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Abstract: Maximal Abelian quasi-orthogonal subalgebras form a popular
research problem. In this paper quasi-orthogonal subalgebras of M,(C) iso-
morphic to M,(C) are studied. It is proved that if 4 such subalgebras are
given, then their orthogonal complement is always a commutative subalgebra.
In particular, 5 such subalgebras do not exist. A conjecture is made about
the maximal number of pairwise quasi-orthogonal subalgebras of Mo (C).
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1 Introduction

The motivation of this paper comes from the algebraic or matrix formalism of finite
quantum systems. An n-level quantum system is described by the algebra M, (C) of
n X n complex matrices. The matrix algebra of a composite system consisting of an n
level and an m-level system is M,(C) ® M,,(C) ~ M,,,(C). A subalgebra of M (C)
corresponds to a subsystem of a k-level quantum system.
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In this paper subalgebras always contain the identity and closed under the adjoint
operation of matrices, that is, they are unital *-subalgebras. The algebra M (C) can be
endowed by the inner product (A, B) = Tr (A*B) and it becomes a Hilbert space.

A kind of quantum mechanical background gives motivation for the following def-
inition [7]. Two subalgebras A(1) and A(2) of M(C) are called quasi-orthogonal if
Tr Ay Ay = 0, whenever A; € A(i) and Tr A; = Tr A, = 0. Since the intersection of
A(1) and A(2) contain the identity, they cannot be orthogonal, but A; & CI L A4; &CI
can happen, and this is exactly the quasi-orthogonality. In the literature of quantum
mechanics the terminology complementarity is used instead of quasi-orthogonality, see
[1, 5].

The analysis of pairwise quasi-orthogonal maximal Abelian subalgebras is a popular
subject [2, 3]. If A C M;(C) is a maximal Abelian subalgebra and W is a unitary,
then A and WAW™ are quasi-orthogonal if and only if W is a Hadamard matrix. The
maximal number of pairwise quasi-orthogonal maximal Abelian subalgebras is an open
problem [9].

A different problem is the analysis of pairwise quasi-orthogonal non-commutative
subalgebras [6]. If A C M;2(C) is isomorphic to My(C), then the commutant A’ of A is
quasi-orthogonal to .A. Another example of two quasi-orthogonal subalgebras isomorphic
to My(C) was shown in [6]. The maximal number of such (pairwise) quasi-orthogonal
subalgebras is not known except for the case £ = 2. Then the maximum is 4 as this
was proved in [8]. The aim of the present paper is to study the structure of the 4
pairwise quasi-orthogonal subalgebras. The analysis of the structure gives that the quasi-
orthogonal complement of 4 (pairwise) quasi-orthogonal subalgebras is always a maximal
Abelian subalgebra.

Although we are mostly concentrate on subalgebras of M,(C), we try to extend the
results to subalgebras of My.(C). Let m(n) be the maximal number of pairwise quasi-
orthogonal subalgebras of My« (C) which are isomorphic to My(C). We show that

4" —1
> _

m(n) > 1

and we conjecture that the inequality is actually an equality.

2 Preliminaries

A natural orthogonal basis of M,(C) consists of the Pauli matrices:

10 |01 10 = 10
gg ‘= 01 s g1 = 10 s g9 = i 0 s O3 1= 0 —1 .

Computation in the Pauli basis is convenient.



For z,y € R?® and
3 3
J?'O'IZZLEZ'O'i, y-a::ZyiUi
i=1 i=1

we have
(z-0)(y-0) = (z,y)00 +i(z x y) - 0, (1)
where z x ¥ is the vectorial product in R3.

If we want to construct a subalgebra of My (C) which is isomorphic to M, (C), then it
is enough to find Sy, Sz, S3 € M (C) such that S; is a self-adjoint unitary (1 < j < 3)
and S3 = —iS515;. When a triplet (Si,.Ss, S3) satisfies these condition, it will be called a
Pauli triplet. For such a triplet Tr S; = 0 and Tr 5;5; = 0 for 7 # j. The latter relation
is interpreted as the orthogonality of S; and S;. Given a Pauli triplet (S;,S2,S3), the
linear mapping defined as

0'0|—>I, o1 l—)Sl, 0'2'-)82, 0'3*-)-15152

is an algebraic isomorphism between M (C) and the linear span of the operators I, S, So
and Sg.

Although our aim is to study subalgebras of M4(C), the next result is in a more
general setting. If e, f, g are vectors of a Hilbert space, then the linear operator |e){f|

acts as [e)(flg == (f, g)e.

Theorem 1 Let E; be an orthonormal basis in M,(C) and let W = Y . E; @ W; €
M, (C) ® M,,,(C) be a unitary. The subalgebra W (CI ® M,,(C))W* is quasi-orthogonal
to CI @ M, (C) if and only if

A

is the identity mapping on M,,(C). This condition cannot hold if m < n and in the case
n = m the condition means that {Wy : 1 < k < n?} is an orthonormal basis in M,,(C).

Proof: Assume that A, B € M,,,(C) and Tr B = 0. Then the condition
WIeA)YW* L (I®B)
is equivalently written as

Tt (W@ AW*(I®B)) =Y Tr(EE)Tr (W AW;'B) =Y Tr (W, AW;B) = 0.

Putting B — Tr (B)I,,/m in place of B, we get

Tr B
3 Tr (WeAW;B) = —— 3 Tr (Wi AW)
k

m
k




for every B € M,,(C). Let & : M,(C) ® M,,,(C) — M,,(C) be the linear mapping
defined as Te K
r

E(KQ®L) = -

L.

Since &, is unit-preserving and W is a unitary,

In = &(W*W) = EQ(ZE;El ® W,:vm) - ZTr EE)W;W, = ZWka,

’

and we arrive at the relation

ST Wi AW B = —Tr ATt B. 2)
m
k

We can transform this into another equivalent condition in terms of the left multipli-
cation, right multiplication and |Wj)(Wy| operators.

For A, B € M,,(C), the operator R, is the right multiplication by A and the operator
Lg is the left multiplication by B: Ra, Lg : M,,(C) — M,,(C), R4X = XA, LgX =
BX. If \;’s are the eigenvalues of A and p;’s are the eigenvalues of B, then A;u;’s are
the eigenvalues of R4Lp. Therefore

TrRuLp = (Z,\Z) (zuj) — Tr ATr B.
{ J

We have

N Te W) (WilRaLp = > (Wi, RaLsWi) = >  Tr W AW;B
k k k
= 2T ATrB= ~TrRaLg
m m

for every A, B € M,,(C). Since the operators R4Lp linearly span the space of all linear
operators on M,,(C), we have

m
o D W) (Wi| = Lo
P

This is our statement. U

3 Main results

Assume that {A(7)}2_, is a family of pairwise quasi-orthogonal subalgebras of M, (C)
which are isomorphic to My(C). The commutant of A(7) will be denoted by .A(i)’ . Our
aim is to describe the relation of the subalgebras {A(i)}?_, and {A(7)'}?
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Without restricting the generality, we may assume that A(0) = CI ® M,(C). Then
the commutant of A4(0) is A(0)' = M,(C) ® CI, moreover there are unitaries W; such
that

WiAOW; =A@ and  A(j)' = W;A0)W;  (1<j<3). 3)

Theorem 2 Let A and B be quasi-orthogonal subalgebras of M,(C) which are isomorphic
to My(C). Then the intersection A'NB is an at least two dimensional subspace of My(C).

Proof: We may assume that A = A(0) = CI ® M.

The 4 x 4 matrices

a 0 0 b
0 cd O
¢= 0 dc O
b 0 0 a
form a commutative algebra C. Since
Co + C3 0 0 €1 —C
> 0 Co—C3 C1+Co 0
ZCiJi@O_i: 0 Ci1+C Cy—Cs 0 ’
=0
C1 — Cy 0 0 Co + C3

C is the linear span of the matrices 0; ® 0;, 0 < i < 3. (These are the matrices which
are diagonal in the so-called Bell basis.)

The algebra C plays a special role. Any unitary in M,(C) can be written in the form
(L1 ® Lo)N(L3 ® La), (4)

where L1, Lo, L3, L4 are 2 X 2 unitaries and the unitary N is in C. This is called Cartan
decomposition, see equation (11) in [11] or [4].

There is a unitary W € M,(C) such that
W(CI @ My(C))W* = B.

W has a Cartan decomposition (4). Since the subalgebra W (CI @ My(C))W* does
not depend on L3 and L,, we may assume that L3 = L, = I. Moreover, the quasi-
orthogonality of W (CI ® My(C))W* and CI ® M,(C) does not depend on L; and Ls.
The quasi-orthogonality is determined by the factor N € C. Since the matrices E; =
0;/v/2 form a basis in M,(C), Theorem 1 is conveniently applied for the unitary N =
Z?:o ¢; 0; ® 0y, choose W; as ¢;v/20;. The theorem gives that

3
QZ cil?|o) (o]
=0



is the identity mapping on My(C) which implies |¢;|? = 1/4 (0 < ¢ < 3). In a trigono-
metric approach, let

cp = cosa cosf3cosy+isina sinf sinvy,
c1 = cosa sinfsiny +isina cosf cosy,
co = sina cosfsiny+icosa sinf cosy,
c3 = sinasinfcosy+icosa cos/3 siny.

In order to get a proper unitary, two of the values of cos® c, cos® 3 and cos® vy equal 1/2
and the third one may be arbitrary. Let A be the set of all matrices such that the
parameters «, 5 and + satisfy the above condition, in other words two of the three values
are of the form 7/4 + kn/2. (k is an integer.) Let

N1 :={N € N : «is arbitrary, 8 = 7/4 + k17 /2, and v = 7 /4 + kom /2} (5)

and define Ny and N3 similarly. (M = N; UN5 UN3.). Since the subalgebra N(CI ®
M,(C))N* does not depend on the integers k; and ks, we simply take k; = ko = 0. This
makes computations a bit more convenient. One computes that

Ni(I®o;))N; =0, ® 1
for N; € N; [10]. Tt follows that
(L1 ® Lo)N;(I ® 0;) N} (L] ® L) = Lo, LT @ I
for every unitary N; € N;. Therefore Lio;L; @ I € A(0)' N B. O

The theorem immediately gives that the maximal number of pairwise quasi-orthogonal
subalgebras isomorphic to M(C) is at most 4. Moreover, if {.A(j)}3_, are such subalge-
bras, then each subalgebra A(7)' N.A(j) is two-dimensional for i # j. Here is an example
of 4 such subalgebras together with the commutants, each of them is determined by
Pauli triplets:

oo Qo0, 0p Q09 09Q 03 01Q@09 02@09 030y
01Q0y 0a®01 0301 oy®01 01®02 01Q03 (6)
0o ®0g 01 Q09 —03R 09 0o Q01 09803 —09Q 0
0309 01 Q03 0903 0g®03 03R01 03R 09

Our next aim is to describe the structure of 4 such algebras in general.

Theorem 3 Assume that {A(i)}2_, is a family of pairwise quasi-orthogonal subalgebras
of My(C) which are isomorphic to My(C). For every 0 < i < 3, there exists a Pauli triplet
A(i,j) (j # i) such that A(i) N A(j) is the linear span of I and A(i,j). Moreover, the
subspace linearly spanned by

18 a maximal Abelian subalgebra.



Proof: Since the intersection A(0)'N.A(7) is a 2-dimensional commutative subalgebra,
we can find a self-adjoint unitary A(0,7) such that .A(0)' N .A(j) is spanned by I and
A(0,7) = 2(0,7)-0®1I, where 2(0,5) € R%. Due to the quasi-orthogonality of A(1), A(2)
and A(3), the unit vectors x(0, j) are pairwise orthogonal (see (1)). The matrices A(0, j)
anti-commute:

A(0,4)A(0, §) = i(x(0,7) x 2(0, 7)) -0 ® I = —i(z(0, §) X 2(0,7)) -0 ® I = —A(0, j)A(0, %)

for ¢ # j. Moreover,
A(0,1)A(0,2) =i(z(0,1) x (0,2)) - o

z(0,1) x x(0,2) = (0, 3) because z(0,1) x z(0,2) is orthogonal to both z(0,1) and
x(0, 2). If necessary, we can change the sign of (0, 3) such that A(0,1)A(0,2) =iA(0, 3)
holds.

Starting with the subalgebras A(1)’, A(2)’, .A(3)" we can construct similarly the other
Pauli triplets. In this way, we arrive at the 4 Pauli triplets, the rows of the following
table:

2y e ARy ()

When {A(i)}{_, is a family of pairwise quasi-orthogonal subalgebras, then the com-
mutants {A(i)'};_, are pairwise quasi-orthogonal as well. A(j)"” = A(j) and A(7)" have
nontrivial intersection for 7 # j, actually the previously defined A(i, j) is in the intersec-
tion. For a fixed j the three unitaries A(4,j) (i # j) form a Pauli triplet up to a sign.
(It follows that changing sign we can always reach the situation where the first three
columns of table (7) form Pauli triplets. A(0,3) and A(1, 3) anti-commute, but it may
happen that A(0,3)A(L,3) = —1A(2,3).)

Let Co := {+A(4,5)A(j,7) : i #j}U{xl} and C := CyUiC,. We want to show that
C' is a commutative group (with respect to the multiplication of unitaries).

Note that the products in Cy have factors in symmetric position in (7) with respect
to the main diagonal indicated by stars. Moreover, A(7,5) € A(j) and A(j, k) € A(j),
and these operators commute.

We have two cases for a product from C. Taking the product of A(%,j)A(4,7) and
A(u,v)A(v,u), we have

(A7) AU, 1)) (AG T)AG 1) = 1

in the simplest case, since A(%,j) and A(j,4) are commuting self-adjoint unitaries. It is
slightly more complicated if the cardinality of the set {7, j,u,v} is 3 or 4. First,

(A(1,0)4(0,1))(A(3,0)A(0,3)) = A(0,1)(A(1,0)A(3,0))A(0,3)
= Fi(A4(0,1)A(2,0))A(0,3)
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= £iA(2,0)(A(0,1)A(0,3)) = £A(2,0)A(0,2),

and secondly,

|
-
b

(A(1,0)A(0,1))(A(3,2)A(2,3))

I
-
o

So the product of any two operators from C' is in C.

Now we show that the subalgebra C linearly spanned by the unitaries { A(%, j)A(j, 1) :
i # 7} U{l} is a maximal Abelian subalgebra.

Since we know the commutativity of this algebra, we estimate the dimension. It
follows from (8) and the self-adjointness of A(i, j)A(j, i) that

A(i, 5)A(j,0) = £A(k, ) A(£, k)

when i, j,k and ¢ are different. Therefore C is linearly spanned by A(0,1)A(1,0),
A(0,2)A(2,0), A(0,3)A(3,0) and I. These are 4 different self-adjoint unitaries.

Finally, we check that the subalgebra C is quasi-orthogonal to A(7).
If the cardinality of the set {3, j, k, £} is 4, then we have

Tr A(i, 1) (AG, /) A(, 7)) = Tr A(j, i) = 0

and
Tr A(k,0)A(i, j)A(j, 1) = £Tr A(k, 0) A(k,)A(L, k) = £Tr A(¢, k) = 0.

Moreover, because A(k) is quasi-orthogonal to A(7), we also have A(i, k) LA(j,1), so

Tr A(i, €)(A(i, ))A(j,4)) = +iTr A(i, k) A(j, i) = 0.

From this we can conclude, that
Ak, £) L A, j)A(, )
for all £ # ¢ and 7 # j. [l

Finally, we note that there is only one subalgebra of M4(C) isomorphic to M,(C) that
is quasi-orthogonal to all A(7), (i = 0,1, 2).

The subalgebras {A(7)}?_, determine the matrices {A(%,7) : 1 # 7, 4,5 € {0,1,2}}.
Since two anti-commuting matrices define the third element of a Pauli triplet, the ma-
trices {A(J,3)};23 are also determined. The matrices {A(j,3)},23 must form a Pauli
triplet and fix the fourth subalgebra.



(1) (0

A(0,3) ?
A(2,3)
a(2) 4(3)

A(1,3)

A3)’ 4(2)

4(0) a1y

The edges between two vertices represent the one-dimensional traceless intersection of
the two subalgebras corresponding two vertices. The three edges starting from a vertex
represent a Pauli triplet.

4 Possible extension

Next we consider the pairwise quasi-orthogonal subalgebras A; ~ M(C) in M. (C).
The question is their maximal number m(n).

The traceless subspaces of My(C) and Moan (C) are 3-dimensional and (4" —1)-dimensional,
respectively. Therefore,
4" —1
=: N,,.
3
Below, we construct N,, — 1 pairwise quasi-orthogonal subalgebras. We conjecture that
this is the true value of m(n). Theorem 3 contains the case n = 2

m(n) <

The Hilbert space M- (C) has a natural orthogonal basis
(N ®0’,’2 X ... ®Uin = (’il,ig,...,in),
where 7; =0,1,2,3 and 1 < j < n. We put
A triplet (Aj, Ay, A3) € P32 is called a weak Pauli triplet if A; 4, = +iA3. and

(A1, Ay, A3) € P2 is a commuting triplet if A; Ay = +A3. The linear span of elements of
a weak Pauli triplet and [ is a subalgebra isomorphic to M (C).

9



Assume that A = (A, Ay, A3) € P2 is a commuting triplet. Then we can construct
three pairwise disjoint weak Pauli triplets: AW = (01 @ A1,090 ® Az, 03 @ A3) and
A® = (09 ® Aj,03 ® Ay, 01 ® A3) and AB) = (03 ® A1,01 ® Ag, 09 ® A3) in Pn+1
Therefore, to construct pairwise quasi-orthogonal subalgebras isomorphic to M(C), it
is useful to consider weak Pauli triplets and commuting triplets.

Example 1 There are 5 pairwise disjoint commuting triplets in Pj. Indeed,

?iaﬂgﬁmifﬂlﬂaW3M&W@@%

We show that P,, can be decomposed into commuting triplets.
Theorem 4 For each n > 2, there is a family of commuting triplets
{4 = (4D, 4, AN} < P

such that

Nn
a9 =pr
=1

Proof: In the case n = 2 and n = 3, it is already proven above. Assume it is proven
in the case n = k, and we consider the case n = k + 2. Let {A®}>_ and {BU }N’c be
the family of commuting triplets satlsf%rmg the theorem in the case of n = 2 and n = &,
respectively. Then, for each A® Agz ,A(Z and BU) = (B(]) B( ), Béj)), we can
construct three commuting triplets in P,§+2, that is, (A( @ BY AY ¢ Béj), AD @ BY)
and (AP @BY AV @B AY @ BY) and (A @By, A © BV ) Agf’) ® BY). Moreover,
we have other commuting triplets, i.e., (A( DI, ,A(Z) ® I, Agz) ®Ii) and (I, ® B%j), IL®
Béj),fz ® ng)). Consequently, we have 5 + Nk + 3 5 Ny = Njio commuting triplets.
Since J]_, A® = P, and U, B® = By, {AY, AY, A{Y?_ | and {BY, BY), BY} M are
distinct. Hence, we obtain the union of the above Nk+2 commuting triplets is Pk+2 Ol

The good point of this construction is that it is easy to use the induction.

Theorem 5 There exist N, — 1 quasi-orthogonal subalgebras in Mon (C).

10



Proof: The case n = 2 is already proven in Theorem 3. Assume it is proven for n = k,
and we consider the case n =k + 1.

From Theorem 4, let {A® = (Agi),Agi),Agi))}fﬁcl be commuting triplets in P2 such
that Uivz’“l A% = P,. Then we have 3N, pairwise disjoint weak Pauli triplets, that is,
(o1 ®A§“, o9 ®A§i), 03®A§f)) and (o9 ®A§i), o3 ®A§i), o1 ®A:(f)) and (03®A§i), 01®A§i), 02®
A:(,f)). Furthermore, we obtain another weak Pauli triplet (o1 ® I, 0o ® I}, 03 ® I1,). These

3Ny + 1 weak Pauli triplets are pairwise disjoint. Moreover, the complement space of
above 3Ny + 1 Pauli triplets is CI ® My (C). Indeed, since vajl AW = P, we have

{(01® AV, 0, ® A, 03 ® AD), (0, © AV, 03 ® AP, 01 © AD),
(030 A 01 @ AD 0y @ AD), (01 @ Lt 02 @ I, 05 ® I) = 1< i< Ny}
= {Ui®0j1 ®®O]k : i:1,2,3, jl 20,1,2,3, ]_ SZS k}
Therefore, the complement space is CI ® My (C) spanned by

{op®0;,®...®0j, : 1=0,1,2,3, 1 <<k}

Now we use the assumption that there are N —1 pairwise disjoint weak Pauli triplets
B® = (BY BY B in My.(C) (1 <i< N —1). Then
(O'O ® BY), gy ® Bél), 0o ® B:gz))

give pairwise disjoint weak Pauli triplets in P2 11~ oumming up, we have 3Ny +1+N,—1 =
4Ny = Niy1 — 1 pairwise disjoint weak Pauli triplets. Il

Similarly, we can prove the following. If there exist N, pairwise quasi-orthogonal sub-
algebras in My« (C) for some n, then there exist Nj pairwise quasi-orthogonal subalgebras
in My (C) for all k£ > n.
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