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Abgtract, et X, v ...V X, be a partition of X. The
(14100041y)th entry of the M-dimensional profile-matrix P(F)
of the family ¥ & 2% 18 the number of members containing
exactly 1.j elements from Ij. An M-part Sperner family
contains no two members F,C F, being equal in exactly M-1
parts X,. Congider the profile-matrices of all possible M-
Sperner families. The paper determines the extreme ones of
vhese profile-matrices and gives a survey of analogous state-
wents and consequences.

Zusapmenfassung, Sel 11 V +e. VX, eine Partition von X. Das
(1‘.....1')-&0 Element der M-dimensionalen Profilmatrix P(F)
dor Familie F S 2% ist die Anszahl der Mitglieder, die genau
1’ Elemente aus IJ enthalten. Fine M-part-Spernerfamilie
enthiilt keine swei Mitglieder !'1 c !‘2. die auf genau M-%
Teilen X, gleich sind. Wir betrachten die Profilmatrizen aller
mtiglichen M-part-Spernerfamilien. Diese Arbeit bsstimmt die
extremen dieser Profilmatrizen und gibt einen Uberblick tiber
analoge Resultate und Folgerungen.

1. Introduction

Let X be a finite set of n elements and r‘,...,r- be
dietinct subsets of X such that !1t Ry {1 % j). The classical
theorem of Sperner [16]) states that

(‘“ d
m-=-5hn . (1)
2
Kleitman (14] and the author [12] independently discovered
that coneidaring any partition x, v xz = X the weaker condition
PICPJ. '3 -risx, or X, jimplies i = J

is sufficient to have (1). As it ie shown in [12] s this is
not true for 3 parts.

In general, the family ;’-‘zx is called an M-part Sperner
family with respect to the partition X = X,V ...V X, iff



<
PF6F . PG Fy, PPy X, for gome 1(1 €1 $w)
imply F.l = 1’2

(2)

Grigge [81 and Sali [15] found upper estimatee for the
size of an M-part Sperner family Tand recently Griggs,
Odlyzko, Shaerer [ 11] and Firedi [ 7] proved asymptotically
good ones. [4Jgivaa the exact maximum of’ﬂfur the case
H =3, fXB'- 1.

On the other hand, {13] and L‘IOJ give more complicated
additional conditions which, completing (2), ensure the
validity of (1).

After this brief history of the M-part Sperner familiss let
us introduce another branch of the Sperner theory. If 3'5 2x
is a family then let p, (0 =1 %€ n) denote the number of i-
element members of 7 . Take the vectors (po.p1,....pn)ﬁitn"'1
for all Sperner (= 1-Sperner) familiea. It is proved in [1]
the extreme points of the convex hull of this set in R®*!
are (0,...,0) and (0,...,0,(2),0,...,0) (0 €1 €n). 1 (1),

[Z]and [6] the analogous extreme points are determined for
gome other classes of families.

For the combination of the above two branches of the theory
we have to define the profile-matrix P(F) of the family ¥
given on X = X,¥ ... VX, (xirnrJ =0,1¢ 4;|x1, =ng). It is
an M-dimensional matrix with the entries

pic'nia"oo'i'(?) -'{F: Pe?,'rnle ® ij(1 S J s ‘)},.
P(F) can be considered as a point of R(By+1)esa(my+l) L o

denote the class of all M-part Sperner families (with
respeat to X, ¥ ...¥Xy). In genersl, if Ax is a class of
eome families F of subsets of X (A% 227) then l'('”
denotes the set of points in R(n1+1)...(n"+1) correcponding
to all profile-matrices P(¥F) (F6€ A). {mA)D 1s ite
convex hull and € (A) denotes the set of extreme points of

$p(a)> .

The aim of the present talk is to survey the results of
[3], [4] and lB] on this subject.
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2, ™e extreme profile-matrices of the class of M-part
Sperner families

A set I ¢ {o,...,n1}x...x(o,...,u'] is called a partial
transversal if (11,...,13,...,1!) €I, (11....,15,....1')6 I
imply i, = 1}, that is, if I contains no two elements in the
same "row". On the other hand, I is called an gntjichain if
(qseeesiy)y (Jqroeesdy )€ T and 1, S 3.,000,1, €3, dmply
11 = 31,....1‘, = jn. The M-dimensional matrix A(I) is defined
by the entries

(111}) (i'ﬂ 3 {hyereniglE I
LU S
L . (o] otherwise.

After these definitions we are able to present our main
theorems.

Theorem 1 [3]. £(S") consists of the matrices A(I) where
I is & partial iransversal.

Theorem 2 L}]. £(S) consists of th ices A(I) where I
is an antichain.

3. _Conseguences

The moat important question here is to determine nul?’
over the M-part Sperner families. As

01 5T}
|F| = ) SANIETTES 3 pi‘l""’il is a
11-0 il=0

linear function of the entries of P(F), |F| attains ite
meximum at one of the extreme points of (/A(S")).
Thus Theorem 1 implies the next

Theorem 3 |11l. There is an FE€ ¥ such_that
¥ e nax fIF]: Fes*}

and P&F implies that all sets G < X satisfying
iraxf=lonx,l foran1 3 (1 €3 Su) belong to F.

At the first glance it might seem that thie solves the
problem of finding max IFIl. However, this is not true because
it is hard tc compare the sum of entries of the poseible A(I)'s.
Toe asymptotic rssultse [11] and [7]nre based on different
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methoda. But the case M = 2 i@ easy enough. Then a seimple
transformation shoms that A(I) is maximum if the large

n
(1} ) are paired with large ":Ifg , and the small ones with sach
other:

L (ANEN ({41—]) (l"%J)'

This is an old result (}14],[12]). However, all 2-part Sperner
families maximizing | F| were determined only recently 1n[5].
To cbtain them it is necessary to determins first all the
extreme points (given in Theorem 1, ¥ = 2) maximizing the sum
of the entries. The profile-matrices of all other optimsal F
cen be convex linear combinatione of the above extreme points.
It is shown that the latter ones do not exist.

Although Thecrem 3 does not help to determine max '?l in
general, it l¢ads to an exact eolution in the very special
case M = 3, | X0 =1 [4].

Let us show now an application of Theorem 2. Let x1ux2 be
a partition of X and suppose that ? is 8 Sperner family and
its members meet x1 in at least 1 elementis. Griggs [9]
proved the inequality

(=oxt)

for such families F . The left hand side is, in fact & linear
combination of the quantities py, (1 €1%n,,0%3%n,).

Therefore it is enough to prove (3) for the extreme poinia of
Theorem 2 (M = 2):

0 e iy

(3)

(1,31

for any antichein IC il....,n,}x {0...,,n2}. Obsgerve that
this inequality involves no families. It speaks about bincmial
coefficients end antichaine, only. It equivalent and more
pleasent form is&

™ i 152

(1,3 %1° ["1 +
i+

<4
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(I* is an antichain in !0,....mi}x lo,...,m2]m1-n1-1. m, = nz).
Ite prove can be found in [3].

As a final remark, let us observe that Theorems 1 and 2 can
be formulated in the following way. The extreme points of a
class of families eatisfying a certain condition in XU...UX,
ars the matrices A(I) where I satiefies "the same" condition
in 10....,n1} X oo X{O,...,n i Thie law is valid in a more
general context (see [ 3.
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