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Abstract

Some functions f : RT™ — RT induce mean of positive numbers and the matrix
monotonicity gives a possibility for means of positive definite matrices. Moreover,
such a function f can define a linear mapping (JfD)_1 : M,, - M,, on matrices
(which is basic in the constructions of monotone metrics). The present subject is

to check the complete positivity of (ijj) Lin the case of a few concrete functions
f- This problem has been motivated by applications in quantum information.
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1 Introduction

Let D € M,, be a positive definite matrix and f : Rt — R* be a continuous increasing
function. A linear operator J{; : M,, — M,, is defined as

I, = f(LpRp )Ry, (1)
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where Lp,Rp : M,, - M,,,
Lp(X)=DX and Rp(X)=XD (DeM,).

(The operator LpR ;! appeared in the modular theory of von Neumann algebras.) The
operator JfD and its inverse

)~ = fHLHREHRY

occur in several quantum applications [12, 14, 17]. There the function f should be
operator monotone which means that 0 < A < B implies f(A) < f(B) for all matrices
A, B € M, for every n € N. For example,

’VD(Av B) = <Av (JfD)_1B>

is a kind of Riemannian metric, D > 0 is a foot-point and the self-adjoint matrices A
and B are tangent vectors. This inner product is real-valued if zf(z™') = f(z). We
shall call the matrix monotone function f standard if f(1) = 1 and zf(z™!) = f(x).
Standard functions are used to define (symmetric) matrix means:

Mf<A7 B) — A1/2f(A71/2BA71/2)A1/2’
see [9]. For numbers my(z,y) = xf(y/z).

It is well-known, see [9], that if f : Rt — R* is a standard matrix monotone function,
then

2x z+1
< < .
r1s/@s—
For example,
2x r—1 x+1
<z < < ,
r+1~ ~ logx — 2

they correspond to the harmonic, geometric, logarithmic and arithmetic mean.

The linear mappings (.,]]fD)*l : M,, = M,, have the monotonicity condition
o (T py) e < (IH) (2)

for every completely positive trace preserving mapping « : M,, — M,,, if f is a matrix
monotone function. The monotonicity property is important in the construction of
monotone metrics and Fisher information [11, 14] and the requirement of the matrix
monotonicity for f is motivated by these applications.

The linear transformation (J4,)~! appeared also in the paper [17] (in a different nota-
tion) and the complete positivity was questioned there. The subject of this paper is to
find functions f such that (J],;)_l (or Jé) is completely positive for every D > 0 matrix
and to show examples not being completely positive. Presently we cannot find abstract
results, only concrete functions are analyzed here. When the matrix monotonicity is not
known for a function discussed here, it is proven as well.



2 Preliminaries

A linear mapping 5 : M,, — M,, is completely positive if id,® 5 : M,, @ M,, — M,, @ M,
is positive, or equivalently

BX) =) ViXV7 with V;€M,.

In the first definition the matrix size is increased. Since in our context for (J4)~! all
dimensions n are included, it will turn out below that complete positivity is the same as
positivity (for every n).

If D = Diag(\y,...,A\,), then
ThA)y = Ayms(Ni, X)) (AeM,)

and

1
Ymp(Ai, )
Both J4, and (J4,)~! have the form of a Hadamard product A — Ao T. Note that for
id, ® J’,; and id,, ® (q]]fD)*1 we have similar situation, but the diagonal matrix has n?
positive parameters.

((J5)"A); = A (AeM,).

Lemma 1 The linear mapping 5 : M,, — M,,B(A) = Ao T is completely positive if
and only if the matrix T € M,, is positive.

Proof: If 8 is completely positive, then Ao T > 0 for every positive A. This implies
the positivity of T'.

The mapping f linearly depends on T'. Therefore, it is enough to prove the complete
positivity when T;; = A\;A;. Then

5(14) = Dlag ()\1, )\2, ce /\n)*ADlag (/\1, /\27 ey )\n)

and the complete positivity is clear. O
Assume that a standard matrix monotone function f is given. Let A, Ao, ..., A, be

strictly positive numbers. The positivity of the matrix X; € M,, defined as
(Xp)i = ms(Ais Ag) (3)

is an interesting question. We call X; mean matriz. (A stronger property than positivity
is the so-called infinite divisibility [2], this is not studied here, but some results are used.)

The choice Ay = 1 and Ay = x shows that

flz) < Vz



is a necessary condition for the positivity of the mean matrix, in other words m should
be smaller than the geometric mean. If f(x) > y/z, then the matrix

1
Yi)ij = ———— 4
can be positive. The matrix (4) was important in the paper [11] for the characterization
of monotone metrics, see also [6, 7, 8, 12, 13, 14].

If f(z) = /z, then both J}, and (JJ,)"! are completely positive, since (X;);; =
VAin/Aj and (Yy)i; = 1/(v/Aiy/A;) are positive matrices. We show some other simple

examples.

Example 1 If f(z) = (1 + x)/2, the arithmetic mean, then Y/ is the so-called Cauchy
matrix,
2 o
Y, = —9 —8\j ,—8A;j d
( f) J )\l + )\] /0 e e S5

which is positive. Therefore, the mapping A — A o Y} is completely positive. This can
be seen also from the formula

(J5)"1(A) = 2/0OO exp(—sD)Aexp(—sD) ds.

0
Example 2 The logarithmic mean corresponds to the function f(z) = (x —1)/logx.
The mapping
I 1(A) = /OO(D +t)PAD + ) dt
is completely positive. ’

Let D = Diag (A, Ag,...,\y) be positive definite. Since (J},)"'(A) = Ao Y} is a
Hadamard product with

log \; — log A;
Vi) = —2 0t 60
( f) J )\z _ )\j

the complete positivity of the mapping (‘,]V,;)_1 implies the positivity of Y.

Another proof comes from the formula

log)\i—log)\j _/OO 1 1
/\i_)\j - 0 S+)\i8—|—)\j

due to a Hadamard product. 0

If the standard matrix monotone function f(z) is between /x and (x + 1)/2, then
g(z) := 1/f(x71) is a standard matrix monotone function as well and 2z/(x + 1) <
g(x) < /z. Tt follows that the positivity of (4) is equivalent to the positivity of the
mean matrix
Aidj

(Xy)ij = my(N\i, \j) = —————.
g% g J mf(/\“)\])



3 Results

Example 3 Consider the standard matrix monotone function
1
fi(z) = é(xt +2' > Vr (0<t<1).

(The corresponding mean is sometimes called Heinz mean).

To find the inverse of the mapping
I = %(DtAD” + D'"tADY)

we should solve the equation

2A = D'YD'" '+ DY D!,
when Y = (J:)~1(A) is unknown. This has the form

2D 'ADTt =Yy D% 4 DY
which is a Sylvester equation. The solution is
I 1A =Y = / h exp(—sD' ) (2Dt AD ™) exp(—sD' %) ds.

0

This mapping is positive. 0]

The function

) =2t 1 = (2 ) (x-gl)“t 5)

1+«

is a kind of interpolation between the arithmetic mean (¢ = 0) and the harmonic mean
(t = 1). This function appeared in the paper [4] and it is proven there that it is a
standard matrix monotone function.

Theorem 1 Ift € (0,1/2), then
ft(l’) — 22t71xt(1 _i_x)lth > \/E

and the mapping (J{;)_l is completely positive.

Proof: We shall use the mean matrix approach and show that

1 21—2t :
Y. ). = _ A
( ft)w mft()\iy)\j) ()\i_l_/\j)l—%( g j)




is positive.

For |z| < 1 and 1 — 2t = a > 0 the binomial expansion yields

1—1: Zakx

where

- | CEDICEDA
(N + A" = (( +2) (1_(Ai+%)(>\j+§))>
Y S, (D =)
- (“ ) (A”é) ZE”’ﬁ((m%)(m%))
- Zak | %( (1= Q)t 0y = _)k-i-(l 20)

— ()\ +1)

Hence we have

Yt i':21_2t a ( J 2
( f)y kz:% k(/\ 41 )k+1 2t) /\t ()\‘ 2)k+(1—2t))\§

and Y7, is the sum of positive matrices of rank one.

Ift € (1/2,1) in (5), then
filz) < Va

and the positivity of the matrix
(Xft)ij =my, ()‘“ )‘J)
can be shown similarly to the above argument. Therefore Jﬁ is completely positive.

Example 4 The mean

B T+y 2xy
m(x’y)_2< 2 +x+y)

1 /142 2z
f(:v):§< 2 +1+$)

is larger than the geometric mean. Indeed,

1 + 2 +y 2
_<x v, :Uy)z :L'2y Ty _ /i

2 2 T+y r+y

induced by the function




The numerical computation shows that in this case already the determinant of a 3 x 3
matrix Yy can be negative. This example shows that the corresponding mapping (J’,;)_l
is not completely positive. 0

Next we consider the function

(@ =12
@ =D =1

filz) =t(1 —1) (6)

which was first studied in the paper [5]. If 0 < ¢ < 1, then the integral representation

1 sin ¢t

o] 1 1 1 1
fi(x) I /0 dAA /0 ds/o drx((l —mA+(1—=9))+ (rA+s) (7)

shows that f;(x) is operator monotone. (Note that in the paper [16] the operator mono-
tonicity was obtained for —1 <t < 2.) The property zf(x~1) = f(z) is obvious.

If t = 1/2, then 2
1o = (22 2 va

and the corresponding mean is called binomial mean or power mean. In this case we
have

4

(Yr)ij = ot I

The matrix )

Vi + /A

is a kind of Cauchy matrix, so it is positive. Since Yy, = 4U o U, Y7, is positive as well.

Uz'j =

If y(A) = Ao U, then (J1)~! = 442, Since
v(A) :/ exp(—svV D) Aexp(—svVD) ds,
0
we have

(I5) 1 (A) = 4/000 /0°° exp(—(s + r)VD)Aexp(—(s + )V D) ds dr. (8)

The complete positivity of (.,]]g)_1 is clear from this formula.

For the other values of ¢ in (0, 1) the proof is a bit more sophisticated.

Lemma 2 If0 <t <1, then fy(x) > /x for z > 0.



Proof: 1t is enough to show that for 0 <¢ <1 and x > 0

since this implies

Denote

Then inequality (9) reduces to g(x) > 0 for z > 1 and to g(x) <0 for 0 < < 1. Since
g(1) = 0 it suffices to verify that g is monotone increasing, in other words ¢’ > 0. By
simple calculation one obtains

g'(r) =1+ 5T
and - -
- t t— —_— t —t—
g”(m) = 1 x73 — 1 xT?”
which yields ¢"(z) < 0 for 0 < x < 1 and ¢"(z) > 0 for > 1. Thus, due to ¢'(1) = 0,
g > 0, the statement follows. O

It follows from Lemma 2 that the matrix

1—t 1—t
NN AT -
NN N = A

(Yy)ij = t(1 —t) x (1<id,j<m)

can be positive. It is a Hadamard product, so it is enough to see that

PV

(0 _
mﬁ_&—x

(1<i,j<m)
j

is positive for 0 < ¢ < 1. It is a well-known fact (see [1]) that the function g : Rt — R
is matrix monotone if and only if the Lowner matrices

g(Ai) — g(A)) -
Lz’j:T)\jJ (1<id,j<m)

are positive. The function g(z) = 2’ is matrix monotone for 0 < ¢t < 1 and the positivity
of UM and Y}, follows. So we have:

Theorem 2 For the function (6) the mapping (Jg)_l is completely positive if 0 < t < 1.
To see the explicit complete positivity of (Jg)_l, the mappings v,(A) = Ao U® are
useful, we have

T 7HA) = (1 — )n(r1-e(A)).

8



Instead of the Hadamard product, which needs the diagonality of D, we can use

m(A) = %(D + zA)

=0

We compute 7; from

L [
(D + zA) = ST / (I —s(D+zA+sI)™") s ds.
™ Jo
So we obtain it [
y(A) = 28 / SH(D + sI)YA(D + sI)" ds
™ Jo

and
sin7t sinmw(1 —t)
2

() H(A) = 10— )=
/ / P tsH (D + 1) N (D + sI)PA(D + sI) "D + r1) "t ds dr-.

Example 5 The power difference means are determined by the functions

t—1 2t -1
= —-1<t<2 1
fle) = ———5—7 (F1=t<2), (10)
where the values ¢ = —1,1/2, 1, 2 correspond to the well-known means: harmonic,

geometric, logarithmic and arithmetic mean. The functions (10) are operator monotone
[3] and we show that for fixed > 0 the value f;(z) is increasing function of ¢.

By substituting = €2* one has
f(e?) = t—1 e”@ _ e’\t —1  sinh(\t)
! A A G iG] t sinh(\(t—1))

2
Since

d (t —1  sinh(\¢) ) ~ sinh(At) sinh(A(t — 1)) — At(t — 1) sinh())
dt \" t sinh(AMt—1))) t2sinh®>(A(t — 1)) ’
it suffices to show that

g(t) = sinh(At) sinh(A(t — 1)) — At(t — 1) sinh(A\) > 0.

Observe that limy,, g = +00 thus ¢ has a global minimum. By simple calculations one
obtains
g'(t) = A(sinh(A\(2t — 1)) — (2t — 1) sinh())).

It is easily seen that the zeros of ¢’ are t =0, ¢ = 1/2 and ¢t = 1 hence ¢(0) = g(1) =0
and g(1) = sinh*(3) + 4 sinh(\) > 0 implies that g > 0.

It follows that

1+z 2x
Vs fe) s —— (1/2<t<2) and ——= < fifr) <V (-1<t<1/2).

r+1—

For the values 1/2 < t < 2 the complete positivity holds. This follows from the next
lemma which contains a bigger interval for t.

9



Lemma 3 The matrix

t—1 t—1

Ye )=
( ft)U t—1 )\E—AE

is positive zf% < t.
Proof: For t > 1 the statement follows from the proof of Theorem 2, since

EATT N DT )
t—1 N t—1 M-

where 0 < &4 < 1, further, for ¢t = 1 as limit (Yy,);; = (logA; — log A;)/(A\; — A;) the
statement follows from Example 2. If % <t<llets:=1—¢twhere)<s< % Then

D N D e R I CU L OV L |

(th)U: - - S\S
t—1 M-\ —s AL— s NN N

so that (Jg)_l is the Hadamard product of U and V', where

(A = (A

Vi
is positive due to 0 < 2 <1 and
1—s5 1
Vij =
Y s NN
is positive, too. 0

Example 6 Another interpolation between the arithmetic mean (¢ = 1) and the har-
monic mean (¢ = 0) is the following:

2(tr + 1)(t + x)
(1+t)2(x+1)

filz) = (0<t<1).

First we compare this mean with the geometric mean:

(r —1)%2(2t2? — (1 — )%z + 2t)

fla®) — = 1+ 02(22 + 1)

and the sign depends on

22— U ;tt)2x+1 = (:n— u 1)2)2“ - ((1 ;tt)g)Q.

So the positivity condition is (1 —¢)? < 4t which gives 3 — 2v/2 < t < 34+ 2v/2. For these
parameters f;(x) > /z and for 0 < t < 3 — 24/2 the two means are not comparable.

10



For 3 — 2¢/2 < t < 1 the matrix monotonicity is rather straightforward:

2 (t—1)2
fe(z) (1+t)2<$+ + x+1)
However, the numerical computations show that Yy, > 0 is not true. 0

In the rest we concentrate on the matrix monotonicity of some functions. First the
Stolarsky mean is investigated in [10, 15].

o) = (u) (1)

Theorem 3 Let

P —1

where p # 1. Then f, is matriz monotone if =2 <p < 2.

Proof: First note that fy(z) = (z + 1)/2 is the arithmetic mean, the limiting case
fo(z) = (x — 1)/log z is the logarithmic mean and f_;(x) = \/x is the geometric mean,
their matrix monotonicity is well-known. If p = —2 then

ot = (5)

which will be shown to be matrix monotone at the end of the proof.

Now let us suppose that p # —2,—1,0,1,2. By Lowner’s theorem [1] f, is matrix
monotone if and only if it has a holomorphic continuation mapping the upper half plane
into itself. We define log z as log 1 := 0 then in case —2 < p < 2, since 2P — 1 # 0 in the
upper half plane, the real function p(z — 1)/(2? — 1) has a holomorphic continuation to
the upper half plane, moreover it is continuous in the closed upper half plane, further,
p(z —1)/(2 —1) # 0 (2 # 1) so f, also has a holomorphic continuation to the upper
half plane and it is also continuous in the closed upper half plane.

Assume —2 < p < 2 then it suffices to show that f, maps the upper half plane into
itself. We show that for every € > 0 there is R > 0 such that the set {z: |z] > R,Imz >
0} is mapped into {z : 0 < argz < 7 + ¢}, further, the boundary (—oo, +00) is mapped
into the closed upper half plane. By the open mapping theorem the image of a connected
open set by a holomorphic function is either a connected open set or a single point thus
it follows that the upper half plane is mapped into itself by f,.

Clearly, [0, 00) is mapped into [0, 00) by f,.

Now first suppose 0 < p < 2. Let € > 0 be sufficiently small and z € {z : |z| =
R, Im z > 0} where R > 0 is sufficiently large. Then

arg(zf — 1) =arg2 e =pargz te,

11



and similarly arg z — 1 = arg z £ € so that

-1
arg;p_l =(1—p)argz £ 2¢.
Further,
s—1|_ |Js/-1 R-1
2P —1| 7 [zp+1  Rr+1’

which is large for 0 < p < 1 and small for 1 < p < 2 if R is sufficiently large, hence

1
z—1\1I>» 1 z—1 2—p
= — + 2e = +2 .
arg <zp—1) 1_parg <zp—1) e=argz 81_p

Since £ > 0 was arbitrary it follows that {z : |z| = R, Imz > 0} is mapped into the
upper half plane by f, if R > 0 is sufficiently large.

Now, if z € [~ R, 0) then arg(z — 1) = m, further, pr < arg(z? —1) <zmfor0 <p <1
and m < arg(zP — 1) < pr for 1 < p < 2 whence

Ogarg(zp—1> <(l—-pm for 0<p<l1,
Z_

and

z
(1—p)ﬂ§arg<m> <0 for 1<p<2.

c—1\TF 1 2—1
marg | —— —1_parg 1

s—1\T7
0§arg(p—1> STF
Z_

Thus by

it follows that

so z is mapped into the closed upper half plane.

The case —2 < p < 0 can be treated similarly by studying the arguments and noting
that ) )
_ (Pa=D\T _ (kP = 1)\
fo(#) = (ﬁ) - (W -

Finally, we show that f_,(z) is matrix monotone. Clearly f_, has a holomorphic
continuation to the upper half plane (which is not continuous in the closed upper half
plane). If 0 < arg z < 7 then arg 28 = 2argz and 0 < arg(z 4+ 1) < arg z so

P
O<arg | ——— | <
(= +1)}

thus the upper half plane is mapped into itself by f_s. O

12



The limiting case p = 1 is the so-called identric mean:

1 = 1
fi(x) = —x#=T =exp (.7: 8T 1) .
e

r—1
It is not so difficult to show that f; is matrix monotone.

The inequality
1+x

Vi < f(x) <

holds if p € [—1,2]. It is proved in [2] that the matrix

A N\ T
Y )i = #)
s = (0,3

is positive.

Corollary 1 The Stolarsky mean function is matriz monotone for p € [—1,2] and the
induced mapping (Jpo)*l is completely positive.

The power mean or binomial mean

m(a,b) = (“p;bpf

o = (757

can be also a matrix monotone function:

is induced by

3 =

Theorem 4 The function

RS

o = (75 (12)

1s matriz monotone if and only if —1 < p < 1.

Proof: Observe that f_i(z) = 2z/(x+1) and fi(x) = (z+1)/2, so f, could be matrix
monotone only if —1 < p < 1. We show that it is indeed matrix monotone. The case
p = 0 as limit fy(z) = /= is well-known. Further, note that if f, is matrix monotone
for 0 < p <1 then f_,(z) =1/f,(x7") is also matrix monotone since x — ™! is matrix
monotone decreasing.

So let us assume that 0 < p < 1. Then, since 2 + 1 # 0 in the upper half plane, f,
has a holomorphic continuation to the upper half plane (by defining log z as log 1 = 0).

13



By Lowner’s theorem it suffices to show that f, maps the upper half plane into itself. If
0 < argz < 7 then 0 < arg(z” + 1) < arg z? = parg z so

21\ 1 (P41
0 < arg 5 = —arg 5 <argz < T

thus z is mapped into the upper half plane. 0

In the special case p = %,

33%—1—1 ! 1 - n k
- (52 -0

and it is well-known that z® is matrix monotone for 0 < o < 1 thus f;/, is also matrix
monotone.

Since the power mean is infinitely divisible [2] and f_,(x) = 1/f,(z™'), we have:

Corollary 2 The function of the power mean is matrix monotone for —1 < p < 1. The
mapping (Jﬁ')—l induced by the power mean is completely positive for p € [0,1] and J%
is completely positive for p € [—1,0].

4 Discussion and conclusion

The complete positivity of some linear mappings (J fD)*1 : M,, = M,, has been a question
in physical applications when the mapping is determined by a standard matrix monotone
function f : R™ — R*. The mean induced by the function f is larger than the geometric
mean. In the present paper several concrete functions are studied, for example, Heinz
mean, power difference means, Stolarsky mean and interpolations between some means.
The complete positivity of (,J]fD)*1 is equivalent to the positivity of a mean matrix. The
analysis of the functions studied here is very concrete, general statement is not known.
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