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Abstract

The Pauli channel acting on 2 x 2 matrices is generalized to an n-level quantum
system. When the full matrix algebra M, is decomposed into pairwise complemen-
tary subalgebras, then trace-preserving linear mappings M,, — M,, are constructed
such that the restriction to the subalgebras are depolarizing channels. The result
is the necessary and sufficient condition of complete positivity. The main examples
appear on bipartite systems.
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In this paper we consider particular subalgebras of a full matrix algebra M,, = M,,(C).
(By a subalgebra we mean *-subalgebra with unit.) An F-subalgebra is a subalgebra
isomorphic to a full matrix algebra M. (“F” is the abbreviation of “factor”, the center
of such a subalgebra is minimal, CI.) An M-subalgebra is a maximal Abelian subalgebra,
equivalently, it is isomorphic to C". (“M” is an abbreviation of “MASA” | the center is
maximal, it is the whole subalgebra.) If A; and A; are subalgebras, then they are called
quasi-orthogonal or complementary if the subspaces A; ©CI and Ay, & CI are orthogonal
(with respect to the Hilbert-Schmidt inner product (A, B) = TrA*B). Concerning
complementary subalgebras we refer to [8], see also [6, 7, 9].

Complementary M-subalgebras can be given by mutually unbiased bases. Assume
that &,&,...,&, and 11,79, ..., n, are orthonormal bases such that

(€ my)] = % (1<ij<n).
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If A; is the algebra of all operators with diagonal matrix in the first basis and A, is
defined similarly with respect to the second basis, then A; and A are complementary
M-subalgebras.

There are examples such that M, is the linear span of pairwise complementary sub-
algebras in the case when n is a power of a prime number. If M, is decomposed into
complementary subalgebras, then we construct trace-preserving mappings M, — M,
which are completely positive under some conditions.

1 Introduction

If the pairwise complementary subalgebras A;, As,..., A, of M, are given and they
linearly span the whole algebra M,,, then any operator is the sum of the components in
the subspaces A; © CI (1 <i <7r) and CI:

r

A:_WI_‘_ZE’L(A)’

n -
=1

where F; : M,, — A; is the trace-preserving conditional expectation (which is nothing
else but the orthogonal projection with respect to the Hilbert-Schmidt inner product, see
[10] about details). It is easier to formulate things for matrices of trace 0. If Tr B = 0,
then it has orthogonal decomposition

B = ET:EZ»(B).

As a generalization of the Pauli channel on a qubit, we define a linear mapping o : M,, —
M, such that

a(B) = Z X E;(B)

or for an arbitrary A

a() = (1= 3 0) S0+ Y AE(A), (1)

n

where \; € R, 1 < i < r. We want to find the condition for complete positivity. The
motivation is the following well-known example in which the complementary subalgebras
are generated by the Pauli matrices [10].

Example 1 Let 0g = I and o1, 09, 03 be Pauli matrices, i.e.,

0 1 0 —i 10
O EE T B B EI



and let £ : My — M5 be defined as
E (woop + (wy, we, w3) - 0) = weog + (Aqwi, Agws, Azws) - o (2)
for w; € C, where \; € R and
(w1, we, w3) - 0 = w101 + W03 + W303.
Density matrices are sent to density matrices if and only if
1<\ <L

It is not difficult to compute the representing block matrix X := ), . E(Ey;) ® Eij, we
have

1423 A1+A2
2 1 0)\ A O)\ 2
% 0 —2 3 12 2 0
- )\1 Ao 1—)3
0 5 =2 0
A1t+A2 1+A3
2 0 O 2

According to Choi’s theorem [2] the positivity of this matrix is equivalent to the complete
positivity of £. X is unitarily equivalent to the matrix

(2) (2) 1-d3  A—X
0 0 X zh %
This matrix is obviously positive if and only if
L A3 > A1 £ Aol (3)
This is necessary and sufficient condition of complete positivity. O

It is not obvious that condition (3) is symmetric in the three variables Aj, Ay, As.
Condition (3) actually determines the tetrahedron which is the convex hull of the points
(1,1,1), (1,-1,-1), (—1,1,—1) and (—1,—1,1).

Now we show the idea leading to the generalization. The mapping £ in (2) has the

form
3
= ZMUz‘(')Uz‘«
i=0

From the expansion of £(c;) we can get equations and the solution is the following:

1 1

o = Z(1+/\1+/\2+>\3), 1 1(14-)\1 >\2—)\3),
1 1

M2 = Z(l—)\1+/\2—/\3)7 M3 Z(l_)\l Ao+ Ag).



If u; > 0 for every ¢, then £ is a completely positive mapping. Therefore,
1+)\32:|:(>\1+)\2), 1—)\52i()\1—>\2)

or together this is (3). (Actually, this argument gives that (3) is a sufficient condition
for the complete positivity.)

Pauli channels form an important and popular subject in quantum information theory
[1, 3, 4]. The mappings (1) were studied in the paper [5] in the case when the subalgebras
are maximal Abelian and pairwise complementary. Our method is different and we allow
non-commutative subalgebras as well.

The mapping (1) restricted to A; has the form
I
n

on density matrices D. If 0 < \; < 1, then we can say that D does not change with
probability A; and with probability 1 — ); it is sent to the tracial state. Such mappings
are usually called as depolarizing channels [10].

A simple example including non-commutative subalgebras is the following.

Example 2 Consider My = M;® M; and the complementary F-subalgebras A, ..., Ay
generated by the following triplets of unitaries:

op® o1 0902 09 & 0os,
o1 R0y 02Q01 0307,
Oa @09 0302 01 Q 09,
03Q 0y 01X 03 02& 03.

We take also the M-subalgebra As generated by o1 ® 01, 09 ® 09, 03 ® 03. The conditional
expectations E; : My — A; are convex combinations of automorphisms

1 *
=1 Z U3, AUz, (4)

where Uj; = I and Uj;’s are orthogonal unitaries from A’. Since Aj is an M-subalgebra,
= As. The subalgebras Aj,..., A} are F-subalgebras generated by the following
unitaries:
01 ® 0y 09X 0y 03®00,
op Qo1 0102 01Q 03,
gy ® 01 09 Qo2 02 03,
03801 03Q02 0¢& 03.

(The above triplets generating A; and A} (1 < j < 4) are Pauli triplets, see [7] for

details.) Moreover,
5 4
(T a)7 = 5(4 *2.2. Ui AU
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The linear mapping (1) has the concrete form

a(A) = (1 - i Ai> TZAI + i NEi(A),

where the conditional expectations Ej is expressed by the commutant, see (4). (The
condition for complete positivity of « is in Theorem 4.) 0

Our main result is the necessary and sufficient condition for the complete positivity
of mappings like (1) which can be called generalized Pauli channel.

2 Generalized Pauli channels

Let A be a (unital *-) subalgebra of M,,. Our aim is to describe the conditional expec-
tation onto A by means of an orthogonal system in the commutant.

Up to unitary equivalence, a subalgebra A of M,, can be written as

k
A=P M, &1,

i=1
The commutant A’ in M,, is

k
A =PI, @M,
i=1

Let N = Zle n? and let P; be a minimal central projection of A, that is, P, = I,,. @ I,,.

Proposition 1 Let {U;}Y, be an orthonormal basis of A. Then the completely positive
map F from M, onto A" given by

N
F(X)=) U/XU; (X€eM,)
=1

15 equal to
k

F(X) =@ 21, (PXP),

m
i=1

where Tr .. is a partial trace from M, @ M,,, onto M,,,.

In particular, if all n;/m; are equal, then —"—F 1is the trace-preserving conditional

dimA
expectation from M, onto A'.



Proof: 1f all n;/m; are equal, then their ratio is equal to di%“. Therefore it is sufficient
to prove the first assertion.

)
Let {elj)}zj 1 and {fz(j
is written by

be matrix units of M,, and M,,,, respectively. Then U;

k n
U= 30> Ul

=1 st=1

2]1

for some Ul(st € C. The operator W € My given in terms of its matrix entries by the

formula
(s,t) = /1T z st

for 1<i< N, 1<[<kandl<s,t<mis umtar Indeed, W can be considered as
the matrix which takes the orthonormal basis {2 N } of A into the orthonormal basis

{U;}. Hence we have

N
Z Wi,(l,s,t) Wi,(l’,s/,t’) - 5ll’5ss’5tt’-

i=1
and therefore

al 1
1)
S oo, = GG —. (5)

=1 !

Let T be a partial isometry with T*T = 5181 ® ftm and TT* = 212252 ® fm2 Then
we obtain

7’L12 TLll

N
F(T) = ZU TU = Ul gt pel)

1,82p Zslq p52 s14q
i=1 p=1 g=1
ny

o))
5l1lz 51825pq§ : pS1T681p

by (5) so that F' maps the off-diagonal part to 0, that is, if l; # Il then F/(T') = 0.

Now let T' = 69251 ® f752751 Then we obtain

ny

1 1
F(T) - 55152 Z ml ® ft2t1 = 5152E[nl ® ft2t1

p=1

n
= —Tr, (T
"Ly, (1)

which shows the first assertion. O

The commutant of M-subalgebras and F-subalgebras are again M-subalgebras and
F-subalgebras, and in both types it is possible to choose an orthogonal basis consist-
ing of unitaries, only. Thus by an application of the previous proposition, for such a



subalgebra A, the trace-preserving conditional expectation is the convex combination of
automorphisms:

X —

dim. A’

where {U/} is an orthogonal basis of A" consisting of unitaries. Bases consisting of
unitaries are important also in quantum state teleportation [13].

Z UrXu! (X eM,),
=1

Theorem 1 Let {U; : 1 < i < m} be an orthonormal system in M,. Then the linear
mapping

=1

1s completely positive if and only if p; > 0 for every 1 <1 < m.

Proof: Tf p; > 0 for every 1 < ¢ < m, it is clear that a is completely positive. To
prove the converse, we first show that

> W'E,;W ® Ej

(2]
is a projection if Tr WW™* = 1. This is obviously self-adjoint and we can compute that
it is idempotent:

(S wEw e Ey) (S W BaW @ Ey)
i k,l

= Y WE,WW*E,W ® Ej

i7j7l

= TtWWw* (Z W*EyW @ Eﬂ) .
il
It follows that
i,J
is a projection for every 1 < k < m. To show that they are pairwise orthogonal, we
compute the trace of P, F;:

Tr PP =Tr Y UpEyUsU EwUi @ EijEo,
%,7,U,V
= T U E;UU EUy = > Tr E;UU; ERUL UL
2 i,J

Due to the Lemma 1 below this equals Tr UyU; Tr U,U; = 0 when k # .

The complete positivity implies that
Z (ZﬂkU;EijUk & Eij> = Zﬂk(z UrEijUp @ Ez’j) = Zﬂkpk
i k k i\j k

is positive, therefore py > 0. 0



Lemma 1

> TrE;XEpY = (Te X)(TrY).

Proof: Since both sides are bilinear in the variables X and Y, it is enough to check
the case X = F, and Y = E.4. Simple computation gives that left-hand-side is d440.4.
A physicist might make a different proof of the lemma:

ST EGXERY = 3 Trled (e Xl ey = Y el XesheilY e
2%

.3 4,3
and the right-hand-side is (Tr X)(TrY’). OWe also need the next lemma; the proof can
be found in [13].

Lemma 2 Let Vi, Vs, ..., V,2 be matrices in M,. Then the following conditions are
equivalent:

1L TeVrVy =6  (1<i,j <n?),

2. Zil V*AV, = (Tr A)I for every A € M,,.

The next result includes important particular cases which are formulated afterwards.

Theorem 2 Let Ay, ..., A, be pairwise complementary subalgebras of M,, such that their

commutants A\, ..., AL are pairwise complementary as well. Then the trace-preserving
conditional expectations E; : M, — A; can be expressed by the orthonormal bases
Uji, Ujas -, Ujngjy € A, where Ui \/LEI, via the formula

E;(4 dlmA; Z Vil )

and the generalized Pauli channel (1) is completely positive if and only if

for every 1 <i <r and

ZM(&—I) > 1.
J

To prove this theorem we prepare the following proposition.

Proposition 2 Let A; and Ay be complementary subalgebras of M,,. Then A} and A,
are complementary if and only if A1 As linearly spans M,. Moreover, in this case the
trace-preserving conditional expectation Ey : M, — A) can be expressed as

Ey(X) =

n
XU (XeM
dim.A,; XZ: UiXUs (X € My),



where {U;} is an orthonormal basis of Aj.

Proof: Assume A} and Aj; are complementary. Let {U/} and {V}} be orthonormal
bases of A} and A), respectively, which consist of scalar multiple of their matrix units.
Then the trace-preserving conditional expectations onto A; and A, are given by the
linear combinations of U*(-)U; and V;*( )V}, respectively, thanks to Proposition 1.

Since A} and Aj are complementary subalgebras, {V/U;};; is an orthogonal system.
Moreover the trace is written by the linear combination of Uj*V/*(-)V/Uj, because A,
and A, are complementary subalgebras if and only if the composition of two conditional
expectations equals to +Tr. But this shows that {V/U/}; ; linearly spans the whole M,
thanks to Lemma 2.

Conversely assume A;.As linearly spans the whole space M,,. Since A; is a subalgebra
of M,,, A; can be written as

k
Ar=Q) M, ®I,.
=1

Let Q be a minimal central projection in Ay and let {U*} and {V;} are orthonormal
bases of A; and Ay, respectively, with the assumption Ui(s) e M,, ®I,,. Since A; and

As are complementary and span{A;A>} = M, {\/ﬁUi(S)Vj} is an orthonormal basis of
M,,. Therefore by Lemma 2 and Proposition 1, we have

S)ky rx S ]-
S UV UR = “TeQ-
ERNI
and
> VQV =@
J

for some ¢ > 0. These equations imply, for 1 < s <k,

TrQ
E U ou® =
- 1 Q (3 c

n

PS?

where P; is a central projection I, ® I,,,.. Now we take the trace to the above equation.
Then we have

2 2
ng ns 2
@ | N~ L < (s) (s)*) _ N
T U. U = —Tr (U.7U, T = —=T
T Z QU Z - r (U;”7U; r Q) - r Q)
and T Q T Q
d Tr P, = r—nsms
cn n
so that
ns 1
ms ¢



Hence ns/ms is equal to 1/c = dimT““l for all 1 < s <k and so

F. = g U. AU,
1 11 11 — 7 ( ) 7

is the trace-preserving conditional expectation onto A} by Proposition 1. Similarly,

n "

is the trace-preserving conditional expectation onto Aj. Since

(s)* * (s) s7(s)* s)
S UTVE(OViUE =Y v, v
S,i,j 3717]
is the normalized trace on M, by Lemma 2, we obtain m = 1 and so the
composition E; o Fy equals to %Tr. U

Proof of Theorem 2. The first assertion is already proven in the above proposition.
Due to the Lemma 2, we have

£
(Tr A)I :—+ZZ AU+ W AW,

§=0 k=2 t=1

where orthonormal system W; extend the orthonormal system Ujj, to a complete system
in the linear space M,,. In formula (1) we use this expression for (Tr A)I and the assumed
decomposition of the conditional expectations. So in the expansion of a(A) the coefficient

of Uj AUjy is
(1 B Z As ) dlm.A’-

and the coefficient of % = (\%I) A (\%I) is

(1_Z>\>+Zd1m¢4"

Theorem 1 tells us that completely positivity holds if and only if both are positive. [

Corollary 1 Assume that M, contains pairwise complementary M-subalgebras Ay, ..., A,.
Then the generalized Pauli channel is completely positive if and only if

1
n—1

Lt =) A= -
J
for every 1 <1 <.

This result appeared also in [5].
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3 Bipartite channels

In this section we consider subalgebras of M,, ® M,,. A subalgebra isomorphic to M, will
be called F-subalgebra. An M-subalgebra is a maximal Abelian subalgebra. Both kinds
of subalgebras are subspaces of dimension n?.

Theorem 3 Assume that Ay and As are F- or M-subalgebras of M, & M,. If they are
complementary, then the commutants A} and Al are complementary as well.

Proof: Since both kinds of subalgebras are subspaces of dimension n?, the dimension
of A1 Ay is n* so that A; Ay = M, ® M,. Therefore the commutants A} and A, are
complementary by Proposition 2. O

Theorem 4 Assume that M, ® M, is decomposed to pairwise complementary F- and
M-subalgebras A; (1 < i < n?+1). The trace-preserving conditional expectation of
M, ® M, onto A; is denoted by E;. The linear trace-preserving mapping acting as

n2+1

a(B)=> NEi(B) (B€M,®M, TrtB=0)
=1

is completely positive if and only if

1
n?—1

J

for every 1 < i <n?+1.

Proof: Theorem 3 allows to use Theorem 2 and the result follows. 0

The theorem can be applied in Example 2. Note that decompositions of My ® My
into F- and M-subalgebras are discussed in [9], while decomposition of M, ® M, into
F-subalgebras is constructed in [6] if n = p* with a prime number p > 2.
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