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Abstract

Let F be a family of subsets of an n-element set. Sperner’s theo-
rem says that if there is no inclusion among the members of F then
the largest family under this condition is the one containing all % |-
element subsets. The present paper surveys certain generalizations
of this theorem. The maximum size of F is to be found under the
condition that a certain configuration is excluded. The configuration
here is always described by inclusions. More formally, let P be a a
poset. The maximum size of a family F which does not contain P
as a (not-necessarily induced) subposet is denoted by La(n, P). The
paper is based on a lecture of the author at the Jubilee Conference on
Discrete Mathematics [Banasthali University, January 11-13, 2009],
but it was somewhat updated in December 2010.

Keywords: Sperner theory, extremal problems for subsets, ex-
cluded posets.

1 Introduction

Let [n] = {1,2,...,n} be a finite set, F C 2[" a family of its subsets. In the
present paper max |F| will be investigated under certain conditions on the
family F. The well-known Sperner theorem ([22]) was the first such result.

Theorem 1.1 If F is a family of subsets of [n] without inclusion (F,G € F



implies ' ¢ G) then

= (LnJ)

holds, and this estimate is sharp as the family of all |%]-element subsets
shows.

There is a very large number of generalizations and analogues of this
theorem. (See e.g. [9]). Here we will consider only results when the condition
on F excludes certain configurations what can be expressed by inclusion, only.
That is, no intersections, unions, etc. are involved.

The first such generalization of Sperner theorem was obtained by Erdds
[10]. The family of k£ distinct sets with mutual inclusions, Fy C Fy C ... F}
is called a chain of length k. It will be simply denoted by Py. Let La(n, P)
denote the largest family F without a chain of length k.

Theorem 1.2 [10] La(n, Py11) is equal to the sum of the k largest bimomial
coefficients of order n.

Let V. denote the r-fork, that is, the following family of distinct sets:
F C G,F C Gy,...F C G,. The quantity La(n,V,), that is, the largest
family on n elements containing no V, was first (asymptotically) determined
for r = 2. We use the well-known notation Q(n) where f(n) = Q(n) means
that there is a constant ¢ such that cn < f(n) holds for all n.

Theorem 1.3 [17]

(1) (50 () <= (i) ()

The first result for general r is contained in the following theorem.

Theorem 1.4 [23]

() (e () s = (i) (25 ()

The constant in the second term in the upper estimate was recently im-
proved.



Theorem 1.5 [4]

(1) (e () et = () (12540 ()

There is an unfortunate difference in the second terms of the lower and
upper estimates, respectively. It seems to be very difficult to bridge this
gap, since the construction in the lower estimate uses a certain construction
from coding theory which gives only half of the known upper bound and it
is unsolved since 1980 (see [12]).

The results listed above were proved by ad hoc methods. The theorems
using the method of counting chains will be shown later.

Before formulating our general problem, let us show, for comparison, an
old result what will not be included.

Theorem 1.6 (Kleitman [18]) If the family F contains no three distinct
members A, B, C' satisfying AN B = C then

= (@J) e (@J) (el )

The condition in this theorem is much weaker than that of Theorem 1.3,
yet its upper bound is almost the same, they differ only in the second term.
It is widely believed that the second term % of the upper bound in Theorem
1.3 is also valid here. However, the best constructions (for large n) for the

two problems are not the same. Recently M. Zivkovi¢ [24] found a pretty
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construction giving 2 in the second term of the lower estimate for odd n
what does not satisfy the strongest condition of Theorem 1.3.

2 Notations, definitions

A partially ordered set, shortly poset P is a pair P = (X, <) where X is a (in
our case always finite) set and < is a relation on X which is reflezive (z < x
holds for every z € X), antisymmetric (if both z < y and > y hold for
x,y € X then x = y) and transitive (z < y and y < z always implies z < z).
We say that y covers x if x < y and there is no z € X such that r < z <y
holds. It is easy to see that if X = 2"l and the < is defined as C, then these
conditions are satisfied, that is the family of all subsets of an n-element set
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ordered by inclusion form a poset. We will call this poset the Boolean lattice
and denote it by B,,. Covering in this poset means “inclusion with difference
17.

The definition of a subposet is obvious: R = (Y, <) is a subposet of
P = (X, <) iff there is an injection « of Y into X is such a way that
y1, Y2 € Y y1 <o yo implies a(y;) <; a(yz). On the other hand R is an
induced subposet of P when a(y;) <; «a(y2) holds iff when y; <5 yo. If
P = (X,<) is a poset and Y C X then the poset spanned by Y in P is
defined as (Y, <*) where <* is the same as <, for all the pairs taken from Y.
Given a “small” poset R, La(n, R) denotes the maximum number of elements
of Y c 2" (that is, the maximum number of subsets of [n]) such that R is
not a subposet of the poset spanned by Y in B,,.

Redefine our “small” configurations in terms of posets. The chain Py
contains k elements: aq,...,a; where a; < ... < ag. The r-fork contains
r + 1 elements: a,by,...,b. where a < by,...,a < b,. It is easy to see that
the definitions of La(n, P;), La(n,V;), in Sections 1 and 2 agree. In the rest
of the paper we will use the two different terminology alternately. In the
definition of La(n, R) we mean non-induced subposets, that is, if R = V5
then Pj is also excluded as a subposet.

A poset is connected if for any pair (zg, zx) of its elements there is a
sequence 21, . .., z,_1 such that either z; < 2z;17 or z; > 2;41 holds for 0 < i <
k. If the poset is not connected, maximal connected subposets are called its
connected components. Given a family F of subsets of [n], it spans a poset in
B,. We will consider its connected components () in two different ways. First
as posets themselves, secondly as they are represented in B,,. In the latter
case the sizes of the sets are also indicated. This is called a realization of ().
A full chain in B, is a family of sets Ay C A} C ... C A,, where |A;| =1i. We
say that a (full) chain goes through a family (subposet) F if their intersection
is non-empty, that is if it “goes through” at least one member of the family.

3 Lubell’s proof of the Sperner theorem

The method using “counting chains” originates in the proof of Sperner the-
orem, given by Lubell.

The number of full chains in [n] is n! since the choice of a full chain is
equivalent to the choice of a permutation of the elements of [n]. On the other
hand, the number of full chains going through a given set F' of f elements



is fl(n — f)! since the chain “must grow” within F' until it “hits” F' and
outside after that. Suppose that the family F of subsets of [n] is without
inclusion (F,G € F implies F' ¢ G). Then a full chain cannot go through
two members of F. Therefore the set of full chains going through distinct
members of F must be disjoint. Hence we have

> |F[i(n—|F|)! < nl.

FeF

Dividing the inequality by n!

1
> B <1 (3.1)

FeF \|F|
is obtained. Replace (‘;i‘) by (LZJ>' Then
7] 1
&) )

follows, the theorem is proved.

Let us remark that inequality (3.1) is important on its own right and is
called the YBLM-inequality (earlier LYM, see [25], [3], [19], [20]). O

4 The method “counting chains”

Lubell’s proof easily applies for Theorem 1.2, however, surprisingly it was
not exploited for proving theorems of the present type. The reason might be
that not the “excluded” configurations should be considered when using the
idea, but the “allowed induced posets”.

Take first the upper estimate of Theorem 1.3. This theorem already has
two different proofs in [17] and [5], however each of these proofs needed an ad
hoc idea, our new method also works here. It needs some tedious calculations,
but the principal idea is easy.

The subposets V5 are excluded. The family F spans a poset in B,,. What
are its connected components? First of all, a connected component cannot
contain Pj3 as a subposet, since V5 is excluded in a “non-induced” way. It is
easy to see that these components can only be the “upside-down” versions
of V,, that is, the r-brushes A, consisting of r + 1 elements: a,by,...,b,
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where a > by,...,a > b,. Let A denote an r-brush in B, that is a family
of subsets A, By,...,B, where A C By,...,A C B,. The number of chains
going through A’ is denoted by c¢(AZ). The trivial observation that no chain
can go through two distinct components results in

D e(Ay) <l (4.1)

where the sum is taken for all connected components spanned by F. There
is a good lower estimate on

c(Ay)

r+1’

namely
Lemma 4.1 Suppose 6 < n,0 <r. Then

c(A7)

wu(n —u* — 1)1 <
Ay

(4.2)

where u* = u*(n) = 2 — 1 if n is even, u* = 5% if n is odd and r —1 < n,
whileu*:"T_‘r3 if nis odd and n < r — 1.

The tedious part of the whole proof is the proof of this lemma. See [13] or
[16]. (The title of [16] has a wrong word: “inclusion” should stand rather
than “Intersection”.) However, after having the lemma, (4.1) and (4.2) give

nt > A =Y (r + 1)?1?
A* A

i

> Z(r + Dulu*(n —u* — 1) = |Flu™lu*(n —u* — 1)L
A
This really leads to the upper estimate in Theorem 1.3.

Now, this idea will be formulated for the general case. Let P be the set
of forbidden subposets. Let F be a family of subsets of [n] such that the
poset induced by F in B, contains no member of P as a subposet. La(n, P)
denotes the largest size of such a family. Consider the connected components
of the poset induced by F. The family of all possible components is denoted
by Q@ = Q(P).

In the example above we had P = {V4}. Then Q({V2}) = {A, : 0 <r}.
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If Q € Qlet Q) be arealization of () in the Boolean lattice B,,, that is, )
is embedded into B,, and a size (of a subsets) is associated with each element
q € Q. Here Q — @ denotes that ()} is a realization of ). In our example,
for instance, A; is just a poset with two comparable elements, A] is a family
of two subsets A, B satisfying A C B, with a and b elements, respectively.

Furthermore ¢(Q}) denotes the number of chains going through Q7. In
our example ¢(A}) = al(b — a)!(n — b)!.

Let ming_,q: ¢(@},) = c;(Q) be the smallest number of chains respect to
the realizations. In the example: ¢, (Ag) = | 2] [2]!, i (P) = n |52 252

The following theorem can be easily obtained by the method shown for

Va,

Theorem 4.2 [16]
n!

La(n,P) < - — o7
IHfQEQ(p) T‘Lé?)

Now we show how to apply this theorem for the poset N which contains
4 distinct elements a, b, ¢, d satisfying a < ¢,b < ¢,b < d. In the Boolean
lattice a subposet N consists of four distinct subsets satisfying A C C, B C
C,B C D. It is somewhat surprising that excluding N the result is basically
the same as in the case of V5.

Let F be a family of subsets of [n] containing no four distinct members
forming an N. Consider the poset P(F) spanned by F in B,,. What can its
components be? A component might be a P;, but no component can contain
a P3 as a proper subposet, since adding one more element to P3 an N is
created no matter which element of P; is in relation with the new element.
Let a < b be two elements of a component. We claim that a and b cannot be
both comparable within the component with some other distinct elements c, d
(say, in this order), unless they are a part of a P3. Indeed, the choices ¢ < a
and b < d lead to a Pj, therefore the only possibility is a < ¢,d < b. This
is an N, contradicting the assumption. But one of them can be comparable
with many others in the same direction. Therefore the following ones are the
only possible components:

Q(P) = {Ps, Ao, A1, Aoy o Ay Vi Ve Vi

In order to use Theorem 4.2 we have to give a good lower bound on the
ratios

cn(Ps) cn(Ar) n(Ve)

n n n

3 r+1"’ r+1°
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(4.2) is a good lower estimate on the middle one. By symmetry, the same
applies for the last one. The only unknown one is the first ratio. Its exact
value is determined in [13] (Lemma 3.1). We do not formulate the statement
here, what is important for our purposes is that

holds, therefore the denominator in Theorem 4.2 is the same as in the case
of V5. We obtained the following theorem almost “free”.

Theorem 4.3 [13]

(i) (e (@) o= () (500 (3))
holds.

It is interesting to mention that the “La” function will jump if the ex-
cluded poset contains one more relation. The butterfly x contains 4 elements:
a,b,c,d with a < c,a < d,b<c,b<d.

Theorem 4.4 [5] Let n > 3. Then La(n, x) = (Ln72j) + (Ln/;LJH)-

It was proved by a different method.

5 A further improvement of the method

Observe that the main part of a large family is near the middle, the total
number of sets far from the middle is small. More precisely, let 0 < a < %
be a fixed real number. The total number of sets F' (for a given n) of size

satisfying
|F]§Z[n (%—&),n(%—i—a)} (5.1)

is very small. It is well-known (see e.g. [1], page 214) that for a fixed constant
0<p <3

Bn
3 (”) — gn(h(B)+o(1)
(4

1=0



holds where h(z) = —xlogy x — (1 —x) logy (1 —x). Therefore the total number
of sets satisfying (5.1) is at most

400 g (1 )o(2)

where 0 < h (% — a) < 1 is a constant.

In view of this observation we can improve our main tool, Theorem 4.2.
First we have to generalize c;(Q). Let ¢;*(Q) denote ming_,o« ¢(Q7) where
only those realizations @)} are considered whose member subsets are of size
in the interval (5.1). It is obvious that ¢ (Q) < ¢i*(Q). We actually believe
that they are equal for large n, but we cannot prove this statement.

Theorem 5.1 [16] Let 0 < a < L be a real number. Then

n! n 1
oz (Y0 (2)
HlfQEQ(p) n|C§|Q) L§J n?

Using this theorem, we were able to prove the following rather general
one.

Theorem 5.2 [16] Let 1 < r be a fized integer, independent on n. Suppose
that every element Q@ € Q(P) has the following property: if a € Q then a
covers at most r elements of Q). Then

La(n, P) < (L;J) (1 +25 40 (%)) .

If the family F contains no V,..; then the components cannot contain a set
which is contained in 7 + 1 other sets. Therefore the conditions of Theorem
5.2 are satisfied (in the dual form). This is why Theorem 5.2 implies Theorem
1.5.

6 Results determining the main term only

Some recent results determine only the main term, that is the coefficient
of (LZ j)> and there are only rough estimates of the coefficient of % Two
2

elements a and b of a poset are called neighboring if a < b or a > b and there
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is no ¢ satisfying a < ¢ < bora > c > b. A poset T is called a tree if the
graph obtained by joining the neighboring elements is a tree. Griggs and
Linyuan solved the problem for trees of two levels.

Theorem 6.1 [15] Let T be a tree and suppose that it has two levels, then

() (ro (@) o= () (o 0))

Bukh found the first term for arbitrary trees independently, about the
same time. Let h(P) denote the hight (maximal length of a chain) in a
poset.

Theorem 6.2 [6] Let T be a tree. Then

(i) (en(2) swann () o0(3))

However [11] contains another, surprising result. Let G = (V, E) be a
graph. P(G) is the poset on two levels, V' is the level below, v < e(v € Ve €
E)iff v ee.

Theorem 6.3 [15]

1 n

Of course this is sharp if x(G) = 2. For instance when G is cycle of length
¢ then P(G) is a cycle of length 2¢ on two levels. By this the posets on two
levels forming a cycle are settled, up to the first term.

7 Excluding induced posets, only

One can ask what happens if we exclude the posets R belonging to P only
in a strict form, that is, there is no induced copy in the poset induced in
B, by the family. Given a “small” poset R, La*(n, R) denotes the maximum
number of elements of Y C 2" (that is, the maximum number of subsets of
[n]) such that R is not an induced subposet of the poset spanned by Y in
B,,. This obviously generalizes for La®(n, P) where P is a set of posets.
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For instance, calculating La(n, V3) the path of length 3, P is also ex-
cluded, while in the case of La*(n, V5) this is allowed, three sets A, B, C are
excluded from the family only when A C B, A C C but B and C are in-
comparable. As we saw in the proof of Theorem 1.3, Q(V5) consists of A,s
(0 < 7). The set Q*(V3) of possible components when only the induced Vas
are excluded is much richer. Q%(V;) contains all posets whose graph is a
“descending” tree with one maximal vertex. That is, not only the sizes of
these posets are unbounded, but their depths, as well. Yet, this case can
be also be treated, on the basis of Theorem 5.2. To be precise we have to
modify the formulations of our previous theorems. These modifications need
no proofs, since the original proofs did not really depended on P, only on
Q(P) and this is simply replaced by Q*(P).

Theorem 7.1 [16]

n!

La®(n, P) < :
Y — . C:L Q
lanEQﬁ (P) |C(Q| )

Theorem 7.2 [16] Let 0 < a < % be a real number. Then

n! n 1
La‘(n,P) < - o+ <L@J>O <—2) .
infoeor(p) g1 2 n

Theorem 7.3 [16] Let 1 < r be a fized integer, independent on n. Suppose
that every element Q € Q%(P) has the following property: if a € Q then a
covers at most r elements of Q). Then

Laf(n, P) < (é) (1 +25 40 (%)) .

It is quite obvious that if Q € Q*(V,,;) then no element of Q is covered by
more than 7 other elements. Theorem 7.3 can be applied in a dual (upside-
down) form.

Theorem 7.4 [16]

La(n, Vy1) < (L%) (1 + 2% +0 <%)) .

This is a stronger form of Theorem 1.5. The special case r = 1 was solved

in [7].
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8 The diamond and the snakes

At the end of the first talk given by the author on this subject around 2004,
someone from the audience asked: "What about the cycle of length 4 on 3
levels?” (I am sorry I cannot remember who he was, therefore I cannot give
credit to him.) The answer: ”This is a good question, I think the present
method will work on this problem too.”

The problem is still unsolved, but there are some papers attacking it. A
diamond is a poset of four elements a, b, c,d such that a < b,c and b,c <
d. Denote it by D,. The first published result on the diamond is due to
Axenovich, Manske and Martin.

Theorem 8.1 [2]

La(Dsy) < (2.283 + o(1)) ({ZJ)'

2

Griggs, Li and Lu [14] have improved the constant to 2 4+ . However
their main achievement is the solution of the problem for the generalized
diamond D, what is a poset of the elements a, b, ..., bs,d where a < b; < d
holds for every i. They have solved the problem for most of the k’s (but
unfortunately not for k = 2).

The k-snake S;, is the following poset consisting of k elements: a; < as >
az < ay > as < .... Theorems 1.3 and 4.3 give

(i) (e () =t = (1) (450 ()

(8.1)
for k = 3,4. How far can this go?
Now we give a simple general construction which shows that (8.1) cannot
hold for too big k.

Proposition 8.2 If P is not a subposet of By (e.g. connected and |P| > 2°)
then

zf(’f%;‘j) < La(P). (8.2)

Proof. Take an ¢-element subset L of [n] and let

Fr={AUB: ACL/BC|n]—L,|B|= LnT_ej}
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This family induces (L& j) copies of B, therefore cannot contain a P. U
It is easy to see that the left hand side of (8.2) is

() (50 (3)) 53

where z = [£] if n is even and [£] if n is odd (¢ is fixed, n tends to infinity).

Ss3 is not a subposet of Bs, therefore Proposition 8.2 and (8.3) give the
second term 2 in the lower estimate of La(Ss3) for odd n. Hence (8.1) cannot
hold for £ = 33. But already Sy is suspicious, since the same reasoning
gives % for the second term in the lower estimate for odd n, what ”almost”
contradicts (8.1).

OPEN PROBLEM. Find the best possible second terms in the lower and
upper estimate of La(S) for k =5,6,7,... ..

We believe that the only way to use Proposition 8.2 for an Sy is when
k > 2¢, because otherwise S; is a subposet of B,. Actually we think that a
slightly stronger statement is also true. Let the vertices of the directed graph
G(B,,) be the subsets of [n], and (A, B) is an edge iff A C B.

CONJECTURE. If n > 2 then there is a Hamiltonian cycle in G(B,,) such
that the directions of its edges alternatingly agree and do not agree with the
direction of the cycle.

This problems is closely related to the famous problem if there is a Hamil-
tonian cycle between the "two middle levels”. This was generalized for the
symmetric (kth and (n — k)th) levels. For results see [8], [11] and [21]. The
solution of this problem of every pair of symmetric levels would solve the
present problem for even n, but our problem might be easier.

References

[1] Noga Alon and Joel H. Spencer, The Probabilistic Method, John Wiley
& Sons, 1992.

[2] Maria Axenovich, Jacob Manske and Ryan Martin, Qo-free families in
the Boolean lattice, arXiv:0912.5039v1

[3] B. Bollobds, On generalized graphs, Acta. Math. Acad. Sci. Hungar., 16
(1965) 447-452.

13



[4]

[5]

8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Annalisa De Bonis, Gyula O.H. Katona, Largest families without an
r-fork, Order, 24 (2007) 181-191.

Annalisa De Bonis, Gyula O.H. Katona, Konrad J. Swanepoel, Largest
family without AU B C C' U D, J. Combin. Theory Ser. A, 111 (2005)
331-336.

Boris Bukh, Set families with a forbidden subposet, Electronic J. Com-
bin., 16 (2009) R142, 11p.

Teena Carroll, Gyula O.H. Katona, Bounds on maximal families of sets
not containing three sets with AU B C C;A ¢ B, Order, 25 (2008)
229-236.

Yachen Chen, Kneser Graphs are Hamiltonian for n > 3k, J. Combin.
Theory, 80 (2000) 69-79.

Konrad Engel, Sperner Theory, Encyclopedia of Mathematics and its
Applications 65 (1997), Cambridge University Press.

P. Erdés, On a lemma of Littlewood and Offord, Bull. Amer. Math.
Soc., 51 (1945) 898-902.

Yachen Chen and Z. Fiiredi, Hamiltonian Knaser graphs, Combinator-
ica, 22 (2002) 147-149.

R.L. Graham and N.J.A. Sloane, Lower bounds for constant weight
codes, IEEE IT 26 (1980) 37-43.

Jerrold R. Griggs and Gyula O.H. Katona, No four sets forming az N,
J. Combin. Theory Ser A, 115 (2008) 677-685.

Jerrold R. Griggs Wei-Tian Li and Linyuan Lu, Diamond-free Families,
arXiv:1010.5311v2

Jerrold R. Griggs and Linyuan Lu, On Families of Subsets With a For-
bidden Subposet, Combin., Probab. Comput. 18 (2009) 731-748.

Gyula O.H. Katona, Forbidden Intersection Patterns in the Families of
Subsets (Introducing a Method), in: Horizons of Combinatorics, (Ervin
Gy6ri, Gyula O.H. Katona, Laszlé Lovasz, Eds) Bolyai Society Mathe-
matical Studies, 17 (2008) 119-140.

14



[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]
[25]

G.0O.H. Katona and T.G. Tarjan, Extremal problems with excluded sub-
graphs in the n-cube, Lecture Notes in Math. 1018, 84-93.

Daniel J. Kleitman: Extremal Properties of Collections of Subsets Con-
taining No Two Sets and Their Union. J. Comb. Theory, Ser. A, 20
(1976) 390-392.

D. Lubell, A short proof of Sperner’s lemma, J. Combin. Theory, 1
(1966) 299.

L.D. Meshalkin, A generalization of Sperner’s theorem on the number
of subsets of a finite set, Teor. Verojatnost. i Primen., 8(1963) 219-220
(in Russian with German summary).

Ian Shields, Brendan J. Shields and Carla D. Savage, An update on the
middle levels problem, arXiv:math/0608485v1

E. Sperner, Ein Satz tiber Untermegen einer endlichen Menge, Math. Z.,
27 (1928) 544-548.

Hai Tran Thanh, An extremal problem with excluded subposets in the
Boolean lattice, Order, 15 (1998) 51-57.

Miodrag Zivkovi¢, manuscript.

K. Yamamoto, Logarithmic order of free distributive lattices, J. Math.
Soc. Japan, 6 (1954) 347-357.

15



