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ABSTRACT. We outline a new approach to the MUB-problem,
based on a Fourier analytic method in additive combinatorics.
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1. INTRODUCTION

We introduce a very promising approach to the MUB-problem. How-
ever, currently i am somewhat stuck. I will describe why.

Recall that two orthonormal bases of C¢, A = {ey,...,e4} and B =
{f1,...,£;} are said to be unbiased if, for every 1 < 5, k < d, |(e;,f;)| =
—. A family By, ...B,, of orthonormal bases is said to be (pairwise)

Vd

mutually unbiased if every two of them are unbiased. It is well-known (
see e.g. [2, 5, 23]) that the number of mutually unbiased bases (MUBs)
in C? cannot exceed d + 1. It is also known that d 4 1 such bases can
be constructed if the dimension d is a prime or a prime power (see e.g.
2, 11, 12, 13, 15, 17, 23]). Such a set of d + 1 MUBs in dimension d
is called a complete set. If the dimension d = p{"...pp"* is composite
then very little is known except for the fact that there are at least
p?j + 1 mutually unbiased bases in C? where p?j is the smallest of the
prime-power divisors. Thus, the first case where the largest number of
mutually unbiased bases is unknown is d = 6:

Problem 1.1.

What is the maximal number of pairwise mutually unbiased bases in
Cb?

Although this famous open problem has received considerable atten-
tion over the past few years ([5, 7, 8, 16, 19, 21]), it remains wide open.
Since 6 = 2 x 3, we know that there are at least 3 mutually unbiased
bases in C (see also [24, 16] for infinite families of MUB-triplets), but
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so far tentative numerical evidence [7, 8, 10, 24] suggests that there are
no more than 3, a fact apparently first conjectured by Zauner [24].

Conjecture 1.2.
The mazimal number of pairwise mutually unbiased bases in C° is 3.

One reason for the slow progress is that mutually unbiased bases
are naturally related to complex Hadamard matrices. Indeed, if the
bases By, ..., B,, are mutually unbiased we may identify each B, =
{egl), . ,efil)} with the unitary matrix

ol <(z) g0)>
[Hilr.g { k2 € 1<kj<d|’

i.e. the k-th row of H; consists of the coordinates of the k-th vector
of B, in the basis By. (Throughout the paper the scalar product (., .)
of C? is linear in the first variable and conjugate-linear in the second.
Note also that for convenience of computer programming we use the
unconventional definition that the rows of the matrices correspond to
the vectors of the bases.) With this convention, Hy = I the identity
matrix and all other matrices are unitary and have entries of modulus
1/V/d. Therefore, the matrices H; = v/dH; have all entries of modulus 1
and complex orthogonal rows (and columns). Such matrices are called
complex Hadamard matrices. It is clear that the existence of a family of
mutually unbiased bases By, ..., B,, is thus equivalent to the existence
of a family of complex Hadamard matrices Hi,..., H] such that for
all 1 < 5 #k <m, %ZH]'-H,;* is again a complex Hadamard matrix.
In such a case we will say that these complex Hadamard matrices are
mutually unbiased.

In particular, the existence of 7 MUBs By, B, . .. Bg in dimension 6 is
equivalent to the existence of 6 mutually unbiased Hadamard matrices
Hy, Hy,...Hg (we dropped the ' from the notation). Therefore, in an
attempt to prove that no collection of 7 MUBs exist in dimension 6 it
is enough to prove that no six mutually unbiased Hadamard matrices
exist. This will be the core of our argument in this note.

A complete classification of complex Hadamard matrices, however, is
only available up to dimension 5 (see [14]) which allows for a complete
classification of MUBs (see [9]). The classification in dimension 6 is
still out of reach despite recent efforts [3, 19, 21|. This is one of the
reasons for Problem 1.1 to be difficult.

In this paper we outline a Fourier analytic approach, borrowed from
additive combinatorics. We will include all the basic definitions and
ideas as well as some preliminary results.
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2. NOTATION

Assume by contradiction that a family Hy, ... Hg of 6 mutually unbi-
ased complex Hadamard matrices exists. Then all entries of all matrices
are of modulus 1, and the rows (and thus the columns) within a matrix
are complex orthogonal, and we have the unbiased condition: for any
two rows u,v coming from different matrices we have |(u,v)| = V6.
(Recall that for the purposes of this note the rows of the matrices
correspond to the vectors of the bases.)

After multiplying rows and columns by appropriate scalars if nec-
essary, we can assume that all coordinates of the first row and col-
umn of H; are 1’s, and all coordinates of the first column of all other
matrices are 1’s (i.e. we assume that all appearing rows have first
coordinate 1, and the first row in H; consists of 1’s. This is just
standard and trivial normalization.) All the other coordinates in the
matrices are complex numbers of modulus 1, i.e. they are of the
form e*™* with p € [-1/2,1/2). Therefore, we can associate to each
row (1,e? 1 . e2™#3) the vector (0,p1,...,ps) € TS, the real 6-
dimensional torus, T® = [-1/2,1/2)% Also, note that the first co-
ordinate always automatically becomes 0, because each complex row
starts with coordinate 1. Therefore we make the more useful association
that r = (1,e?™1 ... €*™5) is represented by u = (py,...ps) € T°,
the 5-dimensional torus. There are altogether 36 row vectors in the
Hadamard matrices Hy,... Hg, and we will denote the associated vec-
tors in T® by by, . .. bss (we will see that in this approach it is not really
relevant to indicate which vector comes from which basis. But let us
agree for convenience that b; = (0,0,0,0,0), corresponding to the first
row of Hj.)

Two rows r; = (1,e?™1 ... e?™5) and ro = (1,e*™H1 . e?miks)
are orthogonal if and only if 1 + 2?21 e?Pi=1) = (0, and they are

unbiased if and only if |1 + Z?:1 e?mipi=ri)| = /6. Therefore it is
natural to introduce the following definitions.

Definition 2.1. Let ORT denote the set of vectors (ay,...as) € T?,
in the 5-dimensional torus, such that 1 +Z?:1 e?™i = (). Also, let UB
denote the set of vectors (ay,...as) € T?, such that |1 +Z?:1 emiog| =
V6. Let us also define A = (ORT UUB)°.

Therefore we conclude that the vectors by,...bss satisfy that the
difference of any two of them (the difference being taken mod 1 in each
coordinate, i.e. we take the difference in the group T°) lies in A°U{0}.
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This is a standard situation in additive combinatorics. There is a
compact Abelian group G' (= T® in this case) and a symmetric "forbid-
den’ set A C G, and we want to find as many points B = {by,...b,}
in G as possible, so that all the differences b; — b, € A°U {0} (so that
all differences avoid the forbidden set A). How many such points can
we find??? If we prove that m < 36, then we have shown that a full
set of 6 unbiased complex Hadamards (and correspondingly, 7 MUBs)
cannot exist.

3. THE DELSARTE METHOD

In this section we describe a general method to tackle such problems.
It was first introduced by Delsarte in connection with binary codes with
prescribed Hamming distance. But it works in a very general manner,
too (i should look up some proper references as to where this method
is described in general. If at all...).

As a preliminary remark we note that the dual group of G = T® is
G = 7Z5. And the action of a character v € Z® on a point z € T5 is
given as y(z) = e?™® In particular, v = 0 is the trivial character
(constant 1). The Fourier transform of a function f : G — C is a

function f : G — C given as f(y) = Joco f(@)y(x)d.

Let us now turn to Delsarte’s method. We are looking for a 'witness’
function A : G — R with the following properties.

— h(z) = h(—=z), and h is 'nice enough’ (continuity, smoothness, etc.,
not much is needed; we will see that the point is that the inverse Fourier
formula should work for h; see below).

e h(zx) <0 for all z € A°
e h(y)>0forall ye G
e 1(0) = 1 (this is just normalization, which is not really important).

Given such a function h we can conclude that for any B = {by,...b,,} C
G such that b; — b, € A°U {0} the cardinality of B is bounded by
|B| < h(0). The reason is the following:

Define B(v) = > i1 7(b;). Now, evaluate
(1) S=>_"|BM)Ph(y).
veG

All terms are nonnegative, and the term corresponding to v = 0 (the
trivial character) gives |B(0)[>h(0) = | B|>. Therefore
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(2) S > |BJ*.
On the other hand, |B(y)?> = >k V(bj — by), and therefore S =

Zw.,k v(b; — bk)iz(’y) Summing up for fixed j, k we get

~

>, 7(bj = br)h(7y) = h(b; — bg) (the Fourier inversion formula), and
therefore S = >, h(b; — by). Notice that j = k happens |B|-many
times, and all the other terms (when j # k) are non-positive because
b; — by, € A°, and h is required to be non-positive there. Therefore

(3) S < h(0)| Bl
And comparing the two estimates (2), (3) we get that |B| < h(0).

Let us see whether we can find a good witness function in our situa-
tion. At first sight it looks gloomy because we have no understanding
whatsoever of the geometry of the sets ORT and UB. However, it turns
out that it’s not such a big problem. Define

5 5
(4) Alw) = [1+_etmof? (\1 +D_ - 6) .
j=1 =1

Exercise 3.1. Check that h satisfies all requirements, except that h
is not normalized. In fact h(0) = 30 and h(0) = 1080, so that we
conclude that |B| < 36. This works in all dimensions d and we always
get B < d?. This gives an elegant new proof of the fact that there are
at most d+ 1 MUBs in dimension d.

Now, the question is: can we do better than this in dimension 6777
Can we cook up a better function than h above? For a while i thought
we can, because the geometry of ORT and UB really depends on the
dimension. So maybe there is something particular about them when
d = 6 is not a prime power. However these hopes are dashed in the
next section.

Remark 3.2. If we follow the proof, there is a glimmer of hope. If
either of the two estimates (2), (3) are strict, than we are done, and
we have proved that no maximal collection of MUBs can exist. Now,
it is trivial to see that (3) automatically becomes an equality for the
h above (because h is zero on ORT and UB). However, inequality (2)
becomes an equality only if |B(7)[2h(v) = 0 for all 4 # 0. These are
non-trivial conditions. It could be possible to complete the proof by
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somehow showing that these values cannot be simultaneously zero in
dimension 6. (Of course these non-trivial conditions also exist in other
dimensions, and it is illuminating to see that they are indeed satisfied
in prime-power dimensions, say d = 2,3,4,5.)

4. A DUAL WITNESS: h CANNOT BE BEATEN

In this section i describe the bad news, and the reason why i feel
stuck.

Let us check the proof above, and see when and why it works. It
is easy to see that |B(y)|* = 32, v(b; — bx) = >, ™=t =
Zy )\y62”<w> has the following essential properties.

e it is a finite exponential sum > A, €29} which is nonnegative
for all v € Z°, and the exponents y € A°U {0} = ORT UUB U {0}.

e the coefficient A, corresponding to a fixed exponent y is a nonneg-
ative integer (it is the number of ways of writing y as a difference of
two elements of B).

e the sum of the coefficients 3 A, = |B|*.
L )\0 = |B|

Let us relax the second condition and require only that the coeffi-
cients are nonnegative. If a function f : Z° — Ry, f(v) =3, A e2mitny)
satisfies the first and second conditions (the second being relaxed) then
we will call it a pseudo-MUB. It is trivial that equations (1), (2),(3)
can be generalized if we use f(y) = Y, A,e*™ ¥ instead of |B(7)2.
And the conclusion becomes

>

Zy >\y

5 Ly O

(0)

In particular, if we find a ’dual-witness” f(y) = >_, A, €29 such
that A\(0) =36 and }_ A\, = 362 (just what the case is with a hypothet-
ical complete set of MUBs B), then we can call it a pseudo-complete-

MUB-system. Such a dual-witness f would also show that our witness
h above is best possible.

>

And the bad news is that such functions f exist.
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Exercise 4.1. Take all the vectors in ORT and UB which contain 24th
roots of unity only. Use these as exponents y, and construct a dual-
witness f such that A\g = 36 and Zy A\, = 362. Use linear programming,
as all the conditions are linear. This is a somewhat tougher exercise...

This means that there exists a pseudo-complete-MUB-system (in
short let’s call it pseudo-MUB-6), consisting of 24th roots of unity.
And it also means that the Delsarte method alone cannot prove the
non-existence of a complete system of MUBs in dimension 6 (let’s call
it simply a MUB-6).

What else? 1 tried to see how unique those pseudo-MUBs f are.
They are not unique at all, there are plenty of them. Say i take the
vectors in ORT and UB with 48th roots of unity, but remove all those
which contain purely 24th roots. And i use only the remaining vectors
as exponents in f. You would think that i have removed an essential
part of the possible exponents this way. But, unfortunately, there still
exist dual witnesses satisfying all the properties.

The only way forward seems to be to somehow exploit that in a
proper MUB-6 the coefficients of |B(7)|? are nonnegative integers. 1
have tried to find dual-witnesses with integer coefficients and 24th roots
in the exponent-vectors, but they seem not to exist (i cannot claim it for
certain, because my computer never finishes the calculations... but it
does not find anything). But even if we prove, say, that dual witnesses
with integer coefficients and 24th roots of unity do not exist, we are
nowhere near the solution. Because we should not restrict ourselves to
24th roots of unity. The exponents can be any vectors in ORT and

UB.
Any ideas?
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