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Abstract. Complementarity is a very old concept in quantum mechanics, however the rigorous
definition is not so old. Complementarity of orthogonal bases can be formulated in terms of
maximal Abelian algebras and this may lead to avoid commutativity of the subalgebras. In
some sense this means that quantum information is treated instead of classical (measurement)
information. The subject is to extend to the quantum case some features from the classical
case. This includes construction of complementary subalgebras. The Bell basis has also some
relation. Several open questions are discussed.

1. Introduction

The origin of complementarity is historically connected with the non-commutativity of operators
describing observables in quantum theory. Although the concept was born together with
quantum mechanics itself, the rigorous definition was given much later. Complementary
bases or complementary measurements give maximal information about the quantum system.
Complementarity is also used, for example, in state estimation [14, 24] and in quantum
cryptography [2]. When non-classical, say quantum, information is considered, then non-
commutative subalgebras or subsystems of the total system should be regarded. The study
of complementary non-commutative subalgebras is rather recent [16].

Complementarity appeared in the history of quantum mechanics in the early days of the
theory. According to Wolfgang Pauli, the new quantum theory could have been called the
theory of complementarity [13]. This fact shows the central importance of the notion of
complementarity in the foundations of quantum mechanics. Unfortunately, the importance
did not make clear what the concept really means. The idea of complementarity was in
connection with uncertainty relation and measurement limitations. Wolfgang Pauli wrote to
Werner Heisenberg in 1926: “One may view the world with the p-eye and one may view it
with the g-eye but if one opens both eyes simultaneously then one gets crazy’. The distinction
between incompatible and complementary observables was not really discussed. This can be
the reason that “complementarity” was avoided in the book [7] of John von Neumann, although
the mathematical foundations of quantum theory were developed in a generally accepted way.
The concept of complementarity was not clarified for many years, but it was accepted that the
pair of observables of position and momentum must be a typical and important example (when
complementarity means a relation of observables).



The canonically conjugate position and momentum, ¢} and P, are basic observables satisfying
the commutation relation,

(QP-PQ)f =if  (fe€D)

which holds on a dense domain D (for example, on the Schwartz functions in L%(R)). The
uncertainty relation,

AQNMP 25 (feD)

holds on the same domain. (Recall that the variance of the observable A in the vector state f
is defined as A(A, f)? = (f, A%f) = (f, A[)*)

The Fourier transform F : L?(R) — L?(R) is a unitary and makes a connection P = F 1QF
between P and . This extends also to the spectral measures E¥'(-) and E9(-), so that one
has

EP(H) = F'E9(H)F

for all Borel sets H C R. From the Fourier relation one can deduce that
P Q 1
Tr B (H,)E™(H3) = EA(Hl)A(Hz) (1)

for all bounded intervals Hy, Hy C R with length A(H7) and A(H3). Note that the operators P
and @ do not have eigenvectors and the connection (1) can be called complementarity. Since
this paper concentrate on finite dimensional Hilbert spaces, P and () are not discussed here, but
we refer to the paper [4].

Herman Weyl used the finite Fourier transform to approximate the relation of P and @ in
finite dimensional Hilbert spaces [25]. Let |0),|1),...,|n — 1) be an orthonormal basis in an
n-dimensional Hilbert space. The transformation

P Lnilwi'- w_627ri/n
Vn-|>%ﬁjz% )y (w= ) (2)

is a unitary and it is nowadays called quantum Fourier transform. If the operator A =
> Ailei)(ei] is diagonal in the given basis and B = V;f AV,,, then the pair (A, B) approximates
(Q, P) when the eigenvalues are chosen properly.

The complementarity of observables of a finite quantum system was emphasized by Accardi
in 1983 during the Villa Mondragone conference [1]. His approach is based on conditional
probabilities. If an observable is measured on a copy of a quantum system and another
observables is measured on another copy (prepared in the same state), then one measurement
does not help to guess the outcome of the other measurement, if all conditional probabilities are
the same. If the eigenvectors of the first observable are &;’s, the eigenvectors of the second one
are 7);’s and the dimension of the Hilbert space is n, then complementarity means

(&) = jﬁ (3)

It is clear that the complementarity of two observables is actually the property of the two
eigenbases, so it is better to speak about complementary bases. The Fourier transform (2) moves
the standard basis |0),[1),...,|n — 1) to a complementary basis V;,|0), V,|1), ..., V,|n —1). The
complementarity (3) is often called value complementarity and it was an important subject in
the work of Schwinger [21, 22, 19].



2. From mutually unbiased bases to complementary subalgebras

Let H be an n-dimensional Hilbert space with an orthonormal basis ey, es, ..., e,. A unit vector
& € H is complementary with respect to the given basis e1,es,..., e, if
1 .
(& el =—=  (1<i<n). (4)

vn

(4) is equivalent to the formulation that the vector state |€)(¢| gives the uniform distribution
when the measurement |e;){ei],...,|en){es| is performed:

TRE leaedl = (1< <)

When the Hilbert space H is a tensor product H; ® Ha, then a unit vector complementary to
a product basis is called maximally entangled state. (If a vector is complementary to a product
basis, then it is complementary to any other product basis.) When dim#; = dimHs = 2, then
the Bell basis
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consists of maximally entangled states.

The goal of state determination is to recover the state of a quantum system by measurements.
If the Hilbert space is n dimensional, then the density matrix of a state contains n? — 1 real
parameters. If a measurement is repeated on many copies of the same system, then n — 1
parameters can be estimated. Therefore, at least n 4+ 1 different measurement should be
performed to estimate the n? — 1 parameters. A measurement (described by minimal orthogonal
projections) can be identified with a basis. Wootters and Fields argued that in the optimal
estimation scheme the n + 1 bases must be pairwise complementary [24]. Instead of pairwise
complementary bases, Wootters and Fields used the expression “mutually unbiased bases” and
this terminology has become popular. A different kind of optimality of the complementary bases
was obtained in [15] in terms of the determinant of the average mean quadratic error matrix.

In case of a 2-level system, the three Pauli observables

0 1 0 —i 1 0
"1::[1 0]’ 02‘:[1 0]’ “3::[0 —1]

can be used for several purposes. For example, the Bloch parametrization of the state space

(100) +[11)), (01) +[10)), (100) —[11)), (101) +[10)) ()

1 1[ 1465 91—192] (6)

pr=5U+0-0)=514 1ie, 1-86

is convenient. The Pauli observables are pairwise complementary: If £ is an eigenvector of o;
and 7 is an eigenvector of o; with i # j, then |(£,n)|? = 1/2.
Let u(1),u(2) and u(3) be unit vectors in R and consider the observables

Ay =u(i)-0  (1<i<3)

for measurement. If each of them is measured r times and the relative frequency is v(i), for the
outcome 1 of A(i), then
0 =27 (v(1)r,v(2)p,v(3),) = T7'1 (7)



is an estimate, where
11(1)1 11(1)2 u(1)3
T = 11(2)1 11(2)2 u(2)3
u(3)1 u(3)2 11(3)3
is the transpose of the basis transformation. The eigenbases of the Pauli matrices are mutually

unbiased and the eigenbases of A(1), A(2) and A(3) are so if T is an orthogonal matrix. For the
above estimate, the mean quadratic error matrix is

1— (u(1)-6)? 0 0
v (g) = 47! 0 1 - (u(2)-6)? 0 ()"
0 0 1— (u(3)-6)?

which can be averaged with respect to the Lebesgue measure on the Bloch ball (or any other
rotation invariant measure), see [15].

Theorem 1 The determinant of the average mean quadratic error matriz is the smallest, if
the vectors u(1),u(2) and u(3) are orthogonal, that is, the observables A(1), A(2) and A(3) are
complementary.

The content of the theorem is similar to the result of [24], however in the approach of
Wootters and Field not the mean quadratic error was minimized but the information gain was
maximized. The complementary (or unbiased) measurements are optimal from both viewpoints.
Similar result holds in higher dimensions, as well.

Relation (4) can be reformulated in terms of the generated subalgebras. The unital subalgebra
generated by |€)|(¢| consists of operators A&){(&| + plé)|[(€|- (A, € C), while the algebra
generated by the orthogonal projections |e;)(e;] is {>_, Ailei)(ei| : A; € C}. Relation (4) can be
reformulated in terms of these generated subalgebras.

Theorem 2 Let A and Ay be subalgebras of My (C) and let 7 := Tr /k be the normalized trace.
Then the following conditions are equivalent:

(i) If P € Ay and Q) € Ay are minimal projections, then 7(PQ) = 7(P)7(Q).
(1i) The subalgebras Ay and Ay are quasi-orthogonal in My, (C), that is the subspaces A1 © CI
and Ay © CI are orthogonal.
(ZZZ) T(AlAQ) = T(Al)T(AQ) if Ay € Ay, Ay € A,
() If B : A — Ay is the trace preserving conditional expectation, then Ey restricted to As is
a linear functional (times I).

This theorem was formulated in [16] and led to the concept of complementary subalgebras.
Namely A; and Ay are complementary if the conditions of the theorem hold. As we explained
above complementary maximal Abelian subalgebras is a popular subject in the form of the
corresponding bases. We note that complementary MASA’s was studied also in von Neumann
algebras [20]

Let A and B be maximal Abelian subalgebras of the algebra M, (C) of n x n matrices. Set

¢ :=sup {Tr PQ: P € A,Q € B are minimal projections} (8)

and for a density matrix w let wy and wp be the reduced densities in A and in ¢B. The
uncertainty relation conjectured by Krauss and proven by Maasen and Uffink [6] is the inequality

S(wa) + S(wp) > —2logec. (9)



for the von Neumann entropies S(w4) and S(wg). The lower bound is the largest if ¢? is the
smallest. Since n?c? > n, the smallest value of ¢? is 1/n. This happens if and only if A and B
are complementary. Similar inequality for non-commutative subalgebras is not known.

Two orthonormal bases are connected by a unitary. It is quite obvious that two bases are
mutually unbiased if and only if the absolute value of the elements of the transforming unitary
is the same, 1/4/n when n is the dimension. This implies that construction of mutually unbiased
bases is strongly related (or equivalent) to the search for Hadamard matrices [23].

Let A; and Ay be subalgebras of My (C) and assume that both subalgebras are isomorphic
to My, (C). Then £ = mn and we can assume that A; = CI, ® M;,(C). There exists a
unitary W such that WA W* = Ay. The next theorem characterizes W when A; and As are
complementary [10, 16]. (On the matrices the Hilbert-Schmidt inner product (A, B) = Tr A*B
is considered.)

Theorem 3 Let E; be an orthonormal basis in M, (C) and let W = . E; @ W; € M, (C) ®
M,,(C) be a unitary. The subalgebra W(CI,, @ M,,(C))W* is complementary to CI @ M,,(C) if
and only if

%Z|Wk><Wk|
!

is the identity mapping on M,,(C).

The condition in the Theorem cannot hold if m < n and in the case n = m the condition
means that {Wj, : 1 < k < n?} is an orthonormal basis in M,,(C).

Example 1 Consider the unitary W = V,,2 defined in (2) as an n X n block-matrix with entries
from M, (C). Then the entries form an orthonormal basis in M, (C) and Theorem 3 tells us that
the Fourier transform can be used to construct a complementary pair.

It is remarkable that the Fourier transform sends the standard basis into a complementary
one but it can produce non-commutative complementary subalgebras as well. O

A different method for the construction of complementary subalgebras is indicated in the
next example.

Example 2 Assume that p > 2 is prime. Let eg,eq,...,e,—1 be a basis and let X be the unitary
operator permuting the basis vectors cyclically:

o €i+1 ifog’iﬁn—Q,
Xel_{eo ifi=mn—1.

Let ¢ := 2™/ and define another unitary by Ze; = ¢'e;. Their matrices are as follows.

00 - 01 100 - 0
10 - 00 0 g 0 -~ 0
X=|01 00|  Zz_[00g - 0
00 - 10 00 0 - gt

It is easy to check that ZX = ¢XZ or more generally the relation
(Xkl Z&)(X/w Zfz) — qkzh xkitke Zlitls (10)

is satisfied. The unitaries 4
{(X'Z" c0<jk<p-1}



are pairwise orthogonal.
For 0 S khgl,/{?g,fz S P — 1 set

m(ky, i1, ks, ly) = XF1 25 @ XP2 7%,
From (10) we can compute
m(w)m(u') = ¢~ m(u)r(w), (11)

where
wou' = kil — K\l + kot — kbl (mod p)

for u = (k1, 41, ko, ¢2) and v’ = (K}, ¢4, K}, ¢,). Hence m(u) and n(u') commute if and only if uow’
equals zero.
We want to define a homomorphism p : M,(C) = M,(C) ® M,(C) such that

p(X) = m(k1, 11, ko, lo)  and  p(Z°°) = 7(u')

when wow’ # 0. Since the commutation relation (11) is the same as that for X and Zuu'p can
be extended to an embedding of My,(C) into M,(C) ® M,(C). Let A(u,u’) C My(C) @ M,(C)
be the range. This is a method to construct subalgebras. For example, if

m(u)=X®X and n(u)=2®Z,

then the generated subalgebra A(u,u') is obviously complementary to CI ® M,(C) and
Mpy(C) @ CI. (At this point we used the condition p > 2, since this implies that X and Z
do not commute.) O

The idea of the above example is used by Ohno to construct p?+1 complementary subalgebras
in M,(C) ® M,(C) if p > 2 is prime [9]. The case p = 2 is very different. It was proved by that
M2(C) @ M3(C) does not contain 5 complementary subalgebras isomorphic to M2(C) [17].

Let A and B be subalgebras of M = M,,(C). For a state ¢ on M the conditional entropy of
the algebras A and B is defined as

Hy(AIB) = sup { 3 (swiu lla) = S(ils | ww)} (12)

where the supremum is taken over all possible decomposition of 4 into a convex combination
P =Y ; Aith; of states and S(-||-) stands for the relative entropy of states. This concept was
introduced by Connes and Stgrmer in 1975 [5] and was called relative entropy of subalgebras.
Since in the case of commutative algebras, the quantity becomes the usual conditional entropy,
see Chap. 10 in [8], we are convinced that conditional entropy is the proper terminology.

Theorem 4 Let A and B be subalgebras of M, (C). Assume that A is Abelian subalgebra and
its minimal projections have the same trace. Then the subalgebras A and B are complementary
if and only if H(A|B) is mazimal.

This result was obtained in [18] and it turns out that in the general case the conditional
entropy of subalgebras cannot characterize complementarity.



3. Two qubits

From the point of view of complementarity the algebra M := M4(C) = M3(C) @ M3(C) is
an interesting and important particular case. An F-subalgebra is a subalgebra isomorphic to
M>(C). “F” is the abbreviation of "factor”, the center of such a subalgebra is minimal, CI. If
our 4-level quantum system is regarded as two qubits, then an F-subalgebra may correspond
to one of the qubits. When the F-subalgebra Ay describes a “one-qubit-subsystem”, then the
relative commutant A" := {B € M : BA = AB for every A € A} corresponds to the other
qubit. If A is an F-subalgebra of M, then we may assume that M = A® A'.

An M-subalgebra is a maximal Abelian subalgebra, equivalently, it is isomorphic to C*. (M is
an abbreviation of “MASA”, the center is maximal, it is the whole subalgebra.) An M-subalgebra
is in relation to a von Neumann measurement, its minimal projections give a partition of unity.

Both the F-subalgebras and the M-subalgebras are 4 dimensional. We define a P-unitary as a
self-adjoint traceless unitary operator. The eigenvalues of a P-unitary from M are —1,—1,1, 1.
An F-triplet (51,52, S3) consists of P-unitaries such that S3 =15155. An M-triplet (S1, S92, S3)
consists of P-unitaries such that S3 = S1S52. One can see that if (51,59, S3) is an X-triplet, then
the linear span of I, Sy, 59,53 is an X-subalgebra, X=F, M.

Example 3 Example 1 in the n = 2 case gives two F-subalgebras determined by the following
two triplets:
O'0®O'1, 00®02, og ® 03

and
%(—02 ®og— 09 ® o3+ 03 R 0g), %(—02 ®og— 09 ®o3+ 03 R0+ 03 R03), —01 ® 0y.

The linear combinations of the triplets and the identity are complementary subalgebras. O

Example 4 In the Hilbert space C* = C2®C? the standard product basis is |00),01), [10), |11).
The Bell basis (5) consists of maximal entangled vectors and so it is complementary to the
standard product basis. The Bell basis has important applications, for example, the teleportation
of a state of a qubit.

The operators diagonal in the Bell basis form an M-subalgebra which is generated by the
M-triplet

(01 ®01, 02®09, 03Q03). (13)

We call this standard Bell triplet.

It was proved in [18] that the Bell basis can be characterized abstractly in the language of
complementarity. If A is an F-subalgebra of M,(C), then an M-subalgebra complementary to
both A and to its commutant is given by the Bell basis (up to a unitary transformation). O

It was a natural question if M,(C) contains 5 complementary F-subalgebras. The answer
appeared in [17]. Assume that A, A1,..., A, are complementary F-subalgebras. It was proved
that Aq,..., A, intersects the commutator of Ag, therefore r < 3.

The algebra M4(C) is not only two qubits but also two fermions:

Example 5 Let A be the algebra generated by the operators ai,aj,ag,a’ satisfying the
canonical anticommutation relations:

{a17aé} = {(ZQ’(Z;} = Ia {a17a1} = {a17a2} = {alvag} = {02702} = 07

where {A, B} := AB + BA. Let A; be the subalgebra generated a; and A be the subalgebra
generated as. Then A; and Ay are complementary. In the usual matrix representation

01 10 1 0 0 1
w=loa]elo V] wa el e li s ]



therefore

a 0 b 0 a b 0 0
0 a 0 b c d 0 0
A= c 0 d 0 , A= 00 a —b
0 ¢c 0 d 0 0 — d

The subalgebra A; is generated by the F-triplet
(01 ® 09, 02Q00, 03® 0yp),
and A is spanned by the F-triplet
(03 @01, 03Q09, 0¢® 03).

Observe that the standard Bell triplet (13) is complementary to both A; and Ajs.
The parity automorphism is defined by ©(a1) = —a; and ©(az) = —as. It is induced by the
unitary o3 ® o3:
O(z) = (03 ® 03)z(03 Q 03)

The operators 0; ® 0, 0 < 4,5 < 3 are eigenvectors of the parity automorphism. The fixed point
algebra is linearly spanned by

oy R0y, 01Q01, 03Q09, 03Q03

and
oy ®o3, 01Q02, 02Q01, 03&00.

The first group linearly spans the M-subalgebra corresponding to the Bell basis. It follows that
all Bell states are even, that is the parity automorphism © leaves them invariant. (|

4. Complementary decompositions

In this section first we consider decompositions of M = My(C) [18]. Decomposition of M
into pairwise complementary F- and M-subalgebras is known. It is really well-known that
decomposition into 5 M-subalgebras is possible. (Recall that this fact is equivalent to the
existence of 5 mutually unbiased bases in a 4 dimensional space.)

Theorem 5 Let Ay (0 < k < 4) be pairwise complementary subalgebras of M such that all
of them is an F-subalgebra or M-subalgebra. If £ is the number of F-subalgebras in the set
{Ar : 0 <k <4}, then £ € {0,2,4}, and all those values are actually possible.

There is an interesting result about for pairwise complementary F-subalgebras. If Ay, ..., Ay
are such subalgebras, then then the linear span of the orthogonal complement and identity is
always an M-subalgebra which is actually generated by the Bell triplet [10]. If we consider n-fold
tensor product M := M2(C) ® ... ® M3(C), then there are some open questions for n > 2.

What is the maximum number of pairwise complementary subalgebras of M which are
isomorphic to M2(C)? If we calculate the dimensions, then (4" — 1)/3 is an upper bound.
In the paper [10] a conjecture is formulated: The maximum number is (4" —1)/3 — 1. So
many subalgebras are actually constructed. If the conjecture is true, then one can ask the
orthogonal complement of so many subalgebras: Is it a commutative subalgebra (if the identity
is added)? The case of m qubit is rather special. Consider now the n-fold tensor product
M = M,(C)®...9M,(C) and ask the maximum number of pairwise complementary subalgebras
of M which are isomorphic to M,(C). The upper bound is

an_l

pP-1

If p > 2 is a prime number, then this upper bound is accessible [9].



5. Discussion

The motivation for complementary subalgebras was a certain kind of state tomography for two
qubits [14] and a systematic study started in [16]. Maximal Abelian subalgebras correspond
to orthogonal bases in the Hilbert space and the complementarity of two maximal Abelian
subalgebras is the same as the mutually unbiased property of the corresponding two bases.
Mutually unbiased bases have a huge literature and nice applications. Much less is known
about complementary non-commutative subalgebras. An Abelian subalgebra (corresponding to
a measurement) may give classical information about a quantum system and a non-commutative
subalgebra provides quantum information about the total system. This is a very essential
difference, to handle quantum information is more sophisticated. Parts of the information coming
from several reduced state of a quantum system may be redundant. Intuitively, two subsystems
are complementary if the knowledge of their reduced densities is the most informative; i.e. as
little redundant as possible.

The construction of complementary subalgebras needs much research. For a 4-level quantum
system (describing two qubits) a complete description is given in the paper. There is no non-
commutative subalgebra complementary to both qubits and there is essentially one maximal
Abelian subalgebra complementary to both qubits, this subalgebra is in strong relation with the
Bell basis.

The difference between Ms(C) @ Ms(C) and M, (C) @ M,,(C) is essential. The dimensional
upper bound for the number of complementary subalgebras (isomorphic to M, (C)) is n? + 1.
This bound is not reached for n = 2 [17] but it is reached if n > 2 is a prime [9]. Several open
questions can be formulated. It is interesting that the present methods for the construction of
mutually unbiased bases and complementary subalgebras are similar, typically based on finite
fields. However, the relation of the two subjects is not clear.
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