
 

 

PLEASE SCROLL DOWN FOR ARTICLE

This article was downloaded by: [Alfred Renyi Mathematical Inst]
On: 10 February 2010
Access details: Access Details: [subscription number 907901954]
Publisher Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

Communications in Algebra
Publication details, including instructions for authors and subscription information:
http://www.informaworld.com/smpp/title~content=t713597239

The semigroup of values of a one-dimensional local ring with two minimal
primes
V. Barucci a; M. D'Anna b; R. Fröberg c

a Dipartimento di matematica, Università di Roma 1, Roma, Italy b Dipartimento di matematica,
Università di Catania, Catania, Italy c Matematiska institutionen, Stockholms Universitet, Stockholm,
Sweden

To cite this Article Barucci, V., D'Anna, M. and Fröberg, R.(2000) 'The semigroup of values of a one-dimensional local ring
with two minimal primes', Communications in Algebra, 28: 8, 3607 — 3633
To link to this Article: DOI: 10.1080/00927870008827044
URL: http://dx.doi.org/10.1080/00927870008827044

Full terms and conditions of use: http://www.informaworld.com/terms-and-conditions-of-access.pdf

This article may be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, loan or sub-licensing, systematic supply or
distribution in any form to anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any representation that the contents
will be complete or accurate or up to date. The accuracy of any instructions, formulae and drug doses
should be independently verified with primary sources. The publisher shall not be liable for any loss,
actions, claims, proceedings, demand or costs or damages whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.

http://www.informaworld.com/smpp/title~content=t713597239
http://dx.doi.org/10.1080/00927870008827044
http://www.informaworld.com/terms-and-conditions-of-access.pdf


COMMUNICATIONS IN ALGEBRA, 28(8), 3 607-3633 (2000) 

The Seniigroup of Values of a One-dimensional 
Local Ring with Two Minimal Primes 

1'. Barucci 
Dipartilnmto di rnate~natica 

lTni\-crsiti di Roma 1 
Piazzale Aldo More 2 

00185 Rorna 
Italy 

errzazl barucci clmat.uniroma1 .it 

11. D ' . h i a  R. Froberg 
Dil>xtiriiento di nlatmatica hIateniat,iska institutionen 

L*iii\wsitit (li Catilllia Stockliolnis Univessitet 
\7ial(l .4iitlri~n Doria G 10691 Stoc.kliolrii 

%12.-) C ' i t t t ~ l i i : ~  Swdeli 
Italv eiuazl ralff~@nlate~natik.su.se 

emazl riidanria~dipmat .uiiict .it 

1 Introduction 

This papel deals with one-diniel~sional. local, Noe ther ia~ i~red~iced  rings (R, m) 
such that the integlal rlosure R is a finite R-niodule. The fact that  R is a fi- 
rnte R-module is equivalent to  the fact that  R is analytically unramified, which 
means that  the conlpletioli R (in the 111-topology) is reduced, see [hi1 73, Theo- 
rem 10.21. The nuinbel d of minimal piinies in R equals the nuniber of ~naxirnal 
ideal4 in R for a one-diniensional Chi-ring R,  see e. g. [Ka 861. In particular, 
if R is analytically un~ai i l~f ied,  then R is analytically irreducible (i. e. R is a 
tlun~ain) if and only if R is local, i e., d = 1. Since a local integrally closed 
one-diniensional tlollia~n is a D\'R, we see that in an analytically irreducible 
donlain r w r y  elenletit has a value, and it is easy t o  see that  the set of values 
v(R) of nonzero ele~nents constitute a numerical seniigroup, i. e., a subset of 
the natuial nulnbers N which contains 0. is closed under addition, and has fi- 
nite coniplenient to  W. In case (R. r r ~ )  is analytically irreducible with integral 
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3608 BARUCCI, D'ANNA, AND FROBERG 

closure (I: d l )  ant1 furtherniore is residually rational (i. e., R l m  2: \'/A{), the 
semigroup of values tells a lot about tlie ring R. An exa~nple showing this is 
the classical tlieoreni 1)y Iiunz saying that an alialytically irreducible, residually 
rational. one-di~nelisional ring is Gorenstei~i if and only if its semigroup of values 
is syuimetric, see [Ku 7'01. We note that an important special case when (R,  772) 

is residually rational is a-hen Rl rn  is algebraically closed. Furthermore we note 
that the c.ondition residually ratio~ial is essential, since if R is not residually ra- 
tional tlic srmigroup of values tells almost not,hing about the ring, indeed there 
are analytically irreducible Gorenstein rings with any prescribed semigroup of 
values, see [B-F 97'. Proposition 81. 

Now let ( R ,  n ~ )  be a local, one-dimensional, analytically unramified, residu- 
ally rational ring such tliat its integral closure has d maxima: ideals. Then the 
set of values of nonzerodivisors in R constitute a subsemigroup v(R) of Nd. Also 
in this rase tlie seniigroup of values gives much information about the ring. Re- 
call for instance that ,  if R / m  is infinite, the Gorensteinness of R is characterized 
by the semigroup c ( R ) ,  see [C-D-I< 94: Theorem 4.81 (in fact it suffices t o  assume 
tliat R / m  has at  least d elements. sep [D'A 97: Corollary 4.31). The  semigroup 
of v;llrlrs of t11ese ltirids of rings h a w  heen studied in [G 821, [D 881, [C-D-I< 941, 
and [G-L 951. Our ohjwt is t,o continue to  study tliis class of rings by means 
of thrir sen~igroup of values. .Utliough some (but not all) our results could be 
stated and proved for any d ,  we restrict in tliis paper to  the case d = 2. 

\Ye 1 1 o ~  inakr a closer description of the content of this paper. In Section 2 
we r e d  s o l i i ~  k1ioivn results about tlie semigroup of values S = u(R) of a 
ring R ,  tliat sat,isfies our liypotlieses, and we prove several new results, Some 
numerical characters of S are introducwl and put in relation with the numerical 
se~nigroups S; = L ~ , ( R / P ~ ) .  i = 1 ,2 .  The semigroup ideal v(P1 + P2) of S turns 
out t o  b~ iniport,a~it in Our drscription. In fact,  for i = 1,2 ,  Ji = ui((P1 +P2) /P i )  
is a selriigroup itled of Si and the i~ulrierical cliaracters of J;  are used to give key 
rcsults. In terms of J i  and Si we tlefiue the "n~issilig points" of S (and the one- 
to-one corresponclil~g "sources" of S ) .  The canonical ideal of R ,  which we denote 
by UJ, is a n  important coiirept tlirougl~out the paper. \Ve show that  l ~ ( w / R )  
eqrlals the ~iulnber of niissiiig poiuts (cf. Proposition 2.17) and, computing it in 
a tliffefcrent way, n.r get easy conditions for the ring to  be Gorenstein or Iiunz (cf. 
Curollarics 2.19 a ~ ~ d  2.20). \Ye give at  the end of the section a list of examples 
of rings with their corresponding value semigroups and their pictures. 

In Section 3 x e  make a closer study of I( = v(w) and compare it to  S = v(R).  
There is a kind of nunierical duality between the maximal elements in K and 
in S (cf. Proposition 3.1). This duality is investigated more closely defining 
"processes", tliat starting from the 'kources" of S touch all the non trivial (i.e., 
not already in S )  niasimal elements in IC (cf. Proposition 3.5). This gives 
a niethotl to find a set of generators for ij (cf. Proposition 3.8) and, since 
the cartliuality of a iriiniinal set of generators for w equals the  ChI type of 
R .  tliis permits also t o  get an inequality involving the Cnl types of R and of 
R I P , .  i = 1 .2  (cf. Proposition 3.10). 

111 Section 4 we solve tlie follo~vil~g problem. For which rings R does every 
strict overring T ,  R c T C R, have a larger coriductor than R (in the inte- 
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SEMIGROUP OF VALUES 

gral closure)? We call such rings R "Maximal with fixed conductor" (shortly 
MWFC), and we not.ice that  they are exactly the rings of our class with a unique 
minimal overring (cf. Proposition 4.10). For analytically irreducible rings, the 
answer is known to be the Gorenstein and the Kunz rings. In Section 4 this is 
slio~vn to be true also in the case of two mininial primes, provided that  Rlm is 
algebraically closed (cf. Corollary 4.7). hut in general there are more examples 
and thest. are classified (cf. Theorem 4.6 and Corollary 4.9). 

In Settion 5 r e  consider the value semigroup for overrings t o  a given ring 
R ,  in particular tlie seriiiriorrnalizatio~i of R. IVe study when an overring of 
a given ring is local, and this perrnit,~ us to  give a characterization of a ring 
(R.  1r1) in order to  be Gorenstein or Kunz, in t e r m  of the ring (m : m ) / m  (cf. 
Proposit,ions 5.7 and 5.8). 

1.1 Preliminaries 

Tlirougllout this paper n e  fix tlir folloning hypotheses and notation. Let (R, m) 
be a reduced. loral. Xoetlierian. olle-tli~nensio~ial ring; let R be tlie integral 
clos~ire of R in its total ring of qt~ot iel~ts  Q(R) .  We assume that  R is a finite 
R-liiotldr and that it has two nlasinlal ideals. 

\I-e also assu~ne tliat R has two niinimal prinies PI and Pz. Hence we 
liavv that ,  for i = 1.2.  each R I P i  is a~lalytically irreducible and tliat R = - -  - 
R I P l  x RIP.? (wliere - R I P i  is the integral closure of R I P i  in its quotient field 
Q ( R / P , ) ) .  Since RIP; is a local, one-dimensional, integrally closed domain, it 
is a DVR and we clrnotw it by 1 ;. 

Let M I  = ( t )  and d l 2  = ( u )  I)e the niaximal ideals of 1.; and I,;, respectively; 
llrlice rll E A l l  x 1 I, and r t ?  2: 1; x Ill? are the two ~riaxirnal ideals of R. We 
f~~rt,liernmre assunie tliat R is residually rational, i. e. that  R / m  2 R / I L ~  2: 

R / u z .  
Let t,, : d)(R/P,) ---+ Z, = Z U cc be the valuation associated t o  1:. 

Since Q ( R )  S Q ( R / P l )  x Q(R/P2)>  for any z = ( 3 . 1 , ~ ~ )  E Q ( R )  we denote by 
v ( . r )  t,lie elelnent ( .r l  ). v2( . r2 ) )  E ZL .  If we restrict 1: to  the nonzerodivisors 
K Z ( Q ( R ) )  uf QjR).  then O(J )  E Z'. 

\ \ e  denote { / I ( ? * )  1 r. E A7Z(R)) by u(R) or by S. Then S is an additive 
subsemigroup of N2 which we call the value semigroup of R .  

The assusription t,liat R has t,wo rninimal primes makes notation much easier 
and makw it possible to ronipute some numerical characters of the semigroup 
S = c ( R )  in terms of tlie value setas of tlie minimal pr i~nes Pi. However it 
is possible to  define z ~ R )  also without this assumption (cf. [C-D-K 941). On 
the other hand t,lw ~omplet~ion R of R has two rni~iirnal primes and its value 
s ~ n i i g r o ~ ~ p  coincides wit11 r*(R),  cf. jN 561 or [D'd 971. Because of this fact, for 
the general case, we can coi~ipute tlie siumerical characters of v(R) considering 
the co~npletion of R and all the results of this paper hold (for more details, 
cf. [D'A 971). 
fi always coiisitle~ on N2 (and on S )  the partial order given by (cul, 0 2 )  < 

(&, /j2) if a ~ i d  only if n; 5 / j i ,  for i = 1 ,2 .  We call E C Z2 a relative semigroup 
i d d  of S if E + S E and a + E C S, for sollie a E S. 
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3610 BARUCCI, D'ANNA, AND FROBERG 

By a fractional icleal we always iileaii in this paper a regular fractional ideal, 
i.e.. a fractional ideal containing a nonzero divisor. Since R is reduced, R has 
a canonical ideal. cf. [H-K 71: Satz 6.211, i.e., a fractional ideal w, such tha t  

: (w : I) = I for each fractional ideal I of R .  If w is a canonical ideal, then 
J : ~LI = R m i l  l R ( I / J )  = lR(w : J/d : I ) ,  where J I are fractional ideals. We 
can ill our situation assume that R C ij E R (cf. Corolla1,y 2.2). Note that  w 
is not urliquely defined by this property but,  by [D'A 97, Theorem 4.11, the set 
of values L , ( ~ * )  is. We denote u(w) C_ N2 by It7. Then I< is a relative semigroup 
ideal of S ,  alld we call it thp canonical ideal of S. 

The t,ype (or the CM-type) of a ring R is l ~ ( j R  : 7n)lR). It  is well known 
t h i ~ t  the type of R equals l n ( ~ / n ~ ~ ) .  the minimal number of generat,ors for w. 
L P ~  C = R : I? be the coiiduct,or of R in R .  A Gorelistein ring is a ring of type 
1. It is well known that R is Gorrnstein if and only if lR(R/C)  = ~ R ( R / R )  
or if illid only if lH(bi/R) = 0 .  1i.e alnays have the inequality lR(17/R) 5 
I,(R/C) + type(R) - 1. cf.  [H-I\: 71. Satz 3.61. A ring R is defined to be Kunz if 
/ ,q(R/R) = / R ( R / C )  + 1 or equ i~a l r~ i t ly  IR(w/R) = 1 (cf. [%-F 97, Proposition 
211). Kunz ri~lgs were i~itrotlucecl m t l  studied in [B-D-F 971 in the analytically 
ir.rrtiucil)lc caw, ant1 ill [B-F 971 arltl [B-F 97'1 in the a~talyt,ically unralnified 
case. 

2 Tlie semigroup of values 

TVr n-ill ilon- recall solw rrslllts 011 tlle seliiigro~~p of values for the kind of 
rings n-c st~lcly. i111tl pr.ov~ sol i~r  11101.~ S O I ~ C  (Illit not a!]) of these results can be 
s t a t t ~ l  i l l  t llc~ g m w l  Citsc of a ring n.itli tl mi~~il i la l  prilws (cf. [C-D-K 941. jC 821, 
a d  [D'.i 971). lIi\ll!. of tllrlii art> nll.entiy ii i  the literature, altho~lgli not always 
ill the for111 or g t~ l i~r i~ l i ty  KP nil1 ilrrcl tliein. So. for the coriveriielice of the 
rratlcr. n.e prove tlielli directly, iii the case d = 2. 

If I is a fri1c:tional itleal of R, the11 c(1) = {r.(r) i r .  E lVZ(1 ) )  is a relative 
semigroup icleal of S. T h r  follo\ving is a slight exterisio~i of [G 82, Property A]. 

Corollary 2.2 There is a canonical ideal w with R & w C 17. 

Proof. Let I be a canoilical ideal of R and let x I be a n  element of minimal 
value. The11 ~ c ,  = s-'I is a canonical ideal and R ii: since 1 E w and since w 
is a11 R-inodldr S iwe  eveiy elen?eiit iri A+ has a value bigger or equal to  (0, O), 
IT? Ililvt? d 2 I?. 
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SEMIGROUP OF VALUES 361 1 

For any fractioual itleal I  and any LI. E Z2 x e  define I ( N )  = {r E I  I V ( T )  > 
a ) .  It is clear that I ( N )  is a fractional ideal of R. Let I  be a fractional ideal of 
R  ailti let E = ~ ( 1 ) .  Fur any cu = ( a l .  a 2 )  E Z2 we will denote by hf i (a )  the set 
{:j 6 E I 13; = u ,  arid f i j  > cuj if j # i ) ?  i = 1,2, and we set i l E ( a )  = A f ( a )  U 
h f ( c l ) .  .An element 0 E E is called a rnaximal element in E  if hE(oi) = 0. 

The follonirig is a slight generalization of [G 82. Property B ] .  

Lemma 2.3 Let I be a fractzonal zdeal of R. I f  a  = (al,cuz) E u ( I )  and 

~ ~ " ' ( c u )  # 0, then  l l i ' ) ( a )  # 0 and U ~ C P  ver~a. 

Proof. Let n = t r ? )  E ? ) ( I )  and suppose (j31.nz) E v ( I )  with 01 > a l .  
Take 1.. s E I such that ! : ( I . )  = a arid u(s) = ( $ .  a2). Since s and T have the 
same vahie in ( ) ( R I P 2 )  and since R is residually rational, there is a unit a: E R 
s,ic+ that r .  - . r s  has value ,I2 > c\e in Q ( R / P 2 ) ,  so v(r - .cs) = (al,ilj2). The 
rk ,e  versa is pl.ovrtl siinilarly. 

Let I C J  be fractional ideals of I?. I11 order to compute the length l ,q(J / I )  
in terlns of valurs, n-e w e d  to genrralize in a proper way [h,Is 71. Proposi- 
tiou 11. This propusitiou states, if ( R .  1 1 1 )  is an ailalytically irreducible, resid- 
ually rational rilig and if Il 5 I:! are fractional R-ideals, then l ~ ( I 2 / 1 1 )  = 
Cartl(z'(12) \ c ( I l ) )  n l m e  u ( I , )  is the set (in fact the semigroup ideal) of values 
of nonzero elements iii I,. i = 1.2 .  The key fact for the generalization to ana- 
lytically unraiilifit~d rings rouies from [D 88, Proposition 1.111. The follo~~irig 
fornlulatioll s l i t s  our neetls. 

L e m m a  2.4 Lrt J bc n f l n c  t~o~rcd !(l~ul of  R FOT each n  = (al, 0 2 )  E Z 2  we 
hour In(.J(n)/.J(ck+(l.O))) 5 1  11~1th rcjunlzty zf nrtd ordy ~f J ( n )  # ] (a+ (1,O)) 
Sirrtiinrly I N ( J ( c ~ ) / l ( t r  + (0. l j ) )  < 1 w ~ t h  equalzty if and only ~f J ( a )  # J ( a  + 
(0 1)) 

proof. c;,,-o ,,,,,, :!!J(LI) l (o .  + (1.0)). 1' = J ( n ) /  J(c\ + (1,O)) is a vectoi space 
ovei R / m .  hloieove~. if i . ,s  E J ( n )  \ J ( N  + ( 1 .  O ) ) ,  then. as in the proof of 
Lemnia 2.3. t l i e ~ e  is a unit s E R such that  r. - r s  E J ( a  + ( l ,O) ) ,  so r  and s 
rqxrsent  linearly dependent elenients of 1' and dim 1' 5 1. Of course dim I' = 0  
if and only if J ( N )  = J ( n  + (1,O)). 

Let C' = R : R I F  tile conductor of R in R. Since R is finite over R. t>lleri C 
ccxitr?ins ;I ~ioii-zero divisor. ; \ loreov~r any ideal of R is principal and so C = cR, 
that is C consists of all elenlents in R of value 2 [ ~ ( c ) .  Let J be a fractional 
itlriil and  let jl = ( / ! l . p q )  l ~ e  its nliniliial value. Sirice J R  C J ,  then JC E J 
a d  so J  contains all ele~rierits of R wit11 value 3 p + v(c).  For E = v ( J )  and 
n E Z:! n-e set E ( a )  = { : r :  E E 1 .I: 2 a } .  Let (p1,p2)  = a(') < N ( ' )  < . . . < 
a("] = (a = (a l ,  (la) be a chain ~vhicli is lnasi~rial in the sense that for each 

i = 1.. . . 71 we have that a ( ' )  - equals either (1.0) or (0 , l )  (so that 
71 = a1 + 0.' - (11, + p p ) ) .  Set n i ( E )  = 1 if E ( d i ) )  # E ( Q ' ~ - ~ ) )  and ni (E)  = 0 
otliern-is?. Using Le~nina 2.3 and the definition of maximal elernent, it is not 
difficult to see that.  for ail!. such chain ( p , . ! ~ ? )  = aioi < a( ' )  < . . .  < a'") = 0, 
there is a one to  orie co~~espoiideiice between t!le set { i  / n i ( E )  = 1)  and the 
set 
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3612 BARUCCI, D'ANNA, AND FROBERG 

so the ~ i u n h e r  1; I L , ( E )  o n l ~  depelids on E and (1 and not on the chain. Setting 
L E ( ( t )  = Cy r t  , (E) and usilig Lemma 2.4 rve get the following two lemmas. 

Lemrna 2.5 W P  have L E ( n )  = lR(.J/J(cr)),  zn pa~tzcular thf  number LE(a )  zs 
u~rll defi71 ed 

Proof. Tali? n E Z' so large that I contains every eleriirwt of Q ( R )  of value 
i ~ t  lvi~st ( 1 .  so I ( ( \ )  = . I ( ( \ ) .  Tli(~t1. I)y Lciiiiil;~ 2.5. I , i (J / I )  = l , t (J / I (c~))  - 
/ l < ( I / J ( 4 )  = Ll,,,,l((t) - L t , ( ~ ) ( ( k ) .  

Remark A Notice tliat. as  ill tlie analytically irreducible case (d = 1). me get 
also ill this r a w  ( d  = 2 )  that a t'ractio~ial itleal I of R. such that t>( I )  contains 
all tlio ~ . i \ l l ~ ~ s  > a .  for .;cinle ( I .  catitailis any ~ l e m r n t  of Q ( R )  of value 2 a .  In 
facf. \vr ran collsitle1. tllo fi.ac.tioliwl itleal I' = I U j.c E Q ( R )  / c ( x )  2 0).  Since 
I C: I '  autl ( l ( I )  = ( ' ( I ' ) .  ly Propositioii 2.7. 11-c llnve I = 1'. 

L P ~  T a ~iullicrical scmigro~~p.  i.e., a ~11l1~cwiproup of N with finite corn- 
pluiie~it to N. i111t1 let I he a relative semigroup ideal of T .  Then n € T for 
all I x g r  il E N. i i ~ ~ t l  n-r will tlenote ~nax{n  E Z I rl $ I) by g ( I ) .  (The 
1111111l)er !l(T) is stmetiliies called the Frobenius number of T.) Set moreover 
l i ( I )  = Cartl{.i. E I 1 .I. < g( I )} .  In olrr situation. let S ,  = ui(R/Pi),i = 1:2, be 
tlie tn-o ~ x o , j ~ r t ~ i o ~ l s  of S = Y ( R ) ,  a~ir l  let Ji = /,;!(PI + f i ) / P ; ) .  For Z = ! , 2 ,  r e  
tleliote thc 11111ilb~r g(.J,) rletined above by g,, and we set g, = (gl,. g"). \Vith 
this notation n.e get: 

Proof. Thr, ilidl~sioli o(P1 + f i )  C .Il x J2 follo~vs froill the defiliitions. Let us 
s l ~ o n  tlw olipositc, i~ l r l~~s ior i .  Let (11 E .I1 a d  o. E . I2.  Let 1. = p~ +p:! E Pl +& 
(~vitli 11, E P;) he sucli that v1i r . j  = (11 and let s = ql + rl.1 E PI + P2 (with 
q; E P;) Ijc such that rs?(s) = n?. Then tlie element .r. = 111 +pa E PI + f i  is 
S I I C ~  that ul ( . r )  = n l  (since .r z 11.2 (mod PI)) arid va(z) = a2 (since x 5 ql 

(mod 9)). Thus (01. a n )  E r(P1 + Pi). 
Lernrna 2.9 (Cf. [D'A 97. Corollary 1.51.) Let s l  E N. Then the following are 
rqc~iuale~~t: 
i )  51 E J , .  
i i) (31. F~~ + 1) E S .  
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iii) (.sl. sl) E S for  every R? > a*. 
An analogous statement holds for, .J2. 

Proof. By the previous lemma we get that  i)+ii), because g2, + 1 E J z .  To 
prove i i ) j i ) ,  since there is an 7. E R such that  u(r)  = ( s l ,  $2, + I) ,  we have 
that 1. = ( I - ~ . T ~ )  E R I P l  x R I P 2  is such that vl(r)  = u2(r2) = gz* + 1. SO 
r:! E ( P I  + P 2 ) / P 2  (cf. Reniark A applied to the fractional ideal (PI  + P2)/P2 
of the arial~.t~icaIlj. irreducible ring R/&),  i.e.. r E PI + &. and we get 111 ( r )  = 
sl E J1. The equivalrnce i i ) ~ i i i )  follom from Le~nnla 2.1 arid Lenlnia 2.3. 

Leninia 2.10 (Cf ID'A 97, Proposztzon 1.31.) If C = R : R ,  we have C = 
(tyl*+',  u'I2*+')R, where R = 1; x 1 j and t and u are the unzformtzzng parant- 
eters cn 1; and 1, respectzvely. Moreover i l s ( ~ , )  = 0. 

Proof. C is the biggest integral ideal that R and R share. hloreover any ideal of 
R is principal arid  consist,^ of all elenients in R of value 2 7 ,  where 7 is the value 
of a generator of t,lie ideal. So it is enough t o  show that C = {x E R I v(x) > 
g, + ( 1 , l ) ) .  If a E N' a d  0 2 g, + (1, I ) ,  then a E J1 x .I2 = vjPl + P2) (cf. 
Lenirna 2.8). So. by Reniark A. the ideal PI + P2 of R (and hence R),contains 
all ele~nents of R of value 2 g, + ( 1 , l ) .  Thus C 5 {x E R / ~ ( x )  2 g, + (1 , l ) ) .  
011 the other I~and .  since g;, @ .J(. i = 1 , 2 ,  by Lemma 2.9, iii)*i), we have that  

= a. and so C = { . I .  E R I o(r) >_ g, + ( 1 , l ) ) .  

Since A'(y,) = a. if tr E 5. thcii ASjg, - ct) = @. If also tlie convelse holds, 
i.r.. if 

the seniigroup is said to be s p i ~ w t l . / c  (cf. [D 881). Set I< = { a  E Z2 - 

a )  = 0).  !Ye have S 2 I< N2 and, by definition, S = K if and only if S is 
synri~et,ric.  Noreover a fractiol~al ideal J of R, R C J 5 R, is a canonical ideal 
nf R if and only if 7!(,J) = I< (cf. [D'.\ 97, Theorem 4.11). This characterization 
of I< = ~ ( d )  will be used several times in the sequel. It generalizes a result by 
Jliger (cf. [J 7 7 ,  Satz 51) n h o  proved it in the a~ialytically irreducible case. 

Corollary 2.11 W e  hn~le: 

I )  I n ( R / C )  = CartL{niasin~al elenients in S )  + n ( J 1 )  + 1:(.J2) = 
I ~ ( S I )  + 91, - g(S1) + n(J2) = ~ l ( S e )  + a+ - ~ ( S E )  + n(J1) .  

2) IR(R/C)  = gl, + g?, + 2.  In  particular, if R is Goreostein, gl, + g2+ is e w n  
and, if R i s  K u n z  gl, + g2, is odd. 

Proof. Since. by Leninia 2.5 and Le~rirna 2.10, lR(R/C)  = Ls(g, i- (1, I ) ) ?  the 
first equality i11 1) follows from the Lelrirria 2.6 and Lenima 2.9. For the second 
arld t~liirtl equality iri I ) ,  it is enough t,o consider respectively tlie maximal chains 
(0,0)  < (1.0) < . . .  < (gl* + 1.0) < (gl, + 1 , l )  < . . .  < (gl* + I , & +  + 1) and 
(0.0)  < (0.1) < . . .  < (O.g?.+l) < ( l . f i * + l )  < . . .  < (g l ,+ l ,g? ,+ l )  andapply 
Lrn!n?a 2.4. For tlie equality in 2)- app!y again Lemma 2.4. Filially. by definition 
of Gore~istei~i  and Iiunz rings, we have respectively lR(R/G') = 21R(R/C) and 
ln(n/c) = ' ~ ~ R ( R / G ' )  + 1. 
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As in [G-L 951. we define also in our situation tlie zntersec t~on degree of R 
RIP to be { ( R )  = IR(R/ (P I  + Pl)) = l ~ ~ p , ( ~ ~ , + ~ ~ ; ~ ~ , ) , ~  = 1 ' 2 .  By Lemma 2.8, 

L ~ I I I I I I ~  2 5. a rd  Lmin~d 2.6 it is immediate that: 

Proposition 2.12 W e  !lave i (R)  = Card(rnasirna1 elenie~its in S ) .  

111 the nest proposition Tve denote R/P,  1)y R,. i = 1.2 .  It is proved in 
[G-L 95, Theorem 3.91 for a Gorenstein curve with d 2 2 branches. 

Proposition 2.13 W e  have ~ R ( R / R )  = 1 ~ ,  ( ~ / R I )  + 1~,(%/R2) + i (R) .  

Proof. If I .  E R and tt(r) = ( a I .  t r s ) .  tlien a,  > 0 if and only if r E n,: where 
l a 1  and 112 are the ~iiasiiiiitl ideals of R. Since nl n R = 112 n R = n i ,  we 
haw A'((0.0)) = fl, tllus g, E Ii. Furtlier~nore hot11 i l S ( ( a ,  0)) and As((O, a)) 
contaiu (0.0) if u < 0. Tlius AK(g*) = f l .  

Let 7' 11r ;I r~tu~if~rical sc~nigroup and I a seniigroup ideal of T .  The map 
07 : I --+ Z \, T .  .r ++ q ( i )  - .I.. is a n-cll tlcfir~etl injection (if g ( I )  - :r. E T, tlien 
.r @ I .  s i w ~  otlwn.is(> g ( I )  - .I. + .r E I ) .  ?rIoreo~.er .r > g( I )  if and only if 
@ ( . r )  < 0, so n-e 11i1ve r t  ( I )  = Card{.r E I 1 .r. < $( I )}  5 g(T)  + 1 - n ( T ) ,  where 
r t ( T )  = ('artl{.r E T / . I .  < g(T)}.  Rwall that the ( s t a ~ i d a ~ d )  canonical ideal of 
T is i i ( T )  = {.I .  E Z / y(T)  - .r @ 1 )  (cf. [J TI), and that a relative ideal I of 
T is a cario~iical ideal of T if and only if I + a -. I< (T), for some n E Z. The 
follon-ing lernma is i~ririietliate. 

Lemma 2.15 Let I be arly ielatzve d e a l  of the numerzcal seinrgroup T T h e n  
the follouiziig ale e q v ~ v u l e i ~ t  
z) I = I i ( T )  + o ,  for sowe n E Z 
zl) T h e  irlap I -+ Z \ T.  1 H g ( I )  - T ,  rs bzjectzve 
117) ~ ( 1 )  = g(T)  + 1 - l t (T) ,  w ! w e  n ( I )  = C a ~ d { r  I 1 r < g(I)}. 

Lrt SL XICI S2 111' ~ I I C  t ~ o  pro , jc~t io~~s  of S C N' and .Ii = vi((P1 + P2) /Pi ) ,  
~ I K I  k t  oi : .I; -+ Z \ S i ,  i = 1 ,2 .  I ) ?  tlie maps defined as Q above wit11 respect 
to t l ~ r  itl(vi1s J ; .  \IT? (,id1 o E Z a rrlissirtg point for d i .  if (1 E (Z \ S ; )  \ Irn(&). 
F'iiial1~- we call the missing points of S ,  tlie disjoint union of the missing points 
for dl and for 9?. 

Lenlnla 2.16 Let ( 1  E Z .  Then. the following are equivalent: 
I )  n is a rr~issirtg point fol- d l .  
i i )  (gl, - n,g?, + 1) E Ii \ S .  
i i i)  (gl, - n . s 2 )  E Ii \ S for every s? > yf.. 

T!tere 2's a n  a:~alogous s ta tement  for 
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Proof. i)=+ii): Suppose that CL is a nlissirig point for + I .  Then ~ v e  1ia1;e 
A.'(rc. -1) = 0, l,rcause a 4 5'1. So g, - (a. -1) = (gl, - a,@* + I )  E I<. 
hloreover. by definitioil of ~nissing point, gl, - a $ J1 and so: by Lemma 2.9, 
g. - (a :  -1)  = (91% - n , f i *  + 1) $ S .  
ii)+iii): Since G i n .  -1) = f l ,  then a s ( a ,  h )  = 0. for any h < 0. Hence we have 
(gl. - ( I ,  .v2) E I<, for every sr > fi.. hloreover (gl, - 0 ,  s2)  $ S. byLer r~~r ia  2.9. 
iii)=+i): Suppose that  a is not a n~issing point for & .  If n E S1, then there 
esists a point (a. b) E S. Since ($1, - a: s?) E K ,  then (a .  b) + (gl, - a,  s2) = 
(91.. s2 + b) E I<. hence # 0, a contradiction to Lelnma 2.14. If a @ S1, 
then 91, - n E J I ,  a i d  so, by Leninia 2.9; (gl, - n.sg) E S ,  for any st, > fi.? 
that is also a co~ltratlictiori. The serolld part of the lemma is proved si~nilarly. 

b;e will cal! the elements in l< \ S of the form (s l ,  g2, + 1) or (gl, + 1. sg) 
the sources of S .  This terminology n-ill be explained in the next section. 

Proposition 2.17 The rlurnbrr of missing points of S equals LR(d/R). 

Proof. Tlir 111mil)er of missing points of S is g(S1) + 1 - n(&)  -II(JI)  +g(Sz) + 
1 - n(S2) - n(.J2). Since lR(R/R) =_lR(u  : Rlci! : R) = l ~ ( u / C ) ,  we have 
I R ( d / R )  = lR(R/R)  - IR(R/C)  = l n ( R / C )  - ~ ~ R ( R / C ) .  RIoreover I ~ ( R / c )  = 
g1*+*.+2,Ir?(R/C) = r ~ j S ~ ) + g ~ , - g ( S ~ ) + n ( J z )  = ~ L ( S ~ ) + ~ ~ * - ~ ( S ~ ) + I ~ ( J I )  
(cf. Corollary 2.11), lwm n.e get the statement. 

Corollary 2.18 The rlvmber of soulees of S equals lR(-!/R). 

Proof. This fo1lon.s from Lrin111a 2.16 arid Propositiori 2.17. 

Corollary 2.19 The following are equivalent: 
i) R i s  Goremtein. 
i i j  There are no mis.sing points of S ,  i.e., lR(w/R)  = 0 
iiij  ji = Ii(S,) + n . c  Z , I  = I r 2 .  
iv) There w e  ILO sources of S. 

Corollary 2.20 The follo,u1ir~g ciw equivalent: 
i) R is K ~ z .  
ii) Thew i s  e:cnctly orfe rni.ssiq point of S, i.e., l R j ~ / R )  = 1. 
i i i )  .J1 = l i ( S I )  + ( I ,  o E Z rmd t h e  i s  one missiilg yoi~zt fo r  h2 or vice versa. 
,ii:) Thew is eract1,y one .source of S .  

The  follo\vi~ig proposition generalizes (in cased = 2) [G-L 95, Theorem 3.131. 
'iYe tlerlote again RIP, by R,,  i = 1.2. 

Proposition 2.21 Lire haw,  for 1 = 1 , 2 ,  that g,, + 1 = i (R)  + 2/R, (Kin,) - 
C(i~id{liiissi~~g p o i u t ~  f o ~  0)) 

Proof. \\i. hr-r i (R) = g, ,  - g(S;) + ~ ( 5 ' ; )  - n ( J ; ) ,  2 l n , ( z / ~ i )  = 2jgjS;) + 
1 - r l fSi) i ,  a d  the nunher  of riiissi~ig points for pi is y(Si)  + 1 - n ( S i )  - 7l(Ji). 

'iVe conclude this s e c t i o ~ ~  with some exa~nples to illustrate the definitions we 
l i a v ~  introtlucecl. 
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Example 1 Let L,, : k[[.r.,y]] + k[[t'.t3]].x H t", y H t3 ,  and let ~ 5 2  : 
k[[.r. g]] --+ k[[u2. u"I1:x e uU". !I I-+ 11" and let R = k[[x, y ] ] / K e r ( ~ l )  n Ker(&) 
= k[[n.. y]]/(.r3 - y') n (.I.') - g R ) .  Then R is a Gorenstein ring with S = v(R) 
as in Figure 1 (it co~lsists of tlie dots and v ( C )  = {a I a 2 (6: 6))) .  We have 
l n ( R / C )  = 6 ant1 l n ( R / C )  = 12. The two projections of S are S1 = S2 = 
10. 2. -+} n-liere tlir syrlhol "-+" means that any 11 E N. 71 2 2 is in the set, and 
J1 = ,J2 = (4.6.  -+}. XIorrtxer there are no missing points and I< = S. i.e.. 
In(w/R) = 0. There are four rliasirrial elernent,~ in S, namely (0, 0), (2: 3), (3 ,2) :  
and y, = (5.5). so i (R)  = 4. 

Example 2 Let ~ ) 1  : k[[.c. JJ. z ,  v, w]] + k[[t3. t"],x H t3,y ++ t4 .  z i-t t 8 , v  ++ 

t A .  11' H t i .  and let 02 : k[[r,  y. :. 11. ul]] + k[[u3. u4]]. x H 114, 2/ ct u 3 ,  z ++ 
2. I :  ct 11'. I I '  H 111'. arid let R = k[[.r. 11. 2 .  c. w ] ] / I < ~ r ( i ' ~ )  n I<er(7+je) = 
k[[.l.. !I. :. 1'. w]]/(.~..Y - 11, .  2 - I , .  ,v2 - 1>..rt3 - gw,  .ri -YO. - :r311t) n (.cy - U , X '  - 
Z .  2 - 1 1 ~ .  .rr - !lu,. y i  - .rw. 1,' - y'1~.,$1* - us'). The value ser~iigroup S and 
Ii is clepictd in Figure 2. Here I< \ S consists of the circles. \Ye have g ,  = 
(8.8) .  I R ( R / C )  = 8. I,?(R/C) = 18, and J1 = J2 = { G .  7 . 9 .  +). \Ye h a w  t r o  
niissirig ])oints. rla~ilel). (0. 5) and ( j . 0 ) .  herice lR(w/R)  = 2 and R is neither 
Kunz nor Gorelistein. The sources of S are (3.9) and (9.3).  There ,are four 
lriasinlal elements in S, riamely (0.0) .  (3.4).  (4.3),  arid (8,8), so i (R)  = 4. 

Exarnple 3 Lct ~ ' 1  : k[[.r. y .  2. w]] -t k[[t]]: x i-t 0, y ct 0, z ++ 0 ,  u: ct t and let 
2.2 : k[[n.. !I. z. w]] i k [ [ ~ ? .  11'. u"]]. .r e us. !J H u-) ;  z H u7,  U! H u4. and let 
R = k[[.r. !I. : ] ] / I i t ~ ( c ~ ~ )  n Ker(r12) = k[[.r, ?I. i ] ] / ( ~ ~  y. t) n ( z  - TIC. X!J - w2. x3 - 
!JW, !/' - .c'w). Tlits ~.alrw seiiiigroup is tlepictetl in Figure 3 (as in the previous 
pic,tr~re. Ii\ S cmsists of the  circ,les). \\'v liaw i n ( R / C )  = 3, l n ( R / C )  = 7 ?  Sf = 
N. S.? = {0.:3. i }  . J 1  = ( 2 .  + } . .I.? = ( 3 . 5 .  +} . T h e  is only one missing point 
( 0 . 2 )  (for o?).  ln(Ls/R) = 1 m t l  R is a I<uiiz ring. The source of S is (2 ,2 ) .  
Tllere art1 tn.0 lilasirlial elements ill S, nainely (0.0) and (1 ,4 ) ,  so i (R)  = 2. 

Example 4 Let r l l  . b[[r.,y.z ~ $ 1 1  --+ k[[t2,t']]..c H t 7 , g  ++ t L ? , t  ++ t 4 , w  t9, 
a1111 L~~ k/17. I ,  7 t ~ l l  4 l ; ^ l r ? r 4 ,  ! l i .  ui]] , ,  9 u ~ . ~  L? : ~ ~ ~ z  ~ ' , 2 ; .  ,: %lo,  11- J -. 11 11" 

arid let R = k[[ t .  y. :. 1c~]] / I ie l (~*1)nICel(7+~~) = X[[x. y. 2 ,  w]]/(z - y'. xL - y7, w - 
xy, 1.: - y111) n (W - y2, r3 - y:. :? - xy2. y3 - 1'2). I11 this maniple (cf. Fig 4) 
n e  l m e  I R ( R / C )  = 10, / ~ ( f i / C )  = 21, SI = {0,2,4,6,  +), S 2  = {0,4,5.7,  -+), 
JI = {4.6.8.10. -+I. J2 = {i. 8.9.11, +} There is only one missing point (0,6) 
(for d l ) .  IR(*/R) = 1 arid R is a Kuriz ring The source of S is (10, -1) There are 
fow ~naxinial eleriirrit\ 111 S ,  liatriel~ (0. 0) ,  (2,5),  (7.4). and (9. lo) ,  so z(R) = 4. 

3 The canonical ideal 

In this scction we study tlie relation between tlie elemerits in S = v (R )  and in 
Ii = l , (d) .  IVe start n-itli the following basic fact: 

Proposition 3.1 IVe hntle that CI E N' zs a maxzmal element zn S zf and only 
~f y, - (I is (L 11t~1.11111111 e l ~ m e n t  211 Ii. 

Proof. IYP 11a1.e I r l ( d / R )  = l R ( ~ / C ) - l ~ ( R / C ) .  By Lemma 2.6 and Lemma 2 5 
n-e have /~(."'/c) = Lf,  (g* + ( 1 , l ) )  = 
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Fig. 1. The value seliiigroup of a 
Golwisteili ring, ~ f .  Esaliiple 1. 

Fig. 2. The value semigroup of 
the ring in Example 2. D
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BARUCCI, D'ANNA, AND FROBERG 

Fig. 3. The value semi- 
gloup of a I iunz ring. 
cf. Example 3. 

* w m .  

* . a * . . . .  

* . . . . a  s .  . e . . * * . .  
0  

* 0  0  0  

e * . . 0 0 0 0 0 0  

Fig. 4. The value semigroup of a Kunz ring, 
cf. Example 4. 
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Cardjniasirnal elenlents in I<} 

Cartl{y / (y,, + 1. y)  E S, y < 92,) + Card(masima1 elements in S). 

I I ( ~ I I ( T ,  t h i w  ~ S P  ,j11st ;IS ~ I I ~ I I ~  I I I ~ I S ~ I I I ~ I ~  e len~e l~ ts  in Ii kls in S. Suppose 0 is a 
n ~ i \ x i ~ ~ l > i l  P I W I C W ~  i l l  S. T11en As ( ( I  ) = @ and so g* - a E Ii. If AIi (g* - 0 )  # 0, 
say tliat r.g. g, - tu + (r.. 0) E Ii for some c > 0. me would get AS(g, - (g, - 
n + ( c ,  0 ) ) )  = A.'(c\ - (c. 0 ) )  = fl. which is a co~itratliction. lye have proved that  
if (7 is a maxirilal elenlent in S ,  tlleii g, - a is a ~riasirnal element in I{. Since 
Ii ant1 S !lave t,lie same nulnlm of lilaxilnal elenients, we get also the converse. 

ne xi11 nest  describe a proccss i~ivolving some elemrnts of I< and S for 
a non-Gore~~steiil  sillg. T l ~ i s  technical part will be used in the next section 
to classif'y t h r  rings R nit11 the property tliat all integral overrings of R have 
1argc.r ror~cluctor t1ia11 R. By Proposition 2.17 we have a niissing point a for 
01 (or for d?). and t l~us .  by Lemna '2.16. an elernent a iO) = (gl,  - a,@, + 1)  
(or o'")  = (qI*  + l.!fi* - ( I ) .  r t q . )  of Ii' \ S, ~vllic!~ we will call the sowce . . 
of rlle process. if - ( I  f Sl. i.e.. if gl, - n is also a m s s ~ g  p~i::t for di 
(if 9 2 ,  - n $ Sp. i.e.. if p, - n is also a niissing point for 42, resp.), we say 
that tlie process is trivinl and we nil1 call u i O )  also the sirk of the process. 
Otl~ern-ise n.e construct 0'') = (gl+ - a, a?)  as the 111asilnal element in S under 
a") ((I") = ((11 ,g?. - (1)  as the n ~ a s i n d  element in S to the left of a t 0 ) ,  resp.). 
Then tlie process is inductively described as follows: 
n(2k+1) 1s . the nlaximal elelnent in S under or to  the left of a(2o (i.e.: if a(") = 
( n l .  0 2 ) ,  then rri2"f = ((n. j) wit11 3 < ap or = (0, a ? )  with P < a l ,  
resp.), ant1 such that o("+') # a ( ' ) ,  for i < 2k. If such an element does not 
exist, we say that the process stops and call the sink of tlie process and 
2k the Eenyth of the process. Otl~ernise we set a('"+" = g, - 

It fo1lon.s fro111 Proposition 3.1 tliat o(')') is nlasin~al  in Ii and a("") $ S if 
1s ~naxinlal in S but not in I<. The process is univo- k 2 I .  aiitl that ri("+') ' 

cii11~. tlefinccl from a source. and it a1n.q-s stops because tlie nuniber of niasi~nal  
elenielits in li is finite. If o('") = ( n l , n 2 )  is t!!e sink of a process both of the 
following conditions are satisfied: 

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
A
l
f
r
e
d
 
R
e
n
y
i
 
M
a
t
h
e
m
a
t
i
c
a
l
 
I
n
s
t
]
 
A
t
:
 
1
0
:
5
3
 
1
0
 
F
e
b
r
u
a
r
y
 
2
0
1
0



3620 BARUCCI, D'ANNA, AND FROBERG 

1) n l  is a rnissir~g pomt for 01 the niaxinial element 111 S under a('") already 
appcaietl in the plocess (i.e.. d') = (nl ,n ' , ) ,  for some a( ' )  of tlie process with 
z < 211). 

2) a2 is a ~ i i i s s i ~ ~ g  point for d2 or the maximal element in S to the left of d2") 
already appeared in the process (i.e.. o(J !  = ( 0 ; , a 2 ) ,  for some a(j) of tlie pro- 
cess with j < 211). 

Notice that all possibilities can occur as the following exanlples show: 

Example 5 Let R = k + l;( t5.  u3) + k(t3? 11') + tGk[[t]] x u5k[[u]]. Then S arid K 
are as in Figure 5. Tlltre are processes starting from (1 ,5) ,  (4 ,5) ,  (6> 2 ) :  (3.5) and 
from (6.3). The first three sources give rise to trivial processes, but do) = (3,s) 
givrs o(" = ( 3 , 4 ) ,  n(') = (2,0) ,  rt(" = (O,O),rr(" = ( 5 , l ) .  a(5) = (5,3) and 
finally n'" = (0. 1) jtlle siliic). The niasiniai point (0,O) under d6) already 
appr;~re>tl in tlw p o ( ~ s s  and t l ~ c  scnmcl coordinat,e 1 is a niissing point for $?. 

Tllr l)roc'oss starting fro111 tlitx sot~rre  (13.3) gives the s a n e  elenieiit~s (in a different 
ortlrring). and liirs (2. 0) as sink. The niasimal e1enie:it (0, 0) to the left of (2.0) 
alrexly ;rppfwtvl i l l  tlie proccss. and tlie first coodillate 2 is a ~nissing point 
for (3,. 

Example 6 Let R = k + kit:! 0) + k(0. u" + t6k[[t]] x u''k[[u]l. Then S and 
li are as ill Figure G .  There are processes starting from (1: 4). (4 .4) ,  (6,0) and 
fro111 (0.4).  The first two sources give rise to  trivial processes, but a(') = (6,O) 
or a ( ~ !  = ( 0 , 4 )  gi1.e~ a ( ' )  = (0.0) and of') = (3.3) (the sink). Here the first 

coordinate 3 is a 111issi11g point for Q~ and the secoiid coordinate 3 is a n~issing 
poilit for 0 2 .  

Example 7 Helr n e  use the ling fio111 Esanlple 4 The (unique) source 
0'") = (10.4) gi\es n ( l )  = (7.4) a(?' = (2.6)- a(3) = (2.5). arid n(" = (7.5) 
(the sink). H e ~ e  both t h r  rnaxinial clement (7,4) under a(" and (2 , s )  to  the 
left of a (  '1 ale  a l~eady  used in tlie plocess. 

Remark B A more precise description of the process could be done in t,ernis 
of coortli~~ates of the elen~ents a i i J  of tlie process. Suppose gl, - xl  is a niissing 
point for dl .  Then: n(Oi = (3.' .  g2, + 1). a(') = (q . s 2 ) ,  a(') = (gl, - 21, g2* - 
~ . ) ) , ( k ( "  = (gl* - . Z l  - F1.g~. - :CZ) .Q(~)  = (XI + F ~ > X ~ ) , C ! ( ~ )  = ( z ~  + E 1 , X z  - 
€21 ,  ~ ( ~ 1  = (g17 - .r1 - € 1 .  y'* - z:! + ~ g ) , a ( ' )  = (gl, - rl - €1 - ~ y ; g e *  - ~2 + 
f2 ) . ( .1 (8 )  = (XI + C I  + E ~ . S ?  - 6 2 )  a.s.0. (Mere x ? . E ~  E N arid ~i > 0.) Notice 
that a m  ~ i a t u ~ a l  nunihe~ may not occul more than twice as the first (second, 
resp.) coordinate of the elements a ( ' )  of a process. This follows from the fact 
that tlie e l e m e ~ ~ t s  d') ale  ~ n a x i n ~ a l  elements in S or I{. hloreover, if for any 
1 E N, a(') = ( n  j'). cx;'). for any k 2 1 we have the followi~ig equalities: 
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Fig. 5 .  The \due sernigioup 
of tlir ring in Esalnple 5 .  

Fig. 6. TI:? valw seniigronp 
of the ring in Esarnple 6. 

Filially not,icc that nil)  = a!') arid ct;') = g,, - 1 . r  is different frorrl cuj"'. for 
ally 1 1  # 2. sinre glt - .[:I is a ~liissilig point for 41. If the process starts from a 
111issirlg point for d?, we get similarly: 
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Lemma 3.2 I f  a process stops at the sznk a("') = (al, a2) and z f d L )  = (al ,  a;) 
and a(J)  = (a;, a ? ) ,  for some i ,  j < 211, then a1 = g1,/2 or a2 = g 2 . / 2 .  

Proof. IVe can assume that the process starts from a missing point for 41. 
Given a process ( ~ ( ~ 1 ~ .  . . , ~ y ( ~ " ) ) ~  for any 1 < k 5 11)  the first or second 
coordinate of (I(") appeared as the first (second, resp.) coordinate of (cf. 
Remark B). Suppose that 211  = 4k + 2 ,  for some k  >_ 1. Then a j"'i+2) = a j"k-l', 
By hypot~hesis n e  have that  there exists in the process a(j) = (a j"). a;)), with 

j < 4k + 2 = 211 and a!) = aYk+?). Since any natural number may not occur 
more than twice as t,he second coordinate of the elements in a process and since, 
for any k  2 1, the equalities (A) in Remark B hold, necessarily j = 41; + 1. By 
coiistructio~i. a('") = g* - ~ ( ~ " - l )  - - 9, - a(4k+1) and so a y  = a.2 = g?* - a2, 
i.e., nr = 9.*/2. Arguing in a siliiilar way and using equalities (B) of Remark 
B. nr get c ~ j ' l ' "  = (11  = g1*/2, if 211 = 4k .  for some k > 1. 

Notic13 that .  if n = ( ( I ]  . ( t L )  is a niaxinial elelnent in S which is not r~iaxi~na:  
in Ii, t h m  the follo~viilg ~ollilitiolls hold: 

1') (trl .  g ~ ,  + 1) iq a source 01 tliere exists one (and only one) nlasimal element 
ill Ii (th<lt 1s not 111 S )  3 = ( ( a I .  a ; )  ivitli a> > nz ('.above a"). 

2') (!]I. + 1, n a )  is a. source or there exists one (and only one) maximal element 
in Ii ( that  is not in S) B = ((a',: a?) ~ i t h  a; > al ("to the right of a"). 

Suppose that (I('") = Ji0' is the sink of a ~io~ltr ivial  process. Recalling Propo- 
sition 3.1, we can iriductivelj- defilie a backwards process setting: 
. j ( ? k + l I  - - g, - ,ji?k) 

J(2A.+?l . 1s a maximal ele~iieiit ill I< (that is not in S) above or t,o the right of 
;3('"+') ;\lit1 sllc11 that ,J'"f'i # J'). for i < 21; + 1. If such a $("+a does not 
exist. wr say that tlie backnards process stops, 

If (al. (I?) is a sink. tlicn at  least one cvi is either a niissing point for ~i or 
equal to  ! l i * / 2 .  In both cases it f'ol1on.s t,hat the backwards process is uriivocally 
tlefil~etl, and it giws the elemelits of the process startir:g ill $'"-') i11 the reverse 
order. i,e.. , l ( O )  = c r ( r n ) ,  , , , , ij('n-!) - - a('). It stops a t  a(') = (al ,  az) under 

the source (al .  g?, + 1) or to tlie left of the source (g,, + I ,  a,,). 

Lemma 3.3 If two processes starting from d igwen t  sources a(') and a'''' haue 
t 1 1 ~  s a w  ~znk .  t h m  the length of both processes 1:s 2 and at1) = a'(", a(') = 
n.'") 

Proof. If the length of a process is 271 > 4, then the backwards process starting 
fiom the sink = a(2") ~vdl  stop at  a(') = d2"-l) that  either has a source 
above and tlie elelllellt c2 (J )  = $'"-") to  tlie right or has a source to  the right 
and the element a(') = J(2"-4) above. In any case the soulce we get is unique. 

Lemma 3.4 I f  the sink of u process is a("') = (al,  az)  is such that a1 = g1,/2 
or 02 = 92,/2, then  its source is unique. 
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Proof. Suppose the sink is a("" = (g11,/2,a2). If the length of the process 
is 2 we get tlie unique source (gl, + 1. yz, - 02). If the length of tlie process 
is > 2, we can apply Lemma 3.3. The argunlent is analogous if the sink is 
a!')'L' = (a1,g2*/2). 

Proposition 3.5 Every ir~axirr~al element i n  I<, that  is not  i n  S, occurs as 
soiue d 2 k ) ,  for some k 2 1 ,  i n  some process. Every inaxiinal eleinent i n  S, 
that  is not  a inasirual element i n  I< occurs as some a(""-'), for some k > 1 ,  i n  
some process. 

Proof. Let a = !a1,a2) be a maximal element in I<, (Y $! S .  Suppose first 
that  n l  > g1,/2 and < 9?,/2. Apply the backwards process starting from 
R(O) = a .  In this case at 13(') = g, - Pi0) tlie backwards process is not nec- 
essarily  mir roc ally defined. Let.s choose for 8" the maxi~nal  element in I< 
(not in S) nbow d l ' .  (If a h o w  ,l( ') there is no maximal elenient of K ,  but  
a solucc.. we are tlouc.) IYith these choices of do) ant1 8('), as is easily seen, 
the 11ackn.ards process is m i ~ o c a l l y  defined. Since the second coordinat'e of 
l j ( ~ ,  ~ 1 6 1  . . . .  I ,  j' '" .f '",  . . . and tlic' first coordinatr of d('), ,j('). . . . i j (4k) ,  . . . 
gi1.e two strictlj. i ~ r r r a s i n g  s~cluclicc~s of 11atura1 nunil,ers, after a finite num- 
ber of s t tys  we niust reach A sourw. So in this case a will appear in the process 
starting fi-on~ that source. If a1 < g1*/2 and a? > g2,/2: a similar argument 
works. choosing ij!') to the right of 3 ( ' ) .  Now suppose that  cr is a maximal 
elenient in Ii (not maximal ill S) ~vithout any other assumption. Apply the 
backn-artls process starting frorn (I!'! = a. . i s  before there are possibly two 
choices for J!"). Let's choose a )Ii') arid go ahead with the backwards process 
that  is now mivocally defined. If the 1)ackwards process stops finding a source, 
our ~ l e m w t  N ~vill 0 ~ ~ 1 1 ~  in the prowss starting from that source. Otherwise 
it will stop a t  ,jG"'+') - - (,Il .  A )  such that,  for some i .  j 5 2k. ,0(" = (O;, &) 
and d ( J )  = (J1, ; j i ) .  Arguing as in the proof of Lenin~a 3.2, we easily get that  
/j1 = 91.12 or 32 = g2,/2. Now apply the process starting from a ( ' )  = ,/3iag), 
i ,e,  coI,si,jer c,(2!  = y* -,-t! I !. - ( 3 )  L l - -  

ct it3 Ll l r  uld:iinia: deiiieiit iii S to  the l ~ f t  of a('), 
if dl = 91,/2 (resp. a("' as the n ~ a x i n ~ a l  element in S under a(" if /3 2 - - g2*/2) 
and so 011. K e  h a w  (I!""+') = a.  since lvit11 this process we get in reverse order 
the elen~twts of the baclwartls process (0  = . . . , fi!'hl) ). AIoreover any 
*(2k )  - - (al. n2) of this process satisfies one of the following conditions: 
a )  n l  > yl, and n ?  < fi.12 
11) a 1  < gl r  aiid a' > g9.12. 
So (1 will occur in some process, by the first part of the proof. 

Corollary 3.6 Let CI he a mmirrm1 element in Ii. T h e n  the following are equiv- 
alent: 
i) n $! S .  
i i )  o = a(") for some  proc~ss  . . . . c d 2 " ) )  of S and some k ,  1 5 k < 11. 

iii) g, - a i s  not  a inasimal element i n  Ii. 

Corollary 3.7 Let n be a rnazirrlal element i n  S .  T h e n  the following are equiv- 
alent: 
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i) N is  n o t  n rrraxirrml eleinent i n  Ii. 
i i )  (t = Q ( ~ ~ - ~ )  for so'rrle pvocess { c u ( O ) .  . . . ,a( '")}  of S and  s o m e  k ,  1 5 k 5 11. 

i i i )  g* - LI $! S. 

\Ye call the niasirnal elements in Ii (in S ,  resp.) that satisfy the equivalent 
conditions in Corollaiy 3.G (Corollary 3.7, ~esp . )  the a s y n m e t v z c  maximal ele- 
nirnts in Ii (in S, resp.). It follows fioin the corollaries above, that the maximal 
elenients in Ii which are not asylnnietric coincides with the maximal elements 
hi S wliic li ale not asyninietric. \Ye call these maximal elements syminetrzc.  

Example 8 In the ring R of Example 4 we hare four maximal elements in S ,  
t,wo are syiiirnetric and two a s p n ~ e t r i c .  The sanie happens for the niaxirnal 
el~nients ill Ii. 111 the ring of Esalnple 5 we have three maximal eleirients in S 
and they are all ;~syl~llnetric. The same llappens for the inasin~al elenients of 
Ii . 

Proposition 3.8 Let 71.. . . , >,, be the asymmetr ic  nlaziinal e lements  in I<, 
and let  J 1 ; .  . . .dl,, be the s o w c e s  of S. Let  xi E UJ, u(zi)  = ? i t  i = 1,. . . . n ,  and 
let y j  E dv', u ( y J )  = 6,. j = 1..  . . , ril. T h e n  w = R + Rzl  + . . . + Rx,, + Ryl + 
. . . + Ry,,, . 

Proof. Let J = R + R.rl + . . + R.r,, + Ryl + . .  . + Ry ,,,. It follows from 
Lemlria 2.1 that t l( .J) = I i .  Since J C J. we get equality from Proposition 2.7. 

Proof. Let's prove a ) .  Since Ii(S1) = {z E Z / gl - z $ S1}, we 1ial.e that 
2 - $ I *  + 91 E I((S1) if and only if 91, - z $! S1. This is equivalent to - 

z. -1) = fl .  i.e.(z,gr, + 1) E I i .  Poilit b) is proved similarly. 

Proposition 3.10 L r t  t (R)  $(RIP,) ,  resp.) be the CM type of R (of RIP,,  
~ P S Z )  ) T h e n .  
t (R)  5 1 + t (R /P l )  + t (X/P2) + Caitl{asy~nniet~ic ~nasinial elenients in I<).  

Proof. Lvt t !  = t (R/P!)  mtl  let z ! .  . . . . zt, be a n~ini:nal set of generators - 
for ~ ~ 1 .  tlw cal~onita! ideal of R/Pl .  RIP1 C ~1 5 R/Pl ,  and let vl(zj) = 
dj ,  j = 1 , .  . . , t l .  Let :r l . .  . . , z t ,  be elements of w such that zj(zj)  = (hj  + 
91. - gl,gl* + 1). j = 1:.  . . , t l .  (By Lemma 3.9 these are values in I<.) In 
a similar way let a.;, . . . ,.&. with t2 = t (R/fi) ,  be elements of w such that, 
for j = 1. . . . , f q ,  Z~(Z:) = (91, + 1: 65), where b(, are the vz-values of a minimal - 
set of generators for ~ 2 ,  the canonical ideal of R/%, RIP2 E w2 R/&. 
Let finally / / I , .  . . . y,,, be elenients of w of values 71:. . . ; y,,, where y l , .  . . , y,, 
are thc asylnn~etric n~asinial elenlents in I<. Consider the fractional ideal J of 
R gc~ieratetl hy  1. X I .  . . . . .''ti . .r:. . . . . xi?, ,y1, . . . , y,,, . By Lenlnla 3.9. for any 
source ( s t ,  y?* + I )  of S = v(R)  (g,, + 1. s,), resp.) tliere is an elenlent z E J 
wit11 1'1 ( . I . )  = .sl ( I - ~ ( . I . )  = s 2 :  resp.). so using Le!nr~ia 2.1 x e  get ill ? u f ( , J )  a!! the 
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soulces of S. By Proposition 3.8 we get J = W. Since t ( R )  is the cardinality of 
a nii~iinlal set of genelators for w, we get the inequality of the statement. 

Example 9 Tlie inequality in Propositioll 3.10 can be an equality as the 
following exannple sliows. Let R = k + k(t2,u ')  + t 3 k [ [ f ] ]  x u 3 k [ [ u ] ] .  Then 
S = {(O,O)}  U { ( 2 . 2 ) }  U 1.1. E N2 $' .r 2 ( 3 , 3 ) ) .  K e  have t ( R j P 1 )  = t ( R / P l )  = 1 
and tliele are no as~rr i rnet~ic  nlasirnal elements in I<, thus 1  + t ( R / P l )  + 
t ( R / P 2 )  + Card{asymmetric maximal elements in K )  = 1 + 1  + 1 + 0 = 3 .  
It  is easily checked that 111. : m = k  + ( t , u ) k [ [ t ] ]  x k [ [ u ] ] .  so a(m : m) = 
( 0 , O ) )  U { x  E N2 1 ~.r > ( 1 , l ) ) .  By Proposition 2.7 we get t ( R )  = l R ( m  : 
m / R )  = L , ( , ,  , , , , (3.3) - L , ( ~ ) ( 3 . 3 )  = 5 - 2  = 3. 

4 Maximality 

If for any strict o\wring T  of R. R c T R. tlie conductor T  : ii is strictly 
larger than C = R : R.  we say that R  is rnazirrd wit11 fixed conductor (hIlVFC). 
It was slionn in IB-F 97'. Propositions 2 and 41 tliat Gorenstein and Kunz rings 
are ;\I\YFC. 111 caw R is analytically irreducible (i.e.. d = I) ,  these are the only 
rings nliicll are ;\I!\-FC. r f .  [B-F 97'. Tlieorem I ] .  \ l e  will lion. determilie which 
rings with two ~iliiiilnal primes tliat are IIIYFC. TVe will use the construction 
of tlie pl.oc:eses of last section. \Ye need some preliminaries. 

Lemma 4.1 Lpt T hr (10 o w n ~ i i g  of R ,  R 5 T R ,  und let Ii be the cnnor~zral 
zdr (11 of S = v(R) Then 11(Tj I< tf and only zf R R = T R 

Proof. It is deal  that R : R C_ T  : R. If P ( T )  C_ I<, then, since by Lemnia 2.14 
A"(!/,) = 0. n-e have v ( T )  n -lri(D,) = AL(T) (S . )  = 0. Conversely let R : R = 
T : R. If c ( f )  $ Zen. for some t E T ,  then there is an element I. E R  with 
~ ( 1 . )  E - l ' ( R ) ( y *  - ~ ( t ) ) .  lience ~ ( r t )  E - ! ~ ~ ( ~ ) ( y , ) ,  so T lias larger conductor 
than R. 

T T 7  
\ \  e n-iii use this kiiinia in several im-ys. 

Lern~na 4.1.1 If y, @ S ,  then R is not MWFC. 

Proof. I11 fact if we estend R to R [ r ] ,  where x  is any element of R of value g,. 
then v ( R [ x ] )  = S u {g , )  C_ I<. 

Lemma 4.1.2 If J E Ii \ S and 2 ~  E u(C) ,  then R is not MWFC.  

Proof. If u ( r )  = .r, then R[.c] = { r O + r l x  1 I-, E R, 1 = 1 , 2 ) .  Thus v ( R [ x ] )  I<. 

Lernma 4.1.3 If (1 i s  a  ~r~iss ing poiuf for a  < g1,/2 (or b is a  missing point 
for $2,  b  < gs,/2),  then R is not MWrFC. 

Proof. By Lemma 2.16. g, - (a .  -1) E Ii\S and furthermore 2(g,  - (a, - 1 ) )  E 
v(C). SO we can apply Lenllila 4.1.2. 

Lemma 4.1.4 Suppose cr is a  inazimal element of S but not maximal i n  I<. If 
a < 9-12, then R is  not M w F C .  
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Proof. Suppose cu < 9,/2.  We liave g, -a E I<\ S and furthermore 2(g,  - a )  E 
v(C). So we can apply Lemliia 4.1.2. 

Lemma 4.1.5 If hoth gl ,  and g2* a1.e even and g , /2  6 S ,  and furthermore 
3om.e element r  E R witli u ( r )  = g, is a square (mod C )  of a n  element i n  R, 
tlrerr. R is not MWFC.  

Proof. Suppose I .  E R, v ( r )  = g,. and r. + c = z 2 , c  E C ,  for some element 
z E R. Then R[z] = {ro + 1.12 I r ,  E R , i  = 1 , 2 ) .  Hence, since g,/2 E K, 
v(R[z]) c I i .  

Lemma 4.2 Suppose that R is M W F C  and that a: = ( a l ,  a z )  is a sink. Then 
ei&r (11 = g1 , /2  07. (12 = 92,/2. 

Proof. 13y Le~ii~i in 4.1.3. Lelrinia 2.16 (and sy~rilnetry) we can assume that  a 
sorirce lins coordinates do) = (xl.g2, + 1 )  ~vi th  .zl 5 g1*/2. If x 1  = g1, /2  
the procoss startillg fro111 that source is trivial and we are done. Otherwise if 
a( ') = ( . r 1 . x 2 ) .  then, by Lenniia 4.1.4, ze > y2,/2. If 2 2  = gz,/2,  then a(') = 
(gl.-.cl. g.2,/2) is tlie sink and we are done. Otherwise ai" = ( g l l , - x l , , g z * - ~ 2 )  
nit,h gl. - J - I  > 91,/2 and 9.2, -T? < g2,/2. .4s above, by Lemma 4.1.3, glc - x2  is 
not a missing point for Q ~ ,  and a(3) = ( g l ,  - X I  - e l .  g2* - Q). By Lemma 4.1.4 
we have 91, - .rl - €1 > g1,/2 a.s.0. Since the sequence of first coordinates 
in a ( 0 ) . o ( 4 ) .  o ( ~ ) ,  . . . strictly increases and its terms are all 5 g1,/2 and the 
sequelice of second coordinates in n i 2 J ,  a( ' ' ) .  . . . also strictly increases and 
its terms are all 5 y2,/2. we must elltl up on n. = ( o l . a 2 ) ,  with cul = g1,/2 or 
cu:! = 9.2*/2. 

Proof. Suppose that R is hl\YFC and that  i ~ ( w / R )  > 2. B y  Lemnia 2.16 
aild Proposition 2.17, there are a t  least three sources, and by Leninla 4.2 and 
Leiiima 3.4 they have diff~i.eiit siiilts ( a l !  o r )  i ~ i i h  n l  = g1,/2 or a2 = y2,/2.  
lye can not liave two different sinks on the same horizonta! or vertical line, so 
\vc3 get a coiltratlictiori. 

If R is Gorenstei~i, then I i  = ,S and hence all maximal elements in S (or in 
I i )  are s!mmetric. This fact was aheatly shown in [G 82, Theorem 121. \Ye can 
estentl this to: 

Corollary 4.4 Sl~ppose that R satisfies one of the following co7~ditions: 
a )  R is Go~.er~steirl. 
b )  R is KILPLZ with y1,/2 a rr~issirlg point for C j l  (or g2,/2 a missing point for 
62). 
c )  R i s  IIIWFC with both g1,/2 and 92,/2 as m i s s i ~ ~ g  points. 
Tlren eriery ~ l r u z i ~ ~ l a l  elerrwilt i n  I i  i s  symmetric, he~zce belongs to  S .  

Proof. There are no nontrivial processes, so we can apply Corollary 3.6 .  

Corollary 4.5 Suppose that R I F  MWFC and thot 0 8s a ma~zrna! e!ement 2n 
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I i .  If N > g,/2 01. zf a < g,/2, then a as a symmetric maximal element, hence 
a E S. 

Proof. By Proposition 3.5, every maximal elenient in Ii \ S appears in some 
process. If R is iLlWFC. then no element a with a > g,/2 or N < g,/2 appears 
in some process (cf. the proof of Lemma 4.2). 

Theorem 4.6 R is MWFC if and only if one (and only one) of the following 
possibilities happens: 
I) R is Gor.enstein. 
2) R Rs Kunz. 
3) a ~ i d  a w  both cueii,. g, E S ,  lmt no element 7. E R with v(r) = g, is a 
sq,irc~w firloti C )  of (1~1 r k r i l ~ n t  in R ,  and lR(w/R,) = 2. 

Proof. If R is Gorenstein or I iu~ iz .  then R is hITT'FCI cf. [B-F 9 7 ,  Theorem 
11. Suppose 91, a i d  g2,  are botli even, that no element I. E R with ~ ( r )  = g, 
is a square (mod C )  of an element in R: and lR(w/R) = 2. Now suppose 
T is a st,rict overring of R with R : R = T : = C .  Then l R ( R / C )  = 
lRlc(R/C) < lTIC(T/C) l ~ ( T / c ) ,  cf. [B-F 97', Lemma 31. We also have 
lT(R/T)  5 IR(R/T)  5 l R ( R / R )  - 1. Since lR(w/R) = l ~ ( i i / R )  - ZR(R/C) = 2 
we get lT(R/T) - IT(T/C)  5 0.  or any ring .-I: we have 1,4(.3/A) - l.4(d/.4 : 
-4) 2 0, n-it11 equality if and only if .-1 is Gorenstein. Hence all inequalities above 
a r r  qual i t ies  and T is Gorenst~in.  Since T is Gorenstein. u(T) is sy~nmetric. 
Siiice l " ( T i ( g , )  = 0 (rf. Leni~na 2.10), then also A 1 ' ( ~ ) ( g , / 2 )  = 0, hence the 
symmetry of v(T) implies that g,/2 E I ! (T) .  Take t E T with v( t)  = g,/2, and let 
r E R be of value g,. Tlien, for some unit u E R I P l ,  we get r - u t 2  E Ail"(T)(g,), 
which is a contraclictio~i to  AL' (T) (g i l )  = 0. Thus R is hlTIrFC also in t,his case. 

For tlie converse we assume that R is AISI'FC. First assume that  gl, + 92, 
is odd. Suppose that  gi, is even (tile other case follows similarly). Lemma 4.2 
gives that  the sinks are on tlie line :c = g1,/2, so there is only one sink, hence, 
by Lenima 4.2 and Lelrilna 3.4, S = v(R) has a unique source, i.e., by Corol- 
iary 2.20. R is liuiiz. Xest assume that  gl, and g2* are both odd. Lemma 4.2 
gives that  there are no sinks, hence no sources, and so, by Corollary 2.19, R is 
Gorenstein. Now assume that gl, and ge, are both even. \Ye claim that ,  if R is 
not Gorelistein. t~licli 0.12 E I< \ 5'. By Proposition 2.17 and Corollary 2.19, if 
R is not Gorenstein, n-e have at  least two missing points (R  is not Kunz since 
gl, +a* is even). If g1,/2 is a missing point for d l  and 99,/2 is a missing point 
for Q, we get 9,/2 E Ii \ S. If g1,/2 is a missing point for $1 and g2,/2 is not 
a missing point for &, then Lemma 4.2 gives a sink (a,g2,/2) with a > g1,/2, 
which again gives g,/2 E Ii \ S. If neither g1,/2 is a niissing point for q51, 
nor 92,/2 is a missing point for 42, then Lemma 4.2 gives two sinks (a,g2,/2) 
wit11 a > g1,/2 and (g1,/2, b) with b > g..,/2. This gives, by Lemma 2.1, that  
9,/2 E I i .  Of course 9,/2 4 S also in this case. Now assume that  R is MWFC, 
that  gl,, g2, are botli even. and that  R is not Gorenstein. \Ye must show that  R 
satisfies tlie coliditions in 3) in the statement of the theorem. By Lemma 4.1.1 
we have g, E S. If some ele~nent I. E R of value g, is a square (mod C )  of a n  
elenient in 3, then, since (as we showed above) g,/2 E IC \ S, by Lemma 4.1.5 
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we get a contradiction. Thus no element in R of value g, is a square (mod C )  of 
an elenleiit in R .  \Ye noticed ahratly that there are a t  least two missing points, 
i f . .  lR(&,/R) 2 2 (cf. Propositioll 2.17). By Lenlma 4.3, we get l ~ ( w / R )  = 2. 

\Ye note that our conditioli that an elernent r E R of d u e  g, has a square 
root (mod C) is always satisfied in the important special case when R / m  is 
algebraically closed. Hence we have: 

Corollary 4.7 If Rl in  is algebraically closed, then R is MWFC if and only if 
R is Gorerlstein or Kvrlz. 

\Ye now give an esan~ple  of a ring \vliich is N\VFC but not Gorenstein or 
Kunz. 

Example 10 Let 1.1 . Q[[.r. y. z .  0 .  to]] -t Q[[ tJ .  t " ,  t']], .r ++ t 3 ,  y ++ 0 .  z I-t 

2 t 4 , t > c +  t 5 , u : -  t\ aancllet ~~2 Q [ [ c , y , z , v , w ] ]  - - t Q [ [ u 3 , u " , u 5 ] ] , z ~ 0 , y ~  
u3 .  z ++ u 4 .  1 1  H uG.  1 ~ '  i--f ui. and let R = Q[[z . y .  2 , ~ .  w]]/Ker($~l) n Ker(w2) = 
Q[[x . y ,  z  I ~ . I ~ ] ] / (  r' -nV. ~ ' - ~ x ~ . ~ u - ~ E w . ~ u ~ - z I u ,  y ) n ( x ,  y ~ u , ~ ~ - y w , y u -  
Z I P .  21) - rv2) The seniigloup of ~ a l u e s  is depicted in F i g u ~ e  7.  According t o  
Theoreni 4 6. R is i\lMTFC. In fact, for any element z E R lvith u ( z )  = g,/2 = 
(2.2) ,  we hale  z" R If, in this example. we leplace Q with @. according t o  
Colollar I 4.7. the t olr esponding ling is not LIIVFC' 

If R is Goielistein. then = R If R is Iiunz, then d = R + R x  for any 
elrnii~iit .I. E J \ R, sillre I n ( d / R )  = 1 \Ye now give a rninirnal generating set 
for ;if R is hIn7FC ni th lrc(;/R) = 2  

Proposition 4.8 Suppos~  that R 29 MWFC and l R ( d / R )  = 2. If Z I , Z ~  E w 
and L ~ ( z ~ ) ,  z1( r2 )  ale the two sz~lks of S = v(R), then w = R + Rxl  + RXL.  

Proof. By Proposition 3.8, we have to show that every asymmetric rnaxi~nal 
element in K and every source of S belong t o  E = u(R + R z l  + RQ).  Let 
a = ( n l , m )  1 1 ~  a11 asyn11netl.i~ niaxinial element of I{ or a source. Suppose that 
c?? 2 :;.?,/2. Lct 's arg::e hy ind::ct,io!l on nz. If a:! = g2*/2, the11 cr = (a ; ,  a;) 
is a sink. so r s ( . u l )  = n or v(.r2) = n, and so a E E. The inductive step: 
If n = (g1*/2.p,  + 1). then cu is a sink so cu E E. If a # (gll/2,&* + l), 
hy constructioli a = ct("') is above the niaxiinal elenient in 5'. Since 
a ( 2 ~ ~ + ~ )  is not a niasiriial elenielit in I<, there is, to the right of a('"f'), an 

asynlnietric niasiiiial elenient in I< that ,  by the inductive hypothesis, is in E. 
So. by Leninia 2.3. there exists an element y E E, a('n+') < y < - If 
7 # Q("'). then 7 is not a niaxinial elenient in I(, so t o  the right of y there is an 
asj-ninietric maximal element in I( or an element of S, in any case an element 
in E. Again, hy Lemma 2.3. there exists an elenient y' E E, y < y' < a("). In 
this \Yay. after a finite nunher  of steps, we get a("') E E. If, on the other hand, 
ct = ( o l , n ? )  and (12 < 9?*/2, then 01 2 g1,/2 (cf. Lemma 4.1.4) and we can 
argue in a similar \vay on 0 1 .  So the proof is complete. 

111 [B-F 971 the coricrpt of almost Gorertstein ring was introduced. A ring 
R is called alniost Gorenstein if l ~ ( i i / R )  = ~ R ( R / C )  + type(R) - 1: and it was 
shown in [B-F 97, Proposition 201 that R is alniost Zoreristein if and only if 

= :u, x::! ds:: if i%:l:! GI:!;. if ty;:e(R) = l R ( d /  
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Fig. 7. T 1 i ~  value. scmigroup of t,lie ring in Example 10. 

Corollary 4.9 If R is MWFC with lR(w/R) = 2, then R is almost Gorenstein 
of type 3. 

Proof .  Let .r be one of tlie t h e e  generators of w given in Proposition 4.8. 
In each case it is pas\. to see that n1.c C m. Hence 7nw = m, so R is almost 
Golrnstein by [B-F 97. Proposition 201. By the same proposition in [B-F 971 
we get typc(R) = l ~ ( d / R )  + 1 = 3. 

Propos i t ion  4.10 R I S  I1/IWFC zf and only zf R has a unique minimal overring. 

Proof .  Let R be hIWFC. Thus, if T is an overring of R,  T : R strictly contains 
R : R and so AS(g,) C v ( T ) .  011 tlie other hand, if x E R with Z J ( X )  E 
tlic~n u(R[.c]) 2 AS(u , )  a11d R[.c] = R[y], if y is another element of R, with 
V ( Y )  E ~ ~ ( u * ) .  It follows that R[.r] = R + R z  is the unique mininlal overring of 
R. Conversely, suppose R has a unique ~iiinimal overring. If R is not AIIVFC, 
lye can enlarge R at  least in two different ways. Either by adjoining an element 
x E R. r i t h  v(.I-) E AS(u,) (and in this way the conductor of the new ring is 
stlictly larger tlian the conductor of R),  or by taking a minimal overring with 
the .;anle conductol. 

5 Overrings 

As hefore we denote tlie niasinial ideals in the integral closure of R by nl, nz. 
We have that v ( R )  = N2 arid that, if T is an intermediate ring between R and 
R. then o(R) C v ( T )  E N2. hIoreover T is local if and only if nl n T = 112 n T.  
Notice that, if r E R and v(r )  = (o l .  0 2 ) ,  then a ,  > 0 if and only if r E 71,. So the 
ring T is loral if and only if A"(T)(O. 0) = 0. Recall that the seminormalization 
R+ of R (in R) is the largest overring T of R (in R) such that: 

i) For eac-ti P E Spec(R), there is exactly one Q E Spec(T) above P. 
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ii) The canonical honiomorpliislii k(P)  -+ k(Q) is an isomorphism (where 
k ( P )  = R p / P R p  and k(Q) = TQ/QTQ), 

(cf. [T 70. (1.1)]). In our hypotheses, for each mininial prime Pi, i = 1 , 2 ,  of 
R. there is exactly one prime pi of R above Pi! they are in fact pl = 0 x Vl 
and pa = 12 x 0, resp. Since Rlpi  E 15 and the quotient field of Rlpi is the 
quotient field of of 1;. x e  get that conditions i) and ii) are satisfied for the 
minimal prinies of R. It follows that the overring T is the seminormalization of 
R if and o n 1  if coliditions i) and ii) are satified for the maximal ideal rn of R. 
Thus: since R is residually rational. the overring T of R satisfies conditions i) 
and ii) if arid only if T is local. We collect this in a lemma. 

Lernnia 5 .1  Let T be an ozrer~~rng of R ,  T E fi. 
a )  T h e  sr~~rlz~~,oi~nac~Iizc~tioi~ Rf of R R i .  tthe ~na:cirr~al local overring of R i n  R and 
Rf = R + ( 1 1  n I ! , )  = R + x dl,). 

b )  T h e  follo~wi~iy w e  equiiinler~t: 
i j  T i s  local. 
i i )  T C R+.  
i i i )  L1'(T'(O. 0)  = f l .  
cj  The  follo,wir~y w e  e q u i d e n t :  
i )  R = Rf , i.e.. R is srmi11orinul. 
i i )  P(R)  = { ( O . O ) }  u {n E Z" .s 2 (1, I ) }  
z i ~ j  g*(R) = (0.0).  

Corollary 5.2 I I I  0111 l/r/pothesr~s, Rf zs a Go~ens t e zn  rzny wztll r(R+) = I and 
In+ (Rf /Cn+)  = 1, lullue C p  = Rf : R. 

Proof. Since u(R+) = {(O,O)} U {.c I x 2 ( 1 ,  I)}, we haw that l R T ( ~ / R + )  = 
I l l +  ( R + / C )  = 1, cf. Colollaly 2.11. That i (R+)  = 1 follows from Proposi- 
tioli 2.12. 

Let n 6 FY2 and R ia )  = { I .  E R ~ ( 1 . )  2 a) as before. As usual we 
clenote R : R ( a )  by (R(a))-I  and ((R(0))-I)- '  by (R(a ) ) ,  . It is easy to 
clieck that (R(a ) ) - '  = R ( a )  : R ( a )  (and hence R(cu) is an overring) and that 
R ( a ) ,  = R(n) .  i.e.. R ( a )  is dirisorial In particular we Iiave that R(cu)-' is 
strictly la~gel  than R(  3)-',  if R ( a )  is strictly smaller than R(8).  TVith this 
notatioli we can obselve that: 

Proposition 5.3 Tlre ouerrmg (R(a))- '  zs local zf v(R(a))  contarns a maxzmal 
elrment.  If a E c(C) ,  tllerl (R(a))-I  zs not  local. 

Proof. Suppose L~(R(o))  contailis a ~iiaxiliial elenie~it /3 = (31,/3,). So there 
exists s E R. wit11 o(.r) = 2 a and AS($) = 0. If (R(o))-I  is not local, by 
Lemma Z.lI,), thele is an element y E (R(a)) - l ,  with v(y) = (yl,O), yl > 0 
(01 I , ( ? / )  = (0.32). *,? > 0). Therefore v(xy) E S alld ~ ( x y )  = u(x) + v(y) = 
(J1 + 71.d2) (01 t!(.ry) = (31, d? + 7 3 ) ) ,  a cont~adiction because AS($) = 0. If 
o E u(C),  then (R(a)) - '  = R, n-liich is not local. 
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Proposi t ion  5.5 The following are equivalent: 
i )  g, E S .  
22) R+ = R(g*)-l. 
iii) R+ = R(cu)-', for ,some o E N2. 
iv) Rt is a fractional divisorial ideal of R. 

Proof.  i)*ii): By Corollary 5.4. T = (R(g,))-i is local. Moreover T satisfies 
conditions i) and ii) of tlie definition of seniinorniality, tlius T C R+. Since 
u(T) = P(R+).  we get 11y Propositiol~ 2.7 that T = R+. 
ii)+iii) : Ininiediate. 
iii)*iv): Any ideal of the form R : I is dioisorial. 
iv)*i): If g, $ S, then R : R+ = R : R = C. Since (R+), = R : C = R and 
R+ is strictly contained in R, the seminormalization R+ is not divisorial in this 
case. 

Lemma 5.6 If y, E S and g, # (0: O), then m : m is local. In particular, if 
(R, rn) is Gorenstein and not seminormal or if (R,m) is Kunz, then m : m is 
local. 

Proof.  If g, E 5'. then g, is a niaximal element. We have g, E v(m) since 
g, # ( O , O ) ,  lience. by Proposition 5.3, 7n : m = R : m is local. We know that, 
if R is Gorenstein or Iiunz, then R is RIWFC. So. by Lemma 4.1.1, g, E S .  
RIoreow . if R is Iiunz, certainly g, # (0.0) and. if R is Gorenstein and not 
seminornial, also g, # (0.0) (cf. Lemma 5 .1~) ) .  

Proposit ion 5.7 The ri71.9 (R ,m)  with residue field k is Gorenstein and not 
seminom~al  if and only if In : nz lm 2 k[S]/(.Y"). 

Proof. If R is Golenstein and not seminormal then, by Lemma 5.6, m : m 
is local. \I'ith the same argument as in the proof of Proposition 6, (2)+(4), 
in [R-D-F 901, nv get that  eithw 111 . ~ n / m  E k [ X ] / ( S 1 )  or m : m/m is a 
two-diniensional field extension of k. But in tlie second case the ring R is 
not residually lational, in rontradiction to our hypotheses. Conversely, if m : 
111/111 N k [ S ] / ( S 2 )  then lR( in  : m/R) = 1, which gives tliat R is Gorenstein. 
RIoleovel if R is not seminornial, then, for any x E R and I -  E i n ,  v ( x r )  2 (1 .  I) ,  
so, 1)y Reniark .4 and Leninia 5.lc), .IT E in. Thus in  : m = R has two maximal 
id tds  and 111 : 1n/112 2 k [ S ] / ( S 2 )  is local, a contradiction. It follows that R is 
not seminorllial. 

Proposit ion 5.8 The ring ( R ,  nz) with residue field k is Kunz if and only if 
111 : m / m  - k [ X ] / ( X 3 ) .  

Proof.  By Lennna 5.6,  111 : ru is local. With the same argument as of the proof 
of Proposition 27 in [B-F 971, we get that m : m/m is isomorphic to one of 
k[.Y]/(X3), k ( S ,  I F ] / ( 1 ,  I-)', or a thee-dirnensional field extension of k. The 
second case is not possible, if R is Iiunz (cf. again the proof of Proposition 27 
in [B-F 971, at tlie end), the third is not possible since R is residually rational, 
hence R N k [ S j /  (ST ). For the other implication we note tliat type(R) = lR (m : 
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1 n 1 R )  = 2.  If R is not Ktinz, since typev(R) = 2. by Theorem 4.6, we get that  
R is not lI\YFC. By Proposition 4.10, R has at least two minimal overrings Tl 
and T2. Since TI. T2 C T ~ E  : in. we get, rnodulo I n ,  two minimal overlings of k in 
k [ S ] / ( S J ) ,  which is a contradiction, since k has a unique minimal overring in 
k [ S ] / ( S 3 ) ,  rian~ely k + k x 2 .  
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