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This lecture is intended to be an easily accessible �rst introduction to quantum in-
formation theory. The �eld is large and it is not completely covered even by the recent
monograph [15]. Therefore the simple topic of data compression is selected to present
some ideas of the theory. Classical information theory is not a prerequisite, we start with
the basics of Shannon theory to give a feeling for Shannon entropy and for the informa-
tional divergence or relative entropy. The aim is to present Schumacher's compression
theorem and to demonstrate that the von Neumann entropy, introduced in the 1920's
by thermodynamical considerations, is a measure of quantum information exactly in the
way as the Shannon entropy is that for classical information. Our discussion makes clear
that the compression theorem depends heavily on the existence of the high-probability
subspace.

At the end of the lecture quantum sources with memory and some related questions
are brie
y discussed. This part could be skipped by new-comers in the �eld.

1 Classical source coding

Let X be a random variable with a �nite range X . A source code C for X is a mapping
from X to the set of �nite length strings of symbols of a D-ary alphabet which is assumed
to be the set f0; 1; 2; : : : ; D� 1g. Let C(x) denote the codeword corresponding to x and
let `(x) denote the length of C(x). If p(x) is the probability of x 2 X , then the expected
length of a source code C is given by

L(C) :=
X
x

p(x) `(x) :

Since the transmission of lengthy codewords could be costly, the aim of source coding
is to make the expected code-length as small as possible. It is obvious that to meet

1This text is a good written approximation of the �rst talk of a series given at the Volterra-CIRM

International School on Quantum information and quantum computing in Trento, July, 2001.
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this requirement the most frequent outcome of X must have the shortest codeword. For
example in the Morse code the letter e (which is the most frequent one both in the
English and Hungarian language) is represented by a single dot. (The Morse code
uses an alphabet of four symbols: a dot, a dash, a letter space and a word space.) The
extension of a code C from the �nite length strings of X is de�ned by

C�(x1x2 : : : xn) = C(x1)C(x2) : : : C(xn) ;

where the right hand side is the concatenation of the corresponding codewords.

A code C is uniquely decodable if C�(x1x2 : : : xn) = C�(x01x
0
2 : : : x

0
m) implies that

x1x2 : : : xn = x01x
0
2 : : : x

0
m, that is n = m and xi = x0i for all 1 � i � n. A code is called

pre�x code if no codeword is a pre�x of any other. In case of a pre�x code the end
of a codeword is immediately recognised and hence such a code is uniquely decodable.
For example, if 0, 10, 110 and 111 are the binary codewords (of a pre�x code), then the
binary string 1011001101110 is easily decomposed into 6 codewords: 10,110,0,110,111,0.

Theorem 1 (Kraft{MacMillan). The codeword lengths `(x) of a uniquely decodable code
over an alphabet of size D satisfy the inequality

X
x

D�`(x) � 1 :

Conversely, given a set of codeword lengths that satisfy this inequality, there exists a
pre�x code with these codewords lengths.

The proof is available in several standard books, for example [4]. It follows from the
theorem that a uniquely decodable code could be always replaced by a pre�x code which
has the same codeword lengths.

Let dte denote the smallest integer� t 2 IR. The codeword lengths `(x) := d� logD p(x)e
satisfy the Kraft inequality

X
x

D�`(x) �X
x

p(x) = 1 :

According to the theorem there exists a pre�x code with this codeword length. (Such a
code is called Shannon code.) Since � logD p(x) � `(x) � � logD p(x) + 1, we have

�X
x

p(x) logD p(x) � L(C) � 1�X
x

p(x) logD p(x) :

for the expected code-length L(C). For the rest we assume that D = 2. Then the bounds
are given in terms of the Shannon entropy H(p(x)) := �Px p(x) log p(x) as

H(p(x)) � L(C) � H(p(x)) + 1 :

According to the next theorem the Shannon code is close to optimal.
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Theorem 2. The expected code-length of any pre�x code is greater than or equal to the
Shannon entropy of the source.

Proof. We want to show L�H(p(x)) � 0 and estimate as follows

L�H(p) =
X
x

p(x)`(x) +
X
x

p(x) log p(x)

= �X
x

p(x) log 2�`(x) +
X
x

p(x) log p(x)

=
X
x

p(x) log
p(x)

r(x)
� log c ;

where r(x) = c�12�`(x) and c =
P

x 2
�`(x). The relative entropy of two probability

distributions is de�ned as

D(pkr) :=X
x

p(x)(log p(x)� log r(x)

and this quantity is known to be positive and 0 if and only if p = q. In terms of the
relative entropy we have

L�H(p) = D(pkr) + log
1

c
:

SinceD(pkr) � 0 and c � 1 from the Kraft-McMillan inequality, this shows L�H(p) � 0.
ut

The Shannon code is close to optimal only if we know correctly the distribution of
the source X. Assume that it is not the case and we associate to x the codeword length
d� log q(x)e, where q is another probability distribution on X , possibly di�erent from
the true distribution p. One can compute that in this case

H(p) +D(pkq) � L(C) � H(p) +D(pkq) + 1 : (1)

For the use of the wrong distribution the relative entropy is the penalty in the expected
length.

The optimal coding is provided by a procedure due to Hu�man. The Hu�man code
is not easy to describe, therefore we show another coding due to Fano. The Fano code
is nearly optimal, it satis�es the inequality

L(C) � H(p) + 2 :

In the Fano coding we order the probabilities p(x) decreasingly as p1 � p2 � p3 � : : : �
pm. We choose k such that ������

kX
i=1

pi �
mX

i=k+1

pi

������
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is minimal. The division of the probabilities into the two classes divides the source
symbols into two classes. A sign 0 for the �rst bit for the lower class and 1 for the �rst
bit of the upper class. The two classes have nearly equal probabilities. Then we repeat
the procedure for each of the two classes to determine the further bits of the code strings.
This is Fano's scheme.

Up to now we have dealt with uniquely decodable codes. If the transmission of lengthy
codewords is expensive, we might give up the exact decodability provided that the proba-
bility of mistake is small and long codewords can be avoided. This is a di�erent approach
to coding and decoding. Assume that the source emits the symbols X1; X2; X3; : : : ; Xn

(independently and according to the same distribution p, typical for the source). We �x
a coding procedure and all the emitted symbols are coded by this procedure which could
be the Fano code, for example. Let L1; L2; : : : ; Ln be the code-length of X1; X2; : : : Xn,
respectively. Both X1; X2; : : : ; Xn and L1; L2; : : : ; Ln are identically distributed indepen-
dent random variables, the expectation of Li is L(C). The law of large numbers tells us
that the probability of the event

L1 + L2 + � � �+ Ln � L(C) + " (2)

goes to 0 as n ! 1. When x1; x2; : : : ; xn is a string of source symbols such that the
corresponding code string is shorter than n(L(C)+"), then we code the string x1x2 : : : xn
perfectly, otherwise we use always the same code string. If the latter case happens to
occur, then we cannot recover the emitted symbol string from the code string. However,
the probability of this error is exactly the probability of the event (2) which tends to 0.
What did we win in this way? The number of source strings is jX jn and the number of
binary strings used in the coding is 2n(L(C)+"). When L(C) < log jX j, then

2n(L(C)+") � jX jn :

Hence the cardinality of our code book is much smaller than the cardinality of the source
strings if a small probability of error is allowed. We also say that that the data set X n is
compressed to a set of binary strings of length n(L(C)+"). What we have is an example
of data compression. E�cient data compression is the same as source coding by short
binary code strings. Since we need n(L(C)+ ") binary digit for a source string of length
n, L(C) + " is called code rate. (It is the number of binary digits needed for a single
source symbol, in the average.) Using the Shannon code, we can achieve a code rate
H(p) + ". However, if we mistake the distribution of the source and assume q instead
of p, then the rate is higher, it is about H(p) + D(pkq) + ". Hence the above method
is very sensitive for the distribution of the source. To avoid this and to achieve slightly
better code rate block coding can be used. Shortly speaking block coding means that
the source string is not coded by letter by letter but the whole string gets a code string.

A block code (2nR; n) for a source X1; X2; : : : is given by two (sequences of) map-
pings:

fn : X n ! f1; 2; : : : ; 2nRng ; �n : f1; 2; : : : ; 2nRng ! Xn :
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Here fn is the encoder, �n is the decoder and R := limRn is called the rate of the
code. The probability of error of the code is

P (n)
e := Prob (�n � fn(X1; : : : ; Xn) 6= (X1; : : : Xn)) :

Shannon's source coding theorem is the following.

Theorem 3. Let H be the entropy of the source and R > H. There exists a sequence of
(2nRn ; n) block codes with error probability P (n)

e such that P (n)
e ! 0 and Rn ! R.

More precisely, this is only the positive part of Shannon's theorem telling that any
rate � H + " is achievable under an arbitrary small bound on the probability of error.
(The negative part tells that rates < H are not achievable under the same constraint.)

Before we enter the proof we give an outline of the method of types. Let x 2 X n.
The type of x = (x1; x2; : : : ; xn) 2 X n is a probability mass function on X . The mass
of x 2 X is the relative frequency of x in the sequence (x1; x2; : : : ; xn):

Px(x) :=
1

n
#f1 � i � n : xi = xg :

Let Pn denote the set of all types and for P 2 Pn the type class of P is the set of all
sequences of type P :

T (P ) := fx 2 X n : Px = Pg :
Since the frequency of any x 2 X in a sequence x = (x1; x2; : : : ; xn) is at most n, we
obviously have

#(Pn) � (n+ 1)#(X ) :

The cardinality of a type class T (P ) is a multinomial coe�cient but the following expo-
nential bounds are useful:

1

(n+ 1)#(X )
2nH(P ) � #(T (P )) � 2nH(P ) :

(A proof could be based on Stirling's formula on factorial functions, see [4] p. 282 for
other proofs.)

Assume that a probability measure Q is given on X and let Qn be the product measure
on X n. The probability of a sequence x 2 X n depends only on the type Px of x. A
straight calculation gives that

Qn(fxg) =Y
x

Q(x)nPx(x) = 2�nH(Px)+nD(PxkQ) :

The probability of a type class has exponential bounds:

1

(n+ 1)#(X )
2�nD(PkQ) � Qn(T (P )) � 2�nD(PkQ)

for P 2 Pn.
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Proof of Theorem 3: Let fQ(x) : x 2 Xg be the probability distribution of the given
source and assume that R > H(Q). Following the idea of Csisz�ar and K�orner [5], we set

Rn := R�#(X )
log(n+ 1)

n

and
An := fx 2 X n : H(Px) � Rng :

Then

#(An) =
X

#(T (P )) �X
2nH(P ) �X

2nRn

� (n+ 1)#(X )2nRn = 2nR ;

where all summations are over the set fP 2 Pn : H(P ) � Rng. We can easily de�ne an
encoding and a decoding such that elements of A are encoded correctly and the other
sequences give an error. (We just use elements of A as codewords). Then the probability
of error is

P (n)
e = 1� Prob (An) =

X
Qn(T (P )) ;

where the summation is over all P 2 Pn such that H(P ) > Rn. Estimating the sum by
the largest term we obtain

P (n)
e � (n+ 1)#(X )2�nminD(PkQ) ;

where min is over all P 2 Pn such that H(P ) > Rn. When n is large enough then
Rn > H(Q) and Q =2 fP 2 Pn : H(P ) � Rng. The minimum in the exponent is strictly
positive and we can conclude that the probability of error converges to 0 exponentially
fast as n!1.

The interesting feature of the block code constructed in the proof of the theorem the
fact that the distribution Q of the source does not appear, only its entropy H(Q) should
be known to construct the universal encoding scheme.

2 Quantum mechanical sources

A pure state of a quantum mechanical system is given by a unit vector of a Hilbert space.
Assume that a quantum mechanical source emits the pure states j'ii with probability
pi (1 � i � m). The source is speci�ed by (pi; j ii)mi=1 which is called an ensemble
of (pure) quantum states. Pure states of a quantum system are in�nitely many and
possess a �ne topological structure. If after encoding and decoding we arrive at a state
j 0ii instead of j ii, our error could be small when the vectors j ii and j 0ii are close
enough. Hence the problem of source coding in the quantum setting is rather di�erent
from the theory of source coding for �nite classical sources and it is conceptually closer
to the rate distortion theory initiated by Shannon as well.
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How close are two quantum states? There are many possible answers to this question.
Restricting ourselves to pure states, we have to consider two unit vectors. j'i and j i.
Quantum mechanics has used the concept of transition probability jh' j 'ij2 for a long
time (see cite, for example). This quantity is phase invariant, it lies between 0 and 1. It
equals to 1 if and only if the two states coincide that is, j'i equals to j i up to a phase.

We call the square root of the transition probability �delity:

F (j'i; j i) := jh' j  ij :
Shannon used a nonnegative distortion measure, and we may regard 1 � F (j'i; j i) as
a distortion function on quantum states.

Under quantum operation a pure state could be transformed into a mixed state, hence
we need extension of the �delity:

F (j'ih'j; D) =
q
h' j D j 'i :

(Some properties of �delity are summarised in the Appendix.)

The n-shot source is (pI ; j Ii) on the n-fold tensor product Hn = H
H 
 � � � 
 H,
where

pI = pi1pi2 : : : pin ; j Ii = j i1i 
 j i2i 
 � � � 
 j ini
when I = (i1; i2; : : : ; in) 2 f1; 2; : : : ;mgn. The product structure expresses that the
generation of the quantum state is a process without memory. The states of di�erent
shots are statistically independent.

Now we are ready to de�ne what we mean by a reliable compression of a source
(pi; j ii) on a Hilbert space H. The compression scheme consist of two quantum oper-
ations Cn : B(Hn) ! B(Kn) and Dn : B(Kn) ! B(Hn). Kn is a Hilbert space of
dimension 2nRn . We assume that Kn � Hn) and Dn(D) = D � 0. This compression
scheme is reliable and has rate R when

(i) Rn ! R

(ii)
P

IpIF (j Iih I j;Dn � Cn(j Iih I j))! 1 as n!1.

The �rst condition tells that asymptotically 2R dimension is used for the compression
of a single emission of the source on the average. (This dimension is equivalent to the
use of R qubits) On the other hand, the second condition tells that the emitted state
and the compressed one are close in the average, the expectation value of the �delity is
converging to 1. (Note that this de�nition of the reliable compression scheme is not the
most general, since the form of Dn is rather restrictive.)

The key role of the quantum extension of Shannon's �rst theorem is played by the
von Neumann entropy. If D is a density matrix, then its eigenvalues �1; �2; : : : ; �k
are nonnegative and von Neumann set

S(D) := �X
i

�i log �i : (3)
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Concerning the von Neumann entropy, see the Appendix.

The positive part of Schumacher's source coding theorem is the following.

Theorem 4. Let (pi; j ii) be a source of pure states on a Hilbert space H and let S be
the von Neumann entropy of the density matrix

P
i pi j iih ij. If R > S, then there exists

a reliable compression scheme of rate R.

Proof. Let �1; �2; : : : ; �k be the eigenvectors of the density matrix
P
pi j iih ij and �1; �2,

: : : ; �k be the corresponding eigenvalues. (�1; �2; : : : ; �k) is a probability distribution on
the set X := f1; 2; : : : ; kg and H(�1; �2; : : : ; �k) = S. We shall use the universal coding
method of Csisz�ar and K�orner (see the proof of Theorem 3).

Let
P�
n = fP 2 Pn : H(P ) � Rng ;

where Rn = R� k

n
log(n+ 1). We showed above that for

An := fI 2 X n : PI 2 P�
ng

we have
#(An) � 2nR and

X
I2An

�I ! 1 as n!1

where �I = �i(1)�i(2) : : : �i(n) for I = (i(1); i(2); : : :, i(n)). The Hilbert space Kn for the
compressing scheme will be a subspace of Hn,

f�I : I 2 Ang

is a basis for Kn. We have dimKn � 2nR. Next we give the quantum operations
Cn : B(Hn)! B(Kn) and Dn : B(Kn)! B(Hn). Set

Cn(�) = Pn�Pn +
X
I =2An

AI�A
�
I

where Pn is the orthogonal projection Hn ! Kn, AI = j�ih�I j with a �xed vector � 2 Kn.
For � 2 B(Kn) Dn(�) acts on Kn � Hn and � and 0 on Hn 	 Kn. Our task is to show
that

Fn :=
X
I

pIF (j Iih'I j; Dn � Cn(j Iih I j)

converges to 1. We give a lower estimate simply by neglecting the second term in the
de�nition of Cn(�):

Fn � X
I2An

pIkPn Ik2 =
X
I2An

pI
X
J2An

jh I j �Jij2

=
X
J2An

�J
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since X
I

pI jh I j �Jij2 = h�J jD 
 � � � 
Dj�Ji = �J :

Above we observed that the lower bound goes to 1, hence Fn ! 1, in fact exponentially.
ut

ut
Note that the pure states j ii compressed into mixed state in the scheme we have

constructed. It is also remarkable that the statistical operator
P
pij iih ij of the ensem-

ble played a key role and not the ensemble itself. (Many di�erent ensembles may have
the same statistical operator.) To construct the compression we used the eigenbasis of
the statistical operator and the value of its entropy. No further data was necessary.

The negative part of Schumacher's theorem depends on the high probability sub-
space theorem obtained by Hiai, Ohya and Petz ([16], [11]).

Theorem 5. Let D be a density matrix acting on the Hilbert space H. Then the n-
fold tensor product Dn : = D 
 D 
 � � � 
 D acts on the n-fold product space Hn : =
H
H
 � � � 
 H. For any 1 > " > 0 we have

lim
n!1

1

n
infflogTrQn : Qn is a projection on Hn; TrDnQn � 1� "g = S(D) :

Roughly speaking the theorem tells that a projection Qn of large probability has the
dimension exp(nS(D)).

Proof. First we construct projections of high probability and of small dimension. Fix
� > 0 and let P (n; �) be the spectral projection of� 1

n
logDn corresponding to the interval

S(D)� �; S(D) + �. It follows that

(S(D)� �)P (n; �) �
�
� 1

n
logDn

�
P (n; �) � (S(D) + �)P (n; �)

and hence
e�n(S(D)+�)P(n;�) � DnP (n; �) � e�n(S(D)��)P(n;�) :

From this we easily conclude

1

n
log Tr P (n; �) � S(D) + � :

and lim supn!1 � S(D) follows concerning the limit in the statement.

Let now Qn be a projection on Hn such that TrQnDn � 1� ". This implies

lim inf
n!1

DnQnP (n; �) � 1� "
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since

TrDnQnP (n; �) = TrDnQn � TrDnQnP (n; �)
?

� TrDnQn � TrDnP (n; �)
? :

Next we estimate as follows:

TrQn � TrQnP (n; �)

� TrDnQnP (n; �)e
n(S(D)��)

= en(S(D)��) � TrDnQnP (n; �)

and
1

n
log TrQn � S(D)� � +

1

n
log TrDnQnP (n; �) :

When n!1 the last term of the right hand side converges to 0. ut
ut

Now we turn back to Schumacher's theorem and present the negative part.

Theorem 6. Let (pi; j ii) be a source of pure states on a Hilbert space H and let S be
the von Neumann entropy of the density matrix

P
i pi j iih ij. If R < S, then reliable

compression scheme of rate R does not exists.

Proof. Assume that a reliable compression scheme of rate R < S exists. Then

Fn : =
X
I

pIF (j Iih'I j; Dn � Cn(j Iih I j)

=
X
I

pI
q
h I jCn(j Iih I j)j Ii

�
sX

I

pIh I jCn(j Iih I j)j Ii

by concavity. Moreover,X
I

pIh I jCn(j Iih I j)j Ii =
X
I

pITr j Iih I jPnCn(j Iih I j)
� X

I

pITr j Iih I jPn = TrDnPn

for the projection Pn of Hn onto Kn. Since the compression is of rate R we have

lim
n

1

n
log dimPn � R :

On the other hand, the high probability subspace theorem tells us that in this case

lim sup
n

TrDnPn � 1� "

is impossible for any 0 < " < 1. We have arrived at a contradiction with the assumption
that the average �delity is converging to 1. In fact, we have shown that for any compres-
sion scheme of rateR the average �delity converges to 0. ut

ut
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3 Extension to sources with memory

Extension of Schumacher's source coding theorem is possible in several directions. One
way would be to allow a source of mixed states. Not much is known about this direction
and we refer to [2], where this problem is discussed. Our attention here will be focused
on sources having some memory but producing pure states. In this case the optimal
compression rate depends on the density matrix of the source only.

Let H be a �nite-dimensional Hilbert space and Hn : = H 
H 
 � � � 
 H. Let Xn

denote the set of all messages of length n. If x 2 Xn is a message, then a quantum
state j (x)i of the n-fold quantum system is corresponded with it. If x appears with
probability p(x), then

Dn :=
X
x

p(x)j (x)ih (x)j

is the density matrix of the n-shot source. This general formulation allows the case

j (x)i = j (x1)i 
 j (x2)i 
 : : : j (xn)i (x = (x1; x2; : : : ; xn);

but the scheme is more general. It turns out that the optimal compression rate will
depend on the density matrices Dn only, hence we do not assume anything about the
probability distributions p(x), however we make some assumption on the sequence Dn

of density matrices. We always assume that the von Neumann entropy density

h := lim
n!1

1

n
S(Dn) (4)

exists. This holds in many examples. For 0 < " < 1, set

�n(") := infflog Tr (q)): q is a projection on Hn;TrDnq � 1� "g:
We shall say that the high-probability subspace theorem holds if

(HP) lim
n!1

1

n
�n(") = h: (HP)

Since we want to let n ! 1, it is reasonable to view all the n-fold systems as
subsystems of an in�nite one. Let an in�nitely extended system be considered over the
lattice ZZ of integers. The observables con�ned to a lattice site k 2 ZZ form the self-
adjoint part of a �nite-dimensional matrix algebra Ak, that is the set of all operators
acting on the �nite-dimensional space H. It is assumed that the local observables in any
�nite subset � � ZZ are those of the �nite quantum system

A� = 

k2�

Ak:

The quasilocal algebra A is the norm completion of the normed algebra A1 = [�A�,
the union of all local algebras A� associated with �nite intervals � � ZZ.
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A state ' of the in�nite system is a positive normalised functional A ! C. It does not
make sense to associate a statistical operator to a state of the in�nite system in general.
However, ' restricted to a �nite-dimensional local algebra A� admits a density matrix
D�. We regard the algebra A[1;n] as the set of all operators acting on the n-fold tensor
product space H
n. Moreover, we assume that the density Dn from the �rst part of this
section is identical with D[1;n]. Under this assumptions we call the state ' the state of the
(in�nite) channel. If ' happens to be a product, then we are in the memoryless setting
discussed above. Now we want to allow memory e�ect and pose weaker conditions.

The right shift on the set ZZ induces a transformation 
 on A. A state ' is called
stationary if ' � 
 = '. The state ' is called ergodic if it is an extremal point in
the set of stationary states. Moreover, ' is completely ergodic when it is an extreme
point for every m 2 IN in the convex set of all states  such that  � 
m =  .

A weaker form of property HP was proven in [11] for a completely ergodic stationary
state. The weak high-probability subspace theorem holds if

(w-HP) lim sup
n!1

1

n
�n(") � h and lim inf

n!1

1

n
�n(") � 1

1� "
h� "

1� "
log d; (HP)

and the McMillan-type convergence holds if

(McM) lim
n!1

1

n
logDn = h�I (HP)

in a certain topology. Loosely speaking McM =) HP =) w-HP and all these proper-
ties imply that the extension of Schumacher's theorem holds and the optimal compression
rate is the von Neumann entropy density h.

A nice class of stationary states is formed by the quantum Markov states (�nitely
correlated states, algebraic states, or generalised Markov chains are other names for the
same thing, see [1, 7, 12]). For those states property HP was also proved [12].

Let H[1;n] be the Hamiltonian of stationary interaction of �nite range, see [3],
or Sect. 15 of [16] for the de�nitions. Assume that Dn is the density of the local Gibbs
state, that is

Dn :=
eH[1;n]

Tr eH[1;n]

and let  be the equilibrium state of the in�nite system. The equilibrium state of the
�nite system H
n with some speci�ed interaction could be a model for storing informa-
tion. If the interaction is stationary and of �nite range then the asymptotically optimal
compression rate is again the von Neumann entropy density h, since the McM property
holds in the GNS space for the state  [10].
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4 Appendix

4.1 Stochastic mappings as state transformations

Assume thatH is the Hilbert space of our quantum system which initially has a statistical
operator D (acting on H). When the quantum systems is not closed, it is coupled to
another system, called environment. The environment has a Hilbert space He and
statistical operator De. Before interaction the total system has density De 
 D. The
dynamical change caused by the interaction is implemented by a unitary and U(De 

D)U� is the new statistical operator and the reduced density ~D is the new statistical
operator of the quantum system we are interested in. The a�ne change D 7! ~D is typical
for quantum mechanics and called stochastic mapping.

The above de�ned stochastic mapping can be described in several other forms, ref-
erence to the environment could be omitted completely. Assume that D is an n � n
matrix and De is of the form (zkzl)kl where (z1; z2; : : : ; zm) is a unit vector in the m
dimensional space He. (De is pure state.) All operators acting on He
H are written in
a block matrix form, they are m�m matrices with n� n matrix entries. In particular,
U = (Upq)

m
p;q=1 and Upq 2Mn. The de�nition of the reduced density matrix gives

~D =
X
p;q;r

Upq(De 
D)qr(U
�)rp =

X
p

�X
q

zqUpq

�
D
�X

r

zrUpr

��
=

X
p

ApDA
�
p

where the operators Ap :=
P

q zqUpq satisfy

X
p

ApA
�
p = I : (5)

Theorem 7. Any stochastical mapping D 7! ~D can be written in the form

~D =
X
p

ApDA
�
p;

where the operator coe�cients satisfy (5). Conversely, all transformation of this form
are stochastic.

The �rst part of the theorem was obtained above. To prove the converse part, we
need to solve the equations

X
q

zqUpq = Ap (p = 1; 2; : : : ;m):

Choose simply z1 = 1 and z2 = z3 = : : : = zm = 0 and the equations reduce to Up1 = Ap.
This means that the �rst column is given from the block matrix U and we need to deter-
mine the other columns such a way that U should be a unitary. Thanks to the condition
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(5) this is possible. Condition (5) tells us that the �rst column of our block matrix deter-
mines an isometry which extends to a unitary. ut

The coe�cients Ap in the operator-sum representation are called the operation
elements of the stochastic map. The term quantum (state) operation is also often used
instead of stochastic map.

The stochastic maps form a convex subset of the set of all positive trace preserving
linear transformations.

4.2 Von Neumann entropy

The above formula for the von Neumann entropy is equivalently written as

S(D) = Tr �(D); where �(t) = �t log t :

Since � is a concave function on IR+, the von Neumann entropy is a concave functional
on the state space. The maximum is reached at the density whose all the eigenvalues
are the same and the minimum is at pure states.

A density matrix D admits generally many convex decomposition into pure states:
D =

P
j �jj j ><  jj. The von Neumann entropy is the in�mum of all Shannon entropies

corresponding to those decompositions

S(D) = inffH(�j) : D =
X
j

�jj j ><  jj; �j � 0;
X
j

�j = 1g:

When D12 is a density matrix of a composite system H1 
H2 with reduced density
matrices D1 and D2, respectively, then the subadditivity of the von Neumann entropy
holds:

S(D12) � S(D1) + S(D2)

This property is responsible for the fact that for shift invariant states of an in�nite tensor
product the von Neumann entropy density (4) exists.

Several chapters of the book [16] are devoted to properties and extensions of the von
Neumann entropy. For a historical approach to the von Neumann entropy, see [17].

4.3 Fidelity

The general formula for the �delity of the density matrices D1 and D2 is

F (D1; D2) = Tr
q
D

1=2
1 D2D

1=2
1 : (6)

This quantity was studied by Uhlmann in a di�erent context and he proved that

F (D1; D2) = minf
q
Tr (D1G) Tr (D2G�1) : G is positive and invertibleg (7)
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([20] and see [8] for a rather detailed discussion). From this the symmetry of F (D1; D2)
is obvious and we can easily deduce the monotonicity of the �delity under stochastic
state transformation:

F (C(D1); C(D2))
2 � Tr C(D1)GTr C(D2)G

�1 � "

� TrD1C�(G) TrD2C�(G�1)� "

� TrD1C�(G) TrD2C�(G)�1 � "

� F (D1; D2)
2 � ";

where C� is the adjoint of C with respect to the Hilbert-Schmidt inner product, " > 0
is arbitrary and G is chosen to be appropriate. It is well-known that C� is unital and
positive, hence C�(G)�1 � C�(G�1). In this way the monotonicity

F (C(D1); C(D2)) � F (D1; D2) (8)

is concluded.

From the de�nition (6) one observes that F (D1; D2) is concave in D2. (Remember
that

p
t is operator concave.) However, the monotonicity gives that F (D1; D2) is jointly

concave as well. Consider the stochastic mapping

C :

"
A B
C D

#
7! A+D

Then

�F (D1; D2) + (1� �)F (D0
1; D

0
2) = F

 "
�D1 0
0 (1� �)D0

1

#
;

"
�D2 0
0 (1� �)D0

2

#!

� F (�D1 + (1� �)D0
1; �D2 + (1� �)D0

2)

as an application of monotonicity and the concavity is obtained.

Another remarkable formula is

F (D1; D2) = max fj <  1j 2 > j : C(j 1 ><  1j) = D1;

C(j 2 ><  2j) = D2 for some stochastic mapping Cg
which has a certain operational meaning [6].
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