FREE TRANSPORTATION COST INEQUALITIES VIA RANDOM
MATRIX APPROXIMATION
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ABSTRACT. By means of random matrix approximation procedure, we reprove Biane and
Voiculescu’s free analog of Talagrand’s transportation cost inequality for measures on R in
a more general setup. Furthermore, we prove the free transportation cost inequality for
measures on T as well by extending the method to special unitary random matrices.

INTRODUCTION

In 1996, M. Talagrand [26] obtained an interesting inequality, called the transportation
cost inequality (TCI), comparing the (quadratic) Wasserstein distance W (u,v) between
probability measures pu,v (for the definition see (2.1) in §2 of this paper) with /S(u,v),
the square root of the relative entropy. Indeed, in [26] Talagrand proved the inequality
W(p,v) < /S(u,v) when v is the standard Gaussian measure on R", and an exposition
in the case of more general v can be found in [19] for example (see also Theorem 2.2 in
§2). Furthermore, in [23] F. Otto and C. Villani succeeded in discovering links between the
TCI and the logarithmic Sobolev inequality (LSI) in the Riemannian manifold setting. This,
combined with the celebrated LSI due to D. Bakry and M. Emery [1], implies the TCI in the
same situation as in [1] (see Theorem 2.3 in §2). In [18, 19, 27] the interested reader will find
more about the subject matter as well as related topics.

The relative free entropy ¥g(p) was introduced by Ph. Biane and R. Speicher [5] for
uw € M(R), the probability measures on R, relative to a real continuous function @ on R
with a certain growth condition. Note that E]Q(,u) is regarded as the relative version of the
free entropy (u) introduced by D. Voiculescu [28] as the classical relative entropy is the
relative version of the Boltzmann-Gibbs entropy. (The “free relative entropy” ¥(u,v) for
two measures was introduced in [11] from a slightly different viewpoint.) In this paper the
relative free entropy f)Q(,u) is also introduced for p € M(T), the probability measures on
the 1-dimensional torus T, relative to a real continuous function Q on T. An important
fact is that the relative free entropy E]Q(,u) is the rate function (or the so-called weighted
logarithmic integral up to an additive constant) of a large deviation for the empirical eigen-
value distribution of a certain random matrix. Indeed, i@(u) for p € M(R) is the good rate
function of large deviation principle for the n x n selfadjoint random matrix determined by
the function @, while Xg(u) for p € M(T) is that for the n x n (special) unitary random
matrix associated with ). The definitions of these quantities as well as related matters are
collected in the first §1 of this paper.
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In [6] Biane and Voiculescu obtained the free analog of Talagrand’s TCI for compactly
supported p € M(R) as follows:

W, 702) < \/—E(M) +/Rx22du($) - Z,

where 70,2 denotes the standard semicircular distribution (with radius 2). Their proof involves
the free process and the complex Burgers’ equation, and one of its keys is Voiculescu’s free LSI
in [30, Proposition 7.9]. The work [6] is a realization of free probability parallel of not only
the result itself but also the proof in [23], and their proof itself justifies the above inequality
to be the right free analog of Talagrand’s TCI.

In §2 of this paper we reprove Biane and Voiculescu’s free TCI in a slightly more general
setting by making use of random matrix approximation and furthermore give a free TCI for
measures on T in a similar way. Our initial motivation is to find another proof to Biane and
Voiculescu’s TCI by use of random matrix approximation on the lines of so-called Voiculescu’s
heuristics in [28] and to justify their T'CI as the right free analog from the viewpoint of random
matrix theory. In §§2.1 we prove the free TCI

1~
Wip, ng) < 1/—2g(pn) for compactly supported p € M(R)
p

if Q is a real function on R such that Q(z) — 522 is convex with a constant p > 0 and pg is the

equilibrium measure associated with @ (or the unique minimizer of EQ(M) for p € M(R)).
When Q(z) = 22/2 and p = 1, this becomes Biane and Voiculescu’s TCI. To prove this,
we first suppose that p is supported in [-R, R] and that Q,(z) := 2 [g log|z — y|du(y) is
continuous on R. We consider two n x n selfadjoint random matrices; one is associated
with @, and the other is associated with @, and restricted on the n x n selfadjoint matrices
with the operator norm < R. Then, these random matrices are probability measures on
the space of n x n selfadjoint matrices (= R”Z), and the classical TCI for these measures
asymptotically approaches, as n goes to oo, to the free TCI we want. The case of general
compactly supported p € M(R) can be treated by an approximation technique.

Furthermore, in §§2.2 we apply a similar method using special unitary random matrices
to prove the free TCI

W, pg) < Sq(p) for p € M(T)

1+2p

if @ is a real function on T such that Q(eit) — %tQ is convex on R with p > —1/2. Here,

W (u, pg) is the Wasserstein distance with respect to the geodesic distance (or the angular
distance) on T. In the particular case where @ = 0 and p = 0, we have

W<,u, ;ﬁ) </ —2%(u) for pe M(T).

The final §3 is a collection of remarks and examples of computations.

It is worthwhile to note that the random matrix approximation method can be also used
to obtain the free probabilistic analog of the classical LSI, which compares the relative free
Fisher information (see [5]) with the relative free entropy. Indeed, in [4] Biane obtained the
free LSI (extending Voiculescu’s one in [30]) for measures on R, and in our forthcoming notes
[15] we will treat its variant for measures on T based on the special unitary random matrix
approximation together with some related aspects.
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1. PRELIMINARIES

The purpose of this preliminary section is to summarize, for the convenience of the reader,
the basic notions and the results which will be needed later. We will use them with no explicit
explanation in the main part of this paper.

1.1. Notations. The set of all Borel probability measures on a Polish space X is denoted
by M(X). The Dirac measure at a point x € X is denoted by ¢, as usual. For p,v € M(X),
the relative entropy of p with respect to v is denoted by S(u,v), which is defined by

S(p,v) = /logd dp = /logd’udu (1.1)

when g is absolutely continuous with respect to v; otherwise S(u,v) := +oo.

The usual trace on M, (C), the n x n complex matrices, is denoted by Tr,,. The Hilbert-
Schmidt norm on M, (C) induced from Tr,, is denoted by ||- ||zs, i.e., |||l zs := Tr, (A*A)1/?
for A € M,(C). Let M35* denote the set of all n x n self-adjoint matrices, U(n) the group
of all n x n unitaries, and SU(n) the special unitary group of order n, i.e., the group of all
n X n unitaries whose determinants are equal to one.

1.2. Free entropy for measures. The notion of free entropy is the free probabilistic analog
of the Boltzmann-Gibbs entropy in classical theory. For each u € M(R), Voiculescu [28§]

introduced the free entropy of p
=[] togle gl duto) dutw).
R2

which is the minus of the so-called logarithmic energy of p useful in potential theory (see
[24]). It is the “main component” of the free entropy x (i) of p introduced in [29]:

3 1
x(n) =X(p) + 175 log 2m.

For each p € M(T), the free entropy ¥(u) of u is defined in the same manner as in the real

line case; that is,
) = //T2 log [¢ — n| du(C) du(n)

([31, §810.7], [12]). For its justification to be a right quantity, see [31, Proposition 10.8] in
relation to the free Fisher information as well as [12, Proposition 1.4], [13] from the microstate
approach or large deviation principle.

1.3. Large deviations for self-adjoint random matrices. Let () be a real-valued con-
tinuous function on R such that

lim |z]|exp(—eQ(x)) =0 for every e > 0. (1.2)

|| =00

The weighted energy integral associated with @) is defined by

Bolin) = ~2(0) + [ Qu)du(a) for e M(R).

According to a fundamental result in the theory of weighted potentials (see [24, 1.1.3]), there
exists a unique pug € M(R) such that

Eq(uq) = inf {Eq() : 1 € M(R)},
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and Eg(ug) is finite (hence so is ¥(ug)). Moreover, pg is known to be compactly sup-
ported. The minimizer pg is sometimes called the equilibrium measure associated with Q.
Set B(Q) := —Eq (pg) so that the function

— () + /R Q(x) du(x) + B(Q) for ji € M(R) (1.3)

is non-negative and is zero only when p = ug. It is well known that if Q(x) = 222/r? with
7 > 0, then the equilibrium measure (or the unique minimizer) pug is the (0,72 /4)-semicircular
distribution 7o, (with variance r2/4):
2
dyor(2) = —5V r? — 2% X[y (2) da. (1.4)
For each n € N define A, (Q) € M(M3%), the n x n self-adjoint random matriz associated
with @, by

A\ (Q)(A) = exp(—nTr,(Q(A))) dA,

1
Zn(Q)

2 .
where dA means the “Lebesgue measure” on M;* = R", i.e.,

i=1 i<j
Q(A) is the usual functional calculus and Z,(Q) is a normalization constant. It is known
(see [20, 14] for example) that the joint eigenvalue distribution on R™ of A\, (Q) is given as

dS‘n(Q)@:l’ s 7'%'71) = 7 EQ) exXp <_nz Q(xz)> H(xz - xj>2 Hd.%'z
n i=1 i<j i=1

with a new normalization constant ZL(Q) Moreover, the mean eigenvalue distribution on R
of \n(Q) is defined by

3n(Q) :_/--./Rni(am bt 80 ) A (Q) (s ).

In [2] Ben Arous and Guionnet showed the large deviation principle for the empirical
eigenvalue distribution of the standard self-adjoint Gaussian random matrix (i.e., A\, (Q) with
Q(z) = x2/2). The following is its slight generalization given in [14, 5.4.3]: When (z1, ..., z,)
is distributed according to S\n(Q), the empirical eigenvalue distribution

1
5(5951 4+ 4 0p) (1.5)

satisfies the large deviation principle in the scale 1/n? and the good rate function is given by

1 -
(1.3). Furthermore, one has B(Q) = lim — log Z,(Q), i.e.,
n—oo N

n n
B(Q) = lim 1210g/~-/ exp (—nZQ (xz)> I_I(acZ - mj)Qdei.

noee R" i1 i<j i=1
See [8, 9] for general theory of large deviations. Since pg is the unique minimizer of (1.3),
the random measure (1.5) converges in the weak topology to jg almost surely, and hence
An(Q) — pg weakly (see [14, p. 211] and also [7]). From the viewpoint of the large deviation
theory of level-2 (see [8, 9]), the function (1.3) can be regarded as a kind of free analog of the
relative entropy with respect to its unique minimizer ug. Thus, following Biane and Speicher
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[5, §6] and Biane [4, §3], we call the function (1.3) the relative free entropy (or modified free
entropy) of p relative to @, which is denoted by ¥ (u); that is,

So) = ~E(0) + | Qla)dula) + B(@Q) for 4 € M(R) (1.6)

We do not call this the “free relative entropy” introduced in [11], a slightly different relative
entropy-like quantity X (u, v) for two probability measures in the framework of free probability.
Indeed, the free relative entropy 3(u, v) for p,v € M(R) is defined as

// log [ — yl d(p — v)(x) (s — v)(3).

But it is known (see [11, (2.7)]) that 3 (u, pg) = EQ(H) if the support of x is included in that
of ug.

1.4. Large deviations for restricted self-adjoint random matrices. In the course of
finding a right free analog of relative entropy, another random matrix model associated with
Q@ and R > 0 was introduced in [11]. Here, @ is an arbitrary real-valued continuous func-
tion whose domain includes [—R, R]. The self-adjoint random matrix A\,(Q; R) € M (M:®)
restricted on a compact subset {A € M3 : ||Al|oc < R} is defined by

An(@Q; R)(A) = (Q R exp(—nTrn(Q(A))) X{ 4] <ry (A) dA
with a normalization constant Z,(Q; R). In the above, || -||s means the operator norm. The

joint eigenvalue distribution supported in [—R, R]" of A\,,(Q; R) is given as
A\ (Q; R) (1, .., xy)

! ) =—————exp (—HZQ z; ) T = 2)? T] x-romy (20) das

(Q R i<j i=1

with a new normalization constant Z,(Q;R). Its mean eigenvalue distribution \,(Q;R)
supported in [-R, R] is defined as in §§1.3. As in the case of A\,(@), the following large

1 -
deviation theorem holds: The finite limit B(Q; R) := lim — log Z,(Q; R) exists, and when
n—oo N

(z1,...,xy,) is distributed according to A,(Q; R), the empirical eigenvalue distribution (1.5)
satisfies the large deviation principle in the scale 1/n? with the rate function

—HM+ARMQWMM@+M@R)buwﬂﬂPRM) (1.7)

The proof of this large deviation principle is similar to [14, 5.4.3 and 5.5.1] as noticed in
[11]. In this setting, there also exists a unique minimizer pgr € M([—R, R]) of the rate
function (1.7), whose value at pug g is zero. If R > 0 is chosen so that pg in §§1.3 is
supported in [—R, R], then pg = pg r is seen by comparing the two rate functions, and
hence B(Q) = B(Q; R); this assertion is essentially same as in [29, Proposition 2.4] in the
single variable case.

1.5. Large deviations for special unitary random matrices. Let ) be a real-valued
continuous function on T. Similarly to the real line case in §§1.3, the weighted energy integral

+ [ @ dute) tor e mcr)
T
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admits a unique minimizer pg € M(T) (or the equilibrium measure associated with @). Set
B(Q) == X(ug) — [ Q(C) dug(¢)- It is known ([13]) that the function

+ / Q) du(¢) + B(Q) for € M(T)
T

is the rate function of the large deviation for the empirical eigenvalue distribution of an n xn
unitary random matrix

Q) = o

7@ exp(—nTrn(Q(U))) du,

where dU is the Haar probability measure on U(n), Q(U) is defined via functional calculus
and ZY(Q) is a normalization constant. Furthermore,

n
B(@ = Jim gtog [ [ exp(—n QQ) G- 6P T4
(@) = lim — > 1§g§n| il 11:11
where d¢; = df;/2m for ¢; = €l%. However, the above unitary random matrix A\Y(Q) is not
suitable for our present purpose as will be explained in §1.6. Thus, we need to modify the
above large deviation to the setup of SU(n).
It seems a folklore for specialists that the joint eigenvalue distribution on T"~! of the Haar
probability measure on SU(n) is

1 n—1
— 1 16=¢PI]dG with G =(G 1), (1.8)
T 1<i<j<n i=1
or

1
eyt 11

9 n—1
6
—e’ H d(gZ
1<i<j<n i=1

with 6, = — (61 + -+ + 0,—1) (mod 27).

In fact, this distribution is easily derived from the Weyl integration formula familiar in
representation theory (see [16, p. 104] for example). Let @ be a real-valued continuous
function on T. For each n € N define A\, (Q) € M(SU(n)), the n x n special unitary random
matriz associated with @, by
1

Z3Y(Q)
where dU is the Haar probability measure on SU(n) and Z5V(Q) is a normalization constant.
By (1.8) the joint eigenvalue distribution on T~ of A3V (Q) is given as

exp (—nZQ(Q)) IT l6-¢PII4
=1

i=1 1<i<j<n

A (Q)(U) = exp(—nTrn (Q(U))) dU,

1
DEU(Q)(Crr- - Guot) = =
(D) = 75000)
with G = (¢ Gu1) ™
The next theorem is the large deviation principle for the empirical eigenvalue distribution

of A8Y(Q), whose proof, based on the explicit form of the density of S\,SZU(Q), will be explained
in our forthcoming notes on the related topics of this paper.

1 -
Theorem 1.1. The finite limit B(Q) := lim — log Z39(Q) ewists. When (C1,...,Cn1) is
~ oo n?
distributed on T" 1 according to A\3Y(Q), the empirical distribution L(8¢, +-+-+6¢,_, +6¢,)
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with ¢, = (C1 -+ Cuo1) ™" satisfies the large deviation principle in the scale 1/n? with the rate
function

Sou) = ~2(0) + | QU +B(Q) for e M(T). (1.9)

Furthermore, there exists a unique minimizer pg € M(T) of the rate function so that

So(pg) =0.
As before, we call the rate function (1.9) the relative free entropy of p with respect to @,
which is denoted by X¢g(u) as in (1.6).

1.6. Ricci curvature tensor of SU(n). Let M be a smooth complete Riemannian manifold
of dimension m, and let Ric(M) denote the Ricci curvature tensor of M. For a real-valued
C? function ¥ on M, the Hessian of ¥ is denoted by Hess(¥). Our arguments in §§2.2 will
need to verify the so-called Bakry and Emery criterion with a positive constant p:

Ric(M) + Hess(V) > ply; (1.10)

see [1] and also Theorem 2.3 below.

The Ricci curvature tensor of U(n) is known to be degenerate, while that of SU(n) to be of
positive constant (see [21], a nice reference for the topic) and a straightforward computation
shows that the Ricci curvature tensor of SU(n) with respect to the Riemannian structure
associated with Tr,, is

Ric (SU(n)) = g[nz_l. (1.11)
This is the reason why we have presented Theorem 1.1 with use of SU(n) instead of U(n).

1.7. Hessian of trace functions. As explained just above, we will have to verify the Bakry
and Emery criterion (1.10) for a trace function on SU(Q). Thus, the higher (especially,
the second) order differentiability of a certain kind of trace functions will be needed as a
prerequisite to discuss the Hessian. The topic seems rather familiar to specialists, however
we can find no appropriate literature.

Let f(t) be a real-valued function on an interval (a,b), and let Aj, Ao, ... be distinct points
in (a,b). The divided differences f ") for r = 0,1,2,... are recursively introduced as follows:

FO) = f(A1) and

[r—1] _ rlr-1]
f[r](Alj)\27-.-7)\7‘+1) = ! ()\1’)\2""’/\T) f ()‘27"'7)‘%)‘7’-&-1)_
A1 = Arg1

When A;’s are not necessarily distinct, f [r]()\l, A2, ..., Ar4+1) can be defined by continuity as
long as f € C"(a,b); for instance, NN\, X) = f/(A) and fRE(X\, A N) = f”(\)/2. See [10,
§I1.2] for basic properties of divided differences. Let A € M ®, all of whose eigenvalues are in
(a,b), and A = Zé:l \i P; be the spectral decomposition with distinct eigenvalues A,..., N\
in (a,b). For each Hy, Ho, ..., H, € M3* we define

fI(A) o (Hy, Hy, ... H,)

l
= Z Z fm()‘ila )‘iQa IR )\ir+1)PilHU(1)Pi2HU(2) e Pi'rHO'(T‘)PiT-‘rl?

TESy i1, ylr41=1

where S, is the set of all permutations on {1,...,7}. In particular, note ([3, V.3.3]) that if
f € CY(a,b) and A = Udiag(\1, ..., \,)U* is a diagonalization, then

- = M) o Hy = o] o0 ;
gi|_ JA e = i) i =0 (/0] ev mu)ur,
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where o stands for the Schur product. The next lemma can be shown in an essentially same
way as in the proof of [3, V.3.3].

Lemma 1.2. Let A, Hi,...,Hp, € M3 and set G(x) :== A+ " xpHy, forx = (x1,...,%m)
€ R™. Let f be a real-valued C" function on (a,b) for some r € N. If the eigenvalues of
G(x) are in (a,b) for all x in an open domain D of R™, then the function Tr,(f(G(x))) is
C" on D and
ar
@xkl 8$k2 cee 3$k7.

Tra (F(G(x))) = Tra (171G (@) © (i, Hios - Hy,))

=T (UG @) o (Hyy, - Hy, ) ) H, )
foralll1 < ki, ko,..., k- <m and x € D. In particular,
0
5 in(f(G(2))) = Tra(f(G()) Hy)
Lk
forall1 <k <m andx € D.

The next lemma is what we will actually need in §§2.2.

Lemma 1.3. Let @Q be a harmonic function on a neighborhood of the wunit disk
{CeC:|¢| <1}. For each n € N and each U € SU(n) define Q(U) via the functional
calculus and set U(U) := Tr,(Q(U)). Then one has

(i) The function ¥(U) on SU(n) is C*.
(i) If Q(eit> — §t2 is convex on R for some constant p € R, then Hess(V) > pl,2_;.

Proof. Set f(t) := Q(eit> for t € R, and let Y}, := iXj, with X, = X}, 1 <k < n? —1, be

a basis of the Lie algebra su(n) = {T' € M, (C) : T +T* = 0, Tr,(T) = 0} (= R**~!). For
any Uy = 40 € SU(n) with i4g € su(n) and for z = (21,..., 2,2 1) € R” 1, we write

n?2—1 n2—1
v (exp (iAo + Z $kYk>> = Tr, <f <A0 + Z :Uka> ) .
k=1 k=1

The C*-property of f on R immediately follows from the assumption of Q). In fact, for each
to € R, the function f(typ + t) has a power series expansion for ¢ near 0. Thus, Lemma 1.2
implies (i).

Set F(t) := Q(eit) — 242 for t € R. For any Uy = ¢! € SU(n) with i4g € su(n) and for

2_
(1,...,2,2_1) € R¥ 1 we have

n?—1
v <exp (iAo + ) kak> >
k=1
n?—1 n2—1 2
— Tr, (F <A0 + kzl kak>> i gTrn ( (Ao + kzl kak> )

n?—1 n?-—1 n2-1
— Tr, (F (Ao + > kak>> + gmmg) +p > Trn(AoXy)zk + g > at.

k=1 k=1 k=1

Since F(t) is convex on R, it is known ([22, 3.1]) that Tr, (F(Ao + 222:_11 2, Xy)) is convex
in (1,...,2,2_1) so that (ii) follows. O
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2. MAIN RESULTS

The aim of this paper is to obtain the free analog of transportation cost inequalities for
measures on R and on T. We deal with probability measures on R in the first half of this
section and those on T in the latter. The (classical) transportation cost inequalities compare
the Wasserstein distance with the relative entropy (see (1.1)) for two given probability mea-
sures. Let us first recall the definition of the Wasserstein distance. Let X be a Polish space
with a metric d. The (quadratic) Wasserstein distance between u,v € M(X) is defined by

W(p,v) := inf // fd (x,y)?dr(z,y), (2.1)
mell(p,v) Xxx 2

where II(u, v) denotes the set of all probability measures on X x X with marginals p and v,
ie, m(-xX)=pand 7(X x-) =v. The reader should note that the Wasserstein distance is
sometimes defined with the integral of d(x,y)? instead of 1d(z,y)?. The next lemma is well
known and easy to show.

Lemma 2.1. W(u,v) is weakly lower semicontinuous in u,v € M(X); namely, if pn, vy €
M(X), pn, — 1 and v, — v in the weak topology, then

W (p,v) < liminf W (g, vy).

In the typical case where X = R" and d(z,y) = ||z — y||, the usual Euclidean metric,
let g, be the standard Gaussian measure, i.e., dgn(z) := (27)""2e~I17I"/2 4z (dz means the
Lebesgue measure on R™). The celebrated transportation cost inequality (TCI in short) of
Talagrand [26] is

Wi, gn) < /S gn), 1€ MR").

This inequality is a bit extended as follows (see [19]):

Theorem 2.2. Let ¥ : R" — R and assume that ¥(z) — §||z||? is convex on R" with a
constant p > 0. If dv(x) := %e*q’(x) dx € M(R™) with a normalization constant Z, then

W) < ;sw, V)., e MR,

In [23] Otto and Villani established the interrelation between TCI and logarithmic Sobolev
inequalities (see [18, 19] for example) by a technique using partial differential equations. Their
result, combined with Bakry and Emery’s LSI (see [1] for details), implies the following TCI
in a setup on Riemannian manifolds, which will play a crucial role in deriving our free analog
of TCI for measures on T. In the theorem, let M be an m-dimensional smooth complete
Riemannian manifold equipped with the geodesic distance d(z,y) and the volume measure
dx.

Theorem 2.3. (Bakry and Emery [1] and Otto and Villani [23]) Let ¥ be a real-valued C?
function on M and set dv(x) := %e“l’(x) dx € M(M) with a normalization constant Z. If
the Bakry and Emery criterion Ric(M) + Hess(V) > pl,, holds with a constant p > 0, then

W(p,v) < ;S(uw), € M(M).

On the other hand, the following free analog of Talagrand’s TCI is shown by Biane and
Voiculescu [6]. Recall that vp 2 is the standard semicircular measure (see (1.4)).
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Theorem 2.4. (Biane and Voiculescu [6]) For every compactly supported pn € M(R),

W (11, 702) < \/ ~2(n) + /R 2 i) - 2. (2.2)

In the rest of this section we will present a new proof of the above free TCI for measures
on R in a more general situation by using a random matrix technique, and then prove its
counterpart in the case of measures on T. Our essential idea is that the classical TCI on the
matrix space MZ% (resp. on SU(n)) asymptotically approaches to the right free analog when
the matrix size goes to oo.

2.1. The real line case. Let us prove the following free TCI for measures on R:

Theorem 2.5. Let QQ be a real-valued function on R. If Q(x) — *{L‘Q is convexr on R with a
constant p > 0, then

W (i i) < ;iw) (2.3)

for every compactly supported p € M(R).

In particular, when Q(x) = 22/2 and so p = 1, the relative free entropy iQ(,u) is the inside
of the square root in (2.2) and its minimizer is yp2 so that Theorem 2.5 is a generalization
of Theorem 2.4.

The next lemma will play a key role in our proof of the theorem.

Lemma 2.6. Let i, € M(M:*) and [i,0 be the mean eigenvalue distributions on R of i, 7,
respectively. Then

1

—W N? % 9
N (i, 7)
where W (i, 0) is the Wasserstein distance with respect to the distance induced by the Hilbert-
Schmidt norm || - ||gs on M3°.

Proof. For A € M:* let A\1(A),..., A\ (A) be the eigenvalues of A in increasing order with
counting multiplicities. The mean eigenvalue distribution [ is written as

g:/ — (8xy(a) -+ + O, () dit(A).
M.sa n

For each 7 € II(fi, 7) define 7 € M(R x R) by
6= [f L i s (u(A), i(B)) € G dR(A, B)
MSI‘ZXM,;SL“ n
for Borel sets G C R x R.. Since

#(F x R) = /M L {0 s M(A) € FYdi(A) = u(F)

sa T

W(p,v) <

and similarly #(R x F') = 0(F) for F C R, we get 7 € II(j1,7) so that

// (x —y)* dr(z,y)
R><R2
1 n
= r—y)2d| =) b4 @6, di(A, B
//MSGXMS”‘{//RXRQ y nz )"L(A) )\1(3) ( )

-2 (A ) 2 0=
= //MﬁaXMf;,“ 2 g ()\Z(A) )\z(B)) d (A’ B)

n
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The famous Lidskii-Wielandt majorization for Hermitian matrices (see [3]) implies that

n

ST (A(A) = xi(B)? <Y M(A-B)? = |A- Bl
=1 =1

for all A, B € M;*. Therefore,

. 1 1 .
Wi, v)? <= // SllA - B||%¢d7(A, B),
n Mgax Mga
and taking the infimum over 7 € II(f, #) gives W (i, 0)? < 1W (q, 7). O

Proof of Theorem 2.5. First, let p € M(R) be compactly supported, and suppose that the
function Q,(z) := 2 [log |z —y| du(y) is finite and continuous on the whole R. Choose R > 0
so that p is supported in [—R, R]. For each n € N consider the n x n self-adjoint random
matrix A\, (Qu; R) € M(M;*) supported in {A € M:* : ||Alloc < R} as well as A\, (Q) €
M(ME) (see §§1.3 and §§1.4). Here, note that the condition (1.2) is automatically satisfied
under the convexity assumption of ). Since the corresponding large deviation principle
guarantees the weak convergence of the mean eigenvalue distribution 5\,1(@) (resp. Xn(QH; R))
to pug (resp. ), Lemma 2.1 gives

W (. @) < liminf W (A (Qus R), An(Q)).- (2.4)
By Lemma 2.6 we get
. A 1
W (An(Qus R), M(@Q)) < EW(An(QmRMn(Q))- (2.5)
Set W, (A) := nTr,(Q(A)) for A € M3 then d\,(Q)(A) = an(Q)e"I’”(A) dA. Since

Q(z) — 5% is convex on R, so is
a(4) = ZLAllfrs = nTra (Q(4) — £47) o g

Also, note that || - || g corresponds to the Euclidean norm on R™ under the isometry A =
[A;j] € M3* — ((Aii)1§i§n7 (\/iAij)i<j) € R™. Hence, Theorem 2.2 implies that

W (0@ ) M(@) < 1/ -5 00 (@, ) Q). (2:6)
We now estimate #S()\n(Qu; R), \n(Q)). Notice

IQR) 2@ )
drn(Q) (A)_gn(Qu;R) p(=nTra(Qu(A)) + nTra(Q(A)))

on (M%) g == {A € M : ||A|l < R}. Here, Z,(Q) and Z,(Q,; R) are the normalization
constants of the joint eigenvalue distributions of the random matrices A\, (Q) and A\, (Q,; R),
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respectively (see §§1.3 and §§1.4). Hence, it follows that

5500 (Qui ), (@)

1 d\y, ;

2 Jorgre FdAQ)

1 = 1 =
- e 2@~ e Zu@u - [

N / L (QA)) dAn(Qp: R)(A)
(M

sa)R n

(A) dAn(Qp; R)(A)

T (Qu(A)) dAn(Qi B)(4)

n

10 20(Q) ~ 5105 Zu(Q) ~ [ Qule) dh(Qui R)@)

[7R7R]

4 / Q(z) dSn(Qp: R)(x)
[-R,R]

— B(Q) - B(Qu: R) - /

[_R’R]

Qulx) du(z) + /R Q) du(z) = So(i)  (27)

thanks to the fact that p is the minimizer of the rate function (1.7) with @, in place of @,
ie.,

/ Qu(#) dp(x) + B(Qpi R) = S(u).
[-R,R]

Combining (2.4)—(2.7) altogether implies the inequality (2.3) under the continuity assumption
of Q. (x).

Finally, let © € M(R) be a general compactly supported measure. By the regularization
method in [14, p. 216] we can choose a sequence {yu} of measures in M(R) with compact
supports uniformly bounded such that @, () is continuous on R for each k, up — p weakly
and X(uy) > 3(p) for all k. Hence, by Lemma 2.1 and the first case we have

W (p, @) < liminf W (g, pg)

< lim inf \/1iQ(Nl€) < \/1%(#),
p p

k—o0

completing the proof. O

2.2. The 1-dimensional torus case. Next, we will present the free analog of transportation
cost inequalities for measures on T. The idea with use of special unitary random matrices is
essentially the same as before. In the following we consider two kinds of Wasserstein distances
between probability measures u, v € M(T). The one is the Wasserstein distance with respect
to the usual metric |¢ — |, (,n € T, and the other is with respect to the geodesic distance
(i.e., the angular distance) on T. We write W), (u,v) for the former and W(u,v) for the
latter. Of course, one has

VVH(M) l/) < W(M? l/)v K, v GM(T) (28)

The theorem below is the free TCI for measures on T comparing the Wasserstein distance
with the relative free entropy (1.9).
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Theorem 2.7. Let Q) be a real-valued function on T. If there exists a constant p > —% such
that Q(e') — 512 is convex on R, then

Wi (1, 1Q) < Wip, pg) < Zq(w) (2.9)

for every € M(T).
The special case where Q =0 and p =0 is

W, <u,;lfr) < W(M, fr) <V=2%(p),  pe M(T). (2.10)

We need the next lemma to prove the theorem. Note that the lemma and the proof remain
valid when SU(n) is replaced by U(n).

Lemma 2.8. Let ji,v € M(SU(n)) and W(j,0) be the Wasserstein distance between fi, U
with respect to the geodesic distance on SU(n). Let [i,0 be the mean eigenvalue distributions
on T of i, U, respectively. Then

W 0) < ;ﬁww, ).

Proof. We use the symbol d for the geodesic distance on SU(n) as well as for that on T.
Define the optimal matching distance on T" by

gESy

8(¢,m) = min | > d(Gi, (i)
i=1

for ¢ = (C1,---,¢),n = (m,y...,mn) € T™ For U € SU(n) let N(U) := (A (U),..., \(0))
denote the element of T™ consisting of the eigenvalues of U with multiplicities and in counter-
clockwise order (i.e., 0 <arg A\ (U) < --- <arg A\, (U) < 2m). First, we prove

S(AU), A(V)) <d(U, V), U,V € SU(n). (2.11)
For U,V € SU(n) let U(t) (0 <t < 1) be the geodesic curve in SU(n) connecting U and
V. By dividing the curve into several small pieces if necessary, we may assume that there
is a smooth curve A(t) (0 <t < 1) in {A € M3® : Tr,(A) = 0} such that U(t) = 4®) for
0<t<1 Let0=ty<t; <---<tg =1 beany partition of A(t). For 1 < k < K we have

n 1/2
SOMU (ts—1)), MU (1)) < {Zd(emm(tk1)>,eiAi(A(tk>>)2}
1=1

. 1/2
< {Z IAi(A(tg—1)) — )\i(A(tk))‘Q}
=1

< [[A(te—1) — A(te)lms

== Cl(U(tk_l), U(tk)) + O(tk - tk—l)-
In the above, A1(Ag), ..., A\ (Ag) are the eigenvalues of Ay in increasing order, and the third
inequality is due to the Lidskii-Wielandt majorization. Therefore,

K
AU, ANV)) < S(AU (te-1)), AU (tr))) < d(U, V) + o(1)
=1

ol

so that (2.11) follows because o(1) — 0 as maxy(ty — tp—1) — O.
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Now, for each U,V € SU(n) let oy v € S,, be such that

n 1/2
S(AMU), A(V)) = {Z d()‘i(U)a)‘aU,v(i)(V))Q} :
i=1

Of course, we can let (U,V) € SU(n) x SU(n) — opy € S, measurable. For every fi, 7 €
M(SU(n)) and 7 € II(f1, 7), define 7 € M(T x T) by

. 1 . -
w6 = [f L i Ou(0) Ay (V) € GHIR(U, V)
SU(n)xSU(n) T
for Borel sets G C T x T. Since for ' C T

REXT)= [ iU € FYRU) = i),

Su(n) M
1
(T x F) = / —#{i: (V) € F}ydo(V) =0(F),
Su(n) M
we have & € II(f1, V) so that
A AND 1 2 A
W(a,v)° < 5d(C,m)” dr (¢, n)
TxT
] 22 a5
= — — d}\ZU,)\O. zV dﬂ'U,V
i SO o 00

B i//su( )xSU( )éé(A(U)’A(V))Qdﬁ(U’ ")

1 1
S _ // 7d(U7 V)2 dﬁ-(Uv V)
nJJ SUm)xSu(n) 2

thanks to (2.11). This implies W (41, 7)? < LW (i, )2 O

Proof of Theorem 2.7. The first inequality of (2.9) is obvious as noted in (2.8). To prove the
second, we first assume:

(a) @ is harmonic on a neighborhood of the unit disk;

(b) the function Q,(¢) := 2 [1log|¢ —n|du(n) is finite and continuous on T.
For each n € N consider n x n special unitary random matrices A3V (Q) and A3V(Q,) (see
§61.5). According to Theorem 1.1, the empirical eigenvalue distribution of ASVU(Q) (resp.
ASY(Q,)) satisfies the large deviation principle in the scale 1/n? whose rate function is E‘Q(y)
(resp. EQ# (v)). Moreover, note ([24, Theorem 1.3.1]) that the equilibrium measure associated
with @, (or the minimizer of i@u) is the given . Thus, the large deviation principle
(Theorem 1.1) guarantees that the weak convergence of the mean eigenvalue distribution
ASU(Q) (resp. S\EU(QM)) to the equilibrium measure pg (resp. p), and hence Lemma 2.1
implies that

W (. ) < liminf W (A3Y(Q,), A3V(Q)).- (2.12)

On the other hand, Lemma 2.8 gives

W(8Y(Q,), 3 (Q) < —

%W(AEU(QM), AY(Q)). (2.13)
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Set W, (U) :=nTry, (Q(U)) for U € SU(n). Lemma 1.3 (ii) and (1.11) verify the Bakry and
Emery criterion:
Ric(SU(n)) + Hess(¥,,) > (g + np) I y. (2.14)
Hence, Theorem 2.3 implies that

WS @A (@Q) </
Similarly to the real line case, since

dUQ) T Z5U(Qu)

with the normalization constants Z5V(Q) and ZSLU(QM) of the joint eigenvalue distributions
(see §§1.5), we have

5080 @) (@)
= % log Z5Y(Q) — % log ZSU(QH)

- / lTrn(QM(U))dAEU(QM)(U)+ / lTrn(Q(U))ciAiU(%)(U')
SU(n) SU(

n n)n

2
n+ 2np

S(ASYU(Qu), AV (Q)). (2.15)

exp(—nTr, (Qu(U)) + nTr, (Q(U))), U € SU(n),

= 51 Z50(Q) - 510 78V (Q)
. / Qu(©) AU (Q)(C) + / QO) d38U(Q,)(¢)
T T
— B(Q) - B(@,) - / Qu(C) dulC) + / Q(O) du(¢) = o), (2.16)
T T

where the last equality comes from that g is the minimizer with f]Q“ (u) = 0. The above
(2.12), (2.13), (2.15) and (2.16) altogether prove the second inequality of (2.9) under assump-
tions (a) and (b).

Next, let @ be as stated in the theorem (hence @ is continuous on T) and u € M(T) be
general. For 0 < r < 1, we consider the Poisson integrals (), and p, of () and p, respectively;

that is,
27

Q, (e”) = % R~ t)Q(eit) dt,
Dr (eie> = % 0% P.(6 —t)p (eit> dt

with the Poisson kernel P,.(8) := (1 —172)/(1 —2rcos +1r?). Define p,. € M(T) by du,(¢) :=
pr(€)d¢. Then it is plain to see that @, satisfies the assumption (a) and that u, does (b).
The convexity assumption of () in the theorem means that

2Q () + (1= Q) — @(ee+1-A0) > gm (- s)?

for all s, € R and 0 < A < 1. It is easy to check that each @,, 0 < r < 1, satisfies the same
convexity assumption so that

2q, (br)- (2.17)

W <
(/’LT’7II"LQ7‘) — 1+2p

by what we have already shown.



16 F. HIAI, D. PETZ, AND Y. UEDA

It is known (see [13] and also [14, p. 224]) that u, — u weakly and X (u,) — X(p) as
r /" 1. Moreover, it is known (see [17, 5.3.2]) that ||Q, — Q|| — 0 as 7 7 1, where || - ||
means the uniform norm on C(T). Since it is easily seen that

1 ~ 1 ~
ﬁlog Zn(Q’r) - ﬁ IOg Zn(Q) S ”Qr - Q”oo )
we have B(Q,) — B(Q) as r /" 1. Therefore, we get

lim 3 = Yo(u).
lim Q. (1) = Xq(n)

Choose any sequence 0 < r(k) <1 with r(k) — 1 such that pq,,, — po € M(T) weakly. By
the upper semicontinuity of X(u), we get
0 < ¥q(po) < li}?i)ggf 2Qu ) (HQ,u) =0
so that pg = pug. This shows that g, — pug weakly as r /1 and
Wp, pg) < lminf W(pr, po, )
r,/'1

thanks to Lemma 2.1. Hence, the desired inequality finally follows by taking the limit of
(2.17). g

3. CONCLUDING REMARKS
In this section we collect some remarks and examples of computations.

3.1. Use of special orthogonal random matrices. For a real-valued continuous function
Q, an n x n special orthogonal random matrix A3°(Q) is defined by
1

@V = 50,57 =0~ 5 Tral@(V) ) V.

where dV is the Haar probability measure on the special orthogonal group SO(n). The joint
eigenvalue distribution on T"~! of A3°(Q) is

S0 1 N . i — - ;
d)‘n (Q)(Cl, .. .,Cn_l) = ZEO(Q) exXp <_2 ;Q(Q)> H ’CZ €]|11;[1d41

1<i<j<n

with G = (G- Gom1)

The large deviation is analogous to Theorem 1.1; the rate function is just %i@(,u) and its
minimizer is the same p1. On the other hand, note that the Ricci curvature tensor of SO(n)
is 5
. n—
Ric(SO(n)) = "1~ Foa-1)2.
and the Bakry and Emery criterion in place of (2.14) is

n—2 n

RIC(SO(TZ)) + Hess(‘lln) > < 1 + 2p> In(n—l)/27

where W, (V) := §Tr,(Q(V)) for V'€ SO(n). In this way, a special orthogonal random
matrix model can be used as well to obtain the free TCI in Theorem 2.7. Similarly, the free

TCI in Theorem 2.5 can be shown by using a real symmetric random matrix model
1

Q) = Gy o0 (— 5 Tenl@(T))) T,

where dT":= [[,; dT;; on M,(R)** = R7(n+1)/2,
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3.2. Some computations: Best possibility of free TCI’s. A formula of the Wasserstein
distance W (u,v) for u,v € M(R) is found in [27, 2.18] as follows:

Wiy =5 [ (0 -G ) (3.1)

0
where F' and G are the respective distribution functions of  and v. This can be conveniently
used to compute W (y0,r,,70.r,) between semicircular measures:

[ri — 1o
W(PYO,T‘17707"'2> = W (32)

When Q(x) := px?/2 on R with p > 0, the equilibrium measure associated with Q is Y0.2/ /5>
and for @ > 0 we compute

- 1 p 1 1
ZQ(fyO’Q/\/a) = §loga+ % §logp ~ 5
Therefore, we get

w , 2
lim (70,2/\/5 ’70,2/\/5) _ 1

a=0 z~362(70,2/\/&) p
This shows that the bound 1/p in the free TCI (2.3) is the best possible.
For 2 < X\ < oo the equilibrium measure associated with Q(¢) := —(2/A\)Re{ on T is

2
vy = (1 + — cos 9> d9 (with ve = d—e) (3.3)

A 2 2

and Y(vy) = —1/A? (see [14, 5.3.10]). Since the density of v, is symmetric with respect to
the real-axis, it is obvious that W (vy,df/27) is equal to the Wasserstein distance between
vy and df /2w regarded as measures on R supported in [—7, 7]. Hence, by applying (3.1) we
can easily compute W (vy,df/27)? = 1/A? for 2 < XA < co. Hence, we notice that the bound
2 in the free TCI (2.10) cannot be smaller than 1; however it is unknown whether 2 is the
best possible bound or not.

3.3. Classical TCI vs. free TCI. Both classical and free TCI’s are formulated in terms
of the same (quadratic) Wasserstein distance for measures, and thus it seems interesting to
compare these two. However, in the case of measures on R, the natural reference measures
are Gaussian (not being compactly supported) in the classical case, while semicircular (being
compactly supported) in the free case, and hence the question is irrelevant in this case. In
the case of the uniform probability measure df/2m on T, our free TCI is

W(u, jﬁ) <2, pe M(T),

while to the authors’ best knowledge the sharpest classical TCI is

do do

(The latter inequality is seen as follows. It is known (see [19, p. 94]) that the “spectral gap”
and “logarithmic Sobolev constant” are the same number 1, and [23, Theorem 1] implies
the desired inequality.) Now, if the relative free entropy happens to dominate the (usual)
relative entropy up to a positive constant, then a free TCI would immediately follow from
the classical one. However, this is not, and we indeed have the following examples:

(1) For an arbitrary & € N and for large n € N, let us choose k disjoint intervals
[aj(n),bj(n)], 1 < j <k, in T = [0,2m) whose lengths are all 27/kn and whose center
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points are fixed independently of the choice n. Consider ux(n) € M(T) whose density is
Z?:l nx[aj (n),b;(n)] Then we have

On

do
S(Mk(n), 27r> = logn.

the other hand, by a straightforward computation we see that, for a sufficiently large

ng € N, there are constants ¢, < C} depending only on & such that

1 1
h+ o < =% ((n)) < G+ ot for 2 o,

and thus

X)) 1

S(Nk(n)ﬂ %) k

The computation is somewhat similar to a free entropy dimension computation for single
variables; see [25, Proposition 6.1] for example.

(2) For the measure vy (2 < A < o0) in (3.3), with the help of a table on integration
formulas, we can compute

do 1 4 4 1
A

and hence we get

S(va, 57)
~3(n)

—0 as A — oo.

These examples tell us that the minus free entropy —X(u) cannot be compared with the
relative entropy S(p,d0/2).

Acknowledgments. We are grateful to Professor Ph. Biane who pointed out the formula
(3.2) to us.
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