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9. Coarse-grainings

May 9, 2007

A quantum mechanical system is described by an algebra M of operators and the dy-
namical variables (or observables) correspond to the self-adjoint elements. The evolution
of the system M can be described in the Heisenberg picture in which an observable
A € M moves into a(A), where « is a linear transformation. « is induced by a unitary
in case of the time evolution of a closed system but it could be the irreversible evolution
of an open system. The Schrodinger picture is dual, it gives the transformation of
the states:

(a(4), p) = (A4, €(p)),

where £ is the state transformation and the duality means (B,w) = TrwB. State
transformation is an essential concept in quantum information theory and its role is the
performance of information transfer. However, state transformation may appear in a
different context as well. Shortly speaking, the dual of a state transformation will be
called coarse-graining, in particular in a statistical context.

Assume that a level of observation does not allow to know the expectation value of all
observables, but only a part of them. In our algebraic approach we assume that this part
is the self-adjoint subalgebra N of the full algebra M. The positive linear embedding
a: N — M is a coarse-graining. It provides partial information of the total quantum
system M. If the algebra N is “small” compared with M, then loss of information takes
place and the problem of statistical inference is to reconstruct the real state of M from
partial information.

9.1 Basic examples

Assume that the Hilbert space describing our quantum system is H. A completely
positive identity preserving linear mapping from an algebra N to B(#H) will be called
coarse-graining. It will be mostly assumed that A is a subalgebra of B(K), where K is
another Hilbert space. In the algebraic approach followed here, this Hilbert space is not
specified always. It is well-known that a completely unit-preserving mapping « satisfies
the Schwarz inequality

a(A*A) > a(A)*a(A). (9.1)

Example 9.1 The simplest example of coarse-graining appears if a component of a
composite system H = H; ® Hs is neglected. Assume that we restrict ourselves to the
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observables of the first subsystem. Then the embedding
a: B(H,) = B(H), a: A= AQ L

is the relevant coarse-graining. This is not only positive but it is a multiplicative isometry,
therefore we call it embedding.

The dual of « is the partial trace Tr,:
(a(A4),BRC)=Tr(A"B)@ C=TrA"BTrC = (4,£(B® ()),

where & defined as £(B ® C) = BTr(C is the so-called partial trace over the second
factor. g

Example 9.2 Consider a a composite system of n identical particles: HQHRQ...QH
and assume that we restrict ourselves to the symmetric observables. Each permutation of
the particles induces a unitary U and set N := {A : UAU* = A for every permutation
unitary U}. The embedding of N is again a coarse-graining. The algebra N is not
isomorphic to a full matrix algebra but it is a subalgebra of B(H"®). O

The coarse-graining of the previous two examples were embeddings which are multi-
plicative. A general coarse-graining is not fully multiplicative but it satisfies a restricted
multiplicativity.

Lemma 9.1 Let a: N — M be a coarse-graining. Then
Ny ={AeN:al(A"A) = a(A) a(A) and a(AA*) = a(A)a(A)*} (9.2)
is a subalgebra of N and
a(AB) = a(A)a(B) and «a(BA) =a(B)a(A) (9.3)
holds for all A € N, and B € N.

Proof. The proof is based only on the Schwarz inequality (9.1). Assume that a(AA*) =
a(A)a(A)*. Then

t(a(A)a(B) + a(B)*a(A)") a(tA* 4+ B)*a(tA* 4+ B) — t?a(A)a(A)* — a(B)*a(B)
a((tA* + B)*(tA* + B)) — t?a(AA*) — a(B)*a(B)

ta(AB + B*A*) + a(B*B) — o(B)*«a(B)

A

for a real ¢t. Divide the inequality by ¢ and let £ — +o00. Then
a(A)a(B) + a(B)*a(A)" = a(AB + B*AY)

and similarly
a(A)a(B) — a(B)*a(A)" = a(AB — B*A™).

Adding these two inequalities we have
a(AB) = a(A)a(B).
The other identity is proven similarly. U

We call the subalgebra N, the multiplicative domain of a.



114 9. COARSE-GRAININGS

Example 9.3 The algebra of a quantum system is typically non-commutative but the
mathematical formalism supports commutative algebras as well. A measurement is usu-
ally modelled by a positive partition of unity (F;),, where F; is a positive operator in
M = B(H) and ) . F; = I. The mapping 8 : C" = M, (21,22,...,2,) — Y, 2iF; is
positive and unital mapping from the commutative algebra C" to the non-commutative
algebra M. Every positive unital mappings C" — M corresponds in this way to a
certain measurement. Measurements are coarse-grainings from commutative algebras.

The n-tuple (21, 22, - - -, 2,) can be regarded as a diagonal matrix and N is a subalgebra
of a matrix algebra. O

Assume that A is a subalgebra of B(#). If p is a density matrix in B(#), then the
reduced density matrix py € A is uniquely determined by the equations

TrpgA = TrpA for every A € A.

The mapping £ : p — py is a state transformation and it is a sort of generalization of
the partial trace. Sometimes p|.A is written instead of py. For example,

S(plAllw]A) := S (pollwo)

if p and w are density matrices.

9.2 Conditional expectations

Conditional expectation is a transformation of the observables. Let A be a subalgebra of
B(H) such that A* = A and I € A. More generally, in place of B(#) we can consider a
matrix algebra B. A conditional expectation E : B — A is a unital positive mapping
which has the property

E(AB) = AE(B) forevery A€ A and Be€B. (9.4)

Choosing B = I, we obtain that E acts identically on A. It follows from the positivity
of E that E(B*) = E(B)*. Therefore,

E(BA) =E((A*B")*) = E(A*B*)* = (A*E(B*))* = E(B*)*A=E(B)A (9.5)
for every A € A and B € B.

Example 9.4 Let B be a matrix algebra and p € B an invertible density matrix. Assume
that a : B — B is a coarse-graining such that

Trpa(B) =TrpB for every B € B.

Let A:={A € B:a(A) = A} be the set of fixed points of . First we show that A
is an algebra. Assume that A € A. Then

TrpA*A = Tr pa(A*A) > Trpa(A)*a(A) = Tr pA* A.
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Since p is invertible, a(A*A) = A*A and A*A € A and similarly AA* € A. This gives
that A C N,. Therefore for A;, Ay € A we have a(A;45) = a(4;)a(4s) = A1 Ay and
A1Ay € A. Hence we conclude that A is a subalgebra of N,,.

When B is endowed with the inner product (By, By) := Tr pB} Bs, then o becomes a
contraction and due to the von Neumann ergodic theorem

sn(B) = %(B +a(B)+...+a"\(B)) = E(B),

where E : B — A is an orthogonal projection. Since s,,’s are coarse-grainings, so is their
limit F. In fact, F is a conditional expectation onto the fixed-point-algebra A. It is
easy to see that for A € A and B € B, s,(AB) = As,(B). The limit n — oo gives
E(AB) = AE(B).

A conditional expectation F : B — A was obtained as the limit of s, under the

condition that there is an invertible state left by « invariant. (We often refer to this
result as the Kovacs-Sziics theorem.) g

Heuristically, F(B) is a kind of best approximation of B from .A. This is justified in
the next example.

Example 9.5 Assume that 7 is a linear functional on a matrix algebra B such that
(i) 7(B) > 0if B > 0,
(ii) If B> 0 and 7(B) = 0, then B =0,
(iii) 7(B1By) = 7(B2By).

(These conditions say that 7 is a positive, faithful and tracial functional.) B becomes a
Hilbert space when it is endowed with the inner product

(Bl, B2> = T(.BIBQ)

Recall that B € B is positive if (and only if) 7(BB;) > 0 for every positive B;.

Let A be a unital subalgebra of B. We claim that the orthogonal projection E with
respect to the above defined inner product is a conditional expectation of B onto A.

Since I € A, we have E(I) = I and F is unital. Let B € B be positive. To show the
positivity of E, we have to show that E(B) > 0. We have

T(AE(B)) = (A;, E(B)) = (E(Ap), B) = (A, B) = 7(4B) > 0

for every positive Ag € A. It follows that E(B) € A is positive.
Condition (9.4) is equivalent to

T(A1E(AB)) = 7(AAE(B))
for every A; € A. This is true since

T(A1E(AB)) = (ATA,E(AB)) = (E(A}), AB) = (A}, AB) = 7(A1AB)
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and
T(A1AE(B)) = (A*ATJA,E(B)) = (E(A*A}), B) = (A*A}, B) = 7(A1AB).

Both in the proof of the positivity and the module property (9.4) of E the tracial
condition (iii) of 7 was used. O

A conditional expectation E : B — A is automatically completely positive. For
A; € A and B; € B we have

> 4:B(BB)A; = B((X,BA) (X,8,4;)) >0 (9.6)

due to the positivity and the module property of E.

The mapping £ in Example 3.6 is a conditional expectation from the n X n matrices
to the algebra of diagonal n x n matrices.

Given a conditional expectation F : B(H) — A and a density matrix py € A, the
formula
Tr pB = Tr po E(B) (B € B(H))

determines a density p such that the reduced density is py. The correspondence &£ : py —
p is a state transformation and called state extension. The state extension £ is the
dual of the conditional expectation E. The converse is also true.

Theorem 9.1 Let A be a subalgebra of the matriz algebra B. If £ : A — B is a positive
trace-preserving mapping such that the reduced state of E(pg) is po for every density
po € A, then the dual of € is a conditional expectation.

Proof. The dual E : B — A is a positive unital mapping and E(A) = A for every A € A.
For a contraction B, ||E(B)|* = |[E(B)*E(B)|| < ||E(B*B)|| < ||[E(I)|| = 1. Therefore,
we have ||E|| = 1.

Let P be a projection in A and By, B, € B. We have
|PB; + P B,|)? |(PBy + P*By)*(PB, + P'B,)||

|Bf PB; + B3 P*B,||

BB+ 1155 P* B

|PBi[* + [|[P~Bs||".

AN

Using this, we estimate for an arbitrary ¢ € R as follows.
(t+ 1)%|P*E(PB)|? |P+E(PB) +tP*E(PB))|

|PB+tP+E(PB)|?

|PB|* + || P*E(PB)|*

ININ

Since t can be arbitrary, PLE(PB) = 0, that is, PE(PB) = E(PB). We may write P+
in place of P:

(I — PYE((I — P)B) = E((I — P)B), equivalently, PE(B) = PE(PB).
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Therefore we conclude PE(B) = E(PB). The linear span of projections is the full
algebra A and we have AE(B) = E(AB) for every A € A. This completes the proof. O

It is remarkable that in the proof of the previous theorem it was shown that if E :
B — A is a positive mapping and E(A) = A for every A € A, then F is a conditional
expectation. This statement is called Tomiyama theorem. Actually, the positivity
is equivalent to the condition ||F| = 1 (when E(I) = I is assumed). This has the
consequence that in the definition of the conditional expectation, it is enough if (9.4)
holds for B = 1.

We say that the conditional expectation F : B(H) — A preserves the state p if
TrpB = TrpE(B) for every B € B(H). (9.7)
Takesaki’s theorem tells about the existence of a conditional expectation.

Theorem 9.2 Let B ~ M,(C) be a matriz algebra and A be its subalgebra. Suppose
that p € B is an invertible density matriz. The following conditions are equivalent:

(i) A conditional expectation E : B — A preserving p exists.
(ii) For every A € A and for the reduced density py € A
p2Ap~ 1% = py? Apy (9.8)
holds.

(i11) For every A € A
p?Ap e A (9.9)

holds.
Proof. Recall that the reduced density in A is determined by the equation

TrpA =TrpyA forevery A€ A

Assume that E : B — A is a conditional expectation preserving p. We can consider
B as Hilbert spaces with the inner product

(B1, By) = Tr pBy Ba.
Then the adjoint of the embedding A — B is the conditional expectation E : B — A:
(A,B) =TrpA*B=TrE(A*B) = Tr pA*E(B) = (A, E(B))

for Ae Aand B € B.
Define a conjugate linear operator:

S:B—B, S(B)=B" (B € B).
We compute its adjoint S* which is determined by the equations

<S(B1),BQ> - <B2, S*(B1)> (Bl,BQ € B)
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We show that S*(By) = pBsp~":

(S(B1), B2) = Tr pB1 By = Tr B3 Bip = Tr pBipBp~" = (B1, pB3p~").

Due to the positivity of the conditional expectation, E'S = SE. This implies that the
positive operator A := S*S leaves the subspace A invariant. The action of A is

AB = pBp™* (B € B).
For A € A, we have
(A, AA) = TrpAA* = TrppAA* = (A, AyA)
if AgA = poApal. Since the restriction of A to A is Ag, we have
AYPA = piPApg 't = AVPA = pl2Ap71 2 (A€ A).

This is exactly (9.8) and (i) = (ii) is proven.
The conditional expectation F' : B — A preserving Tr exists, it is constructed in
Example 9.5. The mapping
—1/2 ~1/2
E,(B) = py "’ F(p'?Bp'/*)p; ! (9.10)
is completely positive and preserves the state p. Indeed,

TrpE,(B) = Tr poE,(B) = Tr F(p'/?Bp'/?) = Tr (p'/?Bp'/?) = Tr pB.

E, is canonically determined and it is often called generalized conditional expecta-
tion.

We shall show that under Takesaki’s condition (9.8), E, is really a conditional ex-
pectation. Actually, we prove more. Assume that A € A satisfies the condition
p 2 Ap~12 = p(l)/QApglﬂ. Then

E,(A) = p 3 F %WAIP/;”Q/))/)J 1; = j/l*; (py/ 2Ap15/ ey
Po P Apy TE(p)py T = Apy TF(p)py T = A.

It follows that A € A is in the multiplicative domain of E,. If this holds for every A € A,
then F is really a conditional expectation. This completes the proof of (ii) = (i).

(ii) = (iii) is obvious and we show the converse. Endow B with the Hilbert-Schmidt
inner product. Condition (iii) tells us that the positive operator

AB = pBp! (B € B)
leaves the subspace A invariant. This is true also for Ai: For every A € A,
pit A p—it c A
Now we apply Theorem 11.26 for the unitaries p'*. In the decomposition of A

K(m,d)
,d
Pmagp= Y pf®pleEL",

i=1
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since the permutation o must be identity. We have

K(m,d)
Plm,aypo = Z I, ®pF® Eﬂ’d.

Assume that A € A. Then P, 4A has the form

K(m,d)
Z I, ® A(m,d,i) ® E[";".

and
K(m,d)

Pinayp?Ap™? = Y L, ® (pf)?A(m, d, i) (pf") /* @ B[

i=1

1/2

and this is the same as P, q)p, Y 2Ap . Hence (ii) is shown. O

An important property of the relative entropy is related to conditional expectation.

Theorem 9.3 Let A C B(H) be a subalgebra and p,w € B(H) be density matrices with
reductions pg,wo € A. Assume that there exists a conditional expectation E : B(H) — A
onto A which leaves w invariant. Then

S(pllw) = S(pollwo) +5(pllp 0 E). (9-11)

Proof. Denoting the density of po E by p;, we need to show that
Trplogp — Trplogw = Trplog py — Tr plogwy + Tr plog p — Tr plog p;.

The conditional expectation E leaves the states w and po E invariant. According to (iii)
in Theorem 9.8 this condition implies

pln = i (e
Differentiating this at ¢ = 0, we have

log p1 — logw = log py — log wy.
This relation gives the proof. 0

The state poE is nothing else than the extension of py € A with respect to the state w.
Therefore, the conditional expectation property (9.11) has the following heuristical
interpretation. The relative entropy distance of p and w comes from two sources. First,
the distance of their restrictions to .4, second, the distance of p from the extension of py
(with respect to w).

Note that the conditional expectation property is equivalently written as

S(pllw) = S(pllpo E) + S(po Ellw). (9.12)
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Theorem 9.4 Let B be a matriz algebra and A be its subalgebra. Suppose that w, p € B
are invertible density matrices. Then E, = E,, if and only if

pal/Qpl/Q _ wo—l/2w1/2

holds for the reduced densities wy, py € A.

Proof. Since
~1/2 ~1/2
E,(B) = F(p,*p"/*Bp'/?py %),

the condition obviously imply E, = E,. To see the converse, we refer to Theorem 9.7

and note that

-1/2 1/2 -
o /wo/ = p 2,12

is an equivalent form of the condition. 1

A conditional expectation preserving a given state p does not always exist. This
simple fact has a very far reaching consequences. Those concepts and arguments in
classical probability which are based on conditioning have a very restricted chance to be
extended to the quantum setting.

Example 9.6 Let p;5 be a state of the composite system H; ® Hy. Then a conditional
expectation B(H; ® Hs) — B(H1) ® CI, (preserving pio) exists if and only if pio is a
product state.

When p12 = p1 ® p2, then
E(X®Y)=XTrpY (X €B(Hi), Y € B(H)) (9.13)

is a conditional expectation, it does not depend on p;.

From Takesaki’s condition we obtain
i o (X 1) = (X ® Do 7 py’
for all X € B(H;). Therefore, pl_l/ 2p}é2 is in the commutant and must have the form
o Pt =10Y

for some Y € B(H,). This gives the factorization of p;s.

The example shows that the existence of a pio-preserving conditional expectation is
a very strong limitation for pis. O

The previous example can be reformulated and it has an interesting interpretation,
the no cloning theorem.

Example 9.7 Similarly to the previous example, consider B(#;) as the subsystem of
B(H1 ® Hz). The state transformation £ : B(H,) — B(H: ® H,) is a state extension
if the reduced state of £(p) on the first subsystem is p itself, for every state p. Since
the a state extension is the dual of a conditional expectation, the only possible state
extension is

Elp) =pQuw, (9.14)
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where w is a fixed state of B(Hs).

Assume now that H; = Hy = H. A state transformation C : B(H) - B(H Q H)
is called cloning if for any input state p both reduced density of the output C(p) is p
itself. The transformation C yields an output which is a pair of two subsystems, each of
them in the state of the input. C is interpreted as copying or cloning.

Since a cloning is a particular state extension, it must have the form (9.14) which
contradicts to the definition of cloning (in the case when the dimension of H is at least
two). Therefore, cloning does not exists. One can arrive at the same conclusion under
the weaker assumption that C clones pure states only. O

9.3 Commuting squares

Let Ajp3 be a matrix algebra with subalgebras A;s, Ass, A3 and assume that Ay, C
A2, Aoz. Then the diagram of embeddings Ay — Ao, Ay — Aoz, A1s — Ajez and
Az — A9z is obviously commutative, see Figure 9.1.

-A123

N / ‘\ N
\ . /

Figure 9.1: Subalgebras of Aj93: Ay C A, Ais.

Assume that a conditional expectation E{33 : Ajp3 — Ao exists. If the restriction of
E{23 to Az is a conditional expectation to Ay, then we call (Ajzs, A1z, Az, Ag, F13°) a
commuting square. The terminology comes from the commutativity of the diagram
Figure 9.2 which consists of conditional expectations and embeddings.

Theorem 9.5 Let Aio3 be a matriz algebra with subalgebras Ao, Asz, As and assume
that Ay C A, Agz. Suppose that wioz is a separating state on Aie3 and the con-
ditional expectations E13® : Ajps — A and E2 : Ay — Ao preserving 93 erist
and (Aqez, Ar2, Az, Ao, E12%) is a commuting square. Then the following conditions are
equivalent:

(1) Ei3°|Ags = E3°. (2) Ey3°| A = E52.
(3) EIFPE}® = EPE5° and Aip N Ay = As.
) BFEP=BE. () BPRE - B

The idea of the proof is to consider A;93 to be a Hilbert space endowed with the inner
product
<A, B> = w123(A*B) (A, B e .A123).

Then E{2* becomes an orthogonal projection onto the subspace A5 of A3 and all
conditions can be reformulated in the Hilbert space. The details will be skipped.
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Figure 9.2: Commuting square, F{23|Ay; = E}?

Example 9.8 Let Ajo3 := B(H1®@H2®H;3) be the model of a quantum system consisting
of three subsystems let A5, A33 and A, be the subsystem corresponding to the subscript,
formally Ay := B(H1®@H2)QCI, Ayz := CIQB(H1®H,) and Ay := CI® B(H,)®CI.
The conditional expectations preserving the tracial state 7 (or Tr) from 4,93 onto any
subalgebra exist and unique. For example, the conditional expectation E{2% : Ajp3 — Ao
is of the form

ABRC—T1(C)AQ B®I.

Up to a scalar, this is the partial trace over Hs. Its restriction to Ass is
I®BRC—T1(CYI®BQI

which is really the conditional expectation of Ay3 to As. O

Example 9.9 Assume that the algebra A is generated by the elements {a; : 1 <i < n}
which satisfy the canonical anticommutation relations

aiaj—i-ajai =0
0i il

* *
a;a; + a;a;

for 1 < 4,7 < n. It is known that A is isomorphic to a matrix algebra Ma.(C) ~
1

My(C) ®---® MQ(@)E, the isomorphism is called Jordan-Wigner transformation.

The relations

(@) . _ * @ . _
611 . —_ CLZCLZ, 612 . —_

@ . _ x @ . _ o«
621 . —_ ‘/Z'_lai, 622 . —_ azaz,

V;—laia

Vi = H(I — 2ajay)
j=1

determine a family of mutually commuting 2 x 2 matrix units for 1 <7 < n. Since

i—1
oo =TT (2 - )
j=1

the above matrix units generate A and give an isomorphism between A and M(C) ®
PP ® ]\4'2 (@):
(D@ W B gE @k

11j2 1242 T 7 Tinjn

(9.15)

n]n °
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(Here E;j stand for the standard matrix units in M»(C).) It follows from this isomorphism
that A has a unique tracial state.

Let 19,153 C {1,2,...,n} and let I, = I15 N Is3. Moreover, let A;93 := A and Aj,
Ass, Ay be generated by the elements a;, where i belong to the set I1o, I3, I, respectively.
It is known that

A N Agz = As.
The trace preserving conditional expectation E{2® : Ajp3 — Aj, exists and we have a
commuting square (Aje3, A12, Ass, As, B13%). O

9.4 Superadditivity

The content of the next theorem is the superadditivity of the relative entropy for a
commuting square.

Theorem 9.6 Assume that (Ao, A1a, Aoz, A2, E12%) is a commuting square, wiag s a
separating state on Aoz and E13 leaves this state invariant. Let pio3 be an arbitrary
state on Aiez and we denote by wia,was,wa, P12, Po3, P2 the restrictions of these states.
Then

S(prasl|wizs) + S(pal|lwe) > S(pizl|wiz) + S(p2s||wss)- (9.16)

Proof. The conditional expectation property of the relative entropy tells us that

S(prasllw) = S(przlwrz) + S(prasllpras © E13°), (9.17)
S(p2llwz) + S(pasllpas © E3°) = S(pas, was)- (9.18)
The monotonicity and the commuting square property give
123 123 _ 23
S(p123lp123 © Ei3°) > S(pas||przs 0 Ei3° | Aas) = S(pas||p2 0 E3°). (9.19)

By adding the equations (9.17), (9.18) and the inequality (9.19), we conclude the state-
ment of the theorem.

It is worthwhile to note that the necessary and sufficient condition for the equality is

S(prasllprzs © E13%) = S(pasl|pizs 0 B3’ Ass) - (9.20)

This fact will be used later. (This condition means that the subalgebra As;z is sufficient
for the states p1o3 and pyaz o E23.) O

The theorem implies the strong subadditivity of the von Neumann entropy for the
tensor product structure as it is in (5.12), but a similar strong subadditivity holds for
the CAR algebra as well.

9.5 Sufficiency

In order to motivate the concept of sufficiency, we first turn to the setting of classical
statistics. Suppose we observe an N-dimensional random vector X = (z1,%o,...,Zn),
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characterized by the density function f(z|f), where 6 is a p-dimensional vector of pa-
rameters and p is usually much smaller than N. Assume that the densities f(x|f) are
known and the parameter 6 completely determines the distribution of X. Therefore,
f is to be estimated. The N-dimensional observation X carries information about the
p-dimensional parameter vector . One may ask the following question: Can we com-
press z into a low-dimensional statistic without any loss of information? Does there exist
some function ¢ = T'x, where the dimension of ¢ is less than NV, such that ¢ carries all
the useful information about 67 If so, for the purpose of studying €, we could discard
the measurements x and retain only the low-dimensional statistic . In this case, we call
t a sufficient statistic. The following example is standard and simple.

Suppose a binary information source emits a sequence of —1’s and +1’s, we have
the independent variables X, Xs,..., Xy such that Prob(X; = 1) = §. The quantum
mechanical example we may have in our mind is the measurement of a Pauli observable
o1 on N identical copies of a qubit. The empirical mean

1 N
T(.’L‘l,l'Q,...,.'L'N) = NZ.T)Z
i=1

can be used to estimate the parameter § and it is a sufficient statistic. (Knowledge of
the empirical mean is equivalent to the knowledge of the relative frequencies of +1.)

Let B be a matrix algebra. Assume that a family S := {pg : § € ©} of density
matrices are given. (M, S) is called statistical experiment. The subalgebra A C B is
sufficient for (B,S) if there exists a coarse-graining « : B — A such that

Tr pgB = Tr pyar( B) (#eO®, BeB). (9.21)

If we denote by pyo the reduced density of py in A, then we can formulate sufficiency
in a slightly different way. A C B is sufficient for (B,S) if there exists a completely
positive trace-preserving mapping £ : A — B such that

E(pog) =ps (B €0). (9.22)
Indeed, & satisfies (9.22) if and only if its dual « satisfies (9.21).

Before stating the main theorem characterizing sufficient subalgebras, recall the con-
cept of the Connes’ cocycle. If p and w are density matrices, then

[-D,O, Du.)]t — pitw—it

is a one-parameter family of contractions in B and it is called the Connes’ cocycle of p
and w. When both densities are invertible, the Connes’ cocycle consists of unitaries. The
Connes’ cocycle is the quantum analogue of the Radon-Nikodym derivative of measures.

The next result is called sufficiency theorem.

Theorem 9.7 Let A C B be matriz algebras and let (B, {py : 0 € ©}) be a statistical
experiment. Assume that there are densities p, € S := {py : 0 € O} such that

o0
W= Z AnPn
n=1

s an invertible density for some constants A, > 0. Then the following conditions are
equivalent.
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(i) A is sufficient for (B,S).
(71) Sa(pol|lw) = Salpeollwo) for all 0 and for some 0 < || < 1.
(111) [Dpg, Dw)y = [Dpgo, Dwol for every real t and for every 6.

(v) The generalized conditional expectation E,, : B — A leaves all the states py invari-
ant.

Lemma 9.2 Let py and wy be the reduced densities of p,w € B in A. Assume that w is
invertible. Then S, (p|lw) = Sa(po||lwo) implies

it it _ it it
PoWo = p W

for every real number t € R.

Proof. The relative a-entropies can be expressed by the relative modular operators
A acting on the Hilbert space B and A, acting on A:

AA=pAw™ (A€ A) and A¢B=pyBw;' (B € B).

The a-entropies are

Salpllw) = ﬁu — Trwpt?) (9.23)

but for the sake of simplicity we can neglect the constants:

S(pl|w) = Trwep!=® = (w2, APWY2), (9.24)

where f =1— a. Assume that 0 < o < 1. (The case of negative « is treated similarly.)
From the integral representation of A?, we have

Sg(pr) _ Slnwﬂﬂ/ (w1/2,t’3_1A(t + A)_1w1/2> dt
0
and ) o
S 7w
S3{pollun) = T [ /% 5 ol + o) e .
0

Due to the monotonicity of quasi-entropies, there is an inequality between the two inte-
grands. Therefore, the equality of the entropies is equivalent to the condition

(@2 A+ A) T w!?) = (we!, Aot + Ao) ') (2> 0),

or
(W2, (t+ A) w7y = (wa?, (t+ Ao)"'wd?) (¢ > 0). (9.25)

These are equalities for numbers, we want to obtain equalities for operators.
The operator V : A — B defined as

VAw? = Aw'? (A€ A)

is an isometry and

VAV < A,.
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The function f;(y) = (y +t)~' — ¢t~ is operator monotone decreasing, so
(Ag+t) =t < (VFAV + )1 =t
Moreover f; is operator convex and f;(0) = 0, therefore
VAV + )=t < v A+ )V -tV
The two equations together give
K:i=Qo+t)" =t T<V(A+8)"V-t"VV=1L
Recall that equation (9.25) is
(! 1/2 le/Q) (! 1/2 Lwéﬂ).
This implies that ||(L — K)Y2wy/?||2 = 0 and Kwy/> = Lwy/?, or
VEA 4+ 1) w2 = (Ag + 1) (9.26)
for all ¢ > 0. Differentiating by ¢ we have
V(A + 1) 72012 = (Ag + 1) 2wy
and we infer

VA + )7 w22 = (Ag + 1) 2wy w'?)
= (V'(A+1) 0w
= [[(A+1)" W’

When ||[V*¢|| = ||€]| holds for a contraction V, it follows that VV*¢ = £. In the light of
this remark we arrive at the condition

VVH (A +1) W' = (A + 1) W'
and from (9.26)

V(Ao +8)7'wy” = VVHA+1) w2
= (A+1t)twl/?

The family of functions g;(z) = (t+z)~" is very large and the Stone-Weierstrass approx-
imation yields

VI(Bo)wy” = f(A)w/? (9.27)
for any continuous function f. In particular for f(x) = z* we have

p w ltwl/Q _ pitw—it+1/2 . (9.28)
This condition follows from the equality of a-entropies. O

Now we can prove the theorem. (i) implies (ii) due to the monotonicity of the relative
a-entropies. The key point is (ii) = (iii). This follows from Lemma 9.2.
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(iii) = (iv) is rather straightforward:

Tt pooBu(B) = Trppowy /“F(w?Bw'/?)we '’ = Tr pgowy *wl/2Bwt 2wy /2
= Trppw 2w?Bw'?w=? = Tr py B,

/2

1 _
where pgow, '~ = ppw™ /% was used.

Finally, (iv) = (i) due to the definition of sufficiency. O

The density w appearing in the theorem is said to be dominating for the statistical
experiment §. Given a dominated statistical experiment S, the subalgebra generated by
the operators

{pfw™:t e R}
is the smallest sufficient subalgebra. If there are 6,60, € © such that py, and py, do not
commute, then there exists no sufficient commutative subalgebra for {py : 0 € O}.

The formulation of the sufficiency theorem was made a bit complicated, since the
formulation is true for an arbitrary von Neumann algebra and for a family of normal
(and not necessarily faithful) states. For two invertible states in finite dimension the
relative entropy is always finite and we can have a simpler formulation of the sufficiency
theorem.

Theorem 9.8 Let w,p € B = B(H) be invertible density matrices on a finite dimen-
stonal Hilbert space H and let A C B be a subalgebra. Denote by py and wy the reduced
densities in A. Then the following conditions are equivalent.

(i) A is sufficient for {p,w}.

(ii) Sa(p|lw) = Sa(p|Al||w|A) for some a such that |a| < 1.
(iii) ptw™ = pitwy™ for every real t.
(iv) p81/2p1/2 — wo_l/2w1/2 _

(v) The generalized conditional expectations E, : B — A and E, : B — A coincide.
(vi) ptw it € A for all real t.

Proof. The equivalence (i) <= (ii) <= (iii) was proven in the previous theorem. (iii)=(iv)
is obvious, (iv) <= (v) is Theorem 9.4. (v)=(i) and (iii)=(vi) are trivial.

The real problem is to prove (vi)=>(i). Let Ay be the algebra generated by {p'w™
t € R}. Of course, Ay C A and we can write elements of Ay in the form

K
P 1 ® AF,
k=1

it .

see Section 11.8. We have ' '
pnf%p—m C.Ao
for every t € R and Theorem 11.27 tells us that

K K
p=P Ak 0AF and  w=EpP Bi e B

k=1 k=1
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Since pw™' € Ay, A} (BF)~" is a constant multiple of the identity, we may assume that
A} = Bf. The reduced densities are

K K
=@ AN @ AP and  w =@ (Tr AL} © BE.
k=1 k=1

We can conclude that
p=pD and w=wD,

where D € A'. This relation implies that ptw™ = pifw; ™ for every t € R. So the

subalgebra Ay is sufficient, and the larger subalgebra A must be sufficient as well. [

9.6 Markov states

Let papc be a density matrix acting on the finite dimensional tensor product Hilbert
space Ha ® Hp ® He. The reduced density matrices will be denoted by pag, ppc and

PB-

Theorem 9.9 The following conditions are equivalent.

(i) The equality
S(pasc) +S(ps) = S(pan) + S(psc)

holds in the strong subadditivity of the von Neumann entropy.

(i) If T4 denotes the tracial state of B(Ha), then

S(pascllTa @ pc) = S(pasllTa ® pB).

(iii) There exist a subalgebra A and a conditional expectation from B(Ha ® Hp Q@ Hce)
onto A such that

B(HA) ®CIzg®CIz C AC B(Ha) ® B(Hp) @ Clc
and E leaves the state papc tnvariant.
(iv) The generalized conditional expectation
E,: B(Ha®Hp®Hc) = B(Ha) ® B(Hp) @ Cl¢
(with respect to papc) leaves the operators in B(Ha) ® Clp @ Cl¢ fized.

(v) There is a state transformation
£ B(HB) — B(HB ® %C)

such that (ida ® €)(paB) = pasc-
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Proof. The equivalence (i) <= (ii) is clear from the proof of the strong subadditivity in
Section 5.4.

(iii)=(ii): We want to show that E leaves also the state 74 ® ppc invariant. First
we establish that E(I4 ® Xp ® X¢) commutes with every X4 ® Ip ® I¢, therefore
E(In® Xp® X¢) € ClIx ® B(Hg) ® Clc. We have

(T4 ® ppo) E(Xa® Xp® Xc) = (Ta® ppc)(Xa®Ip® Io)E(14 @ X5 ® X¢)
= 74(XA)TrppcE(14 ® X5 ® X¢)
= (74 ® ppc)(Xa ® Xp ® X¢).

It follows that

S(papcllta ® ppc) = S(papclAl 74 ® ppclA).
Since S(pag||TA® ps) is between the left-hand-side and the right-hand-side, it must have
the same value.

(iv)=(iii): E, preserves p4pc and so do its powers. Due to the Kovécs-Sziics theorem,

1. -~
E(1d+E,,+...+E;‘ H—>E
where F is a conditional expectation onto the fixed point algebra.

(ii)=-(iv) and (v): Condition (v) in Theorem 9.8 tells us that the generalized condi-
tional expectation E, has the form

Ep(X) = (1a ® pg) *F (14 ® ppc)'*X (14 ® ppo)'/?) (T4 ® pp) '/

where F' is the conditional expectation preserving the normalized trace. Let A be the
fixed point algebra of E,. One can compute that F,(X4 ® Ip @ Ic) = X4 ® Ip ® I¢,
therefore

BHA)@CIg®@Clec C AC B(Ha) @ B(Hp) ® Clgc. (9.29)

and (iv) is obtained. Relation (9.29) gives that A must be of the form B(H4)®ApRCl¢
with a subalgebra Ag of B(Hp). It follows that the dual of E, has the form id4 ® £ and
we arrived at (v).

(v) implies that £(74 ® pg) = papc and (ii) must hold. O
If a density matrix pspc acting on tensor product Hilbert space Hy @ Hp ® He

satisfies the conditions of the previous theorem, then pspc will be called a Markov
state.

If the notation
I(A:C|B), = S(pag) + S(psc) — S(p) — S(panc)
is used, then the Markovianity of p is the condition I(A : C|B), = 0.

Example 9.10 Assume that Hp = H; ® Hr. Consider densities pa;, € B(Ha @ Hr1)
and prc € B(Hr @ He) and let papc = par ® pre- Then papc is a Markov state,
and we shall call it a product type. It is easy to check the strong additivity of the von
Neumann entropy:

S(pasc) = S(par) + S(pre), S(ps) = S(pL) + S(pr),
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S(pag) = S(par) + S(pr), S(psc) = S(pr) + S(prc)-

Let P and @ be orthogonal projections. Assume that pspc and wapc are Markov
states with support in P and @, respectively. Computation of the von Neumann entropies
yields that any convex combination Apapc + (1 — A)wapc is a Markov state as well.

It is the content of the next theorem that every Markov state is the convex combination
of orthogonal product type states. ]

Theorem 9.10 Assume that papc is a Markov state on the finite dimensional tensor
product Hilbert space Hy @ Hp @ Hc. Then Hp has an orthogonal decomposition

Hp =P HE @ Hf
k

and for every k there are density matrices p¥; € B(Hao ® Hf) and phe € B(HE ® He)
such that papc 1s a convexr combination

PABC = Zpk Piz ® Pro-
k

Proof. Let w :=714® ppc and p := papc- We know from Theorem 9.9 that Markovianity
implies that the generalized conditional expectation

E,: B(HA) X B(HB) ® B(Hc) — B(HA) (%9 B(HB) ® Cls

with respect to the state w is the same as E, and the fixed point algebra A has the
property
BHA)@CIp®@CIlc C AC B(Ha) ® B(Hp) ® Clc.

It follows A must be of the form B(H4) ® Ag @ Clc with a subalgebra Ap of B(Hp).
Elements of Ag have the form

K
P 4k e I,

k=1

where A} € B(HE), I[F is the identity on Hf and

K
Hp = P HE @ HE.

k=1
In this way A is isomorphic to
K

P BHA@H}) @CIF @ Cle.
k=1

Since p* Ap~i* C A holds, Theorem 11.27 can be applied and gives the stated decom-
position. 0
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9.7 Notes

The conditional expectation in the matrix algebra (or von Neumann algebra) setting was
introduced by Umegaki in [110] and Example 9.5 is due to him. Takesaki’s theorem is
from 1972. In the infinite dimensional von Neumann algebra case, the modular operators
are unbounded and condition (9.9) is replaced by the equation

ABANGY = ALANG"

for real ¢’s. (Note that A" and A} are unitaries and the operators A% and A% are not
everywhere defined for a complex z € C.) The generalized conditional expectation was
introduced by Accardi and Cecchini, [86] is a suggested survey.

Example 9.4 is a particular case of the Kovacs-Sziics theorem which concerns a
semigroup of coarse-grainings in von Neumann algebras. That was the first ergodic
theorem in the von Neumann algebra setting.

In general von Neumann algebras, the Connes’ cocycle is defined in terms of relative
modular operators:
(DY, Dwly = A(y/w) " Aw/w) ™
is a one-parameter family of contractions in the von Neumann algebra, although the
relative modular operators A(vy/w) are typically unbounded.

The conditional expectation property together with invariance, direct sum prop-
erty, nilpotence and measurability can be used to axiomatize the relative entropy, see
Chapter 2 of [79]. The conditional expectation property in full generality is Theorem
5.15 in the same monograph.

Sufficiency in the quantum setting was initiated by Petz in [85] for subalgebras and
in [87] for coarse-grainings. Recent paper on the subject is [59] and [60] is survey with
examples.

The concept of Markov state goes back to Accardi and Frigerio [1]. The original
definition was formulated in terms of generalized or quasi-conditional expectation, see
also Lemma 11.3 in [79].

Theorem 9.10 is due to Hayden at al [45], the presented proof follows [72]. The

theorem holds in infinite dimensional Hilbert space if all the von Neumann entropies
S(pas),S(pB), S(ppc) are finite, see [59].

9.8 Exercises

1. Let A C B be matrix algebras, p € B be a density matrix with reduced density
po € A. Endow A with the inner product (A4;, Ap) :=Tr ATp(l)/zAgp(l)/2 and similarly
let (By, By) := Tr B} p'/2 Byp'/? be an inner product on B. Show that the adjoint of
the embedding A — B is the generalized conditional expectation E, defined
in (9.10).

2. Let B be a matrix algebra and p € B be an invertible density matrix. Assume that
« : B — B is a coarse-graining leaving the state p invariant and let A be the set of
fixed points of . Show that for every B € B the set

conv{a"(B) :ne€Z}NA
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is a singleton.
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Example 9.11 Assume that wapc is an invertible density matrix on the tensor product
Hilbert space Ha ® Hp @ Hc. Can we modify it to get a Markov state? The question
is the quantum analogue of Example 5.1. Set

A(wapce) := inf{S(wapc||pasc) : pasc is a Markov state}. (9.30)



