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Abstract

Suppose k > 2 is an integer. Let Yj, be the poset with elements x1, 22, Y1, Y2, . - ., Yr—1
such that y1 < y2 < -+ < yg—1 < x1, 22 and let Y} be the same poset but all relations
reversed. We say that a family of subsets of [n] contains a copy of Y; on consecutive
levels if it contains k + 1 subsets Fi, Fy,G1,Ga,...,Gr_1 such that Gy C Gy C --- C
Gr_1 C F1,F> and ‘F1| = |F2| = |Gk_1‘ +1 = |Gk_2| +2 == |G1| + k- 1.
If both Yj, and Y, on consecutive levels are forbidden, the size of the largest such
family is denoted by Lac(n,Yy,Y}). In this paper, we will determine the exact value
of Lac(n, Yz, Y)).
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1 Introduction

Given two partially ordered sets (posets) P and @, we say that P is a subposet of Q
if there exists an injection ¢ : P — @ such that z <p y implies ¢(z) <g ¢(y). Viewing
collections of sets as posets under the inclusion relation, we have the following extremal
functions, first introduced by Katona and Tarjan [9]. For any collection of finite posets P,
let La(n, P) be the maximum size of a family of subsets of [n] = {1,2,...,n} which does
not contain any P € P as a subposet.

This type of problems was first studied by Sperner [14].

Theorem 1.1 (Sperner [14]). Let F be a family of subsets of [n] without inclusion relation

between any two of the subsets. Then

Fl = <LnJ>
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A chain of length k is a poset with elements z1, o, ...,z such that 1 < 22 < -+ < x%.
Let Y (n,k) be the sum of the k largest binomial coefficients of the form (7). Then

Sperner’s theorem can be extended as follows:

Theorem 1.2 (Erdés [3]). Let F be a family of subsets of [n] without a chain of length
k. Then

IFI <) (nk—1).

Before stating the next result, we need the following notation. Let 2 < k < n and
0 < r < n be two integers. The following lacunary sum of binomial coefficients was first
introduced by Ramus [13] in 1834.

S(n, k,r) = Zn: (’Z)

=0
i=r mod k

Clearly, if 7 = 72 (mod k), then S(n,k,r1) = S(n,k,r2). So there are k distinct such
sums S(n, k,0),S(n,k,1),...,S(n,k, k—1).
The first author [8] published the next two theorems which are analogs of the two

theorems above.

Theorem 1.3 (Katona [8]). Let F be a family of subsets of [n] such that no two of the
subsets Fy, F; satisfy F; C Fj and |Fj| — |F;| < k. Then

|F| <max{S(n,k,r)|re{0,....,k—1}}.

Theorem 1.4 (Katona [8]). Let h < k be an integer, and let F be a family of subsets
of [n] such that no h + 1 of the subsets F,,...,F;

ihat and
|Fipor| = | Fiy| < k. Then

satisfy F;, C -+ C F;

h+1

|F| < max{S(n,k,r1)+S(n,k,ro)+---+Sn,k,rp) |r1 #ro# - #rpe{0,....k—1}}.

Another type of generalizations of Sperner Theorem is to determine the largest size
of a family of subsets of [n] without a copy of poset Y} and Y; defined below. Let Y} be
the poset with elements x1,22,y1,92,...,Yr—1 such that y; < yo < -+ < yp_1 < 1,22,
and let Y} be the same poset but all relations reversed. Katona and Tarjén [9] gave the
following result for &k = 2. (In their paper, posets Y2 and Yy are denoted by V (the cherry
poset) and A (the fork poset) respectively.)

Theorem 1.5 (Katona and Tarjan [9]).
-1
La(n, Ya, Y3) = 2<”n_1 )
157
De Bonis, Katona and Swanepoel [2] studied the case k = 3. We remark that they ac-

tually proved a result for the so-called butterfly poset, but their proof implies the following

theorem.



Theorem 1.6 (De Bonis, Katona and Swanepoel [2]).

La(n,Ys,Y3) = > (n,2).
For the case k > 4, Methuku and Tompkins [12] got the next theorem.

Theorem 1.7 (Methuku and Tompkins [12]). Forn >k > 4,

La(n, Y3, Yy) = > (n,k —1).

For other results related to the La function, see [1, 5, 6, 7, 11, 15]. Now, we consider
the following problem, which is a combination of the two types of problems above. We
say that a family of subsets of [n] contains a copy of Y on consecutive levels if it contains
k + 1 subsets Fy, F5,G1,Go,...,Gr_1 such that G; C Gy C -+ C Gp_1 C F1,Fy and
|Fi| = |Fo| = |Gr-1]+1 =|Gr—2|+2 =--- = |G1|+k—1. We denote by Lac(n, Yy, Y)) the
largest size of a family of subsets of [n] containing neither Y3 nor Y} on consecutive levels.
We note that this problem is mentioned in [4] in the language of the oriented hypercube.
The authors in [4] gave an asymptotic formula of the size of largest family without tree

posets in consecutive levels. For exact result, they proved
Lac(n, Ya,Yy) = 271,
Let m = [(n — k)/2] in the rest of this paper. For k > 3, we have the following theorem.

Theorem 1.8. Letn > k > 3, then
Lac(n, Y, YY) = 2" — S(n, k,m).
Remark 1.9. (I) Loehr and Michael [10] showed that

S(n,k,m) = N Orgﬂigk_l S(n, k,r).

So our result implies that the trivial construction is the best. Here, a trivial construction
consists of all subsets except the ones with size s =m (mod k).

() If n =k > 3, then m = 0 and S(n,k,m) = (3) + (%) = 2. In this case, Theorem 1.8
is trivial, since every family F with size 2" — 1 contains a copy of Yy, or'Y) on consecutive

levels.

The rest of the paper is organized as follows. In the next section, we present some
preliminary results. In Section 3, we will prove our main theorem (Theorem 2.1), which

implies Theorem 1.8.

2 Preliminary results

A cyclic permutation o of [n] is a cyclic ordering ay,as,...,ay,,a1, where a; € [n]
for i = 1,2,...,n. Let F be a family of subsets of [n] containing neither Y} nor Y} on

consecutive levels. We say a set F' € ¢ if F' is an interval along the cyclic permutation o.



{6,1,2,3,4}

{6,1,2,3}

{6,1,2}

Figure 1: Z(n)? forn = 6 and 0 = 1, 2, 3, 4, 5, 6, 1 is shown by bold vertices, and two
vertices from consecutive levels are connected by an edge if they have inclusion relation.

Now, we double count the sum S of ¢ over all cyclic permutations ¢ and F' € F such
that F' € o, where

(\;\)’ if FF# () and F # [n];

or = n, if F=0or F =n].

For any F € (F\{0,[n]}), we have |F|!|(n — |F|)! cyclic permutations o satisfying

Feo. If) € For[n] €F,all cyclic permutations satisfy the above condition, and the

number of cyclic permutations is (n — 1)!. So

S={0,n]}NnF|-n-(n—1)+ Z F]'(n—\F])'<|;|>

Fe(F\{0,[n]})

= {0} Fl+ ) 1| -nl=|F]-nl
Fe(F\{0,[n]})
On the other hand, for any cyclic permutation o, let Z(n)? be the family of intervals along
o. The " level of Z(n)? is the collection of its elements of size i. (See Figure 1 for an
example of Z(6)7, where o = 1,2,3,4,5,6,1.) For 0 < i < n, let x; be the number of
subsets in the i*" level of F N Z(n)°. Then

S = zgj (|{@, (]} N F| n+21 <7Z>x> .

Now, we need the following theorem to give an upper bound on {0, [n] }NF|-n+ Z?z_ll (M

for every cyclic permutation o.

Theorem 2.1. Let n > k > 3 and F be a family of subsets of [n] containing neither Yy,

nor'Y) on consecutive levels. Then for every cyclic permutation o, we have
n—1 n
0.} F-n+ Y () <n- (20— S(n ko)) 40— 1.
i
i=1
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Supposing that we know Theorem 2.1, then

S = |F|-n! §Z<n'(2"—5(n,k,m))+n—l) = (n—1)! (n-(2”—S(n,k,m))+n—1).

Since |F| is an integer, we have

n

Fl < {n (2" = S(n,k,m)) +n — lJ — 9" S(n.k.m),

as desired. So by (II) of Remark 1.9, it is sufficient to prove Theorem 2.1. The following

two lemmas are needed to give constraints of zg, 1, ..., Txn.

Lemma 2.2. If0<i<n-—k+1, then for all o,
T+ Tip1 + o+ Tipp—1 < (k—1)n.
Lemma 2.3. For all o, if o =1 and 1 +z2 + --- + x = (k — 1)n, then
xot+ax1+ -+ xp—1 < (k—1)n—|n/2].
Forallo, ifx, =1 and xp— + Tp_p11 + -+ xn_1 = (k — 1)n, then
Tyl + Tpnkao+ -+ oz, < (k—1)n—|n/2].

Before starting the proofs of the two lemmas above, we introduce some notations.
Let 0 = ai,az,...,an,a1, where a; € [n] for 1 < j < n. In the rest of this paper, we
view Z(n)? (a subfamily of Z(n)?) as a graph. The vertex set of this graph is Z(n)?
(the subfamily of Z(n)?), and two vertices are connected by an edge if they are from
consecutive levels and they have inclusion relation (see Figure 2). We denote by I} the
vertex {ai41, 0142, ..., 0+s) (with addition taken modulo n) of Z(n)?. Clearly, |I7| = s,
Tt If_:ll CIffor2<s<n-—1,and If C I}"!, IFT' for 1 < s <n —2 (see Figure 2).

In order to prove the two kinds of constraints of k£ consecutive z;’s above, we consider
some typical structures in k consecutive levels of Z(n)?. If the k levels are the levels from
0" to (k — 1), then every Y} on these levels must contain ). In this case, we consider a
special kind of Y, which we denote by

Vi) = {0, 1}, 17, ... [; 2, Iy 1]

where 1 < j < n. (See Figure 3 for an example of Yj(1).) If the k levels are the levels
from (i 4+ 1)% to (i + k)" (the middle part of Figure 2), then we introduce a new kind of
structure on k consecutive levels. A family of k + 2 subsets is called X}, if it is

i+l i+l pit2 i3 itk ritk i+l pitl 7it2 7it3 i+k i+k
{It+17]t PR A ?Itfl}or {It—l7It 7It717It727""It—k+17lt—k+2}’

where 1 <t < n. (See Figure 3 for two types of examples of t = 2 and t = k respectively.)
In each X}, we call the 3 elements in the (i + k)" level and the (i + k — 1)*! level a cherry,
and the 3 elements in the (i + 1)** level and the (i + 2)"? level a fork.



-MN- the (n — 1)% level
!

L R
TERL L L G T S R (o
. ><" s s the (i + k)™ level
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Figure 2: Vertices I} of Z(n)?.
i [E=1 [tk pitk itk pick
e cherry
I{c—2 I;-‘rk—l §+k_l
I I+
‘ I§+1
0 LT
Xk

Yi(1)

Figure 3: Examples of structures on k consecutive levels.



Remark 2.4. (I) The vertices of the n Yy ’s (Yi(1),Yr(2),...,Yr(n)) cover the vertices of
the levels of Z(n)° from 1% to (k —2)"¢ once.

(IT) For k>3 and 0 <i <n—k — 1, the edges of the 2n X} ’s cover the edges within the
(i +1)% level and the (i +2)" level of T(n)? twice, the edges within the levels of T(n)”
from (i +2)" to (i + k — 1) once, and the edges within the (i +k — 1)% level and the
(i + k)" level of Z(n)® twice.

Now, we are ready to start the proofs of Lemmas 2.2 and 2.3. We note that a vertex
I of Z(n)? is a subset of [n]. So in the two proofs, we write I € F if the subset [ is an
element of the family F.
Proof of Lemma 2.2: First, we show g+ 21+ -+ 251 < (k—1)n. Since ¢ < 1 and
x; <nforl<i<k-—1, wehavezg+ai+ - -+ak_1 < (k—1)n+1. Hxog+zi1+ - +a)_1 =
(k — 1)n + 1, every subset of the levels from 0% to (k — 1)* is in F, then one can easily
find a copy of Y}, on consecutive levels. (See Yj(1) for an example in Figure 3.) Similarly,
we have T, _gy1 + Tp_jgao+ -+ x, < (K= 1)n.

Now, we prove that
Tiv1 +Tigo+ -+ Tipx < (E—1)n

for 0 <i <n—k — 1. Recall that there is an edge between two vertices I, I’ if and only
if I' C I and |I| — |I'| = 1. Then, we double count the sum 7T of the weight function ¢ (e)
over all edges e = {I,I'} in the 2n X}’s, where

¢

0, ifI.I'c F:

0, itI,I' ¢ F:

Y(e) =40, I€F, I'¢ Fand|Il|=i+k;
0
1

, I¢F, I'e Fand|I| =i+ 2;

, otherwise.

On the one hand, recall that every vertex in the s level of Z(n)° have two neighbors
in the (s + 1)% level and two neighbors in the (s — 1) level, and note that only the case
when one of the two vertices in the edge is not in F counts nonzero. Then by (II) of
Remark 2.4,

T=(2- Y we+ Y owE@)+(2 X w@+ Y wl)

I¢F | I|=i+k I¢F | I|#i+k I'¢F,|I'|=i+1 I'g¢F || #i+1
ith—1 ith—2
3(2 “2(n —xiyp) +1- Z 2(n—mj)) + (2 2(n— 1) +1- Z 2(n—xl))
j=i+3 I=i+2
i+k
:4( Z (n— xh)) —2(n — zit2) — 2(n — Tizk—1)-
h=i+1

On the other hand, we will prove below the claim that in each X}, the sum of the weight
function over its edges is at least [{I € FNXy | |I| = i+2}|+|{I € FNX | |I| = i+k—1}|.

Then if we sum over all 2n Xj’s, T is at least 2(zjyo + Tjtk—1)-



Now, we divide the cherries of all 2n Xj’s into 4 types (see Figure 4), according to
whether its 3 elements are in F or not. We call a cherry Type 1 (2 or 3) if the middle
element and both (one or none) of its neighbors are in F. The rest of the cases are Type
4, namely that the middle element is not in F. Note that in Type 4, we do not distinguish
the cases if two neighbors of the middle element are in F or not. Similarly, we divide all

forks into Types 5,6,7 and 8 (see Figure 4).

Type 1 Type 2 Type 3 Type 4
Type 5 Type 6 Type 7 Type 8

Figure 4: Types 1 — 8: the vertices I in F (not in F or not clear) are denoted by solid
(hollow or dashed) vertices, respectively.

To prove the claim, we distinguish several cases by the types defined above. Note that
in each X}, in order to avoid copies of Y}, and Y} in F, either at least 2 of the 4 vertices in
the (i + 1)* level and the (i + k) level are not in F, or at least one of the k — 2 vertices
in the levels from (i +2)" to (i + k — 1)*! is not in F. If the cherry and the fork in some
X} are Types 1 and 5 respectively, then we must have some vertex I not in F in the chain
connecting the cherry and the fork in this Xj. Then along this chain in both directions
from I, take the first vertices in F respectively. Thus, we can find at least two edges with
weight 1. Note that such vertices exist since in Types 1 and 5, the vertices in the (i + 2)"¢
level and the (i + k — 1)%¢ level are in F. The same argument works for the pairs Types
1 and 6, and Types 2 and 5. If they are Types 1 and 7, then we already have two desired
edges in the fork. If they are Types 1 and 8, then we find the first vertex in F along the
chain from the fork to the cherry, this vertex and its neighbor below in the chain will give
the edge we want. The same argument works for Types 4 and 5. In the rest cases, it is
easy to find the desired edges in the cherry and the fork. (If K =3, Types 1 or 2 or 3 and
8 (5 or 6 or 7 and 4) cannot appear in any Xy, since i+1 =1i+k—2. If k = 3 or 4, Types
1 and 5 (1 and 6, or 2 and 5) cannot appear in any Xy, since they will form a Y}, or a Y}
in F.)

Therefore, we have

i+k
2(zit2 + Tiyk—1) < 4( Z (n— :Uh)) —2(n — xiz2) — 2(n — Titg—1).
h=i+1

That is,
Tiy1 + Tipo + -+ i < (K- 1)n,



as required. O
Proof of Lemma 2.3: By symmetry, it is enough to prove the first part of the lemma.

That is, we need to prove

xo+x1+ -+ xp-1 < (k—1n—|n/2| =(k—2)n+ [n/2].
We distinguish three cases to prove it.
Case 1. z;_1 < |n/2] when n is odd or xx_1 < (n/2) — 1 when n is even.

Note that x; < n for i =1,2,...,k — 2, then by the assumption zg = 1, we have
xo+x14+ - Fap <1+ (k—2n+|n/2| < (k—2)n+ [n/2],
if n is odd; and
ro+z1+- - Fxp-1 <1+ (k—2)n+(n/2) —1< (k—2)n+ (n/2),

if n is even.
Case 2. x;_1 = n/2 when n is even.

Suppose that the result is not true. That is,
xo+ax1+- 1> (k—2)n+(n/2)+ 1.

Note that xp_1 = n/2 in this case and z; < n for i« = 1,2,...,k — 2. Then by the
assumption g = 1, we have 1 = x9 = -+ = x_o = n. Therefore, by the assumption
x1+xo+ -+ = (k—1)n, we have xx = n/2. Since x_1 = n/2 and z; = n/2, we can
find 2 vertices such that they are in the k™" level and the (k — 1)* level respectively, they
are in F, and they have inclusion relation. Then a copy of Y}/ on the levels from 1%t to kth

can be found, a contradiction.
Case 3. z;_1 > |n/2] + 1.

The number of pairs of vertices (I;“:ll, I;“fl) in Fis at least zy_1—(n—xk_1) = 2x,_1—"n
(see Figure 3). To avoid a copy of Y;(j) in F, at least one vertex of Y;(j) in the levels
from 1% to (k —2)" is not in F. So by (I) of Remark 2.4, we have
k—1
in <14+ (k=2n—2xp—1—n)+ap1=1+k—-1n—ap1 <(k—1)n—|n/2],
=0
since xx_1 > |n/2| + 1. This completes the proof of this case and the lemma. O
Before starting the proof of Theorem 2.1, we need the following notations and lemmas
for helping us to use the constraints above. Recall the definition of S(n,k,r) and m =

[(n — k)/2]. Now let z be an integer such that z = r (mod k). Then we denote

Stn,k,r | 2) = f: (’Z)

i=0
i=r mod k
i<z

S(n,k,i|i)—Sn,k,i—1]i—1), if i <mg
S(nyksn—i—k+1|n—i—k+1)—Snhkn—i—k|n—i—k), ifm+1<i.

w; =



Figure 5: The cycle of the vertices in the (k — 1)% level of Z(n)?.

Lemma 2.5. Let t < n be an integer. We have the following equalities.

@) Ift <0, S(n,k,t | 1) =0, and if 0 <t <k —1, S(n,k, t | t) = (}).

(D) If0 <t <n, S(n,k,t|t)=S(n,k,t—k|t—k)+ (}).

(If) Ifo <t <n, S(n,k,t | t)+ S(n,k,n—k —t|n—k—t)=S(n,k,t).

AV) If0<t<n, S(n,k,t —k|t—k)+S(nk,n—k—t|n—k—t)=Sn,kt)—(}).

Proof: (I) follows from the definition of S(n, k,t | t). (II) follows from (I) if 0 <¢ < k—1,
and the definition of S(n,k,t | t) if K <t <n. (IV) follows from (II) and (III). Now, we
distinguish two cases to prove (III).
If t > n —k, then we have t + k > n and n — k —t < 0. Hence, S(n, k,t|t) = S(n, k,t)
and S(n,k,n —k —tln —k —t) =0 by (I), and this completes the proof of this case.
If0<t<n-—k, let 0 <r < k—1 be the remainder of n — k — ¢ divided by k. We have

S(n, k,t|t) + S(n,k,n —k —tn —k —t)

R R
nkt|t+<n > < _Z_k>+---+<kit>
S(n, k, t|t) + (t k) <n_:_k> + (nﬁr> — S(n, k1),

since r < k. O

=S(n, k,t|t) +

Lemma 2.6. Let s be an integer.
D ws=0ifs<0ors>n—k+1, andws >0if0<s<n—-k+1.
(I) If 0 < s <m orm+k < s <mn, then

== ()
Z w; = .
, s
i=s—k+1
(ITI) If m < s <m+k,

2 n
Z w; = S(n,k,m) —S(n,k,s)+ < )
i=s—k+1 o

(IV) Z?:_Ok+1 w; = S(TL, k, m)

10



Proof: (I) It follows from the definition of ws and (I) of Lemma 2.5.
(IT) By (II) of Lemma 2.5, if 0 < s < m, it follows from (I) that

S

Sow= Y (S(n,k,ui)—sm,k,z‘—lli—l))=S<n»k78|8>—5<””“’5"“'8"”:@’

i=s—k+1 i=s—k+1

andifm+k<s<n,wehave s—k+1>m+ 1, and so

Sowi= > (Skn—k—it+ln—k—i+1)—-Snkn—k—in—k-i)
i=s—k+1 i=s—k+1

ZS(n,k,n—sm—s)—S(n,k,n—s—kyn—s—k):( " ): <”>

n—s S

(III) If m < s <m+k, then s—k+1 <m and s > m+1. So by (III) and (IV) of Lemma

2.5, we have

S owi= > (SO k,ili) — S(n,k,i—1]i— 1))
i=s—k+1 i=s—k+1

+ Z (S(nok,n—k—j+1n—k—j+1)—S(n,kn—k—jn—k—j))
j=m+1

=S(n,k,m|m) — S(n,k,s — k|ls — k)
+S(n,k,n—k—mln—k—m)—Sn,k,n—k—sln—k—s)
=(S(n,k,mlm) + S(n,k,n — k —m|n — k —m))
— (S(n,k,s —k|ls — k) + S(n,k,n —k — sjn — k — s))

—S(n,k,m) — (S(n,k:,s) - (”)) — S(n, k,m) — S(n, k, s) + (“)

S S
Iv)
n—k+1 n i
Sowi= > | X w | =Smkm),
=0 =0 j=i—k+1
i=m mod k
by (I) and (II). O

3 Proof of Theorem 2.1

First, we consider a linear programming problem: maximize Y, ('})x; subject to the
constraints x; + xiy1 + -+ Tiyk—1 < (k—1)n for i = 0,1...,n — k + 1 (Lemma 2.2),
0<zp,zp<l,and 0 < z; <nforalli=1,...,n— 1.

We assign the weight w; (see the definition and properties of w; in Section 2) to the
constraint x; +xj1+- -+ Tipx—1 < (k—1)n for every 0 <i <n—k+1. By (I) of Lemma
2.6, w; >0for 0 <i¢<mn-—k+1, sowe have

n—k+1 n—k+1
Z wi(xz-—i—xiﬂ +"'+xi+k71) < (k‘— 1)n~ Z w;. (1)
=0 =0

11



Then by (I), (II) and (III) of Lemma 2.6, the LHS of (1) is equal to

n 7 n n m+k—1
> wy| :Z<i>xi+ > (S(n,k,m) = S(n,k, 5)) ;.

i=0 j=i—k+1 i=0 j=m+1

On the other hand, by (IV) of Lemma 2.6, the RHS of (1) is equal to (k —1)n-S(n, k,m).
Hence, by (1), we have

n n m+k—1
> <Z>x + Y (S, k,m) = S(n,k, §) x; < (k= 1)n- S(n, k,m). (2)

i=0 j=m+1

Note that S(n,k,m) = min,. o<y<x—15(n,k,7) by Remark 1.9, and 0 < z; < n for
m+1<j<m+k—1. So we have

m+k—1 m+k—1
> (Snk,j) = S(nkm))a; < > (S(n,k, §) — S(n,k,m))n. (3)
j=m+1 j=m+1

Therefore, combining (2) and (3), we have

n n m+k—1
Z <Z>x, <(k-1)n-S(n,k,m)+ Z (S(n,k,j) —S(n,k,m))n

i=0 j=m+1
m+k—1
= Y (S(n,k,4) = S(n,k,m) + S(n, k,m))n
j=m+1
m+k—1
=n- Y  Snkj)=n-(2"—-S(nkm)). (4)
j=m+1

Now, we use (4) to prove Theorem 2.1. If |F N {0, [n]}| = 0, then the statement of
the theorem follows from (4). Then if |F N {0, [n]}| = 1, we may suppose that () € F and
[n] ¢ F, and so 9 = 1 and x,, = 0. Thus, it follows that

n—1 n
n-xo—i-z(T;)xi—i-n-xn:z:(?)xi—i-n—lgn-(2”—S(n,k,m))+n—1,
i1

=0
as required.

If ) € F and [n] € F, we have g = 1 and z,, = 1. By Lemma 2.2, 1 + 2o+ -+ 25 <
(k—1nand zp_p+Tp_pr1+ -+ 2n-1 < (k—1)n. According to these two constraints,
we distinguish two subcases.

fog+ae+-+ap<(k—1)n—1lorz, p+xp g1+ - +Tp1<(k—1)n—1, we
may assume z1 + 22 + -+ x < (k — 1)n — 1. Then in this case, (1) should be

n—k+1 kit
Z wi(Ti + Tip1 + -+ Tipk—1) < ((k’—l)n- Z wi> — wy.
=0 i=0

By the assumption of Theorem 2.1, n > k, so m > 1 and w; = n — 1. Then (4) should be
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i 0( )% <n-(2"-S(n,k,m))—(n—1), and so

x0+xn—+§:< ) 71—1xx0+xny+§i(?>%

=0
<2n—1)+n- (2" - S(n,k,m)) — (n—1)
=n- (2" = S(n,k,m)) + (n — 1).

If ey +xo+- 4o, = (k—1)nand xy—p+2p—g+1+- - +2n—1 = (k—1)n, then by Lemma
23, xo+x1+-+xp_1 < (k—1)n— 5] and 2y _py1+Tp_pyo+- -+, < (B—1)n—|5].
Similarly, one can modify (1) and (4) to show that

(0 + ) +Z< >xz<2n—1)+n (2 S(n,k,m))—?LgJ
§(n71)+n-(2”78(n,k‘,m))

by wy = wy_r+1 = 1. This completes the proofs of Theorems 2.1 and 1.8. O
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