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In this paper the Bregman operator divergence is introduced for density ma-
trices by differentiation of the matrix-valued function x — xlogx. This
quantity is compared with the relative operator entropy of Fujii and Kamei.
It turns out that the trace is the usual Umegaki’s relative entropy which is the
only intersection of the classes of quasi-entropies and Bregman divergences.
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Let C' be a convex set in a Banach space and H be a Hilbert space. For an operator-
valued smooth functional ¥ : C — B(#), we define the Bregman divergence of
x,y € C as

Da(w,y) = W(a) = W(y) — lim ¢~ (W(y +1(z — ) - V().

Recall that originally Lev Bregman introduced this concept for real-valued convex func-
tions W [2]. On the self-adjoint operators, there is a standard partial ordering, A < B,
if (€,A¢) < (& BE) for any vector £ in the Hilbert space. Hence the convexity of
¥ : C — B(H) makes sense and Dy (z,y) > 0 remains true.

We are basically interested in the case when C' is the set of positive semidefinite
matrices of trace 1 and ¥(x) = n(z), where n(t) = tlogt is a common function defined on
R* and n(x) is defined by the functional calculus. However, we also consider ¥(x) = f(x)
for a general smooth function f.

Remember that positive semidefinite matrices of trace 1 are known as density matri-
ces and play central role in quantum information theory [6, 7]. Concerning Umegaki’s
quantum relative entropy Chap. 1 of [7] is our main reference.
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Lemma 1 Let f : RT — R be a continuously differentiable function and let y be a
positive definite matriz.

If y and z = z* commute, then

lim t’l(f(y +tz) — f(y)) = f'(y)z.

t—4-0
If w is skew-adjoint (that is, w* = —w), then

Jim 17 (Fy + tlyw)) — Fw)) = [F(w),w].

Both differentiation rules are verified by simple computation if f(t) = t*.

general f one can benefit from a polynomial approximation.

For a

Recall that (t,u) = Trt*u is an inner product on matrices.

Lemma 2 Let t and u be self-adjoint matrices. Then t = z + z*, where z commutes
with u and 2+ = [u,w] for some skew-adjoint w.

Proof: For the linear mapping A : 7 +— i(ur — ru) = i[u,r], we have Rng(A)t =

Ker(A). This means that an self-adjoint matrix ¢ is a sum z + z*, where z commutes
with u and 2+ = i[u, r] is a commutator.

If wu="73", \ip; is the spectral decomposition, then the pinching E(r) = >, pirp; is the
conditional expectation onto the subalgebra generated by u. Since F is the orthogonal
projection onto the subalgebra, we have z = E(t). O

In order to compute Dy (z,y), we decompose
r—y=z+ ZL,

where z commutes with y and (z, 2%) := Trzz1 = 0 is the orthogonality relation. Note
that this orthogonal decomposition is unique and 2+ = [y, w] for some skew-adjoint

w. If E denotes the conditional expectation onto the subalgebra generated by y, then

The differentiation rules in Lemma 1 give the following.

Theorem 1 Let V(z) = f(z) for a continuously differentiable function f :[0,1] — R.
If x and y are wvertible density matrices, then

Dy(x,y) = f(z) — fly) — 2f'(y) — [f(y), w].

f is called operator convex if f(AA+ (1 —A)B) < Af(A) + (1 — A)f(B) for any real
number 0 < A < 1 and for self-adjoint operators A and B with spectrum in [0, 1].



When f is operator convex, then ¥ is convex and Dy(z,y) > 0. The function 7 is
operator convex and in the case f(t) = n(t), we have

Dy(z,y) = (y — Ex) + zlogz — (logy) Ex — [n(y), w]. (1)

This operator-valued divergence is positive and can be called Bregman operator di-
vergence. Note that for commuting z and y, we have

Dy(z,y) =y —z + x(logz — logy).

Example 1 Let

Then

and we have

e AT (- -0) |
\I;(.’lf,y) - \‘ 1 ( A 1 A\ 1 A\ 1 log(1—))
s (n) = (= X)) (1= ) — & e
for ¥(z) = n(x). O
Next we consider a number valued functional ¢ (z) := Trn(z) on the convex set of

density matrices.

Theorem 2 Let o(z) = Trn(z) for a density matriz x. If x and y are invertible density
matrices, then
Dy(z,y) = Trz(logz — logy)

1s Umegaki’s relative entropy.
Proof: We continue to use the above notation and need to compute Tr Dy(z, y). Since

the trace wanishes on a commutator and Tr (log y) Ex = Tr x log y, our statement follows
from Theorem 1.

Note that the statement can be proved directly, without the use of the operator-valued
version. 0

Let W(z) = n(x). It follows that in the operator inequality
Dy(z,y) >0

the equality holds if and only if = y. Indeed, from Dy(x,y) = 0, we have Tr Dy (z,y) =
Trxz(logz —logy) = 0. Then the inequality

Tr(z — y)? < 2Trz(logx — logy)
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gives x = y. (Concerning this inequality, see [7], Prop. 1.1.)

Another relative operator entropy was introduced by Fujii and Kamei in 1989 [4]. In
order to have a positive operator we write it in a slightly modified form as

Spc(r,y) ==y — x + ' (log(x' Py a )22,

It was proven that
Tr SFK(,T, y) > Tr D\If(xa y)

by Hiai and Petz. The left-hand-side is the relative entropy introduced by Belavkin and
Staszewski [1], see Prop. 7.11 in [7].

Example 2 Let

a0 . 111
Y=10 1-2x an =511 1|

Then we have

A0 1 e 11
SFK(xay):[O 1_A}+§10g(A 4”)[1 1]-

From this computation and from Example 1, one can conclude that Spg(x,y) <
Dy(z,y) does not hold. (There is no inequality between the (1,1)-elements of the two
matrices.) O

It was proved in [3] that the Kullback-Leibler divergence is the only Bregman diver-
gence which is an f-divergence at the same time. Csiszar’s f-divergence was generalized
to the non-commutative algebraic setting in [8, 9]. One can characterize Umegaki’s rel-
ative entropy as the only Bregman divergence in the sense of this paper which is also a
quasi-entropy in the sense of [8].
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