X). (27)

Proof: First we show that

f -1 1
fy—1 X Xio o (']Dl) X1 (JDl Dg) X2 28
(JD) [Xﬂ XQJ {(JDQ Dl) "X (JDQ) ' X9 ‘ ( )
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Since continuous functions can be approximated by polynomials, it is enough to check
(28) for f(x) = z*, which is easy. From (28), (26) is obvious and

(A, (J5) 7 A) = (X, (I}, p,) 7" X) + (X, (3D, p,) ' X7).
By (24) we further have

(X, (3%, 0,)7'X) = > my(hi, ) T X*PXQ;

Zhj
= ) mp(pp M)Te XQX P = (X*, (I, p) 7' X7). (29)
1,J

Therefore,
(A, () A) = (X, (Ih, p,) 7' X) + (X, (I, p,) ' X) = 2(X, (I, p,) ' X).
O

Proof of Theorem 6: (i) = (ii) is Theorem 3 and (ii) = (iii) follows from (26). We
prove (iii) = (i). For each £ € C" let X¢ :=[£0 --- 0] € M,,, i.e., the first column of X
is £ and all other entries of X, are zero. When Dy = I and X = X, we have for D > 0
in M,

(Xe, (Th )71 Xe) = (Xe, f(D) ' Xe) = (&, f(D)1).
Hence it follows from (iii) that (¢, f(D)~'¢) is jointly convex in D > 0 in M, and £ € C™.
By a standard convergence argument we see that (D, &) — (£, f(D)71€) is jointly convex
for positive invertible D € B(H) and § € H, where B(H) is the set of bounded operators
on a separable infinite-dimensional Hilbert space H. Now Theorem 3.1 in [1] is used to
conclude that 1/f is operator monotone decreasing, so f is operator monotone.

(ii) = (iv) is trivial. Assume (iv); then it follows from (27) that (iii) holds for A
instead of f, so (v) holds thanks to (iii) = (i) for h. From (29) when A = A* and
D, = Dy = D, it follows that

(A, (J5) 7" A) = (4, (35) " A) = (A, (I) ' 4).
Hence (v) implies (iv) by applying (i) = (ii) to h. O

It is worthwhile to note that condition (iii) is strictly stronger than (iv) in Theorem
6. Consider any non-symmetric operator monotone function fy : (0,00) — (0,00) (for
example, fo(x) = 2 with a € (0,1), o # 1/2) and define

(@) ::{fo(x) if 0 <a <1,

vfo(zl) ifz>1.

Then f is not operator monotone but h given in (25) is operator monotone as the
harmonic symmetrization of f;. Hence the above fact has been shown by Theorem 6.

In the next theorem we prove the implication (i) = (iii) of Theorem 6 again in a more
general setting.
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Theorem 7 For an operator monotone function f and 6 € (0,1], the mapping
(D17D27A) < (JD D2> 9A>

is a jointly convex function of positive definite Dy, Dy and general A in M,,.

Proof: The joint concavity of operator means [15] implies that for every Dy, Do, D}, D}
> 0 we have
JDI D2 + JD/ D/

JD1+D D2+D’ = 2

Since 0 < x — 279 is operator monotone decreasing, it is known (see Remark 4.6 in [8],
also [1]) that (A, &) — (&, A7%) is jointly convex in positive invertible operators A and
vectors £. Therefore,

(A2t ) (A1) = (A4 (e Ty 2ty
5 (1A (Th,0) ) + (4, (T )04

This is the joint convexity. 0

Example 6 Consider operator monotone functions f(x) = x®, where o € [0, 1]. Then
(A, (35, p,) " A) = Tt A" D7’ AD, '~
Hence Theorem 7 shows that if p,g > 0 and p + ¢ < 1, then
(D1, Dy, A) — Tr A*D;?AD,?

is jointly convex for Dy, Dy > 0 and general A in M,,. This is a joint convexity theorem
of Lieb [17].

More detailed discussions about joint convexity of quasi-entropy type functions are
in the forthcoming paper [12].
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