A FREE LOGARITHMIC SOBOLEV INEQUALITY ON THE
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ABSTRACT. Free analogs of the logarithmic Sobolev inequality compare the relative
free Fisher information with the free relative entropy. In the paper such an inequality
is obtained for measures on the circle. The method is based on random matrix approx-
imation procedure, and a large deviation result concerning the eigenvalue distribution
of special unitary matrices is applied and discussed.

INTRODUCTION

Logarithmic Sobolev inequalities have played a role in the study of norm estimates
for the diffusion semigroup since the first systematic study done by L. Gross [6] in
1975 who recognized the relation to hypercontractive estimates. Afterwards many
authors have discussed the logarithmic Sobolev inequality (LSI) in various contexts,
in particular, in close connection with the notions of hypercontractivity and spectral
gap. An LSI can be understood to compare the relative Fisher information with the
relative entropy. Its simplest form is

/f 2Jog f(1)? dn(1) /f 2 dy (1) (0.1)

for any smooth function f on R and dy(t) = (2r)~'e ""/2dt, the normalized Gaussian
measure.

The generalization due to D. Bakry and M. Emery [1] holds on a complete Riemann-
ian manifold under the condition

Ric(M) + Hess(V) > pl,,,

where Ric(M) is the Ricci curvature and Hess(W) is the Hessian of the smooth function
VU inducing the reference Gibbs measure (replacing the Gaussian in (0.1)).

On the other hand, entropy, Fisher information and Gaussian measure have found
their analogs in free probability and the central measure there is the semicircular law
of compact support (see [16], [17] and [10]). The first free LSI was discovered by
Voiculescu [18] and in a specialized form it is given as

272 3 1
- log |z — y| g(x)g(y) dr dy < —||g|3 — (0.2)
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when ¢ is a probability density on R belonging to L*(R). A remark on the relation
of inequalities (0.1) and (0.2) might be in order. The second one is not the formal
extension of the first one, but the left-hand sides are entropy quantities and the right-
hand sides are Fisher informations. Recall that the logarithmic integral is the main
component of the rate function in a certain large deviation theorem while the third
power of the L3-norm functions is a kind of Fisher information.

Extending Voiculescu’s result, Ph. Biane obtained in [3] another free probabilistic
analog of the LSI. He allowed a parameter function () (in the role of W), and the result
is

1
2p
where the relative free entropy S(u) and the relative free Fisher information ® (s
were introduced earlier by Biane and Speicher [4] for u € M(R), the probability mea-
sures on R. To prove the inequality, Biane applied the classical LSI on the Euclidean
space to the related self-adjoint random matrix ensembles and used the weak conver-
gence of their mean eigenvalue distribution. For the details we refer to the original
paper [3] (and also [11]).

Our main aim here is to show a variant of Biane’s free LSI for measures on the unit
circle T. In §1 of this paper we introduce the relative free entropy Xo(p) and the
relative free Fisher information Fg(u) for p € M(T). In §3 we prove

1
14+ 2p

So(n) < —~Dg(n) for p e M(R), (0.3)

Yolp) < Fo(p)  for pe M(T)

if @ is a C'-function on T such that Q(e") — 5¢* is convex on R with a constant
p > —1/2. To prove this, we apply Bakry and Emery’s classical LSI on the special
unitary group SU(n), a Riemannian manifold, to the related n x n special unitary
random matrices and pass to the scaling limit as n goes to co. Here, we need the
convergence of the empirical eigenvalue distribution of the random matrix not only in
the mean but also in the almost sure sense that is a consequence of the corresponding
large deviation principle. The proof of this large deviation for “special” unitary random
matrices is sketched in §2 because it is a bit more complicated than that for unitary
random matrices shown in [9].

In this way, we clarify the advantage of random matrix approximation procedure in
studying free probabilistic analogs of certain classical theories involving relative entropy
and/or Fisher information. This paper as well as our previous one [12] may be regarded
as one more attempt subsequent to [2], [7] toward rigorous realizations of Voiculescu’s
heuristics in [16] which claims that the classical entropy of random matrices, if suitably
arranged, asymptotically converges to the free entropy of the limit distribution as the
matrix size goes to infinity (see also §§4.1 for more details).

1. PRELIMINARIES

Let us begin by fixing some standard notations. Denote by M (X') the set of Borel
probability measures on a certain Polish space X. For p,v € M(X) let S(u,v) be the
relative entropy of p with respect to v. For an n x n complex matrix A, Tr,(A) stands
for the usual (non-normalized) trace of A and ||Al|gs the Hilbert-Schmidt norm of A.
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The unitary group and the special unitary group of order n are denoted by U(n) and
SU(n), respectively.

Among huge contributions, Bakry and Emery gave a simple “local” criterion, the
so-called Bakry and Emery criterion (or the I';-criterion), for a given measure to satisfy
a logarithmic Sobolev inequality (LSI for short). Their LST is one of the key ingredients
of the proof of our main theorem.

Let M be an m-dimensional smooth complete Riemannian manifold with the volume
measure dx, and let Ric(M) denote the Ricci curvature tensor of M. For a real-valued
C?-function ¥ on M, the Hessian of ¥ is denoted by Hess(¥). The precise statement
that Bakry and Emery established is as follows.

Theorem 1.1. (Bakry and Emery [1]) Let U € C*(M), and set dv(z) := 2e "@dy

with a normalization constant Z. Assume that the Bakry and Emery criterion
Ric(M) + Hess(V) > pl,,

holds with a constant p > 0. Then, for every p € M(M) absolutely continuous with
respect to v, the inequality

1 du
< — V log —
Sl.v) < 2p /M H %

holds whenever the density du/dv is smooth on M.

2

du (1.1)

Recall that the left-hand side of (1.1) is the relative entropy, while the integral in
the right-hand side can be recognized as the (classical) relative Fisher information of
w relative to v.

For each € M(T), the free entropy 3(u) of p is defined in the same manner as in
the real line case:

(o) = [ 10816 =l du) dutn)

([19, §510.7], [8]). For its justification to be a right quantity, see [19, Proposition 10.8]
in relation to the free Fisher information as well as [8, Proposition 1.4], [9] from the
microstate approach or large deviation principle. As in the real line case, the relative
free entropy Xqo(p) of p € M(T) relative to a real-valued continuous function @ is
defined based on the large deviation principle, which will be explained in the next
section §2.

Assume that € M(T) has the density p = du/d¢ with respect to the Haar proba-
bility measure d¢ = df/2n, ¢ = € with § € [-m,7) and further that p belongs to the
L3-space L*(T) := L*(T,d(). The Hilbert transform of p

(Hp)(e?) == lim (") dt

N Jeser tan(f) 2

(1.2)

is important. The principal value limit in (1.2) exists for a.e. (as long as p € L(T)),
and it is known that p € L(T) implies Hp € L%(T) as well for each 1 < ¢ < 0.
See [13, Chapter V] for detailed accounts on the Hilbert transform on T. Following
Voiculescu [19, §88.9] we call the quantity

Fu) = /T (Hp)(Q)? du(C) = /T (Hp)())? p(C) de
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the free Fisher information of u. When p has no such density as above, F'(u) is defined
to be +00. By [19, Corollary 8.8 and Definition 8.9] the free Fisher information can be

written as
P =3 (<14 [ iep ac).

When @ is a real-valued C'-function on R, the relative free Fisher information ®¢(u)
of p € M(R) was introduced by Biane and Speicher [4, §6] to be

ot =4 [ (19 @)~ 30w anto (1.3

when 4 has the density p = du/dz belonging to L?*(R); otherwise to be +o0.
Let Q be a real-valued C*-function on T. As in the case of measures on R, for each
€ M(T) we define the relative free Fisher information Fg(u) to be

Fo(u) = /T (Hp)(C) — Q'(€))? du(¢) — ( /T Q'(¢) du(Q) (1.4)

when p has the density p = du/d¢ belonging to L3(T); otherwise to be +o0o. Here, @’
means the derivative of Q(e") in 6, i.e., Q'(¢") = LQ(e"?). Slight difference between
the two formulas (1.3) and (1.4) is worth notice.

2. LARGE DEVIATIONS FOR SPECIAL UNITARY RANDOM MATRICES

Let @ be a real-valued continuous function on T. The weighted energy integral

n /T QC)du(C) for i€ M(T)

admits a unique minimizer pg € M(T) or the equilibrium measure associated with
Q (see [15, 1.1.3]). Set B(Q) := X(uq) — Jp Q(C) dug(¢). It is known ([9]) that the
function

+ [ QQau©)+ BQ) for jre M(T)

is the rate function of the large deviation for the empirical eigenvalue distribution of
an n X n unitary random matriz

U o 1

where dU is the Haar probability measure on U(n), Q(U) is defined via functional
calculus and ZY(Q) is a normalization constant. Furthermore,

BQ) = Jim s [ - /exp(—nZQ@) T i-or]ld

1<i<j<n

exp(—nTrn(Q(U))> au,

where d(; = df;/2m for (; = ¢'%. However, the above unitary random matrix A\U(Q)
is not suitable for our purpose as in [12], and thus we need to modify the above large
deviation in the setup of SU(n).
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The joint eigenvalue distribution on T"~! of the Haar probability measure on SU(n)
is known to have the explicit form

n—1
2 IT - ol TTde with o= (GG, (2.1)
T 1<i<j<n i=1

or

ol _ i

n—1
1 2
_ de;
nl(2m)n—1 H H
1<i<j<n i=1

with 6,, = —(0; +--- + 0,—1) (mod 27).

(See [12, §§1.5] for brief explanation on this standard fact.)
Let @ be a real-valued continuous function on T. For each n € N define \,(Q) €
M(SU(n)), the n x n special unitary random matriz associated with @, by

1
sU —
dr, (Q)(U) := WGXP(—'&TM(Q(U))) du, (2:2)
where dU is the Haar probability measure on SU(n) and Z5Y(Q) is a normalization
constant. By the formula (2.1) the joint eigenvalue distribution on T"~* of A3Y(Q) is
given as

B 1 n n
d)\iU(Q)<C17 oy Guor) = =0 exp (—n Z Q(Q)) H G — Cj‘2 H dg;
Z9(Q) i=1 1<i<j<n i=1
with ¢, = (Cl te Cnfl)il-
The next theorem is the large deviation principle for the empirical eigenvalue distri-

bution of ASY(Q), whose proof based on the explicit form of the density of ASU(Q) just
above will be sketched below.

1 -
Theorem 2.1. The finite limit B(Q) := lim —; log Z59(Q) exists. When (Ci, ..., Caot)
n—oo 1

is distributed on T" ' according to ASV(Q), the empirical distribution Lo + -+

Oy +0c,) with Gy = (C1 -+ Cuo1) ™" satisfies the large deviation principle in the scale
1/n? with the rate function

Salk) == =S + [ QQ)du(Q)+ BQ) for we M(T), (2.3)

Furthermore, there exists a unique minimizer pig € M(T) of the rate function so that
Yq(nqg) = 0.

We call the rate function (2.3) the relative free entropy of p with respect to @, which
is denoted by Xg(u) as in the real line case in [4].

Sketch of proof. In the following let us keep the relation ¢, = ((; -+ (,—1)"'. The proof
below is essentially same as that in [9]. Set

F(G) o= —Tog|¢ —nl + 5(Q(C) + Q).

As in [9] it suffices to prove the following inequalities:
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(1)
1 -
lim sup — log Z59(Q) < — inf // (¢,m) du(<) du(n).

n—oo T HEM(T)
(i) For every € M(T),

el 1 N 1
1rGlf {hmsup = log )\iU(Q){E((&l b, F0c,) € G}}

1. -
_ //T2 F(Cm) dpa(C) dp(n) — lim inf — log Z,7(Q),

where G runs over all neighborhoods of p.
(iii) For every p € ./\/l(T)

fminf 5102 Z3°(Q) = = [ F(C.m autQ) duto)

n— oo TL2

(iv) For every u € M(T),

n—00 n

//T (C,m) dpl€) dpa(n) — limsup — log Z5Y(Q),

n—o0 n

1
inf [hm inf — log )\SU(Q){ (6, + -+ ¢y +0¢,) € G}}

where G is as in (

The proofs of the first two are the same as in [9]. To prove (iii) and (iv), we may
assume (see [9]) that p has a continuous density f > 0 so that u = f(e'?)df/2r and
§d < f(¢) <6 'onT for some § > 0. For each n € N choose

( (n)

0=>0" <al™ < b <ol < bl <. <™ < b =2

such that
a(") . 1 b(”)
1 J 0 ]— 5 1 j . 7
ydo = —=2, — 7y do =
5 | fena =2 [ e =2
hence
™ _am T T m) om) _ T
n bj Clj S%, WSCLJ- —bj;lﬁ% (24)
for all 1 < 7 < n. Define
Ay =@, ey ral <0, < 1< <n -1,
. . (n n) .
O, :={(01,...,0,1):al” <0, <bV 1< j<n—1},

J
fi(n) = max{Q(e") : az(n) <0< bgn)} for1<i<n-—1,
di:*) :mln{|615—elt|a(n)<8§bz(n)7 a(n)gt g)} f0r1<2]<n_1

For every neighborhood G of u, if n is sufficiently large, then we have
) AU
- {(Cl,...,gnl) et %t 0 G}

n
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so that with 6, = —(0; +--- + 6,_1)

x?«w{1®@+-~+6@)eG}zﬂﬁWQXAH

= 70 anWm%Z%)>

‘6 10 | d91 d@n 1

1 n\ _n n
- exp<—n25§ e Ty

1<i<j<n—1

eigi B e—i(91+"‘+0”71) |2 d@l . d@n_h

where M := max{Q(¢) : ¢ € T}. Notice

n—1 n—1
{01 ot Oy (01, ,0,0) € @n} = {Zagnxzbgmy

i=1 i=1

and for n large enough

—1
-1 3
pM N > BT s s 2T 2.
Z 1 a’L né ( 5)

From (2.4) and (2.5) we can choose an interval |a, 3] C [E?:_ll al™ St bg")] such
that 8 — a = 7d/n?* and

for some 1 < k < n. Then there exist subintervals oy, 3;] C [al(-n), b§”’], 1<i<n-—1,
such that

n—1
Bi— o = n—l Z%—Oé ;@‘:ﬁ;

and hence

/ / H\e“’ iOrt40n0) |2 4, - - B,

"zl

/,6’1 /aﬁnl
26\ xs \™!
= () (—n2<n_1>> |

—i(014++0n— 1)| do, ---db,
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Therefore, for sufficiently large n, we get

@ L i) e o

e ) T ()

1<i<j<n—1
Since
2 n
lm = % logdy))
1<i<j<n—1
1 2 27 i y ) y
= fe*) f(e’)log e — e"| dsdt
oo e o -
- / /T o8] — 1l du(¢) d()
as well as
llm— / Q™) f 1SdS—/Q ) dp(¢
n—o0 7’L
we have
1 1
0> hmsup—log)\SU(Q){ﬁ(&1 o4 6e,) € G}
1 -
= [ ) dut) duta) ~ timint = 105 Z5(@)
T n—oo
and
1. ey, [1
h,?l}}.?f e log A2 (Q) —(5<1 4+ 46,) €G
// (¢, m) dp(C) dpa(n) — limsup — logZSU(Q)-
T2 n—oo
These imply (iii) and (iv) 0

3. FREE LSI FOR MEASURES ON T

In this section, we will prove a free analog of LSI for measures on T. The idea here
is essentially same as Biane’s work [3] (and also [12]). Namely, our free analog arises
as the scaling limit in the scale 1/n? of the classical one (1.1) on the special unitary
group SU(n).

Let us begin with some lemmas.

Lemma 3.1. Let Q be a harmonic function on a neighborhood of the unit disk

{CeC:|¢| <1}. For each n € N and each U € SU(n) define Q(U) wvia the func-
tional calculus and set W(U) := Tr,,(Q(U)). Then the following hold:

(i) The function W(U) on SU(n) is C*°.
(i) VO(U) =i(QU) = LT (QU)).
(iil) If Q(e") — 5t* is convex on R for some constant p > 0, then Hess(¥) > pl,2_;.
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Proof. The assertions (i) and (iii) were shown in [12, Lemma 1.3]; thus we will prove
only (ii). Set f(¢) := Q(e") for t € R, and let Y := iX; with X}, = X}, 1 <k <n?—1,
be a basis of the Lie algebra su(n) = {T" € M, (C) : T+ T* = 0, Tr,(T) = 0}
(=2 R™~1). For any Uy = e e SU(n) with idg € su(n) and for 2 = (z1,...,Tp2_1) €
R™ ! we write

n2-1 n2-1
1% (exp (iAO + Z askYk)> =Tr, (f (AO + Z :Bka>) )
k=1 k=1

Thanks to [12, Lemma 1.2], we have

2

3
-

VO(Uy) = S Tro(f/(Ag)Yi) Ve

g

2

3
—

I
(]

i (/040 = (7 (A, ) )

e
Il

1

< (f’<AO> - %Trnu’(Ao)”") Y>Y

k=1

3

=1

) = (7 (A,

=1

/N |

QW) - L@, )
implying (ii). O

Lemma 3.2. Assume that p € M(T) has a continuous density p = dp/d¢ and that
Qu(¢) =2 Jplog|C —n|du(n) is C* on T. Then the following hold:

() Q.(C) = (Hp)(C) for a.e. (€ T.

(i) Jo (Hp)(C)) p(¢) dC = 0.

Proof. (i) Let f be an arbitrary C''-function on T. Then we have

[ ey
= [T e e s
=~ 6—t]>¢ 2log|e” =] %f@w)p(eit) %
— —y{% 027r </|9_t26 log (2(1 — cos(f — t))) %f(eie) %)P(eit) j_:‘_a

e — ¢l| L f(e) is bounded above.

where the second equality is due to the fact that log
Integrating by parts we get

d .oy
g 200 o000 G 1) 5
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_ log (2(1 — cose)) i(t+e i(t—e f(e ) do
T 2m (f(e( ))—f(e( ))>_/9 t|>ata1'l( ) o’
and hence
| Geensen g
_ ii\r-‘%{log (2 (12; COS€)) /0 7r(f(ei(t-&-s)) . f(ei(t_a)))p(eit) Qd_;

2m d9 dt
+ / / fe ) p(e") =
0 o—1|>< tan (%5 2m
, 2m / e‘t dt
= lim —
N0 Jo 0—t|>e tan ) 2m

- / “(Hp) (@) £ L

In the above, the second equality comes from | f(e!"F9)) — f(el'=9))| = O(e) uniformly
for t € |0, 271) and since we have in particular p € L*(T), the last one does from
the L%-convergence of the involved principal value integral to Hp (see [5, 12.8.2(2)]).
Hence, the desired assertion follows since f is arbitrary.

(ii) is seen by taking the limit as € \, 0 of

/0% (/n . tan(( . ) %) pe) 5

thanks to the L2-convergence of the principal value integral as mentioned above. [

27r

The next theorem is the main result of the paper. One should note that full power of
the large deviation (especially, the almost sure convergence of the empirical eigenvalue
distribution) is needed in the proof, while the weak convergence in the mean is enough
in the proof of Biane’s free LSI for measures on R in [3].

Theorem 3.3. Let Q be a real-valued C*-function on T such that Q(e)—5t* is convex
on R with a constant p > —1/2. Then, the inequality

Fo(p) (3.1)

holds for every p € M(T).
In the special case where Q = 0 and p = 0, the above (3.1) becomes
—X () < F(p)

and the equilibrium measure ji is the uniform distribution d¢.
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In particular, the theorem implies that Fy(u) > 0, i.e.,

[ (e - @) du) = ( | du(C))2

for every p € M(T) under the above assumption of (). Also, suppose that the equi-
librium measure pg has a continuous density and its support is T; then we have
Q(¢) =2 [;log|¢ — 1| dug(n) for all ¢ € T due to [15, Theorem 1.3.1] so that Lemma
3.2 gives Fo(pg) = 0.

Before going to the proof, we should recall the following facts: The Ricci curvature
tensor of U(n) is known to be degenerate, while that of SU(n) to be of positive constant
(see [14], a nice reference for the topic) and a straightforward computation shows that
the Ricci curvature tensor of SU(n) with respect to the Riemannian structure associated
with Tr,, is

Ric(SU(n)) = g 1 (3.2)
This is the reason why we have presented Theorem 2.1 with use of SU(n) instead of
U(n).
Proof of Theorem 3.3. First, let us assume:

(a) @ is harmonic on a neighborhood of the unit disk;

(b) p has a continuous density p = du/d¢, and Q,(¢) = 2 [, log|¢ — n|du(n) is
harmonic on a neighborhood of the unit disk.

For each n € N define n x n special unitary random matrices A3Y(Q) and A$Y(Q,,) as
in (2.2), ie.,

DV @) = g S(n T (QUU)) U
X (Q,)(U) = ﬁ exp(—nTr (Q,(U))) dU,

Let ASU(Q) and A3Y(Q,,) be their joint eigenvalue distributions on T"~! (see §2). Also,
let ASU(Q) and ASY(Q,) be their mean eigenvalue distributions defined by

Q) = [ [+ 8B QG G

and similarly for ASY(Q,). According to Theorem 2.1, the empirical eigenvalue distri-
bution of A3V(Q,,) satisfies the large deviation principle in the scale 1/n? whose rate

functions is X, (1). Moreover, note ([15, Theorem 1.3.1]) that the equilibrium mea-
sure associated with @, (or the minimizer of i@u) is the given p. This large deviation
principle guarantees the following facts (i) and (ii), which will be the key ingredients
in our arguments below.
(i) S\EU(QM) — u weakly as n — oo;
(ii) the empirical distribution %(5@ +-- -+5<n) weakly converges to p almost surely
as n — oo when ((,...,(,—1) is distributed according to S\EU(QM) and ¢, =

(G Gua)™h
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Set W,,(U) := nTr, (Q(U)) for U € SU(n). Lemma 3.1 (iii) and (3.2) verify the Bakry

and Emery criterion
Ric(SU(n)) + Hess(¥,,) > (g + np) I2_q.

Thus, by Theorem 1.1 due to Bakry and Emery we get

1 dASY ?
SORQ @) < s [ Vs G| avten 6y
Notice
A3 (@) Z(Q)

) = exp (e, (Qu(0) + nTr,(QU)). U €SUM), (3.4)

X" (@) Z39(Qu)

where Z5U(Q) and Z3Y(Q,) are the normalization constants of the joint eigenvalue
distributions (see §2). Hence, we have
(

1 (}\SU Q#) )\SU( ))

1 X" (@)
= — log — =221 ANV (Q,) (U
n Jsumy  dASC@(U) (@)(U)

= Slog Z5(Q) — 510 Z5(Q,)
o AT Q@)+ [ Q) @)
= 10 Z(Q) ~ 108 73V (Q)
- [ au¢ Qe )+ [ Q@O
and therefore, thanks to (b) and (i) above,

lim =S (Qu) A (@)

n—oo n2

— B(Q) - B(Q.) - /T Qu(C) dulC) + /T Q) du(€) = Solp),  (35)

where the last equality comes from that p is the minimizer with EQ# (n) =0, ie.,

/T Qu(Q) du(C) + B(Q,) = S(n).

Therefore, the scaling limit in the scale 1/n? of the left-hand side of (3.3) becomes the

relative free entropy 2o (u). We will seek for the scaling limit in the scale 1/n? of the
right-hand side of (3.3). By (3.4) and Lemma 3.1 (ii), we have

d)\nU<Qu> (U) — _nV(Trn(Q#(U» - Trn(Q(U)))

VI Q)
— _1{n(Q;(U) - Q'(U)) — (Tr, (@, (U) — Q'(U))) In}
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so that
2

H dfi(? >)< )

Q
= nQTrn< ) — n(Trn(Q’u(U) - Q’(U))) :

Thus, we get
2

A\ (Qu)(U)

HS

)

VI DT Q)

)

l.;/
n* 2(3+np) Jsuwm

_ 1 { L am (@ - Qo)) e)w)

1+2p

1 2
- [ (@) - W) @) i
SU(n) T
The above-mentioned fact (i) implies that

[ i@ - @)’ as@uw)
SU(n)
/ (QL(O) = Q) d¥U(Qu)(0)
— / du(¢) asmn — oo,

while the above fact (ii) does that

/SU( ) : (Trn@ v) _Q/<U))>2d)‘iU(Qu)(U)

n2

:/TH (%Z(QL(Q) Q(Q))) a3V (Qu) (G- Cat)

=1
with ¢, := (G- Goo1) ™

2

— ([ @©-0@)a0) -

Thanks to the assumption (b), Lemma 3.2 implies that

(/T (@) —Q'(0) dM(C)>2 = </<(Hp)(<) 0y de — / 00 du g))2
- (femo)

2

1
SU _

so that we get

X" (Qu)

VI T Q)

)

Fo(w).
(3.6)

hm . /
n—00 TL2 2( +TL,0) SU(n)
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By (3.3), (3.5) and (3.6) we have shown the desired inequality (3.1) under the assump-
tions (a) and (b).

Next, let us deal with a general @) as stated in the theorem. Let € M(T) with a
density p = du/d¢ € L3(T). For each 0 < r < 1, we consider the Poisson integrals Q,
and p, of @) and p, respectively; that is,

Q") =5 [ RO-DaE i
ple") =5 [ POttt

with the Poisson kernel P.(6) := (1 —r?)/(1 — 2rcos@ + r?). Define u, € M(T) b
dp,(€) := pr(¢) dC. In the same way as in [12, Theorem 2.7], it is easy to see that

EQT (/’1’7") <

Fo, (1) (3.7)
P
by what we have already shown, and also that

lim 32 Solu).

lim g, (1) = B ()
Notice that ||p, —p||;s — 0 and hence |Hp, — Hp||;s — 0 as r / 1. Since @ is a
C*-function, Q! becomes the Poisson integral of Q' so that |Q. — Q'||, — O0asr /1
as well. These imply that

liy o, (ur)—h}q{ | @0 - @) dutc (/ QL) dr (¢ )}

- [ o - @@rano - ([ Q'(C)du(@) — Fa(p)

Hence, the desired inequality (3.1) follows by taking the limit of (3.7). O]

4. SUPPLEMENTARY REMARKS

4.1. Scaling limit formulas for relative free entropy and relative free Fisher
information. It seems worthwhile to state some scaling limit formulas given in the
proofs of the main theorems in separate propositions. In fact, the formulas for relative
free entropy were essentially got in [7]. The proof of (3.5) gives (1) of the next propo-
sition, while that of (3.6) does (2) because the derivative formula in Lemma 3.1 (ii) is
still valid for any U € SU(n) when @ is a real-valued C''-function on T. The unitary
versions are similar.

Proposition 4.1. (1) Let Q be a real-valued continuous function on'T, and p € M(T).
If Qu(¢) == 2 [ log |¢ — | du(n) is finite and continuous on T, then

So() = lim —S(V(Q,), XY (Q)) = lim —S(\(@,), \(Q).

n—oo n2 n—o0 n2
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(2) In addition, if p has a continuous density du/d¢ and both Q and Q, are C*-
functions on T, then

1 AU(Q) P s

Fo(n) —T}ggoﬁ/swn) ’Vlog —dkiU(Qu) ) HSdAnU(Qu)(U)
] A Q) o
e N o IR

Similar limit formulas are given also in the real line case. The details are left to the
reader (see [12, (2.7)] for instance).

4.2. The optimality question of free LSI’s. We examine, by computing particular
examples of measures, whether or not Biane’s free LSI for measures on R as well as
our free LSI for measures on T are optimal. First, consider the real line case. Let
Q(z) := px?/2 on R with p > 0. The equilibrium measure associated with @ is known
to be the (0, 1/p)-semicircular measure g2/, Where we write 7, for the semicircular
measure with mean 0 and variance r2/4:

2
d’YO,r@) = m Vr? — IL‘QX[_M} (:E)dx

For each o« > 0 we have

- o1 1 1
Yo(Mog/va) = 2% o log o — §1ng 5
(o — p)?
Pq(0zyva) =
Therefore, we get
iy —@oyva) . ptraloga—allogp+1) 1
a=0 ®g(Y0.2/va) @0 2(a —p)? 2p’

which shows the following:

Proposition 4.2. The bound 1/2p in Biane’s free LSI for measures on R ([3] or (0.3))
15 best possible.

Next, consider the unit circle case. For each 2 < A < 00, the equilibrium measure
associated with Q(¢) := —2Re (/A on T is known to be

2 do . do
vy = (1 + 3, €08 9) o <w1th Voo 1= %> ,

and its free entropy to be X(vy) = —1/A? (see [10, 5.3.10]). When 4 < X < oo,
since @ () + ;12 = 2 (% — cos t) is convex on R, the free LSI (3.1) holds with

1/(1+42p) = A\/(A —4). For example, for 2 < a < 0o we compute

S =(2-1) . R =2(2-1)"

but the optimality of the bound 1/(1 + 2p) in (3.1) is currently unknown to us. This
situation is same as in the free transportation cost inequality for measures on T (see

12, §§3.2]).



16

F. HIAI, D. PETZ, AND Y. UEDA

REFERENCES

[1] D. Bakry and M. Emery, Diffusion hypercontractives, in Séminaire Probabilités XIX, Lecture

Notes in Math., Vol. 1123, Springer-Verlag, 1985, pp. 177-206.

[2] G. Ben Arous and A. Guionnet, Large deviation for Wigner’s law and Voiculescu’s noncommu-

tative entropy, Probab. Theory Related Fields 108 (1997), 517-542.

[3] Ph. Biane, Logarithmic Sobolev inequalities, matrix models and free entropy, Acta Math. Sinica

19, No. 3 (2003), 1-11.

[4] Ph. Biane and R. Speicher, Free diffusions, free entropy and free Fisher information, Ann. Inst.

H. Poincaré Probab. Statist. 37 (2001), 581-606.

[5] R. E. Edwards, Fourier Series, A Modern Introduction, Volume 2, Second edition, Grad. Texts

in Math., Vol. 85, Springer-Verlag, New York-Heidelberg-Berlin, 1982.

[6] L. Gross, Logarithmic Sobolev inequalities, Amer. J. Math. 97 (1975), 1061-1083.
[7] F. Hiai, M. Mizuo and D. Petz, Free relative entropy for measures and a corresponding pertur-

bation theory, J. Math. Soc. Japan 54 (2002), 679-718.

[8] F. Hiai and D. Petz, Properties of free entropy related to polar decomposition, Comm. Math.

Phys. 202 (1999), 421-444.

[9] F. Hiai and D. Petz, A large deviation theorem for the empirical eigenvalue distribution of random

unitary matrices, Ann. Inst. H. Poincaré Probab. Statist. 36 (2000), 71-85.

[10] F. Hiai and D. Petz, The Semicircle Law, Free Random Variables and Entropy, Mathematical

Surveys and Monographs, Vol. 77, Amer. Math. Soc., Providence, 2000.

[11] F. Hiai, D. Petz and Y. Ueda, Inequalities related to free entropy derived from random matrix

approximation, Unpublished notes, 2003, math.OA /0310453.

[12] F. Hiai, D. Petz and Y. Ueda, Free transportation cost inequalities via random matrix approxi-

mation, Probab. Theory Related Fields, to appear.

[13] P. Koosis, Introduction to H, Spaces, Second edition, Cambridge Tracts in Math., Vol. 115,

Cambridge Univ. Press, Cambridge, 1998.

[14] J. Milnor, Curvature of left invariant metrics on Lie groups, Adv. Math., 21 (1976), 293-329.
[15] E. B. Saff and V. Totik, Logarithmic Potentials with External Fields, Springer-Verlag, Berlin-

Heidelberg-New York, 1997.

[16] D. Voiculescu, The analogues of entropy and of Fisher’s information measure in free probability

theory, I, Comm. Math. Phys. 155 (1993), 71-92.

[17] D. Voiculescu, The analogues of entropy and of Fisher’s information measure in free probability

theory, I, Invent. Math. 118 (1994), 411-440.

[18] D. Voiculescu, The analogues of entropy and of Fisher’s information measure in free probability

theory, V, Noncommutative Hilbert transforms, Invent. Math. 132 (1998), 189-227.

[19] D. Voiculescu, The analogue of entropy and of Fisher’s information measure in free probability

theory VI: Liberation and mutual free information, Adv. Math. 146 (1999), 101-166.

GRADUATE SCHOOL OF INFORMATION SCIENCES, TOHOKU UNIVERSITY, AOBA-KU, SENDAI 980-

8579, JAPAN

ALFRED RENYI INSTITUTE OF MATHEMATICS, HUNGARIAN ACADEMY OF SCIENCES, H-1053

BUDAPEST, REALTANODA U. 13-15, HUNGARY

GRADUATE SCHOOL OF MATHEMATICS, KYUSHU UNIVERSITY, FUKUOKA 810-8560, JAPAN



