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Abstract

Given a search space S = {1,2,...,n}, an unknown element z* € S and fixed integers £ > 1 and ¢ > 1,
a ¢ + l-ary (-restricted query is of the following form: Which one of sets {Ag, A1,..., A} is the z* in?
where (Ao, A1,...,Ay) is a partition of S and |4;| < ¢ for i = 1,2,...,q. The problem of finding z*
from S with ¢ + 1-ary size-restricted queries is called as a ¢ + 1-ary search game with small sets. In this
paper, we consider sequential algorithms for the above problem, and establish the minimum number of

average-case sequential queries when x* satisfies uniform distribution on S.

Keywords: Search game; Sequential algorithm; Average-cost; Huffman tree.

1. Introduction

The following combinatorial search problem has been extensively researched and many useful results
have been obtained (see [1, 6]). Two players, say Paul and Carole, fix a search space S = {1,2,...,n},
an integer ¢ > 1. A ¢ + l-ary query is of the form: Which one of sets {Ag, A1,...,A4,} is the z* in?,
where (Ao, A1,...,4,) is a partition of S. An answer of the query ¢ indicates that z* € A;. Carole
chooses z* € S as an unknown element (or a target element), and Paul is required to find * by asking
queries. The main goal of the above problem is to design optimal algorithms that finds z* with minimum
queries. Traditionally, two measures are commonly utilized to estimate the efficiency of an algorithm:
the worst-case number of queries and the average-case number of queries, and two classes of algorithms
are usually considered: sequential algorithms (or adaptive algorithms) and predetermined algorithms (or
non-adaptive algorithms).

We consider a natural variant of the above problem. The queries will be restricted with the condition
A; < Lfori=1,2,...q and a fixed integer ¢ > 1. Call it a ¢ + l-ary search game with small sets and
denote it by (S,q+ 1, A<¢). A query that satisfies the above condition is called to be ¢-admissible. An
admissible algorithm of (S, ¢+ 1, A</) is said to be an f-admissible for short.

The problem (S, ¢+ 1, A<,) was originally raised by Rényi [3] with stricter conditions on the queries,
ie., A; < K; for fixed integers K; > 0 and ¢ = 1,2,...q. We denote it as (S, ¢+ 1, A<) throughout the
paper.

For (5,2, A</), an admissible query is equivalent to the following: Is z* € A?, where A € S and

|A] < ¢. Aigner [1] presents a worst-case optimal sequential algorithm, and an average-case optimal
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one when uniform distribution of z* on S is assumed. The worst-case lower and upper bounds of
predetermined algorithms are presented in [7], and improved by many scholars (see [8, 11, 16]).

For (5,3, A<¢), the problem is modeled as a coin-weighting problem, i.e., the queries are restricted
with |A;] = |Ag| < £. Aigner [1] presents the minimum number of worst-case sequential weighings and a
lower bound for predetermined weighings. Liu et.al. [10] establish the minimum number of average-case
sequential weighings when the uniform distribution is assumed.

For the general game (S,q + 1, A<y), based on the model (S, ¢+ 1, A<), Baranyai [3] generalized the
results of [7] for the case ¢ = 1. He gave lower and upper estimations of the minimum predetermined
worst-case number of queries and prove that the estimations are asymptotically optimal.

To the best of our knowledge, how to construct an optimal sequential algorithm for the general game
(S, q+1, A<) is an open problem. In this paper, we focus on the average-case of the problem (5, ¢+1, A</)
and present an average-case optimal sequential algorithm when uniform distribution on S is assumed.
In fact, the algorithm is also worst-case optimal‘and the minimum worst-case sequential queries can be
easily obtained from the results given in this paper.

The rest of this paper is structured as follows. In Section 2, we give some notations and main results
of this paper. Section 3 proposes some lower bounds of the minimum number of average-case {-admissible
sequential queries. Section 4 constructs an average-case optimal /-admissible sequential algorithm when
the uniform distribution on S is assumed. In Section 5, we prove the main results given in Section 2 and

take an example to verify it. In the end, we conclude this paper and point out future research directions.

2. Notations and main results

A sequential search process can be formalized as a directed tree that satisfies the following conditions
(see reference [1]). (1) Each leaf is uniquely assigned with an element of the search space S = {1,2,...,n},
each inner node is assigned with a query, and the corresponding edge indicates its answers to its father
node. (2)Let A7 = (A}, Al,.. ., Al,) be queries for 1 < j < p—1and A? = {i}, if A' is the root and
A1f1A2f2 ... fp_lAp is a path to the leaf i, where f} is the label of the edge (A%, A¥*1) for 1 <k <p-—1,

then {i} = ﬂAk

A node A is induced with respect to answer i if A has a father node B and the edge (B, A) is labeled
with ¢. Let h(T, ) be the path length from the root to node i in the tree T, L(T) = max{h(T,4)|: € S is
a leaf in the tree T} and h(T) = >  h(T, i), which are the number of sequential queries needed to find i,
the worst-case length and the extzeesml path length for algorithm T respectively. Therefore the minimum
number of worst-case sequential queries L(n) = min{L(7T)|T is an admissible tree with n leaves}, and
the minimum number of average-case sequential queries L(n) = @, where H(n) = min{h(T)|T is an
admissible tree with n leaves} and we call it Huffran path length.

For the game (S, ¢+ 1, A<y), an f-admissible algorithm (or say an ¢-admissible tree,) is a ¢ + l-ary
directed tree T" with the additional restriction: all its subtrees rooted at any node induced with respect
to answer i = 1,2,..., ¢ have at most ¢ leaves. Obviously, an ¢;-admissible tree must be an ¢s-admissible
tree if £1 < 5. Analogously, for an ¢-admissible tree T, let h<,(T, %) represent the path length from root
to leaf i, h<,(T) = Z h<¢(T,i) the external path length of T', and L<,(T) = max{h<,(T,4)|i € S} the

worst-case length of the algorithm T'. Therefore, for the game (S, ¢+ 1, A</) with |S| = n, the minimum
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number of worst-case sequential queries is L<¢(n) = min{L<,(T")|T is an {-admissible tree with n leaves}
and the minimum number of average-case sequential queries is L<,(n) = H%“% where Hey(n) =
min{h<,(T)|T is an f-admissible tree with n leaves}.
In other words, for the game (S,q + 1, A<;) with |S| = n, given its two f-admissible algorithms
T, and T», we say that Ty is worst-case ( or average-case) better than Tb if L<,(T1) < L<,(T3) (or
H<i(Ty) < H<¢(T3)). An algorithm T™ is worst-case (or average-case) optimal if L<,(T*) = L<(n) (or
T

He (T*) = HS (n)). We say best (or optimal) for short if it does not cause confusion hereafter.
Let |z and [x] be the maximal integer that < z and the minimal integer that > x respectively, and
w(j) =1for j # 0 and u(j) = 0 for j = 0. The following theorem summarizes the main results of this
paper.

Theorem 1. Given integersn >0, £ > 0 and g > 0, we have

(1) For{=1, H<y(n)=n(t—1) — wq + H(n—(t—1)q), where t =[7].

(2) For ¢ > 1, let £ = (¢q+ 1)"4+0g+ 7 such that 0 < 0 < (¢+ 1" and 0 < 7 < q, and t =
max{1, [M]} and

Q={n)l(g+ )" +q(l =7) <n—(t—1)gl < (q+1)"" + gl and n > (¢ +1)"},
p=n(t—1)— EDED gy (¢ 1)gH(0) + H(n — (t — 1)gb),
[n*(tfl)qff(qﬂ)"“*q(f*T)] _ (n*(tfl)qff(qul)"“*q(ffT)1

5 — { T q I (67 n) € Q?
0, otherwise.

then
ng(n) =@ + 0.

3. Lower bounds of H<,(n)

Lemma 2. Given integers n > 0 and q > 0, then there exist uniquely non-negative integers o, 8 and ~y
such that

n=(q¢+1)*+Bqg+~
where 0 < < (g+1)* and 0 <y < q.

Proof. See reference [1].

Obviously, for n > 2, if we replace the condition 0 < v < g with 0 < v < ¢, Lemma 2 holds too.

Lemma 3. Given integersn >0, ¢ > 0 and £ > 0, let n = (¢ + 1)* + Bqg + v where 0 < f < (¢ + 1)*
and 0 < 7 < q, we have (1) L(n) = [1og, 17 (2) Les(n) = L(n); (3) Lea(m) = Leo(n) if m = n; (4) if
n < (g+1)¢, then L<,(n) = L(n).

Proof. (1) See [1].

(2) We obtain it by the following fact: an ¢;-admissible algorithm is an ¢3-admissible one if ¢; < {5.

(3) Suppose T* is an optimal ¢-admissible worst-case tree with m leaves such that h(7™,1) < h(T*,2) <
. < h(T*,m). Delete the leaves {n+1,...,m} from T*, and denote the resulting tree as T’. Therefore

T’ is also an ¢-admissible tree with n leaves and L<¢(m) = L<,(T*) > L<,(T") > L<¢(n).

(4) Let n =xz(¢+1)+ysuch that 0 <y < g+1and n = (¢+1)*+ Bg+~ such that 0 < § < (¢+1)* and
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0<¢&<q Ifp=(@+)*—1,theny=r+landn+qg+1—y < (g+1)*+q((¢g+1D)*—1)+r+q+1—y=
(g+ 1)L IfB<(g+1)* =1, thenn+qg+1-y<(g+1D)*+q((g+1D)*=2)+r+q< (¢g+ 1)L
Since n + ¢ + 1 — y > n, therefore 1 + L(z + 1) = [log, ;1 n+q+ 1 —y| = [log,,; n].

Since n < (q + 1)¢, we have x < £. Suppose T be tree with n leaves and the first query A! =
(A§, A1, ..., A}) such that [Aj| =z +1fori=0,1,...,y—1and |[Aj| =z fori =y,...,q. It is clear that
T is an f-admissible tree. By (3), we have L<,(n) < 14+ max{L<,(|A})|i =0,1,...,q} = 1+ Ly(z+1) =
1+ L(x+1) = [log,, yn+q+1—y]=[log, ;n] = L(n). By (2), we have L<¢(n) = L(n). DO

Since we need no queries to determine the unknown element for n = 1, without lose generality, we let
H<;(0) = H<¢(1) = H(0) = H(1) = 0, then we have the following useful results.

Lemma 4. Given integersn >1,qg >0 and £ >0, let n = (qg+1)*+ Bqg+~ where 0 < 8 < (¢+1)* and
0 <7 <gq, we have (1) H(n) = na+[(¢gB8+7)(q+1)/q] = na+(¢+1)B+~+pu(y); (2) H<e(n) = H(n);

Proof. (1) The case is a classical Huffman problem and we call a tree T with n leaves that satisfies
H(T) = H(n) a Huffman tree. The detailed proof of (1) can be seen in [1, 6] etc.
(2) Suppose T* is an optimal ¢-admissible average-case tree with n leaves, by the definition of H(n), we
have H<y(n) = H<,(T*)=H(T*) > H(n). 0O

In fact, by Lemma 2, for for n > 2, H(n) has an alternative form as follows. Let n = (¢+1)*+ 8g+~
where 0 < 8 < (¢+1)* and 0 < v < g, then H(n) =na+ [(¢B+v)(¢+1)/q] =na+(¢g+ 1)+~ + 1.

Lemma 5. Given integersn >0, ¢ > 1 and d >0, let n = (¢g+ 1)* + g+ v where 0 < 8 < (¢ + 1)*
and 0 < v < q, we have

(i)
) = oggn] +1, iy #0,
H(n+1) = H(n) = { logg.1n| +2, if v =0. L
(ii)
d([log,,1n] +1) < H(n+d) — H(n) < d([log,; (n+d)] +2). (2)
(iii)
H(n+q) = H(n) < qlog,,1(n +q)] + L. 3)
(iv)
H(n) — H(n —1i) =i[log, 1 n], fory=0,0<i<qand i<n. (4)
(v) -
H(n) — H(m) < (n—m)[log, ;1 n] + | |, fory=0and m <n. (5)
(vi)
Hey(n) = Heg(n — 1) > [loggiq nl. (6)

Proof. By Lemma 2, we know o = [log . (n)].
(i) Case 1: ¢ = 1. Now ~ is an integer satisfying 0 <y < 1, i.e., v =0.

Subcase 1. For 8 <2 —1, wehaven+1 =2+ 3+ 1and +1 < 2% —1. By Lemma 4 (1), we have
Hn+1)=(Mn+1la+(B+1)2, Hn)=na+pB2and Hn+1) — H(n) = a+2 = [log, . n] +2.
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Subcase 2. For 8= 2% — 1, we have n = 2% + 2% — 1 and n + 1 = (2)*"!. By Lemma 4 (1), we have
Hn+1)=n+1)(a+1), Hn) =na+2*—-1and Hn+1) - H(n) = a+2 = [log, 4 n] +2.

Case 2. ¢ > 2.

Subcase 1: For v =0, we have n+1=(¢+1)*+8¢+1and 0 < 8 < (¢g+1)*, 1 < ¢g—1. By
Lemma 4 (1), we have H(n +1) = (n+ )a+ B(g+ 1) + 2 and H(n) = na + B(¢ + 1). Therefore
H(n+1)-H(n)=a+2=[log,n|+2.

Subcase 2: For 0 < j < g¢—1, wehaven+1=(¢g+1)*+pg+y+1land 0 < B < (¢+1)% v+ 1.
By Lemma 4 (1), we have H(n+ 1) = (n+ 1)a+ g+ 1)+v+2and H(n) =na+ B¢+ 1)+~v+ 1.
Therefore H(n +1) — H(n) = a4+ 1 = [log 4, n] + 1.

Subcase 3: For j = ¢g—1, Wehave n+1 = (¢g+1)*+ (B+1)gand 0 < g+ 1 < (¢g+ 1)=.
When 0 < 841 < (¢+ 1) — 1, by Lemma 4 (1), we have Hin +1) = (n+ 1)a+ (8+ 1)(¢ + 1),
H(n) =na+pBg+1)+qand Hn+1) - H(n) = a+1= [log,,;n] +1. When §+1 = (¢+1)%, we
have n+1 = (¢g+1)**t and H(n+1) = (n+1)(a+1), H(n) = na+ ((g+1)* —1)(¢+ 1) + g. Therefore
H(n+1)— H(n)=a+1=|log,,qn|+ 1. Summarizing, (1) holds.

(ii) Case 1. For d = 0, it is trivial that (2) holds.

Case 2. For d > 0, by (1), we have H(n+i)—H(n+i—1) > [log,,;(n+i—1)|+1 > [log,; n|+1 and
H(n+i)—H(n+i—1) < [log, 1 (n+i—1)]+2 < [log,,;(n+d)]+2 for i > 1. Since H(n+d)—H(n) =
S [H(n+i) — H(n + i — 1)], we obtain that (2) holds.

(iii) Case 1. B < (¢+1)*—1. Wehave n+q = (¢+1)*+(8+1)g+~ and (8+1) < (¢+1)*—1. By Lemma
2 and Lemma 4 (1), we have [log, ;(n+¢q)| =a+1, Hn+q) = (n+qa+ B+ 1)(g+1)+~v+ u(y)
and H(n) = na+ (g +1)+~+pu(y). Therefore H(n+q) — H(n) = qgla+1)+1=q[log, ., (n+q)] +1.

Case 2. B=(¢+1)*—1. Wehaven+q= (¢+1)*+ (B+1)g+~v = (¢+1)*" ++. When v = 0, by
Lemma 2 and Lemma 4 (1), we have [log,;(n+q)| = a+1, H(n+q) = (n+q)(a+1), H(n) = na+p(g+1)
and H(n +q) — H(n) = qg(a+1) + 1 = ¢[log, 4, (n +¢)] + 1. When v > 0, by Lemma 2 and Lemma 4
(1), we have [log, 1 (n+q)] =a+2, Hn+q) = (n+q)(a+1)+v+ u(y), Hn) =na+ B(q+ 1) and
Hin+q)—Hn)=qla+1)+y+1<qla+1)+q+1=qla+2)+1=qflog,, (n+q)]+1L

As a result, (3) holds.

(iv) Case 1: 4 = 0. It is trivial that (4) holds.

Case 2. 0<i<q.

Subcase 1. For 8 = 0, we have n = (¢+1)%, n—i = (¢+1)*"'+((¢+1)* "' —1)g+¢—i. By Lemma 2 and
Lemma 4 (1), we have H(n) = naand H(n—i) = (n—i)(a—1)+((¢+1)*" 1 =1)(g+1)+(g+1)—i = na—ia.
Therefore, H(n) — H(n — i) = ia = i[log, 4 n].

Subcase 2. For § > 1, we haven = (¢+1)*+ 8¢, n—i = (¢g+1)*+ (8 —1)g+ g —i. By Lemma 2 and
Lemma 4 (1), we have H(n) = na+8(¢g+1) and Hn—i) = (n—8)(a—1)+(B—-1)(¢+1)+(¢+1)—i =
na + B(q + 1) — ia. Therefore, H(n) — H(n — i) = ia = i[log,,, n].

As a result, (4) holds.

(v) Let x = L";mj, there exists an integer y such that n—m = zq+y, where 0 < y < ¢. By (iii) and (iv),
we have H(n) — H(n —y) = y[log,,,n] and H(n —y) — H(m) = H(m + xq) — H(m) = >_;_ (H(m +
kq) —H(m+ (k—1)q)) < 375 _,(q[loggq (m+kq)] +1) < z(q[logy 1 (m+2q)] +1) < 2(q[log, 4 n] +1).
Therefore H(n) — H(m) =H(n) — H(n—y) + H(n —y) — H(m) < (n — m)[log,,,(n)] + [*7™].

(vi) Suppose T* is an optimal f-admissible average-case tree with m leaves, by Lemma 3, there exists a
leaf i such that H<,(T*,i) = L<,(T*) > L(n) = [log,, n]. Let T+ = T*/{i} be an f-admissible average-
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case tree with n — 1 leaves, therefore H<,(n—1) < Hgg(f\*) = He<y(n) — L<¢(T™) < Hey(n) — [log, 4 n].
Thus He<¢(n) — Hee(n — 1) > [log,yn]. O

Corollary 6. Given integers ni, ny with ay = Uqu-H ni] and ay = Llogq_H na| respectively. If a; >
ag + 2, then H(ny) + H(ng) > H(ny — 1) + H(ng + 1).

Proof. Using the Lemma 5 (ii) we have H(n;) —H(n1 —1) > a1 +1 > as+3 and H(nz +1) — H(ng) <
Lloqu na+1]4+2< Lloqu na] +3 = ag + 3. Therefore H(ny) + H(n2) > H(ny — H(ny+1). 0O

)+
1)" + 6q + T where
q+ 1) + gl then

Lemma 7. Given integers £ > 1 and a; > 0 for i = 0,1,...,q, let { = (q
0<O0<(g+1)"and 0 <7 <gq. Ifa; <l fori=1,...,q, and Y.]_,a; >
i Hei(ai) = Heo(n — qf) + qH(0).

+
(

Proof. The result is obtained by using the following property recursively. For K + 1 > (¢ + 1)"*! and
M + 1 < ¢, we obtain that

Heo(K +1)+ Hey(M) 2 Heo(K) + Heo(M +1). (7)
In fact, for K +1 > (q+1)"*%, by (6), we have Heo(K +1) — H<o(K) > [loghi'] > n+2. For M+1 < ¢,
by Lemma 4 and (2), we have H<o(M + 1) — H<,(M) = (M +1)—HM) < Llogé\f{lj +2<n+2.

Therefore we obtain the above result.
Since Y7_,a; > (¢ + 1) + ¢, then n — gl + 1 > (¢ + 1)"*'. Recursively applying (7), we have
im0 H<e(ai) > Heo(n — gf) + qH(¢). O

Lemma 8. Given integers ¢ > 0, £ > 1, s >0 and a; >0 fori=1,2,...,8, let L = (q+1)"+0qg+ 7
such that 0 <0 < (q+1)" and 0<7<gq. Ifl —7<a; </l fori=1,--- s, then

ZHaZ )>(s—x—1)HW{—7)+H{ —7+y)+zH()

where Y ;_(a; — 0+ 1) =a7+y and 0 <y < T.

Proof. Since { — 7 < a; < ¢, we denote a; = (¢+ 1)"+0q+y; withg>7>~; >0fori=1,---,s and
Soiilai—Cl+71)=30_1v =x7+y with 0 <y < 7. Therefore (s —z)7 =Y ;_ (¢ —a;) +y > 0, ie.,
s > x + 1. Thus we obtain

S

ZH(ai) = Z(ai [log,qai] +0(g+1)+v +1)

i=1

= nZ((q+1)"+0q+%‘)+59(q+1)+(x7+y)+s

= 77(8_(q+1)L+59q+1:7'+y)+50(q+1)+(x7'+y)+s
HO+H{l—T7+y)+(s—xz—1)Hl—-T)+s—x—1
> zH({)+ H{l—7+y)+(s—ax—1)H({L—T)

The following equalities are used to obtain the fourth equality of the ones above.

HO=n((g+1)"+60g+7)+6(¢g+1)+7+1, (8)
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Hl—7+y)=n((¢+1)"+0q+y)+0(¢g+1)+y+1, 9)
Hl—-7)=n((g+1)"+6q) +0(g+1). (10)

O

Lemma 9. Given integers ¢ >0, £>1 and a; >0 fori=0,1,...,q, let £ = (¢+1)" + 0q + 7 such that
0<0<(qg+1)"and0<7<gq. If(q+ 1) +q(l—7)<>?¥ ja;, <(g+1)"' 4+ ¢l and 0 < a; < ¢ for
i=1,2,...,q, then

q

> H(aj) > H((q+ 1)) +aH) + HE-7+y)+(q—2z—1)H{ - 1)

i=0

where Y ¢_a; — (q+1)" — q(0 — 7) = x7 + y such that integers x > 0 and 0 < y < 7.

Proof. Since Y7 ja; < (¢4 1)" + ¢, we know ag — (¢ + 1) < gf = 3% 1 a;, = > (¢ —a;) and
that there exist integers b; such that ag — (¢ +1)""" =37 b, and 0<b; <l —qa; fori=1,...,q. Let
a; = a; + b;, then |log,; a;] < [log, ;¢] <n. By Lemma 5 (ii), we have

H(ao) = H((q +1)"") + (a0 — (¢ +1)"")(n +2), (11)

Thus >f (H(a;) > H((g+ )" + >  H(a;) and >.7 ,a; = >+ ga;i — (¢ + 1)7". Therefore
q(l — 1) < 3oi_ a; < gt

Without loss generality, we assume a; > a2 > ... > a,. Since (¢ — 1) < Y7 , a;, we know there
exists an integer k such that a; > ¢ — 7 for 1 < i < kand a; < ¢ — 7 for k < i < ¢q. By Lemma
8, we have that there exist integers m > 0, 0 < m’ < 7 and Zle(&i — ¢+ 7) = m7 + m such that

1 H(a;) > Y7 H(a}), where a} = £ for 1 <i <m, al,,, ={—7+m  and a] = {—7 form+2 < i < k.

Let af = (¢+1)" and a} = @; for k <i < g, we have Y7 a, =>"7_ a;. Let > 0_ al—(¢+1)7 —
q({ — 7) = z7 + y such that © > 0 and 0 < y < 7. Therefore (m — z)7 = (¢ + 1) +y —af —al, ., +
=)+ =T —a) > —7)—al, > -7, ie,z<m+1

Case 1. For z = m + 1, we have a,,, ., = ¢ and a} = { — 7 for i > m + 2. Therefore }.7 , H(a;) =
H((g+ D)"Y 4+ 2HW) +HUl —7+y)+ (q—x— 1D H( — 7).

Case 2. For x > m, since [log, (¢ — 7)] < [log,,1¢] = n+ 1, by Lemma 5 (iv), we obtain, for
m+2<1¢<g,

H@) > H=n)= (=7 —a)(p+1) - | =

?

]

> H(t—7)— (=7 —d)n+1) - =%

Since a;,,; = ¢ —7+m’ and m’ > 0, we have
H(ap 1) 2 H( = 7) + (@ g = €+ 7) (0 +1) + 1.

Since Y7 _,a; — (g+ 1) —q(¢ —7) = z7 + y holds with > 0 and 0 < y < 7, and aj), = (¢ + 1)"*!
and a} = ¢ for 1 <+i < m, we have A = Zg:m”(ﬁ—T—a;) =sT+am1—b+7—2a7—y < sTHT—2T—Y.
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Therefore

g(s+1)— A q(s+1)—(s7’+7—m7—y)>(q—7’)(s—|—1)+x7’—|—y
q - q - q
> q(w+1)—7+y2m+1_7—y
q q
-1
> 33+1—L.
q
Since Y7 , H(a}) is an integer, we have
q
> H(a}) = H((g+1)"")+ Z H(al) +mH(£) + H(al, 1)
=0 i=m-+2

IV

H((g+ )" +qH( —7) + (2T +y)(n+ 1) + z+ 1
= H(q+ )"+ (g—z-DH{C —7)+2H() + H({l — 7 +y).

Corollary 10. Given integers ¢ >0, £ > 1 and a; >0 fori=0,1,...,q, let £ = (¢+ 1)" + g + 7 such
that 0 <0< (g+1)" and 0 <7 <q. If (q+ )" +q(l —7) < X1 ,a; < (qg+1)""' + g, then

q q
Hey Zaz ) > H(( q+1)"+1)+zH(€)+H(€—T+y)+(q—:z:—1)H(€—T)+Zai
=0 =0

where Y1 a; — (¢4 1)" — q({ — 7) = xT + y with some integers satisfying x > 0 and 0 <y < 7.

Proof. Suppose T* be a optimal /-admissible sequential tree with Z?ZO a; leaves, and the first query
be (Ao, A1,..., Aq) with [4;] = a; and 0 < a; < L. Then H<o(} ] _ja;) = >0 qai + >f_ o Heo(a;) >

1 oa;i+>¢ H(a;). By Lemma 9, and the condition (¢+ 1) +¢({—7) < 3% ja; < (¢+1)7 +¢¢,
we can obtain the result directly. O

Theorem 11. Given integers n > 0, £ = 1, we have H<1(n) > H(n) if n < ¢+ 1, and H<1(n) >
n+H<i(n—q) ifn>q+ 1

Proof. By Lemma 4 (2), we know H<¢(n) > H(n) if n < ¢+ 1.

Forn > g+ 1, we have n — ¢ > 1 and ﬂoqu n —q] > 1. Suppose T* is an average-case optimal
algorithm and the first query is (Ao, A1, ..., A4,) with |4;| = a; for i = 0,1,...,¢. Therefore 0 < a; <1
for 1 <i<gqand Hey(n) =n+>.7 o H<o(a;) = n+ Hep(ag) + >0y H<e(a;). By Lemma 5 (vi) and
H<i(0) = H<¢(1) =0, we have H<y(n) > n+ H<y(n—¢q). O

Theorem 12. Given integersn > 0, £ > 1, let £ = (¢ + 1)" 4+ 0q + 7 such that 0 < 6 < (¢ + 1)" and
0 <71 <gq, we have

(1) For0<n<(q+1)"! +q(l —7), H<o(n) > H(n);
(2) For (q+1)"" +q(f—7) <n < (q+1)"" +qf,
Hei(n) > H((q+ )" +aH) + Hl—T+y)+ (q—2— 1)H({ —7) +n,

where n — (q + 1)t — q(¢ — 7) = x7 + y with some integers satisfying x >0 and 0 <y < .
8
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Figure 1: Tree and its subtrees
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Figure 2: An ¢-admissible sequential algorithm for 1 < |[A] < g¢+1

(3) For (q+1)"t + gl <n, Hey(n) > n+qH({) + H<p(n — gb).

Proof. (1) is trivial.

(2) Suppose T* is an average-case optimal f-admissible sequential tree with n leaves, and the first query
is (Ao, A1, ..., Ay) with |[4;] = a; for i = 0,1,...,q. Therefore 0 < a; < £for 1 < i < g and H<y(n) =
n+ >0 gHeo(a;) > >0 ga;i + >0 o H(a;). By Lemma 9 and the condition (¢ + 1) + ¢({ — 7) <
Y gai < (g+ 1) + gf, we obtain the result directly.

(3) Suppose T™* is an average-case optimal ¢-admissible sequential tree with n leaves, and the first query
be (Ao, A1,...,A,) with |A;| = a; for i =0,1,...,q. Therefore 0 < a; < ¢ for 1 <i < gqand H<y(n) =
n+ Y ¢, H<¢(a;). By Lemma 7 and the condition (¢4 1)""! 4 ¢¢ < n, we obtain the result directly. O

4. An average-case optimal g 4+ 1-ary ¢-admissible sequential algorithm

Recall the notations related to the g+ 1-ary ¢-admissible search process given in Section 2. A ¢+ l-ary
sequential algorithm is represented by a tree A. In Figure 1 only the root and its children are shown. At
the jth child the subtree AY is attached for 0 < j < ¢. If A is a tree or subtree, |A] denotes the number
of leaves, that is the number of elements of the set (subset) where the algorithm determined by the tree
(subtree) finds the unknown element. Let Huff(B) denote a Huffman tree such that the leaf set is the
search candidate set B. Obviously, a Huffman tree Huff(B) is an ¢-admissible if |B| < /.

We construct a g + 1-ary f-admissible tree according to the value of ¢, and consider two cases £ > 1
and ¢ = 1 respectively.

For n = 1, since the only element is the unknown one, the f-admissible tree is a single node and
HSZ(]-) =0.

For { > 1andn > 1,1let £ = (¢+1)"+6g+ 7 such that 0 < 8 < (¢+ 1)* and 0 < vy < ¢;
n=(q+1)*+Bg+ysuch that 0 < < (¢g+1)* and 0 < v < ¢q. Then we obtain an ¢-admissible tree as
follows in Cases 1-5.

Case 1. For 1 <n < (¢ +1), we choose the admissible tree as in Fig. 2, i.e., a Huff(S5).

Case 2. For (¢+1) < n < (¢g+ 1)"! we have 1 < a < n. Let B = m(qg+ 1)®"! + ¢ where
0<t<(g+1)*" Then (¢+1)* " +tg+7 < (¢+1)" "+ ((¢+1)"" = 1)g+g=(¢+1)" <L and
m(qg+1)*+(¢—m)(g+1)*" + (¢+1)*"" +tg+~ = n hold.



We choose the admissible tree as in Fig. 1 in the following way. If m = 0, let A be a Huffman tree
with A9 = (¢ +1)*"1 4+ tq + 7, and let A'? be Huffman trees with |A'Y| = (¢ + 1)~ respectively for
1 <4 <q.

If m > 1, let A be Huffman trees with |A'| = (¢ + 1)@ respectively for 0 <i < m — 1, let A'™ be a
Huffman tree with |A™| = (¢ + 1)®~! + tq + 7, finally let A'® be Huffman trees with |A1¢| = (¢ + 1)~!
respectively for m+ 1 < i < q.

Case 3. Suppose (¢+1)"" <n < (¢g+ 1)1 +q(¢ — 7). Since (¢+1)" +q(l—7) < (¢g+1)" +q(q+
1)1 = (g+1)""2, we have n+1 < a < n+2, i.e., « = n+1land n = (¢+1)"1+Bg+v. For (¢+1)7 < B <
{—7,let B—(q+1)" = bO+c where 0 < ¢ < 0, then (¢+1)"" +(q+1)n+cq+b(l—7)+v+(g—1)(g+1)" = n.

The inequality (¢ +1)"+ 8¢+ v < (¢+1)" + ((¢+1)" = 1)g+ ¢ = (¢ + 1)"*" holds if 3 < (¢ +1)"
and (¢ +1)" 4+ kq+~v < ¢ holds if k < 6.

Therefore we choose the admissible tree as in Fig. 1 in the following way. If 8 < (¢ + 1)”, then let
A be an admissible tree given in Cases 1 and 2 with |A°] = (¢ + 1) + Bq + v. Moreover let A be
admissible trees with |AY| = (q + 1)" respectively for 1 < i < gq.

If (g+1)7" < B <{¢—7and b = 0, let A be an admissible tree given in Cases 1 and 2 with
|AY| = (g + 1)"*1, Al be an admissible tree with |AY| = (¢ + 1)" + cq + 7, and finally letA'® be
admissible trees with |AY| = (¢ + 1)" respectively for 2 <i < q.

If (q+1)" < B8 </f—7andb > 1, let A® be an admissible tree given in Cases 1 and 2 with

|A10| = (g + 1)"*1, let A be admissible trees with |A'| = ¢ — 7 respectively for 1 < i < b, let A0+
be an admissible tree with |A'+D| = (¢ 4+ 1)" + ¢q + 7, and let finally A" be admissible trees with
| A = (g + 1)" respectively for b+ 2 <i < q.
Case 4. Suppose (¢+1)" +q(l—7) <n < (¢g+1)" +q¢f. Wehave n+1 < a. Byn < (¢g+1)" 1 +qf <
(q+1)" 1 +q(g+1)"" = (¢+1)"2 we have a <n+1. Thusa =n+1. Let Bg—q(l —7)+vy =27 +y
where 0 <y < 7. Since (¢ + 1) + 2l + ¢ —7+y+ (¢— 2 — 1)({ — 7) = n, we choose the admissible
tree as in Fig. 1 in the following way.

If # = 0, let A1 be an admissible tree given in Cases 1 and 2 with |A°| = (¢ + 1)7*!, let A be
an admissible tree with |A'@+)| = ¢ — 7 + 3, and let finally A" be admissible trees with |AY| = ¢ — 7
respectively for 2 <1 < q.

If z > 1, let A be an admissible tree given in Cases 1 and 2 with |4 = (¢ + 1)"T!, let AL
be admissible trees with |A“| = ¢ respectively for 1 < i < z, let AY@+1) bhe an admissible tree with
|AY@+D)| = f—7 4y, and let finally A™ be admissible trees with |A'| = £ —7 respectively for z4+2 < i < q.
Case 5. Suppose n > (q+ 1)""1 + gf. We choose the admissible tree as in Fig. 3 such that A" is an
admissible tree with | A = n—igf for 1 < i < t—2, AY is an admissible tree with |A%| = £ for 1 <i < t—1
and 1 < j < ¢, and A=Y is an admissible tree given in Cases 1-4 with |[A¢=10| = n — (t — 1)g¥, where
(t—1gl+A=n—(¢g+1)"1 and 0 < A < {q.

Case 6. For / =1 and 1 <n < g+ 1, we choose the admissible tree as in Fig. 2.

For / = 1 and n > ¢ + 1, we choose the admissible tree as in Fig. 3 such that A is an admissible
tree with [A®°] =n —igfor 1 <i<t—2, AYisaleaffor 1 <i<t—1land1<j<g, and AC=10 i an
admissible tree given in Case 1 with |[A®~V9 =n — (t — 1)q, where (t —1)g+A=nand 0 < A < q.

By computing the external length of the admissible tree A, we obtain an upper bound on H<,(n).

Theorem 13. (1) Given an integer { = 1, the external length of the proposed ¢-admissible tree H<1(A) =
H(n) ifn<q+1, and H<1(A) =n+H<y(n—q) ifn>qg+1;
10



Figure 3: An ¢-admissible sequential algorithm

(2) Given an integer £ > 1, the external length of the proposed {-admissible tree H<;(A) is the lower
bound given in Theorem 12.

Proof. For n = 1, the f-admissible tree is a single node and H<,(1) = 0, the results hold. Next we prove
the result of the case n > 1.
Suppose n > 1. (1) By the definition of H<¢(A) and the tree given in Case 6., we obtain H<,(A) =
n+ Hey(n —q).
(2) For Case 1, H<¢(A) =n = H(n).

Consider now Case 2. If m = 0, then H<y(A) = n+ H((¢ + 1)* ' +tg+7) + ¢H((g + 1)* 1) =
no+tlg+1)+y=na+p(q+1)+~v=H(n).

If m > 1, then Heo(A) = n+mH((q+1)*) + H((¢ + D>~ +tqg+7) + (¢ —m)H((g +1)*7") =
na+ (m(g+ 1)1+ 1) (g+1) +v=na+B(q+ 1)+~ = H(n).

Consider now Case 3. If 8 < (¢+1)7, then H<y(A) =n+ H<,((¢+1)"+ Bq+7v) +qH<((¢+1)") =
n+H((g+1)"+Bg+7) +aH(q+1)") = ((g+ )"+ Bg+7)(a+1)+Blg+1) +v = H(n).

The equation 83— (q+1)"7 = b0 + ¢ implies (¢+1)" + (¢+1)n+cqg+b(l —7)+v+ (¢—1)(¢+1)" = n.

If (¢4 1)"<pB<{l—7and b=0, then H<;(4) =n+ H<o((g+1)"") + H<o((¢g+ 1)n +cqg+7) +
(- DH<((g+ 1)) =n+H(g+1)"™") + H((g+1)n+ecg+7) + (¢ - 1)H((g +1)") = (¢ + )" +
Ba+y)(a+1)+B(g+1)+v=H(n).

If (¢+1)" < B <f—7and b > 1, then H<¢(A) = n+H<o((qg+ 1)) +bH<o({—7)+H<((g+1)n+cq+
7 +(@=b=1)H<((g+1)") = n+H((qg+1)" ) +bH(l—7)+ H((q+1)n+cq+7y)+(g—b—1)H((g+1)") =
((g+ )"+ Bg+)(a+1)+Bg+1) +v = H(n).

Consider now Case 4. If x = 0, then H<¢(A) = n+H<,((qg+1)"™)+Hey(0—7+y)+(q—1)H<p({—T7) =
n+H((q+ )" +2aHW) + H{l—7+y)+ (¢ -2 - DH({-1).

If x > 1, then Hgg(A) =n-+ HSZ((Q+ 1)774'1) —|—$H<g( ) —|—H<g( - T —‘ry) + (q — T — 1)H§g(€ — T) =
n+H((g+ )" ) +2HU) +HU -7 +y)+ (q—x— 1)H{ — 7).

Finally, in Case 5 it is obvious that H<¢(A) =n+ H<p(n — ¢f) + ¢H<¢({) =n+ H(n — g¢) + ¢H(¥).
O
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5. Proof of the main result

Proof of Theorem 1

Let n=(¢+1)*+8g+~vysuchthat 0 < < (¢+1)*and 0 <y <qgifn>1,and { = (¢+1)"+0q+T
such that 0 <O < (¢g+ 1) and 0 <7 < qif £ > 1.

Using Theorems 11, 12 and 13, we obtain the followings.

In the case £ =1, we have H<1(n) = H(n) if n <g+1,and H<i(n) =n+ H(n—q)if n>q¢+ 1.

Suppose now £ > 1. (1) If 0 < n < (¢+ 1)"™" + q(¢ — 7), then H<y(n) = H(n) holds. (2) If
(q+ 1) +q(0—7) <n < (g+ 1) + gf, then we have H<y(n) = H((¢+ 1)"™) +aH({)+ H{{ — T +
y)+ (q—2—1)H( —7)+n, where n — (¢ + 1)""1 — q(¢ — 7) = 27 + y are integers satisfying x > 0 and
0 <y <. (3) Finally, if (¢ + 1) 4+ ¢/ < n, then H<¢(n) =n + qH({) + H<¢(n — qf).

We use the following statements to complete the proof of Theorem 1.

For =1 and n > g+ 1, the conditions (t—1)¢g+A =n,0 < A < g imply t = [%] Therefore we have

Hei(n) = n+Ha(n—q)=[(n—q) +H«u(n—q)+q
= [2(n—2q)+ H<i(n —2q)| +2q+¢

(t—1)(n = (t = ) + Hea(n— (¢ — D)) + 3 kg
k=1

R e L R O Y
= (t—1)n—wq+ﬂ(n—(t_1)q)

Suppose £ > 1 and (¢ + 1)"™ +q({ —7) <n < (¢+ 1) + gf. Since £ = (¢ + 1)" + g + 7 where
0<f<(g+1)"and 0<7<gq, wehave B=n+1. Let n— (¢q+ 1) —q(l —7)=Bg+v—q(l —7) =
B—=(@+1)"—-0g9)q+~v =27 +vy, where 0 < y < 7. We have z +1 = ["—(‘Hl)"il—q(f_ﬂ] and
B—(qg+1)"—0g+1= ["—(qﬂ)"q“—q“_”] Therefore

Heyn) = n+H(qg+)" Y +2HO)+H{l—T+y)+(q—2z—1)H{—T1)

= n+(@+rD)™ O+ D)+ +0( @+ D) +7+ D)+l —TH+y)n+0(@+1)+y+1
+g—1=2)[(l =)+ 0(¢+1)]

= n+p—2r—y—ql -+ D"+ 1) +z(ln+0(g+1)+7+1)
+l—T+ym+0(g+1)+y+1+(g—1—2)[({ —7)n+0(qg+1)]

= n+nn+1)—ql—n)+qdg+1)+z+1

= nn+1)+n—qlg+1)"+gf+zx+1

= nn+1)+Bq+v+(@+1)"+q0+zx+1

= n(n+ D) +B(q+ ) +y+1—-[B+1—(¢g+1)"—qb] + (x+1)

= H(n)+ (n_(Q+1)7’:1—Q(f—T)1 B [n—(qul)":;—Q(f—T)

1.

Finally, suppose £ > 1 and n > (g + 1)""1 +qf. Let (t — 1)gf + A =n — (¢ + 1)"*! with 0 < A < /g,
12



then we have t = [%W]. Therefore

Hey(n) = n+H<(n—ql)+qH(() =[(n—ql) + H<o(n — qb)] + q({ + H (L))
= [2(n—2¢¢) + H<y(n —2q0)] + q(2¢ + H(0)) + q(£ + H(¢))
t—1

= [(t=1(n—(t—1)gt) + Hee(n — (t = 1)g0)] + Y q(kt + H(L))

k=1
= (t—1)n-— W(M +(t—1)gH(0) + Heg(n — (t — 1)gl).

O
Example: (S,2,A<;). In [1] (Section 1.9, exercise 1.6), Aigner established an average-case optimal
algorithm for (5,2, A<¢) and obtained the exact value of H<;(n) as follows. H<,(n) = H(n) if n < 2¢,
and Heg(n) = nt — "0 4 tH(0) + H(n — t)H(n) if n > 2¢, where ¢ = [2] — 2.

On the other hand, our Theorem 1 gives the following result for ¢ = 1. H</(n) = H(n) for n < 2¢,
and H<p(n) =n(t' —1) — W +{t'—1)HW)+H(n—({t'—1)0)H(n) if n > 2¢, where t’ = f#}
and { =27+ 60+ 7 such that 0 <8 <27"and 0 < 7 < 1.

In fact, since 6 +1 < 27 — 141 =27 < £, we have ¢/ = [2=2"""] = [2=2201)] _ (] _ 1 Which

[z 7
implies that the two results are identical in this special case.

6. Conclusion and future reading

For any parameters n > 1, ¢ > 1 and ¢ > 1, we study general ¢ + 1-ary search problem with small
sets and obtain an average-case optimal sequential algorithm and the minimum number of average-case
sequential queries when the uniform distribution is assumed. In fact, the algorithm proposed in this
paper is also worst-case optimal and the minimum number of worst-case sequential queries is implied in
the main results.

It would be interesting to extend our results to other problems as follows: Search for more than one
element [12, 14, 15, 9] etc., Counterfeit coin weighting with multi-arms balance [5, 4, 10] etc., and Search
with lies [2, 8, 13] etc.
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