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1 Introduction

This paper deals with one-dimensional, local, Noetherian, reduced rings (R, m)
such that the integral closure R is a finite R-module. The fact that R is a fi-
nite R-module is equivalent to the fact that R is analytically unramified, which
means that the completion R (in the m-topology) is reduced, see [Ml 73, Theo-
rem 10.2]. The number d of minimal primes in R equals the number of maximal
ideals in R for a one-dimensional CM-ring R, see e. g. [Ka 86]. In particular,
if R is analytically unramnified, then R is analytically irreducible (i. e. Risa
domain) if and only if R is local, i.e., d = 1. Since a local integrally closed
one-dimensional domain is a DVR, we see that in an analytically irreducible
domain every element has a value, and it is easy to see that the set of values
v(R) of nonzero elements constitute a numerical semigroup, i. e., a subset of
the natural numbers N which contains 0, is closed under addition, and has fi-
nite complement to N. In case (R.mn) is analytically irreducible with integral
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closure (1, Af) and furthermore is residually rational (i. e., B/m >~ V//M), the
semigroup of values tells a lot about the ring R. An example showing this is
the classical theorem by Kunz saying that an analytically irreducible, residually
rational. one-dimensional ring is Gorenstein if and only if its semigroup of values
is synunetrie, see [Ku 70]. We note that an important special case when (R, m)
is residually rational is when R/m is algebraically closed. Furthermore we note
that the condition residually rational is essential, since if R is not residually ra-
tional the semigroup of values tells almost nothing about the ring, indeed there
are analytically irreducible Gorenstein rings with any prescribed semigroup of
values, see [B-F 97", Proposition §].

Now let (R, m) be a local, one-dimensional, analytically unramified, residu-
ally rational ring such that its integral closure has d maximatl ideals. Then the
set of values of nonzerodivisors in R constitute a subsemigroup v(R) of N¢. Also
in this case the semigroup of values gives much information about the ring. Re-
call for instance that, if R/m is infinite, the Gorensteinness of R is characterized
by the semigroup v(R), see [C-D-K 94, Theorem 4.8] (in fact it suffices to assume
that R/m has at least d elements, see [D’A 97, Corollary 4.3]). The semigroup
of values of these kinds of rings have been studied in [G 82], [D 88], [C-D-K 94],
and [G-L 95]. Our object is to continue to study this class of rings by means
of their semigroup of values. Although some (but not all) our results could be
stated and proved for any d, we restrict in this paper to the case d = 2.

We now make a closer description of the content of this paper. In Section 2
we recall some known results about the semigroup of values § = v(R) of a
ring R, that satisfies our hypotheses, and we prove several new results. Some
numerical characters of S are introduced and put in relation with the numerical
semigroups S; = v;(R/P;),i = 1,2. The semigroup ideal v(P; + P) of S turns
out to be important in our description. In fact, fori = 1,2, J; = v;((Py+ )/ P;)
is a semigroup ideal of S; and the numerical characters of J; are used to give key
results. In terms of J; and S; we define the “missing points” of S (and the one-
to-one corresponding “sources” of §). The canonical ideal of R, which we denote
by w, is an important concept throughout the paper. We show that {p(w/R)
equals the number of missing points (cf. Proposition 2.17) and, computing it in
a different way. we get easy conditions for the ring to be Gorenstein or Kunz (cf.
Corollaries 2.19 and 2.20). We give at the end of the section a list of examples
of rings with their corresponding value semigroups and their pictures.

In Section 3 we make a closer study of K = v(w) and compare it to S = v(R).
There is a kind of numerical duality between the maximal elements in K and
in § (cf. Proposition 3.1). This duality is investigated more closely defining
“processes”, that starting fron: the “sources” of S touch all the non trivial (i.e.,
not already in S) maximal elements in K (cf. Proposition 3.5). This gives
a method to find a set of generators for w (cf. Proposition 3.8) and, since
the cardinality of a minimal set of generators for w equals the CM type of
R, this permits also to get an inequality involving the CM types of R and of
R/P;.i =1.2 (cf. Proposition 3.10).

In Section 4 we solve the following problem. For which rings R does every

strict overring T, & C T C R, have a larger conductor than R (in the inte-
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gral closure)? We call such rings R “Maximal with fixed conductor” (shortly
MWFC), and we notice that they are exactly the rings of our class with a unique
minimal overring (cf. Proposition 4.10). For analytically irreducible rings, the
answer is known to be the Gorenstein and the Kunz rings. In Section 4 this is
shown to be true also in the case of two minimal primes, provided that R/m is
algebraically closed (¢f. Corollary 4.7). but in general there are more examples
and these are classified (cf. Theorem 4.6 and Corollary 4.9).

In Section 5 we consider the value semigroup for overrings to a given ring
R, in particular the seminormalization of R. We study when an overring of
a given ring is local, and this permits us to give a characterization of a ring
(R.m) in order to be Gorenstein or Kunz, in terms of the ring (m : m)/m (cf.
Propositions 5.7 and 5.8).

1.1 Preliminaries

Throughout this paper we fix the following hypotheses and notation. Let (R, m)
be a reduced, local, Noetherian, one-dimensional ring; let R be the integral
closure of R in its total ring of quotients Q(R). We assumne that R is a finite
R-module and that it has two maximal ideals.

We also assume that R has two minimal primes P, and P,. Hence we
have that, for i = 1.2, each R/P; is analytically irreducible and that R =
R/P, x R/ P, (where R/P; is the integral closure of R/P; in its quotient field
Q(R/P;)). Since R/P; is a local, one-dimensional, integrally closed domain, it
is a DVR and we denote it by 17.

Let Af; = (t) and Al> = (u) be the maximal ideals of 1] and V2, respectively;
hence ny ~ A x 15 and n» ~ 17 x Al are the two maximal ideals of R. We
furthermore assume that R is residually rational, i. e. that R/m ~ R/n; ~
R/ns.

Let v; : Q(R/P) — Z, = Z U o be the valuation associated to V.
Since Q(R) = Q(R/P1) x Q(R/Py), for any z = (x1,22) € Q{R) we denote by
v(r) the element (v (ey) v2(w2)) € Z2,. If we restrict v to tie nonzerodivisors
NZ(Q(R)) of Q(R), then v(x) € Z2

We denote {v(r) | r € NZ(R)} by v(R) or by 5. Then S is an additive
subsemigroup of N which we call the value semigroup of R.

The assumption that R has two minimal primes makes notation much easier
and makes it possible to compute some numerical characters of the semigroup
S = v(R) in terms of the value sets of the minimal primes F;. However it
is possible to define v(R) also without this assumption (cf. [C-D-K 94]). On
the other hand the completion R of R has two minimal primes and its value
semigroup coincides with v(R), cf. [N 56] or [D’A 97]. Because of this fact, for
the general case, we can compute the numerical characters of v(R) considering
the completion of R and all the results of this paper hold (for more details,
cf. [D"A 977).

We always consider on N° (and on §) the partial order given by {a;,as) <
(81, B2y if and only if a; < 3, for i =1,2. We call E C Z? a relative semigroup
idealof SH E+SCEanda+ ECS, for some o € S.
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By a fractional ideal we always mean in this paper a regular fractional ideal,
i.e.. a fractional ideal containing a nonzero divisor. Since R is reduced, R has
a canonical ideal, cf. [H-K 71, Satz 6.21], i.e., a fractional ideal w, such that
w : (w: I} = I for each fractional ideal I of R. If w is a canonical ideal, then
wiw=Randlg(l/J)=Ig(w: Jj/w:I), where J C I are fractional ideals. We
can in our situation assume that R C w C R (cf. Corollary 2.2). Note that w
is not uniquely defined by this property but, by [D’A 97, Theorem 4.1}, the set
of values v(w) is. We denote v(w) C N? by K. Then K is a relative semigroup
ideal of S, and we call it the canonical ideal of S.

The type (or the CM-type) of a ring R is [g((R : m)/R). 1t is well known
that the type of R equals Ip(w/mw), the minimal number of generators for w.
Let C = R: R be the conductor of R in R. A Gorenstein ring is a ring of type
1. It is well known that R is Gorenstein if and only if Ir(R/C) = [r(R/R)
or if and only if Ix(w/R) = 0. We always have the inequality {r(R/R) <
IR(R/C) +type(R) — 1. of. [H-K 71. Satz 3.6]. A ring R is defined to be Kunz if
Tr(R/R) = lp(R/C) + 1 or equivalently lg(w/R) =1 (cf. [B-F 97, Proposition
21}). Kunz rings were introduced and studied in [B-D-F 97] in the analytically
irreducible case, and in [B-F 97] and [B-F 977 in the analytically unramified
case.

2 The semigroup of values

We will now recall some results on the semigroup of values for the kind of
rings we study, and prove some more. Some (but not all) of these results can be
stated in the general case of a ring with d minimal primes (cf. [C-D-K 84]. |G 82],
and [D°A 97]). Many of them are already in the literature, although not always
in the form or generality we will need them. So. for the convenience of the
reader, we prove them directly, in the case d = 2.

If I'is a fractional ideal of R, then v(I) = {v(r) | » € NZ{I)} is a relative
semigroup ideal of S. The following is a slight extension of {G 82, Property A}.

Lemma 2.1 Let I be a fractional ideal of R. If (a1, a2) and (3, B2) are ele-
ments in v(I), then (min(a;. 51), min{az. 52)) € v{I). In particular, any frac-
tional ideal of R has an element of smallest value.

Proof. Let & € R be such that ¢{r) = (a;,a2) and y € R such that v(y) =
(o). Hay # 30 and s # Fo, then v{z + y) = (min(ay, 31), min(as, B2)) €
v(I). Otherwise, if e.g. ay = 3 and a» < @, then (min{a;. F ), min(ay, B2)) =
(ovp.c2) € w(I).

Corollary 2.2 There is o canonical ideal w with R C w C R.

Proof. Let I be a canonical ideal of R and let x € I be an element of minimal
value. Then « = r~'] is a canonical ideal and R C w since 1 € w and since w
is an R-module. Since every element in w has a value bigger or equal to (0,0),
we have w C R.
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For any fractional ideal I and any « € Z? we define I{a) = {r € I | v(r) >
a}. It is clear that I(a) is a fractional ideal of R. Let I be a fractional ideal of
R and let E = o(I). For any o = (0, 2) € Z? we will denote by A#(a) the set
{B3€E|Bi=a;and 3; > a; if j#i},i=1,2, and we set AE(a) = Af(a)U
AF(q). An element a € E is called a mazimal element in E if A" (a) = 0.

The following is a slight generalization of [G 82, Property BJ.

Lemuma 2.3 Let I be a fractional ideal of R. If @ = (on,a0) € v(I) and
A;”)(a) # (0, then A.gm(a) # @ and vice versa.

Proof. Let @ = (cn1,a2) € v(I) and suppose (81, a2) € v(I) with 3, > a1.
Take 7, s € I such that v(r) = a and v(s) = (B1.a2). Since s and r have the
same value in Q(R/P:) and since R is residually rational, there is a unit » € R
such that » — as has value 3y > ay in Q(R/Ps), so v(r — 8) = (a1,52). The
vice versa is proved similarly.

Let I C J be fractional ideals of R. In order to compute the length Ip(J/I)
in terms of values, we need to generalize in a proper way [Ms 71, Proposi-
tion 1]. This proposition states, if (R,m) is an analytically irreducible, resid-
ually rational ving aund if I, C I, are fractional R-ideals, then Ig(fa/D1) =
Card(v(Is) \ v(I1)) where v(Z;) is the set (in fact the semigroup ideal) of values
of nonzero elements in I;. i = 1,2. The kev fact for the generalization to ana-
Ivtically unramified rings comes from [D 88, Proposition 1.11}. The following
formulation suits our needs.

Lemuma 2.4 Let J be a fractional ideal of R. For each a = (ay,02) € Z* we
have 1p(J () T{a+(1.0))) < 1 with equality if and only if J(a) # J{a+(1,0)).
Similarly 1p(J(@) /(e + (0,1))) < 1 with equality if and only if J(a) # J(a +
(0.1)).

Proof. Since mJ{a) C J(a + (1.0)}, V = J(a)/J{a + (1,0)) is a vector space
over R/m. Moveover, if r,5 € J{(a) \ J(a + (1,0)), then. as in the proof of
Lemma 2.3. there is a unit » € R such that r — zs € J{a + (1,0)), sor and s
represent linearly dependent elements of ¥ and dim 1" < 1. Of course dimV =0
if and only if J{a) = J(a + (1,0)).

Let C' = R : B be the conductor of B in R. Siuce R is finite over R, then C
contains a non-zero divisor. Moreover any ideal of R is principal and so C' = cR,
that is C consists of all elements in R of value > v(c). Let J be a fractional
ideal and let g = (g1 22) be its minimal value. Since JR C J, then JC C J
and so J contains all elements of R with value > p + v(c). For E = v(J) and
a€eZweset E(a) ={z € E|a>a} Let (u,p2) =¥ <oV <o <
o™ = a = (a,a2) be a chain which is maximal in the sense that for each
i = 1,...,n we have that o!!) — o"=1 equals either (1,0) or (0,1) (so that
no=ap+ar — (g + ). Set n;(E) = 1if BE(a'?) # E(a'"=1) and ny(E) =0
otherwise. Using Lemma 2.3 and the definition of maximal element, it is not
difficult to see that. for any such chain (p1.p42) = 0'? <ot < ... < al™ = a,
there is a one to one correspondence between the set {i | n;(E) = 1} and the
set
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{maximal elements yin E | v < a}U{y € Z | A¥(a1,y) #0,y < az}U
{reZ| A8z, a) # 0,2 <y},

so the number Y7 n;{ E)) only depends on E and o and not on the chain. Setting
Le(a) = 37 n;(E) and using Lemma 2.4 we get the following two lemmas.

Lemma 2.5 We have Lg(a) =Ig(J/J(a)), in particular the number Lg(a) is
well defined.

Lemma 2.6 We have Lg(a) = Card{maximal elements vy € £ | v < a} +
Card{y | AF(a1.y) # 0,y < an} + Card{z | AF(z,a0) £ 0.2 < ) }.

Proposition 2.7 Let I C J be fractional ideals of R. Then lg(J/I) =
Lygy(@) = Lypy{a) for any sufficiently large o. In particular, if I C J are
fractional ideals and v(I) = v{J). then [ = .J.

92

Proof. Take a € Z? so large that I contains every element of Q(R) of value
at least «, 50 I(a) = J(a). Then, by Lenuna 2.5, 1g(J/I) = Ip{J/I{a)) —
IR{I/I{0) = Lonla) = Lypla).

Remark A Notice that. as in the analytically irreducible case (d = 1), we get
also in this case (d = 2) that a fractional ideal I of R. such that v(I) contains
all the values > a. for some a. contains any element of Q(R) of value > a. In
fact, we can consider the fractional ideal I’ = I U {z € Q(R) | v(z) > a}. Since
I C I and o(l) = v(I'). by Proposition 2.7, we have I = I'.

Let T be a numerical semigroup. L.e., a subsemigroup of N with finite com-
plement to N, and let [ be a relative semigroup ideal of T. Then n € T for
all large n € N. and we will denote max{n € Z | n ¢ I} by g(). (The
nwmnber ¢(T) is sometimes called the Frobenius number of T.) Set moreover
n{I} = Card{r € I { & < g{I}}. In our situation. let S; = v;(R/P;),i = 1,2, be
the two projections of S = v(R), and let J; = v;((P, + P2)/P;). Fori = 1,2, we
denote the number g(.J;) defined above by g,. and we set g. = (g1.. g2.). With
this notation we get: ‘

Lemma 2.8 (Cf. [D'A 97, Lemma 1.4].) We have v(Py + P2) = J; x Jo. In
particular J; x J, C S,

Proof. The inclusion o(Py + ) C J; x J; follows from the definitions. Let us
shiow the opposite inclusion. Let oo € Jy and oy € Jo. Letr = py+pr € P+ P
(with p; € P;) be such that v,(r) = oy and let s = q; + g2 € P, + Py (with
q; € P;) be such that v2(s) = aa. Then the element £ = ¢, +ps € P, + Py is
such that vy (x) = a; (since r = p» (mod Py)) and va(z) = as (since = = ¢
{mod P»)). Thus (01, a9) € (P + Ps).

Lemma 2.9 (Cf. [D'A 97, Corollary 1.5].) Let s; € N. Then the following are
equivalent:

i) s, € J;.

i) (51.90. +1) € S,
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i) (s1,82) € S for every s; > ga«.
An analogous statement holds for .J,.

Proof. By the previous lemma we get that i)=ii), because g». + 1 € J». To
prove ii)=>i), since there is an 7 € R such that v(r) = (s1,g2. + 1), we have
that r = (r;,m) € R/P, x R/Py is such that va(r) = va{r2) = ga. +1. So
72 € (P + Py)/Py (cf. Remark A applied to the fractional ideal (P, + P)/Ps
of the analytically irreducible ring R/ P,), i.e.. » € P, + P, and we get v (r) =
s1 € Ji. The equivalence ii)«»iii) follows from Lemma 2.1 and Lemma 2.3.

Lemma 2.10 (Cf. [D’A 97, Proposition 1.3].) IfC = R : R, we have C =
(t9-+1 w2t R where R = V) x 15 and t and u are the uniformizing param-
eters in 17 and V3, respectively. Moreover A5(g,) = 0.

Proof. C is the biggest integral ideal that R and R share. Moreover any ideal of
R is principal and consists of all elements in R of value > v, where v is the value
of a generator of the ideal. So it is enough to show that C = {x € R | v(z) >
g+ (1,1} fae W and a 2 g + (1,1), then a € J; x .Jo = v{P, + Py) (cf.
Lemma 2.8). So, by Remark A, the ideal P, + P, of R (and hence R} contains
all elements of R of value > g. + (1,1). Thus C C {z € R | v(x) > g. + (L, 1)}
On the other hand. since g ¢ J;.i = 1,2, by Lemma 2.9, iii)<1i), we have that
AS(g) =0 andso C={re R|v(x)> g+ (L1}

Since A%(g.) = . if o € S, then A¥(g. — ) = 0. If also the converse holds,
ie., if

a€S & A —a)=0

the semigroup is said to be symmetric (cf. [D 88]). Set K = {a € Z? |AS(g. ~
a) = 0}. We have S C K C N\ and, by definition, S = K if and only if S is
symmetric. Moreover a fractional ideal J of R, R C J C R, is a canonical ideal
of R if and only if v(J) = K (cf. [D'A 97, Theorem 4.1]). This characterization
of ¥ = v(w) will be used several times in the sequel. It generalizes a result by
Jiager (cf. [J 77, Satz §]) who proved it in the analytically irreducible case.

Corollary 2.11 We have:

1) lp(R/C) = Card{maximal elements in S} + n(Jy) +n(J2) =

n(S1) + g1x = 9(S1) + n(J2) = n(S2) + gax = 9(S2) + n{J1).

2) Ir(R/C) = g1. + g2. + 2. In particular, if R is Gorenstein, g1 + gas is even
and, if R is Kunz, g1+ + g2+ s odd.

Proof. Since, by Lemma 2.5 and Lemma 2.10, [g(R/C) = Lg(g« + (1,1)), the
first equality in 1) follows from the Lemma 2.6 and Lemma 2.9. For the second
and third equality in 1), it is enough to consider respectively the maximal chains
(0,0) < (1,0} <+ < g1+ 1.0) < (g1e + 1, 1) < -++ < (g1s + 1,924 + 1) and
(0.0) < (0,1) < -+ < (0, g2a+1) < (1, g2x+1) < -+ < (g14+1, g24+1) and apply
Lemma 2.4. For the equality in 2), apply again Lemma 2.4. Finally, by definition
of Gorenstein and Kunz rings, we have respectively r(R/C) = 21z(R/C) and
lr(R/C) =2R(R/C)+ 1.

o
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As in [G-L 95], we define also in our situation the intersection degree of R
. R/ P; .
to be i(R) = Ia(R/(P\ + b)) = lp/p, (ppdrpr)»j = 1.2. By Lemma 2.8,
Lemma 2.5, and Lemima 2.6 it is immediate that:

Proposition 2.12 We have ¢(R) = Card{maximal elements in S}.

In the next proposition we denote R/P; by R;, i = 1,2. It is proved in
[G-L 95, Theorem 3.9} for a Gorenstein curve with d > 2 branches.

Proposition 2.13 We have lR(E/R) =g, (—RT/Rl) + IHQ(E/RQ) +i(R).

Proof. The sequence of R-modules 0 — R-5Ry x Ry l)R/(Pl + P) — 0,
where () = (x + Pr,o+ Py) and (e + Py + P) =z~ y+ (P, + P, is
exact., Hence Iz((Ry x R2)/R) = i(R). Moreover {gr(R/R) = Ir(R/R; x Ra) +
IR(Ry x Ry/R) and Ig(R/Ry x Ry) = lp, (R1/R)) + g, (R2/Rs).

Lemma 2.14 We have g, € K and AN (g,) = §.

Proof. If » € R and v(r) = {a;.a2). then a; > 0 if and only if 7 € n;, where
ny and n, are the maximal ideals of B. Since ny "R = ny N R = m, we
have A%((0.0)) = @, thus g. € K. Furthermore both A%((a,0)) and A%((0,a))
contain (0.0) if @ < 0. Thus A% (g.) = 0.

Let T be a numerical semigroup and I a semigroup ideal of T'. The map
@ — Z\NT. r e g(I) — w. is a well defined injection (if g(I) — 2 € T, then
x ¢ I, since otherwise g(I) — @ + &+ € I). Moreover @ > g(I) if and only if
o) < 0.so we have n{l) = Cardf{r € I'| x < g(I)} < g(T) + 1 — n(T), where
n{T) = Card{x € T | r < g(T)}. Recall that the (standard) canonical ideal of
Tis K(IN={v €Z | g(T)—x¢T} (cf. [J 77]), and that a relative ideal I of
T is a canonical ideal of T if and only if I + a = K(T), for some a € Z. The
following lemina is immediate.

Lemma 2.15 Let I be any relative ideal of the numerical semigroup T. Then
the following are equivalent:

i) I =K(T)+a, for somea € 7.

ii) The map I — Z\T. x — g(I) — z, is bijective.

i) n(l) = g(T)+1~n(T), where n(I) = Card{z € I | z < g(I)}.

Let Sy and Sy be the two projections of S € N? and J; = v5((Py + R)/P),
and let ¢; :J; — Z\ S;.7 = 1,2, be the maps defined as ¢ above with respect
to the ideals J;. We call @ € Z a missing point for ¢;. if a € (Z\ S;) \ In(a;).
Finally we call the missing points of S, the disjoint union of the missing points
for ¢; and for ¢».

Lemma 2.16 Let a € Z. Then the following are equivalent:
i) a is a missing point for éy.

i) (1« —a, g2 +1) € L\ S.

tii) (g1 — a,82) € K\ S for every sy > gow.

There is an analogous statement for ¢,.
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Proof. i)=ii): Suppose that a is a missing point for ¢;. Then we have
A%(a,~1) = P, because a ¢ S;. So g. — (a.~1) = (g1 — a,g2. + 1) € K.
Moreover, by definition of missing point, g1. — a € J; and so, by Lemma 2.9,
g —{a,—1) = (g1 — g2 + 1) € S.

ii)=>1ii): Since Af(a, —1) =0, then A¥(a, h) = @. for any h < 0. Hence we have
(g1x — a,52) € K, for every s3 > gau. Moreover (g1. —a, $2) ¢ S, by Lemma 2.9.
ii)=1): Suppose that a is not a missing point for ¢;. If o € S;, then there
exists a point (a,b) € S. Since (g1, — a,52) € K, then (a.b) + (g1. — a,82) =
(g1.. 82 +b) € K, hence A% (g,) # 8, a contradiction to Lemma 2.14. If a ¢ S,
then g, — a € Jy, and so, by Lemma 2.9, (g1« — a.39) € S, for any s2 > go.,
that is also a contradiction. The second part of the lemmma is proved similarly.

We will call the elements in K\ S of the form (81, g2« + 1) or {g1+ + 1,82)
the sources of S. This terminology will be explained in the next section.

Proposition 2.17 The number of missing points of S equals lg(w/R).

Proof. The number of missing points of § is ¢{S1) +1=n{(S1) —n(J;) +g(S2) +
1~ n(Sy) — n(Jy). Since lg(R/R) = lp(w : Rfw : R) = Ir(w/C), we have
lrn(w/R) = lr(R/R) — Ip(R/C) = Ir(R/C) - 2lg(R/C). Moreover [g(R/C) =
Gret 2.+ 2, R(R/C) = n(S1) +91. —9(S1) +n(J2) = n(S2) +g2s — 9(S52) +1(J1)
(cf. Corollary 2.11), hence we get the statement.

Corollary 2.18 The number of sources of S equals lg(w/R).
Proof. This follows from Lemma 2.16 and Proposition 2.17.

Corollary 2.19 The following are equivalent:

i) R is Gorenstein.

it) There are no missing points of S, i.e., lp(w/R) = 0.
i) J; = K{S))+aa€Z,i=12

w) There are no sources of S.

Corollary 2.20 The following are equivalent:

i) R is Kunz.

ii) There is exvactly one missing point of S, i.e.. lg{w/R) = 1.

i) Jy = K(Sy) +a.a € Z and there is one missing point for ¢, or vice versa.
1) There is exactly one source of S.

The following proposition generalizes (in case d = 2) [G-L 95, Theorem 3.13].
We denote again R/P, by R;, 1 =1,2.

Proposition 2.21 We have, for i = 1,2, that gi« + 1 = i(R) + 2, (R:/R;) -
Card{missing poiuts for ¢;}.

Proof. We have i(R) = g;x ~ g(Si) + n(S;) = n(Jy), 2s, (Ri/R:) = 2(g(Si) +
1 - n(S8;)), and the number of missing points for ¢; is g{S;) + 1 - n(S;) — n{J;).

We conclude this section with some examples to illustrate the definitions we
have introduced.
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Example 1 Let vy : k[, y]] — k[ 3]).x — 2y = 3, and let ¢y :
ke, y]] — ls[[u" W),z ud Y ~ u?, and let R = kf[z,y]]/Ker(¥1) N Ker(es)
= kllz,y]]/(2® — y?) N (2? — y?). Then R is a Gorenstein ring with S = v(R)
as in Figure 1 (it consists of the dots and v(C) = {a | a > (6,6)}). We have
Ip(R/C) = 6 and Ix(R/C) = 12. The two projections of S are 5, = S =
{0.2, -} where the symbol “—” means that any n € N,n > 2 is in the set, and
Ji = J» = {4,6.—}. Moreover there are no missing points and K = $, i.e.,
r({w/R) = 0. There are four maximal elements in S, namely (0,0), (2, 3), (3,2),
and g. = (5,5), so i(R) = 4.

Example 2 Let vy : k{[z,y. z,v,w]] — k[[t3,t4]],:c -ty - t4.z =8 v
0 = 17, and ]et v s k(e y, zoeow]] — kB wt)l e - uty ool 2 e
uf v ul e u? and let R = A[[z Y. 2. v, u]]/I\ex Ll)ﬁKex(z, h) =
}\[[1 1/ sovsw)/(ey — w2 — v, l/'—-l' v ~1/u l‘—yu v? = 2PN ey — v, 2 -
2oz — v — yuyt = o = yPwy®o — w?). The value semigroup S and
K is depi(tod in Figure 2. Here K\ S consists of the circles. We have g. =
(8.8).1g(R/C) = 8.Ip(R/C) = 18, and J} = J» = {6.7,0.—}. We have two
missing points. namely (0.5) and (5.0), hence Igp(w/R) = 2 and R is neither
Kunz nor Gorenstein. The sources of S are (3.9) and (9,3). There are four
maximal elements in S, namely (0,0}, (3,4), (4.3), and (8,8), so i(R) = 4.
4

Example3LmL s k[[, w]] — k[t ]] t 0,y 0270w »—)tand let
Vo Kz oy zow])] — A[[ Bl ddy e Pz o T w s wt, and let
R—A[[1 . 2}/ Ker(vy) A Ker( l_)) = k{le.y, 2]/ (x,y. 2) N (2 —mu,ry—wz,z -
ye,y? ~ 2%w). The value semigroup is depicted in Figure 3 (as in the previous
picture. '\ S consists of the circles). We have Ig(R/C) = 3,Ix(R/C) = 7,5, =
NS, = {0.3. =} 1y = {2.-},J, = {3,5, >}, There is only one missing point
(0.2) (for ©3). Ip(w/R) = 1 and R is a Kunz ring. The source of S is (2, 2).
There are two maximal elements in S, namely (0,0) and (1,4), so i(R) = 2.

Example 4 Let v, @ ke, y, z, w]] — B[, ¢, e = tTy > 2,2 >t w s 19,

and let v ‘.:l.”7 Y. 3” 3 {17 u, L‘TH,;L“—‘U4 Ml——}*'j,”'—>w ,w.—,uw,

and letB—-ls[{z y. 2 w]]/Ker(y l)ﬂI\EI( _> Y= k[, y, 2, 0]}/ 2~y 2? =y, w—
3 2 2

ay,rz —yw)n (w—y- 23— yz, 2% —ay?,y? — 27z). In this example (cf. Fig. 4)
we have [g(R/C) = 10,Ig(R/C) = 21,8y = {0,2,4,6,—},Ss = {0,4,5,7, -},

Jy= {4, 6 8,10. -}, = {7,8.9.11, = }. There is only one missing point (0, 6)
(for &). lp(w/R) = 1 and R is a Kunz ring. The source of S is (10,4). There are
four ma\.mlai elements in S, namely (0,0),(2,5),(7,4), and (9, 10), so i(R) = 4.

3 The canonical ideal

In this section we study the relation between the elements in § = v(R) and in
K = v{w). We start with the following basic fact:

Proposition 3.1 We have that a € N is a mazimal element in S if and only
if g« — a is a maximal element in K.

Proof. We havelp(w/R) = Igr(w/C)~Ip(R/C). By Lemma 2.6 and Lemma 2.5
we have lp{w/C) = Lp(g. + (1,1)) =
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Card{z | (2,92« +1) € K,x < g1.} + Card{y | (g1« + 1,y) € K,y < gau }+

Card{maximal elements in K’}
and Igr(R/C) =

Card{xz | (2.g2. + 1) € S,z < g1u}+

Card{y | (g1« + L.y) € S,y < g2+} + Card{maximal elements in S}.
By Corollary 2.18, Ig(w/R) =

Card{z | (z,g2: +1) € K\ S,z < g1, }+

Card{y | (g1« + 1.y} € K\ S,y < g2u}-

hence there are just as many maximal elements in K as in 5. Suppose a is a
maximal element in S. Then A%(a) = # and so g, —a € K. If AN (g ~a) #0,
sav that e.g. g. — a + (¢.0) € I for some ¢ > 0. we would get A¥(g. — (g« —
a+{c,00) = A%a = (,0)) = 0. which is a contradiction. We have proved that
if o is a maximal element in S, then g, — o is a maximal element in K. Since
K and S have the same number of maximal elements, we get also the converse.

We will next describe a process involving some elements of /' and S for
a non-Gorenstein ring. This technical part will be used in the next section
to classifv the rings R with the property that all integral overrings of R have
larger conductor than R. By Proposition 2.17 we have a missing point a for
@, (or for ¢2), and thus, by Lemma 2.16. an element o!® = (g4 = a.g2s + 1)
(or a!® = (g1u + Lgae = a). vesp) of IC\ S, which we will call the sowurce
of the process. If g1« —a ¢ Sy, ie., if gi. — a is also a missing point for ¢;
(if g2 —a & Sy. ie. if go. — a is also a missing point for ¢,, resp.), we say
that the process is trivial and we will call '? also the sink of the process.
Otherwise we construct a'') = (g1. — a,a») as the maximal element in S under
a!® ('Y = (). 2. — a) as the maximal element in S to the left of !, resp.).
Then the process is inductively described as follows:

a'2*+1) js the maximal element in S under or to the left of a?*) (i.e., if ¢(?}) =
(ay.ay), then ¥+ = (a. 3) with 8 < ay or a'?**1) = (3,02) with 3 < aq,
resp.), and such that a8+ £ olD for 4 < 2k. If such an element does not
exist, we say that the process stops and call af?*) the sink of the process and
2k the length of the process. Otherwise we set a(?72) = g, — {24+,

It follows from Proposition 3.1 that a!?#) is maximal in & and a!?*) ¢ S if
k > 1, and that of?A*1) is maximal in S but not in I. The process is univo-
cally defined from a source. and it always stops because the number of maximal
elements in I is finite. If a/* = (ay,as) is the sink of a process both of the
following conditions are satisfied:



10755 10 February 2010

|AlTred Renyl Natnhematlcal Inst| At:

bownl oaded By:

3620 BARUCCI, D’ANNA, AND FROBERG

1) oy is a missing point for ¢; or the maximal element in S under a?™ already
appeared in the process (i.e., o'’ = (o, a}), for some a'? of the process with
i< 2n).

2) o is a missing point for ¢, or the maximal element in S to the left of a!?™
already appeared in the process (i.e.. al? = (o}, as), for some o'V of the pro-
cess with j < 2n).

Notice that all possibilities can occur as the following examples show:

Example 5 Let R = k+k(t?, u%) + k(£3, u?) + t%k[[#]] x w?k{[u]]. Then S and K
are as in Figure 5. There are processes starting from (1, 5), (4, 5), (6, 2), (3,5) and
from (6, 3). The first three sources give rise to trivial processes, but a!® = (3,5)
gives o = (3,4).a'¥ = (2,0),a® = (0,0), 0 = (5,4),a® = (5,3) and
finally o'® = (0.1) (the sink). The maximal point (0,0) under o'® already
appeared in the process and the second coordinate 1 is a missing point for ¢a.
The process starting from the source (6, 3) gives the same elements (in a different
ordering). and has (2.0) as sink. The maximal element (0,0) to the left of (2,0)
already appeared in the process. and the first coordinate 2 is a missing point
for ¢,.

Example 6 Let R = L + k(t?,0) + k(0,u?) + t%[[t]] x v*k[[u]]. Then S and
K are as in Figure 6. There are processes starting from (1,4), (4. 4), (6,0) and
from (0, 4). The first two sources give rise to trivial processes, but a9 = (6,0)
or o'® = (0,4) gives o) = (0,0) and o' = (3,3) (the sink). Here the first
coordinate 5 is a missing point for ¢; and the second coordinate 3 is a missing
point for ¢s.

Example 7 Here we use the ring from Example 4. The (unique) source
al® = (10,4) gives o'l = (7.4).a? = (2,6).a'¥ = (2,5), and o'V = (7.5)
(the sink). Here both the maximal element (7,4) under a!*) and (2,3) to the
left of o' are already used in the process.

Remark B A more precise description of the process could be done in terms
of coordinates of the elements a') of the process. Suppose g1. — x; is a missing
point for ¢1. Then: o™ = (z1. g2s + 1)V = (21, 22),¢'® = (g1+ — T1. 924 —
22}, = (gre — 21 — €1, 920 — T2) 0 = (21 + €1, 79),0%) = (21 + €1, 20 —
6),a!% = (g, —a = €.g2 — 22+ &), a”) = (gl — 11 — €1 —€3,02. — T2 F
e2).al® = (x; + ¢y +¢3,72 — €) as.0o. (Here z;,¢; € N and ¢; > 0.) Notice
that any natural number may not occur more than twice as the first (second,
resp.) coordinate of the elements a'?) of a process. This follows from the fact
that the elements o'’ are maximal elements in S or K. Moreover, if for any
leN, ol = (n(l/).<ygl)), for any k > 1 we have the following equalities:
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Fig. 5. The value semigroup
of the ring in Example 5.
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Fig. 6. The value semigroup

of the ring in Exampleoﬁ.

Finally notice that (r(l” = ago) and a'(lg) = gi. — &y Is ditferent from a(ln), for

anv n # 2. since gy, — @y is a missing point for ¢;. If the process starts from a
missing poitit for ¢9, we get similarly:
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Lemma 3.2 If a process stops at the sink o*™ = (a;, @) and if o'V = (o, )
and oV = (o}, aq), for some 1,7 < 2n, then o) = g1./2 or ay = ga. /2.

Proof. We can assume that the process starts from a missing point for ;.
Given a process {a'D, ... a®}, for any a?*) 1 < k < n, the first or second
coordinate of a(?*) appeared as the first (second, resp.) coordinate of a!2¥=3) (cf.

Remark B). Suppose that 2n = 4k +2, for some k > 1. Then a§4k+2) = a(14k-1),
By hypothesis we have that there exists in the process o'V} = (a(lf),af_,])), with

j<dk+2=2n and agj) = ol Since any natural number may not occur

more than twice as the second coordinate of the elements in a process and since,
for any & > 1, the equalities (A) in Remark B hold, necessarily j = 4k + 1. By

construction, at?" = g, —a?= = g, — a!**+1) and so a.‘f") =0y = gay — O,
ie, oy = g2./2. Arguing in a similar way and using equalities (B) of Remark
B. we get o\ = a; = g,./2. if 2n = 4k, for some k > 1.

Notice that. if o = (1. ) is a maxiinal element in S which is not maximal
in I, then the following conditions hold:

1) (a1, g2+ + 1) is a source or there exists one (and only one) maximal element
in ' (that is not in S) 3 = ((aq, ab) with ab > as {(“above a”).

2') (g1+ + 1,a2) is a source or there exists one (and only one) maximal element
in K (that is not in S) 3 = ({a],a2) with &} > a; (“to the right of ”).
Suppose that «®") = 309 is the sink of a nontrivial process. Recalling Propo-
sition 3.1, we can inductively define a backwards process setting:

,3(‘2/\'4—1

) — Ge — 32k
312F+2) js o maximal element in K (that is not in S) above or to the right of
AR and sueh that 32542 £ 300 for § < 2k + 1. If such a 32%+2) does not
exist, we say that the backwards process stops.

If {1, 0) is a sink, then at least one «; is either a missing point for ¢; or
equal to gi./2. In both cases it follows that the backwards process is univocally
defined, and it gives the elements of the process starting in 3*?~1) in the reverse
order, ie.. 19 = @ - =0 = o Tt stops at oY) = (ay, ay) under
the source (ay, g2« + 1) or to the left of the source (g;. + 1, ).

Lemma 3.3 If two processes starting from different sources &'® and o’®) have

the same sink. then the length of both processes is 2 and o'V = &'V o(?) =
(2)
a7

.ol

Proof. If the length of a process is 2n > 4, then the backwards process starting
from the sink 39 = o™ will stop at o!!) = G271 that either has a source
above and the element a!*) = 3(2"=4) o the right or has a source to the right
and the element a® = 32"=%) ahove. In any case the source we get is unique.

Lemma 3.4 If the sink of a process is a'®™) = (ay, asy) is such that oy = 91+/2
or ay = g2, /2, then its source is unique.
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Proof. Suppose the sink is o®*") = (g,./2,a2). If the length of the process
is 2 we get the unique source (g1« + 1,g2. — a2). If the length of the process
is > 2, we can apply Lemma 3.3. The argument is analogous if the sink is
a'®™ = (a1, 92./2).

Proposition 3.5 Every mazimal element in K, that is not in S, occurs as
some o®P) for some k > 1, in some process. Every mazimal element in S,
that is not a mazimal element in K occurs as some a2~ for some k > 1, in
some process.

Proof. Let a = (a;,as) be a maximal element in K, o ¢ S. Suppose first
that a; > g1./2 and as < ¢2./2. Apply the backwards process starting from
B9 = o. In this case at 31 = g, — 8'% the backwards process is not nec-
essarily univocally defined. Let’s choose for 3% the maximal element in K
(not in S) above 41, (If above 3'Y) there is no maximal element of K, but
a source. we are done.) With these choices of 3% and 8%, as is easily seen,
the backwards process is univocally defined. Since the second coordinate of
A B HRED and the first coordinate of 30 34 . gk
give two strictly increasing sequences of natural numbers, after a finite num-
ber of steps we must reach a source. So in this case o will appear in the process
starting from that source. If ay; < g1+/2 and ay > g2./2, a similar argument
works, choosing 3'*) to the right of 3!, Now suppose that a is a maximal
eletuent in K (not maximal in S) without any other assumption. Apply the
backwards process starting from 392 = a. As before there are possibly two
choices for 3. Let’s choose a 3% and go ahead with the backwards process
that is now univocally defined. If the backwards process stops finding a source,
our element « will occur in the process starting from that source. Otherwise
it will stop at 3'2¥+1 = (3, 35) such that, for some i,j < 2k, 3 = (8, 52)
and 8Y) = (3,,3}). Arguing as in the proof of Lemma 3.2, we easily get that

B1 = g1./2 or 32 = g2./2. Now apply the process starting from a!l) = gF+1)
(2) 1 (2}

2 = g, —a!", a'® as the maximal element in S to the left of a
if 31 = g1./2 (resp. a'? as the maximal element in S under a{® if 3 = g2./2)
and so on. We have af?**+2) = o since with this process we get in reverse order
the elements of the backwards process {a = 3, ... g2+U]. Moreover any
o) = (a;. a9) of this process satisfies one of the following conditions:

a) a; > g1, and az < gau/2

b) ay € g1, and as > ga. /2.

So o will occur in some process, by the first part of the proof.

i.e. consider a

Corollary 3.6 Let a be a mazrimal element in K. Then the following are equiv-
alent:

i)ags.

i) o = a'®® for some process {a'%, ... . a!?"} of S and some k, 1 <k < n.
iii) g« — « s not a mazimal element in K.

Corollary 3.7 Let o be a mazimal element in S. Then the following are equiv-
alent:

-
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i) « 1s not a mazimal element in K.
i) & = a2V for some process {9, ... ,a®} of S and some k, 1 < k < n.

i) g —a € S.

We call the maximal elements in K (in S, resp.) that satisfy the equivalent
conditions in Corollary 3.6 (Corollary 3.7, resp.) the asymmeiric maximal ele-
ments in K (in S, resp.). It follows from the corollaries above, that the maximal
elements in K which are not asymmetric coincides with the maximal elements
in S which are not asvimnetric. We call these maximal elements symmetric.

Example 8 In the ring R of Example 4 we have four maximal elements in S,
two are symmetric and two asymmetric. The same happens for the maximal
elements in K. In the ring of Example 5 we have three maximal elements in S
and they are all asymmetric. The same happens for the mmaximal elements of
K.

Proposition 3.8 Let v,...,v, be the asymmetric mazimal elements in K,
and let 8y,...,0,, be the sources of S. Let z; € w,v(z;) =~v;,i=1,....,n, and
let y; e wov(yj)) =6;,j=1....,m. Thenw=R+ Rx; + -+ Rz, + Ry1 +
st Rym-

Proof. Let J = R+ Rry + -+ Re,, + Ry1 + -+ + Ry,,. It follows from
Lemma 2.1 that v(.JJ) = K. Since J C w, we get equality from Proposition 2.7.

Lemma 3.9 (Cf. [D'A 97, Corollary 4.4].) Let z € Z and S; = vi(R/FP).
Then:

a) z—gi.+ g1 € KN(S)) if and only if (z,g2. + 1) € K.

b) 2 — ga. + g2 € K(Sy2) if and only if (g1. + 1,2) € K.

Proof. Let's prove a). Since K(S1) = {z € Z | g — z ¢ S1}, we have that
z— g1« + g1 € K(Sy) if and only if g1. — 2z ¢ S;. This is equivalent to As(gl* -
z2,=-1) =0, i.e.(z,g2. + 1) € K. Point b) is proved similarly.

Proposition 3.10 Let t(R) {(t(R/DP:), resp.) be the CM type of R (of R/P;,
resp.). Then:
tR) <1+ tR/P) +t(R/P,y) + Card{asymmetric maximal elements in K}.

Proof. Let #| = t(I/P) and let z,,...,2, be a minimal set of generators
for w). the canonical ideal of R/Py. R/P; C wy C R/Py, and let vi(z;) =
dj. j = 1,...,t1. Let x1,...,2¢ be elements of w such that v(z;) = (§; +
g1« ~ 91,92« +1). j = 1,...,t;. (By Lemma 3.9 these are values in K.) In
a similar way let z,...,xp,, with #y = t(R/P,), be elements of w such that,
for j=1.....t, v(z}) = (g1 + 1,6}), where 0 are the v;-values of a minimal
set. of generators for w,, the canonical ideal of R/Py, R/P; C wy C ﬁ/?z
Let finally y1,... .ym be elements of w of values v1,... , %, where v1,... ,%m
are the asymmetric maximal elements in K. Consider the fractional ideal J of
R generated by 1,wy.... . re &2 Y- e By Lemma 3.9. for any
source (8;, 2. + 1) of S = v(R) (g1« + 1, 82), resp.) there is an element z € J
with vy (@) = 81 (v2(2) = $2, resp.), so

» Lemma 2.1 we get in v(J) all the
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sources of S. By Proposition 3.8 we get J = w. Since t(R) is the cardinality of
a minimal set of generators for w, we get the inequality of the statement.

Example 9 The inequality in Proposition 3.10 can be an equality as the
following example shows. Let B = & + &(t?,u?) + t3k[[t]] x «®{[u]]. Then
S={0,00}u{(2,2)}u{re N |z >(3,3)}. Wehave t{R/P,) =t(R/P,) =1
and there are no asymmetric maximal elements in K, thus 1 + t(R/P;) +
t{R/Py) + Card{asymmetric maximal elements in K} = 1+1+1+0 = 3.
It is easily checked that m : m = k + (¢, w)k[[t] x k[[u]], so v(m : m) =
{0,0)}u{zr € N | 2 > (1,1)}. By Proposition 2.7 we get t+(R) = [gr{m :
m/R) = Ll'(rn:rrz)(3= 3) - Lz'(H)(gf 3) =5-2=23

4 Maximality

If for any strict overring T of R. R € T C R. the conductor T : R is strictly
larger than C' = R : R. we say that R is mazimal with fired conductor (MWFC).
It was shown in [B-F 97, Propositions 2 and 4] that Gorenstein and Kunz rings
are MWFC. In case R is analytically irreducible (i.e., d = 1), these are the only
rings which are MWFC. cf. [B-F 97", Theorem 1]. We will now determine which
rings with two minimal primes that are MIWFC. We will use the construction
of the processes of last section. We need some preliminaries.

Lemma 4.1 Let T be an overring of R, RCT C R, and let IC be the canonical
ideal of S=v(R). Thenv(T)C K ifand only f R . R=T:R.

Proof. It is clear that R: RC T : R. If v(T) C K, then, since by Lemma 2.14
AX(g.) = 0, we have v(T) N AX(g,) = AT (g,) = §. Conversely let R: R =
T : R Ifv(t) ¢ Kg, for some t € T, then there is an element » € R with
v(r) € A*B) (g, — (1)), hence v{rt) € A¥T(g,), so T has larger conductor
than R.

We will use this lemima in several ways.
Lemma 4.1.1 [fg. ¢ S, then R is not MWFC.

Proof. In fact if we extend R to R[z], where z is any element of R of value g,,
then v(Rlz]) = SU{g.} C K.

Lemma 4.1.2 I[fu € K\ S and 22 € v(C), then R is not MWFC.
Proof. Ifv(r) = x, then Rfz] = {ro+rz|r; € R,i=1,2}. Thusv(R[z]) C K.

Lemma 4.1.3 If a is a missing point for ¢1, a < g1./2 (or b is a missing point
for ¢a, b < g2, /2), then R is not MWFC.

Proof. By Lemma 2.16, g, — (. —1) € K'\ S and furthermore 2(g. — (a, 1)} €
v(C). So we can apply Lemma 4.1.2.

Lemma 4.1.4 Suppose o is a mazimal element of S but not mazimal in K. If

a < g./2, then R is not MWFC.

L]
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Proof. Suppose a < g./2. We have g, —a € K\ S and furthermore 2(g, —a) €
v{C). So we can apply Lemma 4.1.2.

Lemma 4.1.5 If hoth gi. and gs. are even and g./2 ¢ S, and furthermore
some element r € R with v(r) = g« is a square (mod C) of an element in R,
then R s not MWFC.

Proof. Suppose r € R, v(r) = g., and 7 + ¢ = 2%,¢ € C, for some element
2z € R. Then R{z] = {ro + 72z | r; € R,i = 1,2}. Hence, since g./2 € K,
v(R[z]) C K.

Lemma 4.2 Suppose that R is MWFC and that o = (a1, a2) is a sink. Then
either o] = g14/2 o1 (g = g2x /2.

Proof. By Lemma 4.1.3, Lemma 2.16 (and symmetry) we can assume that a
source has coordinates a!® = (z1,g0. + 1) with 11 < g1./2. I 71 = g1./2
the process starting from that source is trivial and we are done. Otherwise if
o'l = (2}, 22). then, by Lemma 4.1.4, 23 > g2./2. If 2o = g2./2, then o!? =
(g1+ — 1. g2+/2) is the sink and we are done. Otherwise a'® = (gy.— 21, g2 —22)
with g1« =21 > g14/2 and go.— 22 < ¢2./2. As above, by Lemma 4.1.3, g2 —z5 is
not a missing point for ¢y, and a!3 = (gy. —x; — €1, g2u — r9). By Lemma 4.1.4
we have g, — 21 — €; > g1./2 as.o. Since the sequence of first coordinates
in o', 0 o® .. strictly increases and its terms are all < g1./2 and the
sequence of second coordinates in a'?!, af® %, . also strictly increases and
its terms are all < g2./2, we must end up on & = (ay,as), with oy = ¢1./2 or
3 = !]2*/2

Lemma 4.3 If R is MWFC, then lp(w/R) < 2.

Proof. Suppose that R is MWFC and that [gp{w/R) > 2. By Lemma 2.16
and Proposition 2.17, there are at least three sources, and by Lemma 4.2 and
Lemma 3.4 they have different sinks (a1, a) with ) = g1./2 or as = g2./2.

We can not have two different sinks on the same horizontal or vertical line, so
we get a contradiction.

If R is Gorenstein, then K = S and hence all maximal elements in S (or in
K} are symmetric. This fact was already shown in [G 82, Theorem 12]. We can
extend this to:

Corollary 4.4 Suppose that R satisfies one of the following conditions:

a) R is Gorenstem.

b) R is Kunz with ¢1./2 a missing point for ¢1 (or ga./2 a missing point for
&2 ).

¢) R is MWEC with both g1+/2 and ga. /2 as missing points.

Then every maximel element in I is symmetric, hence belongs to S.

Proof. There are no nontrivial processes, so we can apply Corollary 3.6.

Corollary 4.5 Suppose that R is MWFC and that o is a mazimal element in
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K. If a > g./2 orif a < g«/2, then a is a symmetric mazimal element, hence
a€S.

Proof. By Proposition 3.5, every maximal element in K \ S appears in some
process. If R is MWFC, then no element a with o > ¢./2 or a < g./2 appears
in some process (cf. the proof of Lemma 4.2).

Theorem 4.6 R is MWFC if and only if one (and only one) of the following
possibilities happens:

1) R is Gorenstein.

2) R is Kunz.

3) ¢1. and gs. are both even. g. € S. but no element r € R with v(r) =g, is a
square (mod C') of an element in R. and lp(w/R) = 2.

Proof. If R is Gorenstein or Kunz, then R is MWFC, cf. {B-F 97, Theorem
1]. Suppose g1. and gs. are both even, that no element r € R with v(r) = g.

is a square {mod C) of an element in R, and l[g{w/R) = 2. Now suppose
T is a strict overring of R with R : R = T : T = C. Then Ig(R/C) =
lrjc(R/C) < lp)e(T)C) = Ip(T/C), cf. [B-F 97, Lemma 3]. We also have
I7(R/T) < Ip(R/T) < In(R/R) — 1. Since ln(w/R) = Ip(R/R) - r(R/C) = 2
we get I7(R/T) = I7(T/C) < 0. For any ring A, we have [4(d/4) — 14(4/4 :
A) > 0, with equality if and only if A is Gorenstein. Hence all inequalities above
are equalities and T is Gorenstein. Since T is Gorenstein. v(T) is symmetric.
Since ATl (g,) = 0 (¢f. Lemma 2.10), then also A" (g,/2) = 0, hence the
svmmetry of v(T) implies that g, /2 € v(T'). Taket € T with v(t) = g«/2, and let
r € R be of value g,. Then, for some unit u € R/ Py, we get r —ut> € AT (g,),
which is a contradiction to A*7T!(g,) = 0. Thus R is MWFC also in this case.

For the converse we assume that R is MWFC. First assume that gi. + go«
is odd. Suppose that g;. is even (the other case follows similarly). Lemma 4.2
gives that the sinks are on the line' x = ¢,./2, so there is only one sink, hence,
by Lemma 4.2 and Lemma 3.4, § = v(R) has a unique source, i.e., by Corol-
lary 2.20, R is Kunz. Next assume that g;. and go. are both odd. Lemma 4.2
gives that there are no sinks, hence no sources, and so, by Corollary 2.19, R is
Gorenstein. Now assume that g1, and g2, are both even. We claim that, if Ris
not Gorenstein, then ¢./2 € K'\ S. By Proposition 2.17 and Corollary 2.19, if
R is not Gorenstein. we have at least two missing points (R is not Kunz since
g1x + g2« is even). If g1, /2 is a missing point for ¢; and ¢»./2 is a missing point
for ¢z, we get g./2 € K\ S. If ¢1./2 is a missing point for ¢; and g2./2 is not
a missing point for ¢, then Lemma 4.2 gives a sink (a, g2./2) with a > ¢1./2,
which again gives g./2 € K\ S. If neither g;./2 is a missing point for ¢,
nor g»./2 is a missing point for ¢-, then Lemma 4.2 gives two sinks (a, go./2)
with @ > g1./2 and (g1./2,b) with b > g2./2. This gives, by Lemma 2.1, that
9./2 € I{. Of course g./2 ¢ S also in this case. Now assume that R is MWFC,
that g;., g2« are both even, and that R is not Gorenstein. We must show that R
satisfies the conditions in 3) in the statement of the theorem. By Lemma 4.1.1
we have g, € S. If some element » € R of value g, is a square (mod C) of an
element in R, then, since (as we showed above) g./2 € K \ S, by Lemma 4.1.5
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we get a contradiction. Thus no element in R of value g. is a square (mod C) of
an element in R. We noticed already that there are at least two missing points,
e., lr(w/R) > 2 (cf. Proposition 2.17). By Lemma 4.3, we get Ig(w/R) = 2.

We note that our condition that an element r € R of value g, has a square
root (mod C) is always satisfied in the important special case when R/m is
algebraically closed. Hence we have:

Corollary 4.7 If R/m is algebraically closed, then R is MWFC if and only if
R is Gorenstein or Kunz.

We now give an example of a ring which is MWFC but not Gorenstein or
Kunz.

Example 10 Let vy : Qfa,y, 2z v w]] — Q. ¢4, 80,0 » 3y » 0.2 =
2t vy 15w o 18, and let vy Qf(z,y, 2, v,w)] — Q[ ut B,z = 0,y =
u? z e ut v e ub w oo @, and let R = Qf[z,y, 2, v, w]]/Ker () N Ker(y) =
Ylz.y, 2.0, 0]/ (22 —w, 27 —dav, 2v— 2zw, 20 — 2w, y) Wz, y? —v, 22 —yw, yv—
2w, zv — w?). The semigroup of values is depicted in Figure 7. According to
Theorem 4.6, R is MWFC. In fact, for any element 2z € R with v(z) = g./2 =
(2.2), we have 2% ¢ R. If, in this example, we replace Q with C, according to
Corollary 4.7. the corresponding ring is not MWFC.

If R is Gorenstein. then w = R. If R is Kunz, then « = R + Rz for any
element » € w\ R. since Ip(w/R) = 1. We now give a minimal generating set
for w if' R is NWFC with [g(w/R) = 2.

Proposition 4.8 Suppose that R is MWFC and lg(w/R) = 2. If r1,29 € w
and v(zy),v(xy) are the two sinks of S = v(R), then w = R+ Rzy + Rx».

Proof. By Proposition 3.8, we have to show that every asymmetric maximal
element in K and every source of S belong to E = v(R + Rz, + Rz;). Let
«a = (a1, a2) be an asymmetric maximal element of K or a source. Suppose that
s > g2./2. Let’s argue by induction on az. If @y = g2./2, then o = (a;, as)
is a sink. so v(r;) = a or v(as) = «, and so a € E. The inductive step:
If o = (91x/2.g24 + 1), then o is a sink so @ € E. If o # (g1./2, 924 + 1),
by construction a = a'¥' is above the maximal element a***1) in S. Since
a2t s not a maximal element in K, there is, to the right of a!??*1 an
asvmumetric maximal element in /& that, by the inductive hypothesis, is in E.
So. by Lemma 2.3, there exists an element v € E, a1 < 4 < o™, If
7 # o'® | then v is not a maximal element in K, so to the right of + there is an
asymmetric maximal element in I or an element of S, in any case an element
in E. Again, by Lemma 2.3, there exists an element v’ € E,v < v < a?™, In
this way. after a finite number of steps, we get o> € E. If, on the other hand,
a = (a1, a) and ar < g2./2, then a; > g1./2 (cf. Lemma 4.1.4) and we can
argue in a similar way on aq. So the proof is complete.

In [B-F 97] the coucept of almost Gorenstein ring was introduced. A ring
R is called almost Gorenstein if [g(R/R) = Ip(R/C) + type(R) — 1, and it was
shown in [B-F 97, Proposition 20] that R is almost Gorenstein if and only if
mw = m, and also if and only if type(R) = [g(w/R) + 1.

dioy i adlle Ul 1LY Pey IEL7 A
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Fig. 7. The value semigroup of the ring in Example 10.

Corollary 4.9 If R is MWFC with [g(w/R) = 2, then R is almost Gorenstein
of type 3.

Proof. Let x be one of the three generators of w given in Proposition 4.8.
In each case it is easy to see that mx C m. Hence mw = m, so R is almost
Gorenstein by [B-F 97, Proposition 20]. By the same proposition in [B-F 97]
we get type(R) = g(w/R)+1=3.

Proposition 4.10 R is MWFC if and only if R has a unique minimal overring.

Proof. Let R be MWFC. Thus, if T is an overring of R, T : R strictly contains
R: R and so A5(g,) C v(T). On the other hand, if z € R with v(z) € AS(g.),
then v(R[z]) 2 A%(g,) and R[z]) = R[y], if y is another element of R, with
v(y) € AS(gs). It follows that R[z] = R+ Rz is the unique minimal overring of
R. Conversely, suppose R has a unique minimal overring. If R is not MWFC,
we can enlarge R at least in two different ways. Either by adjoining an element
z € R. with v(x) € AS(g.) (and in this way the conductor of the new ring is
strictly larger than the conductor of R), or by taking a minimal overring with
the same conductor.

5 Overrings

As before we denote the maximal ideals in the integral closure of R by ny,ns.
We have that v(R) = N? and that, if T is an intermediate ring between R and
R, then v(R) C v(T) C N>, Moreover T is local if and only if n; N T =nanN 7T,
Notice that, if r € R and 2(r) = (a1,0a3), then a; > 0if and only if r € n;. Sothe
ring T is local if and only if A*7)(0,0) = @. Recall that the seminormalization
R* of R (in R) is the largest overring T of R (in R) such that:

i) For each P € Spec(R), there is exactly one @) € Spec(T) above P,
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ii) The canonical homomorphism k(P) — k(Q) is an isomorphism (where
E(P)=Rp/PRp and k(Q) = To/QTg).

(cf. [T 70, (1.1)]). In our hypotheses, for each minimal prime F;, i = 1,2, of
R, there is exactly one prime p; of R above P;, they are in fact p = 0 X V)
and py = V3 x 0, resp. Since R/p; ~ V; and the quotient field of R/p; is the
quotient field of of Vj, we get that conditions i) and ii) are satisfied for the
minimal primes of R. It follows that the overring T is the seminormalization of
R if and only if conditions i) and ii) are satified for the maximal ideal m of R.
Thus, since R is residually rational, the overring T of R satisfies conditions i)
and ii) if and only if T is local. We collect this in a lemma.

Lemma 5.1 Let T be an overring of R, T C R. B
a) The seminormalization Rt of R is the maximal local overring of R in R and
R+ =R+ (Hl M 113) =R+ (."‘\.[1 x ;\[_))

b) The following are equivalent:

i) T is local.

i) T C RT.

#i) ATH0.0) = ).

c) The following are equivalent:

i) R=R*%, ie, Ris seminormal.

i) v(R) = {(0.0)}u{r e Z® | > (1, 1)}

iii) g.(R) = (0.0).

Corollary 5.2 In our hypotheses, RT isa Gorenstein ring with i(RT) = 1 and
lp+(RT/Cpr+) =1, where Cp+ = RT : R,

Proof. Since v(R™) = {(0,0)} U {z | > (1,1)}, we have that lp+(R/RT) =
Ip+(RT/C) = 1, ¢f. Corollary 2.11. That i{(R™) = 1 follows from Proposi-
tion 2.12.

Let a € N and R{a) = {r € R | v(r) > a} as before. As usual we
denote R : R(a) by (R(a))~™! and ((R(a))™1)7! by (R(a)),. It is easy to
check that (R(a))™! = R{a) : R(a) (aud hence R(a) is an overring) and that
R(a), = R(a), ie., R(a) is divisorial. In particular we have that R(a)~! is
strictly larger than R(3)7!, if R(«a) is strictly smaller than R(3). With this
notation we can observe that:

Proposition 5.3 The overring (R(a))~! is local if v(R(a)) contains a mazimal
element. If o € v(C), then (R(a))™* is not local.

Proof. Suppose v(R{a)) contains a maximal element 3 = (81, 32). So there
exists x € R, with v(x} = 8 > a and AS(3) = 0. If (R(a))™! is not local, by
Lemma 5.1b), there is an element y € (R(a))™', with v(y) = (v1,0),m1 > 0
{or v(y) = (0.92).92 > 0). Therefore v(zy) € S and v(zy) = vi{z) + v(y) =
(81 + 1. Ba) (or v(xy) = (51,82 4+ 72)), a contradiction because A5(3) = . If
a € v(C), then (R{a))~! = R, which is not local.

Corollary 5.4 If g, € §, then (R{a))™! is local if and only if o < g..
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Proposition 5.5 The following are equivalent:
i) g« € 8S.

i) RY = R{g.)™".

i) Rt = R(a)™!, for some a € N?,

iv) RY is a fractional divisorial ideal of R.

Proof. i)=ii): By Corollary 5.4, T = (R(g.))™! is local. Moreover T satisfies
conditions 1) and ii) of the definition of seminormality, thus T C R*. Since
v(T) = v(R™*), we get by Proposition 2.7 that T = R*.

ii)=iii); Immediate.

iil)=iv): Any ideal of the form R : T is divisorial.

iv)=i): If g. ¢ S, then R: R* = R: R = C. Since (R*), = R:C = R and
R™ is strictly contained in R, the seminormalization R is not divisorial in this
case.

Lemma 5.6 If g. € S and g. # (0,0), then m : m is local. In particular, if
(R,m) is Gorenstein and not seminormal or if (R,m) is Kunz, then m : m is
local.

Proof. If g. € S. then g¢. is a maximal element. We have g. € v(m) since
g« # (0,0), hence, by Proposition 5.3, m : m = R : m is local. We know that,
if R is Gorenstein or Kunz, then R is MWFC. So, by Lemma 4.1.1, g, € S.
Moreover, if R is Kunz, certainly ¢g. # (0,0) and, if R is Gorenstein and not
seminormal, also g. # (0,0) (cf. Lemma 5.1¢)).

Proposition 5.7 The ring (R,m) with residue field k is Gorenstein and not
seminormal if and only if m : m/m ~ k[X]/(X?).

Proof. If R is Gorenstein and not seminormal then, by Lemma 5.6, m : m
is local. With the same argument as in the proof of Proposition 6, (2)=(4),
in [B-D-F 90], we get that either m : m/m ~ k[X]/(X?) or m : m/m is a
two-dimensional field extension of k. But in the second case the ring R is
not residually rational, in contradiction to our hypotheses. Conversely, if m :
m/m =~ E[X]/(X?) then Ig(m : m/R) = 1, which gives that R is Gorenstein.
Moreover if R is not seminormal, then, for any x € R and » € m, v(zr) > (1,1),
s0, by Remark A and Lemma 5.1c), #r € m. Thus m : m = R has two maximal
ideals and m : m/m =~ k[X]/(X?) is local, a contradiction. It follows that R is
not seminormal.

Proposition 5.8 The ring (R, m) with residue field k is Kunz if and only if
m:m/m =~ k[X]/(X?).

Proof. By Lemma 5.6, m : m is local. With the same argument as of the proof
of Proposition 27 in [B-F 97], we get that m : m/m is isomorphic to one of
X)/(X3), KX, Y)/(X,1)? or a three-dimensional field extension of k. The
second case is not possible, if R is Kunz (cf. again the proof of Proposition 27
in [B-F 97], at the end), the third is not possible since R is residually rational,

hence R ~ k[X]/(X?®). For the other implication we note that type(R) = lr(m :
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m/R) = 2. If R is not Kunz, since typev(R) = 2, by Theorem 4.6, we get that
R is not MWFC. By Proposition 4.10, R has at least two minimal overrings Ty
and T». Since Ty, Ty C m : m, we get, modulo m, two minimal overrings of k in
k[X1/(X®), which is a contradiction, since k has a unique minimal overring in
E[X)/(X?%), namely k + kz?.
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