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Introduction

The notion of quasi-free state was developed in the framework of the C*-algebraic
approach to the canonical commutation relation (CCR) [14, 10, 7, 16]. The CCR-
algebra is generated by the Weyl unitaries (satisfying a commutation relation, therefore
Weyl algebra is an alternative terminology). The quasi-free states on CCR can be
regarded as analogues of Gaussian distributions in classical probability: The n-point
functions can be computed from the 2-point functions and in a kind of central limit
theorem the limiting state is quasi-free and it maximizes the von Neumann entropy
when the 2-point function is fixed [17]. The quasi-free states are quite tractable, for
example the von Neumann entropy has an explicit expression [8, 7].

The Markov property was invented by Accardi in the non-commutative (or quantum
probabilistic) setting [1, 2, 3, 4]. This Markov property is based on a completely
positive, identity preserving map, so-called quasi-conditional expectation and it was
formulated in the tensor product of matrix algebras. A state of a tensor product system
is Markovian if and only if the von Neumann entropy increase is constant. This property
and a possible definition of the Markov condition was suggested in [18]. A remarkable
property of the von Neumann entropy is the strong subadditivity [13, 9, 15, 19] which
plays an important role in the investigations of quantum system’s correlations. The
above mentioned constant increase of the von Neumann entropy is the same as the
equality for the strong subadditivity of von Neumann entropy.

A CCR (or Weyl) algebra is parametrized by a Hilbert space, so we use the notation
CCR(H) when H is the Hilbert space. Assume that ;93 is a state on the composite
system CCR(H;) ® CCR(Hz) ® CCR(H3). Denote by 12, o3 the restrictions to the
first two and to the second and third factors, similarly ¢y is the restriction to the
second factor. The Markov property is defined as

S(p123) — S(p12) = S(p23) — S(pa),

where S denotes the von Neumann entropy. When 193 is quasi-free, it is given by
a positive operator (corresponding to the 2-point function) and the main goal of the
present paper is to describe the Markov property in terms of this operator. The paper
[20] studies a similar question for the CAR algebra and [5] is about multivariate Gaus-
sian distributions. Although the multivariate Gaussian case (in classical probability) is
rather different from the present non-commutative setting, we use the same block ma-
trix formalism (and the paper [5] was actually a preparation of this problem). The proof
of the main result uses the description of sufficient statistics in the non-commutative
case. A quasi-free state is described by a block matrix and the Markov property is
formulated by the entries. A Markovian quasi-free state induces multivariate Gaussian
restrictions, but they are very special in that framework.

The paper is organized as follows. The preliminary section contains some crucial
properties of the Weyl unitaries, the Fock space, the CCR algebra and quasi-free
states. This is written for the sake of completeness, the results are known but not



well-accessible in the literature, c¢f. [6, 7, 10]. The main point is the von Neumann
entropy formula which is well-known for the CCR quasi-free state. In the next section
we investigate the quasi-free Markov triplets. We obtain a necessary and sufficient
condition described in the block matrix approach: The block matrix should be block
diagonal. There are nontrivial Markovian quasi-free states which are not a product in
the time localization. The existence of such state is interesting, because it is in contrast
to the CAR case [20]. However, the first and the third subalgebras are always inde-
pendent. Finally we prove that commuting field operators form a classical Gaussian
Markov triplet.

1 CCR algebras and quasi-free states

1.1 Introduction to Weyl unitaries

In this part the basis of Hermite functions of the Hilbert space L*(R) is described in

details, the creation, annihilation operators and the Weyl unitaries are constructed.
The Hermite polynomials

H,(z) := (—1)%302%@—%2 (n=0,1,...) (1)

are orthogonal in the Hilbert space L?(R, e’ dx), they satisfy the recursion
Hy1(x) —2zHy () + 2nH,—1(x) =0 (2)
and the differential equation
H)(z) — 2zH) (x) + 2nH,(z) = 0. (3)
The normalized Hermite polynomials

y(x) = ———H,(x) (4)

V2rnl\/T
form an orthonormal basis. From this basis of L*(R, e dx), we can get easily a basis
in L*(R):
on(z) 1= e 2 H,(z). (5)

These are called Hermite functions. In terms of the Hermite functions equation (2)

becomes
o \/ﬁwn—l(x) +Vvn+ 190n+1(x)
zpn(z) = 7 : (6)

If the operators a and a™ are defined as
aPn = \/Egpn—la aton = vVn+ 1o (7)
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with apy = 0 and the multiplication by the variable x is denoted by @, then (6) is

1
Q= E(CH‘WL)-

From the equation

a 2 2 2
- —z?/2) _ g/ —z%/2 —xz?/2
pe <Hn(x)e > H (x)e zH,(z)e ,

one can obtain

190/ _ Vign—1 —vn + lpn
i iv?2 ’

Py, =

that is

Therefore,

0= 5(Q+iP). " -

Lemma 1.1 For z € C the identity

e(z) = i %(pn(x) = 7 Y4 exp ( _Z _g x2> exp(zzV/?2)

holds. Moreover,
Z(l+ z 2
e(z) =gy, le(z)]| = €

Proof. The identity can be deduced from the generator function
Z —H, () = exp (2t — t2)
n!
n=0

of the Hermite polynomials.

The above e(z) is called exponential vector.

(8)

(10)

(11)

For z € C, the operator i(za — Za™) is defined originally on the linear combinations
of the basis vectors ¢,, and it is a symmetric operator. It can be proven that its closure

is self-adjoint, therefore exp(za — Za™) becomes a unitary.
W(Z) = eza72a+
is called Weyl unitary. Note that
W(z) = expiv2(aP + Q)
if z = a +i8. Multiple use of the identity
eQTUP) — oxp(itu/2)ePe™ = exp(—itu/2)e’ elt?

gives the following result.

(12)



Theorem 1.1
W ()W (') = W(z + 2') exp(iIm(z2"))

for z, 2" € C.
With straightforward computation one gets the following.

Lemma 1.2 )
f\z|2/2€za+ _ ez
$Yo = .
le(2)]]

za—za
e

+
@Yo =¢€

The functions

are called associated Laguerre polynomials. We write simply L, (x) for o = 0.

Theorem 1.2 Forn>m

—|2|? m' n—mypyn—m
(om, W (2)pn) = e /2\/52 L™ (12]%)
holds.

Proof. First note that definition (7) implies

(nf—!k)!(aﬂ""“gog if k <n,
ks _+\n .
a®(a™)"pg = (15)

0 if k> n.

If [A, B] commutes with A and B, then the formula e?e? = el4Bl/2eA+E holds. Since
[—za™, za] = |z|*I, we can write

—zat —12I2/2 —zat
W(Z)gOn — pfaza On =€ 2| /26 zZa eza(pn
6f|z\2/26721fr Lk
N k!
n. =0

6—|z\2/2€—2a+ n k

Vn! — El(n — k)!

Now we can compute the matrix elements:

o2z

- )
(on W) = 33 (07"




1?2 ™ (—2) "l m!
- ((a®)™ 0, (a*)" ")
m!n! = =5 Ok (n—k)(m —0)!
—|2|%/2 ( Z) z min!
e Z k! \/(n _ k)' (m _ 6)' <80mf£7 80n7k>
k=0 ¢=0

m o\ k 1!
ISRy (—2)°z m!n! 5
‘ 2 \/(n—k)!(m—@! m—ln—k;

where d;, denotes the Kronecker symbol. For n > m, we get non-vanishing elements
if and only if kK =n —m + ¢, where n —m < k < n and by the formula (14) we obtain

’Z|2€ n—my

(Pm, W(2)ipn) = "/2\/7251 —1)! n—m+l)

—Z mnm n—m
ey [ (5f2),

as we stated. O

Note that the case m > n can be read out from the Theorem, since

(Pms W(2)n) = (@n, W(=2)pm)-

The case m = n involves the Laguerre polynomials. The analogue of (11) is the formula

> 0L = —exp (1) (16)

n=0

which holds for |t| < 1 and = € RT. This formula is used to obtain

o _ 2> 1+ p
z%,u (L — p)(pn, W(z)pn) = exp < Tm) (17)
for 0 < u < 1. Note that
D= (1= p)len) (el (18)
n=0

is a statistical operator (in spectral decomposition). In the corresponding state the
self-adjoint operator

_ 5qt
== (—iz)a + (—iz)a™
i

has Gaussian distribution.



1.2 The Fock space

Let H be a Hilbert space. If 7 is a permutation of the numbers {1,2,...,n}, then on
the n-fold tensor product H®" :=H @ H ® ... ® H we have a unitary U, such that

Ur(fi® f2®...® fn) = fr) @ fr2) @ ... @ fr(n)-

The operator
1
Pfi®fr®...0Q fn) = ] wa(l) R fr2) ® ... @ frn)

is a projection onto the symmetric subspace
H'" = {g € H®" : Upg = g for every 7}

which is the linear span of the vectors
i for o ) = AV RNV oV e =3 fo ® fom @@ f
1,J2--+5J/n) = J1 2 V... n - W . (1) m(2) w(n) s

where f1, fa,..., fn € H. Obviously,

AV V. V=V V.V fam
for any permutation 7.

Assume that e, eq, ..., e, is a basis in H. When we consider a vector
€i(1) vV €i(2) V...V €i(n)

in the symmetric tensor power H"", we may assume that 1 < (1) < 4(2) < ... <
i(n) < m. A vector e; may appear several times, assume that its multiplicity is 7, that

is, 7y := {€ : i(¢) = t}. The norm of the vector is v/r!75!...7,! and

1 . . .
{ DD ei) Veig) Vo Ve 1 1< i(1) <i(2) <...<i(n) < m} (19)

[ o

is an orthonormal basis in H"". Another notation is

e ey’ .. em) = ey Ve V...V eim).

The symmetric Fock space is the direct sum
FH) =CoaoH''"oH ...

where ® is called the vacuum vector and in this spirit the summand H"V" is called
the n-particle subspace. Since HY! is identical with H, the Hilbert space F(H) is an
extension of H. The union of the vectors (19) (for every n) is a basis of the Fock space.
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Lemma 1.3 If H = H, @ Ha, then F(H) = F(H1) @ F(Ha).

Proof. 1t is enough to see that
(Hi @ Ho)™ =H" & (H/ "V @Hy) @ ... (Hy o Hy™ V) & HY™

If e;,e9,...,6, is a basis in Hy and fi, fa,..., fr is a basis in H,, then the (non-
normalized) basis vector

ey Veiy V... VeV iay Ve VeV fim—y
can be identified with
ey V ey V... Ve @ fiy Vi) V.oV fim—
which is a basis vector in HY! @ Hy ™. O
For f € H the creation operator a™(f) is defined as

a (O fis fose s fo) = s frs oo fa). (20)

a®(f) is linear in the variable f and it maps the n-particle subspace into the (n + 1)-
particle subspace. Its adjoint is the annihilation operator which acts as

n

W1 for oo f) =D A I fins fivts o fa) (21)

=1

Given an operator A € B(H) acting on the one-particle space, we can extend it to
the Fock space as follows.

‘F<A)|f17f27"‘7fn> = Z‘flv"'7fi—17Afi7fi+l7”'7fn>' (22)

The next lemma can be shown by simple computation.
Lemma 1.4 For f,g € H, we have
F(f)gl) = a™(f)alg).

Another possibility for extension, or second quantization, of an operator U € B(H)
is given by

DO fis fos oo fo) = U fLUfo, .o U f). (23)

It is easy to see that

Lemma 1.5

D(U,U,) = D(UND(Us)  and  D(U*) = T(U)*.



If U is a unitary, then I'(U) is unitary as well. Moreover, if U(?) is a continuous one-
parameter group with generator A, then the generator of the continuous one-parameter
group I'(U(t)) on F(H) is the closure of F(A). To show an example, we note that the
statistical operator (18) is (1 — p)I'(1) in the case of a one-dimensional H.

Lemma 1.6 Let H =H1 ® Ho and U = U, & Uy. Then

1.3 The algebra of the canonical commutation relation

Let H be a finite-dimensional Hilbert space. Assume that for every f € H a unitary
operator W (f) is given such that the relations

W(f)W(f2) = W(f1+ f2)exp(io(fi, f2)) (24)

W(=f)=wW(f) (25)

hold for fi, fo, f € H with o(f1, f2) := Im(fi, fo). The abstract C*-algebra generated
by these unitaries is unique and denoted by CCR(#). The relation (24) shows that
W (f1) and W( fy) commute if f; and fs are orthogonal. Therefore for an n-dimensional
H, the algebra CCR(H) is an n-fold tensor product

CCR(C) ® ... ® CCR(C).

Since W(tf)W(sf) = W((t+ s)f) for t,s € R, the mapping ¢t — W (tf) is a one-
parameter unitary group which is not norm continuous since [|[W(f1) — W(f)| > V2
when fi # f> [16].

The C*-algebra CCR(#) has a very natural state

w(W(f)) = exp (= [f]*/2) (26)

which is called Fock state. The GNS-representation of CCR(H) is called Fock rep-
resentation and it leads to the the Fock space F(#H) with cyclic vector ®. If f; and
fo are orthogonal vectors, then

wW ()W (f2) = wW(fi+ f))=exp(—|fi+ f2?/2)
= exp(—[[fil?/2) exp (= || 2]*/2) = (W (f1))w (W (f2)).

Therefore w is a product state and it follows that the GNS Hilbert space is a tensor
product. (This is another argument to justify Lemma 1.3.) We shall identify the
abstract unitary W (f) with the representing unitary acting on the tensor product
GNS-space F(H). The map

t— me(W(tf))



is an so-continuous 1-parameter group of unitaries, and according to the Stone theorem

To(W(Lf)) = exp(it B(f))

for a self-adjoint operator B(f), called field operator. Let

B(f) = 5 (B() F1BG)).

Then
[B~(f),B"(9)] = (9, f)

is the canonical commutation relation for the creation operator B*(g) and the an-
nihilation operator B~ (f). When H = C, then

W(z) = expi(a(z) + a™(2)),

where a™(z) = iza*.

1.4 Quasi-free states

The Fock state (26) can be generalized by choosing a positive operator A € B(H):

wa(W(f)) =exp (= IfII*/2 = (f, Af))- (27)
This is called quasi-free state [14].

Example 1.1 Assume that H = H; & Hs and write the positive mapping A € B(H)
in the form of block matrix:
A= [An Au}
Ay A |’

If f € Hy, then
wa(W(f ®0)) =exp(—|IfII7/2 = (f, Auf)).

Therefore the restriction of the quasi-free state ws to CCR(#H,) is the quasi-free state

WA, -
It
. All 0
=)
then wg = wa,, ® wWa,,. i

Example 1.2 Assume that H is one-dimensional and let A = A > 0. We can read out
from formulas (17) and (18) that the statistical operator of wy in the Fock representa-
tion is

o0

Di=Y 5 (55) el 29

n=0

10



(Note the = A/(1+ A) in (18).) Moreover,
wy(ata) = \. (29)

One can easily compute the von Neumann entropy of the state wy from the eigenvalues
of the statistical operator Dy:

S(wr) =n(A) —n(A+1), (30)

where n(\) = —Alog A

The case of finite-dimensional H can be reduced to the one-dimensional by the
spectral decomposition of the operator A. O

Assume that w is a state of CCR(H). If
Culf.9) = w(a"(f)alg))

can be defined, then it will be called 2-point function of w.

Theorem 1.3 Assume that the spectral decomposition of 0 < A € B(H) is

A= Z Ailes) ei. (31)

Then the statistical operator of the quasi-free state wa in the Fock representation is

m 1 i A ri 1 ror r ror T
Dy = <H m) Z (H <1‘|‘)\i> 7'_z'> ‘611,6227,,.,eré"><611,622,...,€$ ’ (32)
1

=1 i=

Tj

where summation is over n = 0,1,2... and the decompositions n =1y + 19+ ...+ 7.
Moreover,

wala®(flalg)) = (9. Af)  (f.g€H)

and

S(wa) =Trn(A) — Trn(A+1).
Proof. The basic idea is the decomposition

WA:W/\1®W/\2®--~®W/\m (33)

when the space H is decomposed into the direct sum of the one-dimensional subspaces
Cle;) and F(H) and CCR(#H) become tensor product. The statistical operator of wy,

1S
=1 N \7i 1
D=3 ( i )_T’i ri
i 1+)\z 1+)\7, Ti' 67, ><ez|

T =0 ’

the tensor product is exactly the stated matrix.

11



When we want to check the 2-point function, it is enough to consider the case
f =g =-e¢;. This is OK due to (29).

The von Neumann entropy is deduced from (30) and (33). O
If (31) holds, then

m )\l [
DAL+ A) Yt e, ... elm) = H (1 " x) el ebz, ... ey
i=1 ¢

and we have
Da=—T(A(I+A)Y), where ey = TrT(A(I+ A)7). (34)
CA

This leads to the following result.

Theorem 1.4 Let wy and wp be quasi-free state of CCR(H) which correspond to the
operators 0 < A, B € B(H). Their Connes cocycle is

[Dwa, Dwg), = utF<(A(I +A)YYB + B)—l)—it) (35)

where _
it

u = (TeT(AG + 4)7) h (BB +B))

Theorem 1.5 Letw be a state of CCR(H) such that its 2-point function is w(at(f)a(g)) =
(9, Af) (f,g € H) for a positive operator A € B(H). Then S(w) < S(wa) and equality
implies w = wy.

Proof. Consider the one-dimensional case when A = A\. We compute the relative
entropy S(w||wy):

Sllen) = ~Sw) - wllogDy) )
= —5(w) ~log(L+ ) (L lenienl ) ~ o s w( X ko) (o)
= —5(w) ~log(1+ X) ~ Alog ; i © = —5(w) + S(w)

Since the relative entropy S(w||wy) > 0 if w and wy are different, the statement is
obtained.

The general case can be proved by similar computation. The result was also obtained
in connection with the central limit theorem [17]. O

12



2 Markov triplets

Let H = Hy, @® Ho @ Hs be a finite-dimensional Hilbert space and consider the Fock
representation of CCR(H) = CCR(H; & Ha & Hs) on F(H; & He & Hs). Instead of
the C*-algebra, we work with the weak closure in the Fock representation: Ajsz :=
B(F(H1 @ Ha ® H3)) = B(F(H1)) @ B(F(Ha)) @ B(F(Hsz))). This algebra has sub-

algebras

Aip: = B(F(H1®Ha®0)) = B(F(H1)) @ B(F(H2)) ® CI,
Ass : B(F(0® Ha ® Hz)) = Cl @ B(F(Hz2)) @ B(F(Ha)),
Ay: = B(F0®H,®0)) =CI® B(F(H,)) ®CI.

Assume that Dpo3 is a statistical operator in Ajs3 and we denote by Dis, Dy, Do
its reductions in the subalgebras Ais, Az, As3, respectively. These subalgebras form a
Markov triplet with respect to the state Dja3 if

S(D123) - S(ng) - S(Dlg) - S(Dg), (36)

where S denotes the von Neumann entropy and we assume that both sides are finite
in the equation. The state w corresponding to the statistical operator Dqo3 is called
Markov state.

Condition (36) is equivalent to several other conditions, see, for example, Chapter 9
of [19] about the details and proofs. In most studies about the strong subadditivity of
the von Neumann entropy and the equality case (36), the Hilbert space is assumed to
be finite-dimensional. In our setting the Fock space is always infinite-dimensional, so
[12] might be the optimal reference. Here we prefer equivalent formulation in terms of
Connes cocyles:

[Dwiaz, D(p1 @ wia)]e = [D(wiz2 @ ¢3), D(p1 @ wa @ 93)] (37)

for every real t, where p; and @3 are arbitrary states. (In terms of the statistical
operators in (36) condition (37) has the equivalent form D, D" = DI, D;™))

Let

All A12 A13
A - A21 AQQ A23 . (38)
A31 A32 A33

be a positive operator on H; P Ho @ Hs and assume that Dqo3 is the statistical operator
of the quasi-free state w4. wy restricted to Az is a quasi-free state induced by the
operator

|:A22 A23 }
A32 A33 .
Set
I 0 0 An A O I 0 0
D - 0 A22 A23 ; B - AQl A22 0 ; C - O AQQ O
0 A32 A33 0 0 1 0 0 1

13



Then equality (37) may become
[Dwa, Dwpl; = [Dwpg, Dwcly. (39)

According to Theorem 1.4 this is the condition
P((AT+ 4D+ D)™)™) = AL ((BU + B ™)' (C(I+C)™)™)

with a set of numbers ..

One can see from formula (23) that I'(U) = AI'(V') for a A € C implies A = 1 and
U = V. Therefore condition (37) becomes the following.

Theorem 2.1 For a quasi-free state w4 the Markov property (36) is equivalent to the
condition . o . ‘ o .
Alt([ + A)*lthlt([ + D)lt — Blt([ + B)fltcflt(j_i_ C)lt (40)

for every real t.

The problem is the solution of this equation. Note that if condition (40) holds for
every real t, then analytic continuation gives all complex ¢.

Corollary 2.1 If A gives a Markov triplet, then U*AU gives a Markov triplet as well
when U = Diag (Uy, Uy, Us) with unitaries U; € B(H;), 1 <i < 3.

Example 2.1 The following matrix satisfies condition (40).

Ay [a 0] 0 {/61;1 (é] 0
A |fe c 0 0] _ 7 (41)
[3] [ } Eﬂ N

where the parameters a, b, ¢, d (and 0) are matrices. This is a block diagonal matrix,
A = Diag (A, As), so we have f(A) = Diag(f(A1), f(As)) for a function f. The

matrices B, C' and D are block diagonal as well:

B = Diag(Ay,Diag(d,I)),
C = Diag(Diag ([, c), Diag (d, I)),
D = Diag(Diag (I, c), Ay).

Therefore,
f(A)g(D) = Diag (f(A1)Diag (9(1), g(c)), f(A2)g(Az))
and
f(B)g(C) = Diag (f(A1)Diag (g(1), g(c)), Diag (f(d)g(d)., f(I)g(1)))-
If fg =1, then f(A)g(D) = f(B)g(C).

14



Note that

AH 0 0 A11 Alg 0
A == 0 A22 A23 and A == A21 AQQ 0
0 A32 A33 0 0 A33

are particular cases.

On the basis of the previous Corollary we can use block diagonal unitaries to have
further examples. O

Theorem 2.2 The condition
Ail(I + A)D(I + D)*1 = Bil(I + B)C(I + C’)*1 (42)

implies that
Alg = A12A2_21A23 and A13 = A12(A22 + [)_11423. (43)

Proof. In the computation of the inverse of a block matrix, the following formula is
very useful. If P and S are square matrices and S is invertible, then

a_[PelT_ s —(M/S)1QS ™!
M —{ } = [—5—1R(M/S)—1 s+ 5 R(M/S) st |

where (M/S) = P — QS™' R is the Schur complement of S in M (see [11, Section 7.7],
actually, the checking is a simple multiplication). If P is also invertible, the equation

ST+ STIR(M/S)T'QS™ = (M/P)? (45)

also holds, where (M/P) = S — RP~!Q is the Schur complement of P in M. For
solving (42), we partition the block matrix A in the following way

A A Az
P
A= Ao | =00 2],
Az Az Ass
where we used the fact that A is positive self-adjoint and used the notations
Aga A23}
S = :

|:A§3 Ass

P =A; and Q = [A12 Ays]. With the help of (44) we get

1 | I+ (A9 7Rs
A (I+A)_ |: _S—IQ*(A/S)—I [—l—(A/P)_l . (46)
Similarly we write D in 2 X 2 matrix form:
I 0 0
D=0 Ay Ay _{é g],
0 Az Ass

15



where 0 denotes the block matrix [0 0], or its transpose. Now we can compute the
left-hand side of (42):

I+ A/ —(4/9)71QU + )

AT APIEDT= | Sgmigr(a/s)™ [+ (A/P) S +9)7 |

(47)

1
2

With a similar procedure we have

A A 0 =
B A An 0 ={5* 2]
0 0 I
and /
0 0
C=10 Ay 0| = [é g} ,
0o o0 I
where

S:[A” ﬂ O=[An 0,

and the same remark concern for the 0 block matrices as above. We get for the right-
hand side of (42):

B BOU Lo = | BIFBST] (850U +8)
STQU(B/S) [+ (B/P) S +8)7!

]. (48)

1
2

From the equality between (47) and (48) we have equations for the block matrices.
The equality of (1,1) elements implies (A4/S) = (B/S). This and the equality of

(1,2) elements gives the equation Q(I + S)~' = Q(I + S)~!, which lead us to A3 =
Ajg(Agy + 1)1 Ags. From the (2,1) elements we have S71Q* = 5“1@*, this implies the
other necessary condition. The (2,2) elements will be equal automatically when these
conditions hold. O

According to [5], (43) means that the (1,3) element of A~! and (A + I)~! are 0. Tt

is interesting that if we take the determinant of equation (40), then we have

(Det A)(Det C)(Det D)~ *(Det B) ™!
= (Det (I + A))(Det (I + C))(Det (I + D)) *(Det (I + B))™*.

According to Theorem 5 in [5], both sides are smaller or equal than 1 and (43) is
equivalent to the condition that both sides are exactly 1.
Let X be the inverse of the block matrix (38) and suppose that (42) holds. Tedious
computation yields that
X1 = (An — A12A2_21A21)_1 ;
_ -1 _
Xio = —(An — AAy An) ApAy),
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X13 = 07
Xoo (A2 — A21A1_111‘112)_1 + Ajy Ags (Asgs — A32A2_21A23)_1 Az Az,
Xog = —Ay Asy (Ass — A32A2_21A23)71 ;
_ -1
Xss = (Ags— ApAy Ass) .

The next example shows that conditions (43) are not sufficient, in contrast to the
classical Gaussian Markov triplets [5].

Example 2.2 The matrix

e
[ 4] [

is positive and fulfills conditions (43), but (40) does not hold. Indeed, numerical
computation shows that

ot O
NN

= = 1
O =~

=&~

I

log A(T + A)™ +1ogC(I +C) ™ #log B(I + B)™ +1log D(I + D)™,

or an alternative argument is that the matrix is different from (41), cf. Theorem 2.3.

This example shows that condition
D13 Dy = D1y Dy (49)
is weaker than
DiyyDyy' = Dy Dy (t € R). (50)
Note that in the finite-dimensional case (50) is equivalent to
Dij; Dy = Diy*Dy ",
see Chapter 9 of [19]. O
In the notation
K:=A"'I+A), L=D"'I+D), M:=BYI+B), N:=C'I+0)

condition (40) becomes o o

K*ltth — M*ltNlt. (51)
Theorem 2.3 The Markov property (36) is satisfied if and only if there is a projection
P € B(H) such that P|{H,; = I, P|H3 =0 and PA = AP. In other words, A is block
diagonal in the form (41).

17



Proof. We write the matrices of the relation (51) in block form:

Ky Ky K 2 0 0

K = K21 K22 KZS ’ L= 0 L22 L23 3
_K31 K32 K33 0 L32 L33
[ My, M 0 2 0 0

M = | My My 0|, N=|0 Ny 0
0 0 2 0 0 2

Suppose that the Markov property is satisfied, and we use it in the form (51). Since
K =1+ A7! the block diagonal structure (41) of A is equivalent to that property of
K. We shall work on K.

Let C be the subalgebra generated by the set { K ittt e R}. By the factorization
result in [12], there are positive matrices X,Y € C and 0 < Z € B(H; & Ha & Hs),
such that o o o o o

K=XZ, L=YZ, Z7X =X7Z, 7Yy =Y Z. (52)
Since (51) implies that C € B(H; ® Hs) @ CI, we have X and Y in the above form

~ X 0 ~ Y O
X.:{O I} and Y.:[O I]

We write Z in a similar block form

~ 4z
Z_|:Z* 233:|’

where Z € B(H, ® H,) and 2* = [Zs1, Zs]. Then

~ ~ X7 Xz ~ YZ Yz
K_XZ_[ o 2331, and L_YZ_[Z* 233}. (53)
This implies that
Xz:Yz:z:{ 0 }, (54)
Lo

Z commutes with X and Y and
[K317K32, K33] = [Z*, 233] = [07 L32,L33]-

In particular, K3 = K13 = 0 and Ks3 = Los.
By (53) and (54), we have

K1 Ky 0 2 0 0
=XZz2=/7Y2z= —
[Km KZJ {ng} : : {0 LZQ}Z {LQQLQJ

and we get K12K23 = K12L23 = 0.

18



If the range of Loz is Hsy, then K5 = 0, and if Lo3 = 0, then Ky3 = 0, so in both
cases K is block diagonal.

Suppose now that the range of Lag is not Hy and Loz # 0. Then there is a decom-
position Hy = K, ® Ky, where K, is the range of Loz. Next we work in the frame of
the decomposition (H; & K,) & K.

For each vector £ € Iy, we have X¢ = Y& = €. It follows that there are matrices
X1,Y1 € B(H1 @ K,), such that

w3 =[5

0 I 0 I
If we write
A
/= |: i 1 :| , Zl € B(Hl @K:a> and Zgg c B(K:b),
27 a3
then X X
Kll K12 K13
X7y Xiz
xz= | NG| o s
K3 K3y Ki
and
2 0 0
YZ = {Yl*zl Y1z ] =0 L, Ll
21 Z33

0 Lz Ly
with the block decompositions of the matrices in B(H; & K, & K;) on the right-hand-
sides. This implies that Z; commutes with both X; and Y}, K1, = Z33 = Li; and

0

Xizm =Yz =2 = [ Il ] (55)
23

and we are in a similar situation as before. (Compare with the relations (52), (53) and

(54).) We also get K{,Li; = 0 exactly as before. Note that now we can write

Ky KL, 0 0
Ky Ky Ly 0
0 L, Ll Lo
0 0 Ly L

K =

Again, if L, = 0 or if the range of L}, is K,, then the matrix K is block diagonal. If
this condition does not hold, then the above procedure can be repeated: we decompose
the subspace K, = K2 @ K, where K7 is the range of Li,;, and write X7, Y7 in the
block-diagonal form, using (55), etc.

After repeating this procedure n-times, we get the matrix K in the form
Ky K, 0 0 0
K§ K3 L 00
K= 0 Ly L3 Ly 0
0 0 Lijy Li Ly
0 0 0 L3 L33
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in B(Hi &K Kp @ Ky & Hs), where K = @pZ1KF, Ki = Ky and K7, Ly, = 0. Since
Hs is finite-dimensional, there must be some n, such that the matrix L35 is either 0 or
has range K. In both cases, the matrix K has a block diagonal form, and so does the
matrix A. O

The CCR Markov triplets have some similarity to Markov states on a product algebra
M,(C) ® (M,(C) ® M;(C)) ® M,(C) (n = ut). If wy is a state on M,(C) ® M,(C)
and wy is a state on M;(C) ® M, (C), then w; ® wy is Markovian, but there are other
Markov states, however they are constructed essentially by this idea [9].

3 Connection to classical Gaussians

Markov triplets in the classical Gaussian case were studied in [5]. The present non-
commutative situation has some relation to the classical Gaussian.

Lemma 3.1 Let ey, es,..., e be linearly independent unit vectors in H such that
(€ive;) is real, 1 < i < j < k. Then the Weyl unitaries W (te;) = exp(tiB(e;))
commute. With respect to a quasi-free state (27), the joint distribution of the field
operators B(ey), B(es), ..., B(ex) is Gaussian.

Assume that f1, fa,..., fr are orthonormal vectors and Sf; = e; for a linear map-
ping S. The covariance is the matriz of the linear operator S*(I + 2A)S in the basis

Ji, fas s Tk

Proof. The characteristic function of the joint distribution is

(t1,t2,...,t;) +— walexp(it1By) exp(iteBy) . . . exp(ity, By)
= wA(W(t161 + t2€2 + ...+ tkek))
= exp (= My titsen, (1 +24)ey)))

= exp (= 35, ttilS (1 +24)S1))).
This gives the result. 0

Next we assume that H = H; @ Ho & Hs and assume that dimH,; = &k (1 <7 < 3).
Choose pairwise orthogonal unit vectors f;, 1 < j < 3k such that

f(i_1)k+r€7'li, 1<i<3, 0<r<k-1
and unit vectors e;, 1 < j < 3k such that
e(i_l)k_;,_r € Hi, 1 S 1 S 3, 0 S r S k—1 (56)

and
(€4, e,) is real for any 1 <t ,u < 3k. (57)
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There is an invertible block diagonal matrix S = Diag (51,52, S3) such that Sf; = e;,
1<j <3k

The Weyl unitaries W (te;) = exp(tiB(e;)) commute. The joint distribution of the
field operators B(e;) is Gaussian with covariance block matrix S*(1 +2A)S. It follows
from [5] that the classical (multi-valued) Gaussian triplet

(3(61)7...,B(€k)>, (B(€k+1),...,B(€2k)), (B(62k+1)7...,B(€3k))

is Markovian if and only if
[S*(I +2A)S) 13 = [S*(I +2A)S)12[S*(I + 2A)S]55 [S* (I + 2A)S]as.
Since
[S*(I 4+ 2A)S]13 = ST(I + 2A)135;5
and

[S*(142A)S]12[S* (I +2A)S)55 [S*(I +2A)S)ps = S;(I +2A)15(1 +2A)55 (I +2A)23S5,

the matrix S can be removed from the condition and we have the equivalent form
(I +2A)13 = (I + 2A)15(I + 2A)5 (I + 2A)23 which means that (1,3) element of
(I +2A)71is 0. If the quasi-free state induced by A gives a Markov triplet, then A is
the form of (41) due to Theorem 2.3. In particular, (A71);3 = 0 and reference to [5]
gives the following result.

Theorem 3.1 Let w be a quasi-free state on CCR(H1 & Ha & Hs) which is Markovian
with respect to the decomposition Hi @ He ® Hs. Assume that ej, 1 < j < 3k are unit
vectors such that (56) and (57) hold. Then the classical (multi-valued) Gaussian triplet

(B(e1),...,B(exr)), (B(egs1,...,B(ex)), (B(eagst,---,B(esx))
1s Markovian, moreover,
(B(e1),...,B(er)) and (B(eas1,--.,B(esx))

are independent.

In a final remark we compare the Markov condition for the classical multivariate
Gaussian triplet with the CCR case. The classical condition is A12A2_21A23 = Ay3. The
CCR condition can be formulated as A1 f(Ag)Asz = Az with any continuous function

f. (This implies immediately that A;3 = 0.) Therefore, the CCR condition is much
more restrictive.

References

[1] L. Accardi, The space of square roots of measures and noncommutative Markov
chains, thesis, Moscow University, Faculty of Mathematics and Mechanics, 1973.

21



2]

3]

6]

[14]

[15]

[16]

[17]

L. Accardi, On the noncommutative Markov property (in Russian), Funkcional.
Anal. i Prilozen. 9(1975), 1-8.

L. Accardi, Some trends and problems in quantum probability, in Quantum prob-
ability and applications to the quantum theory of irreversible processes, eds. L. Ac-
cardi, A. Frigerio and V. Gorini, Lecture Notes in Math. 1055, pp. 1-19. Springer,
1984.

L. Accardi and A. Frigerio, Markovian cocycles, Proc. R. Ir. Acad., 83(1983),
251-263.

T. Ando and D. Petz, Gaussian Markov triplets approached by block matrices, to
be published in Acta Sci. Math. (Szeged)

J. Blank, P. Exner and M. Havlicek, Hilbert space operators in quantum physics,
American Institute of Physics, New York, 1994.

O. Bratteli and D.W. Robinson, Operator algebras and quantum statistical me-
chanics I, II, Springer, 1979, 1981.

A. van Daele and A. Verbeure, Unitary equivalence of Fock representations on the
Weyl algebra, Comm. Math. Phys. 20(1971), 268-278.

P. Hayden, R. Jozsa, D. Petz and A. Winter, Structure of states which sat-

isfy strong subadditivity of quantum entropy with equality, Comm. Math. Phys.
246(2004), 359-374.

A.S. Holevo, Probabilistic and statistical aspects of quantum theory, North-
Holland, 1982.

R. Horn and Ch. Johnson, Matriz Analysis, Cambridge Univ. Press 1985.

A. Jencova and D. Petz, Sufficiency in quantum statistical inference, Comm. Math.
Phys. 263(2006), 259-276.

E. H. Lieb and M. B. Ruskai, Proof of the strong subadditivity of quantum-
mechanical entropy, J. Math. Phys., 14(1973), 1938-1941.

F. Manuceau and A. Verbeure, Quasi-free states of the C.C.R.-algebra and Bo-
goliubov transformations, Comm. Math. Phys., 9(1968), 293-302.

M. Ohya and D. Petz, Quantum entropy and its use, Springer-Verlag, Heidelberg,
1993.

D. Petz, An invitation to the algebra of the canonical commutation relation, Leuven
University Press, Leuven, 1990.

D. Petz, Entropy, the central limit theorem and the algebra of the canonical com-
mutation relation, Lett. Math. Phys. 24(1992), 211-220.

22



[18] D. Petz, Entropy of Markov states, Riv. di Math. Pura ed Appl. 14(1994), 33-42.

[19] D. Petz, Quantum information theory and quantum statistics, Springer-Verlag,
Heidelberg, 2008.

[20] J. Pitrik, Markovian quasifree states on canonical anticommutation relation alge-
bras, J. Math. Phys. 48(2007), 112110.

23



