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COMBINATORIAL NUMBERS, GEOMETRIC CONSTANTS
AND PROBABILISTIC INEQUALITIES
UDC 519
D. KATONA [GYULA KATONA| AND B. S. STECKIN

In this note we summarize solutions of the problem of estimating variances of sums of
random independent vectors of a normed linear space. The solution is attained by step-by-
step increase in the complexity of the structures under consideration: systems of subsets—sys-
tems of vectors—systems of random vectors.

1. Combinatorial numbers. Suppose S, is an unordered n-element (S| = #n) set. The
Turdn number T(n, k, [) is the smallest m for which there exists a system of Lsubsets F =
1S cicm» S C 8, such that VS, C 5,380 € F: §(0 C §,. It is known (see [2] or
[4]) that
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2. Geometric constants. Suppose X is a normed linear space and O, = B0 0 e s 3 Ept
is a system of (i.e., a collection of not necessarily distinct) vectors x; € X, lx;ll = 1. The
subsystem ¢, C g, is an [-system o, = - - A , X} such that 1 </ <---<i<n The

geometric constant is defined as the number

§(Lk; X)= inf  max u Y x”
oxCX oiCox ll xE0;

[t is known (see [3] and [5]) that if A is at least a (k — 1)-dimensional Hilbert space, then
@) 81k H)= ‘/ﬂk__Q
k-1
THEOREM 1. Suppose k > [, then
(3)  inf8(k; X)=8( k:1K)="——
X

where the infimum is taken over all normed linear spaces.

PROOF. Let oy = {xy,...,x andy;=x +---+x;, [ +x;, +---+
X;4 forj=1,...,1+ 1. Then for every x; € 0,,, we have the identity
I+1
b= Xy —(-1)y,
j=1
j#i

from which, by the triangle inequality, we have

max ||y [+~ D) 21| x| =1,
j
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which also implies (3) as a lower bound due to the arbitrariness of ¢,, ,. To prove the reverse
inequality in the space lf, (the space R¥ with norm Ix]l = max, < ;< Ix;/) we consider a sys-
tem of k vectors of dimension k of the form

1, = L)) G 0 o -
( 1,21*1,...,21_1), s ~heas 5 ) s 21_1,2[71,,..,71).

Direct verification proves that the length of the sum of any / vectors of this system equals
QI -1).

3. The relationship between T and § is essential below.

THEOREM 2 [1]. In every system o, C X there are at least T(n, k, I) subsystems
g, C o, such that

I Z x| =00k;X).
x€o)
Let

7x(n,8,0)= inf

opCX

{a,Ca,,: l z xl?ﬁ}l'

x€o0y
Then Theorem 2 is equivalent to the inequality

@ x(n,8,)>T(n,k,10).
4. Probabilistic inequalities. The basic result of this note is

THEOREM 3. Suppose X is a separable normed linear space, and &, . . . , & are inde-
pendent identically distributed random vectors in it. Then for every § € R!

) {' 2 g >x8} > 1 lim rin, 5,0 Py | > 11

n-—>co
As a corollary to Theorems 2 and 3 we have

THEOREM 4. Suppose X is separable, and &, . . . , £, are independent identically dis-
tributed random vectors in X. Then for every natural number k = 1

[ sl wonn)or

n—

tim TCED ) g >
L n

Indeed, it suffices to let & = §(/, k; X) in (5) and use Theorem 2 in the form (4).

PrOOF OF THEOREM 3. A directed I-graph on a set of vertices V is a pair G = (V, E),
where £ C V;and an element e € E, e = Wy --.,9) € V', is called a directed l-edge. A
nondirected l-graph is the result of factorization of all edges of a directed l-graph over all
permutations of the elements of these edges, so that the Turdn number for the directed I
graphs (in which all edges are present together with all their permutations) is not less than
I'T(n, k, ). If G = (V, E) is a directed /-graph and W C V, then G, denotes the proper
subgraph of G induced by the vertices of W, ie., G}, = (W, EN Wh = (W, Ey). The graph
GV is called a duplication of the graph G (on the vertex v) if on the vertices (V — {v}) U
{v", v"}, G¥ contains exactly those edges which can be obtained from the edges of G by re-
placing v by v" or v” in them. The class of finite directed /-graphs ¥ is said to be duplicated
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if every duplication of any graph from this class also belongs to this class. The class of
graphs Z is called complete if every proper subgraph of any graph of this class also belongs
to this class.

Now suppose H(n, ¥ ) = ming_ g |El/n', where G = (V, E) is a directed l-graph on n
vertices V, |V] = n.

Suppose M = (X, o, i) is a measure space. An infinite directed l-graph G = (X, F) is
said to be measurable if E is measurable in the product M’ = (X?, o/, ;), and py(E) is its
measure. In [6] it was shown that if E is measurable, ¢ is duplicated and complete, and all
finite £, € &, then the limit lim,_, ., H(n, %) exists and the following inequality is satis-
fied:
™ “:(E) > lim H(1, 9).

wx) n-oe

Now suppose % consists of all finite l-graphs of the form

({Lxl,...,x,,}: X €X, | x| =x}1, {(x,‘,...,x,,): 1<i<...<iy<n,
1
| 2 x| >5x}).

Obviously 9 s complete. Clearly ¥ is also duplicated: if x,, is duplicated, then the re-
sulting graph coincides with the graph

1
(gx,,...,x,,,x,,}, {(x;l,...,x,,), I<i<...<j<n: | Z x,j" >8x}),
j=1

which by definition lies in % . It is also clear that

l!'rx(n,é,l')

H@n, §) > 7
n

The measure space has the form
(Ix€X: | x| =x}, 0, P),
E={G 3 150 <. <i<n, ||]_§:1x,i|| > 85, xy€X, |5, | >x}
Thus direct use of (7) leads to the inequality
P{u él “l> ax} > 1! lim

P &] >x! e

Now use of Theorems 1, 4 and (1), (2) yields

7x(n,8,1)
1 .

COROLLARY. In every separable X

!
®) {||zs,u> 2 s Pl >

I+1
) Pl|g+n| > Thx} >%Pi| ]| >x}2.

In Hilbert space

1

(")
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an plle+n| >x Y 2(:_‘12)}>k1_ L[| > a1t

5. REMARK. The natural question of how sharp our inequalities are is related to the same
question for (4): in a number of cases (4) is not best possible. Inequality (11) cannot be im-
proved with respect to the coefficient on the right side (or even with respect to the exponent, if
k = 3 and the dimension = 2). See [3] for small-dimensional spaces. It is possible to extend
these inequalities to algebraic structures, for example, commutative semigroups.

The authors express their gratitude to all those who furthered the gradual progress in
solving this problem over an extended time period, namely: V. V. Arestov, V. I. Berdysev, Gdbor
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