
Intr oduction to Extr emalGraph Theory
Mikl ósSimonovits
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Slidesof my Chorin SummerSchoolLectures,2006
slightly polished:

smallerletters,slightly moreexplanation,
someextra topicsincluded

Moreexercises

Theslideswill slightly beupgradedin October!
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Part I: ClassicalExtr emalGraph Theory
Thisseriesof slides/lecturescoveredahugearea.It contains
somerepetitions:otherwiseit wouldbehopeless.

New parts(i.e. partsplannedto bementionedin my lecturefor
which I hadnotenoughtime:)

Cubereductiontheorem
Erd�os-Frankl-Rödltheory
Somenew exercises
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Intr oduction
ExtremalgraphtheoryandRamsey theorywereamongtheearlyandfast
developingbranchesof 20thcenturygraphtheory. Weshallsurvey theearly
developmentof ExtremalGraphTheory, includingsomesharptheorems.

Stronginteractions
betweenthese�elds:
Hereeverythingin�uenced
everything

Ramsey Theory

Random Graphs

Algebraic 
Constructions

Pseudo-random 
structures

Turan Theory
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GeneralNotation

Gn, Zn;k , Tn;p , Hº ... the(�rst) subscriptn will almostalways
denotethenumberof vertices.

K p = completegraphonp vertices,
Pk / Ck = path/ cycleonk vertices.
±(x) is thedegreeof thevertex x.
v(G) / e(G) = # of vertices/ edges,
±(G) = mindeg, ¢( G) = maxdeg
Â(G) = thechromaticnumberof G.
N (x) = setof neighboursof thevertex x, and
G[X ]= thesubgraphof G inducedby X .
e(X ; Y) = # of edgesbetweenX andY.
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Specialnotation

Turántypeextremalproblemsfor simple(?) graphs
SamplegraphL, L

ex(n; L ) = extremalnumber = max
L 6µL

if L 2 L

e(Gn):

EX (n; L ) = extremalgraphs.
Tn;p = Tur án graph, p-chromatichaving mostedges.

THE TURÁN GRAPH
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The Turán graph

Tn;p =

If n ´ r (mod p), 0 · r < p, then

e(Tn;p) =
1
2

µ
1 ¡

1
p

¶
¡
n2 ¡ r 2

¢
+

µ
r
2

¶
:

Sowecancalculatee(Tn;p) but mostlywedonot carefor theformula!
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Turán type graph problems
MANTEL 1903(?) K 3
Erd�os: C4: Applicationin combinatorialnumbertheory.
The�rst �nite geometricalconstruction(EszterKlein)

Tur án theorem. (1940)

e(Gn) > e(Tn;p) =) K p+1 µ Gn:

UniqueextremalgraphTn;p.

GENERAL QUESTION: Given a family L of forbiddengraphs,
whatis themaximumof e(Gn) if Gn doesnotcontainsubgraphs
L 2 L?
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Main Line:
Many centraltheoremsassertthatfor ordinarygraphsthegeneral
situationis almostthesameasfor K p+1 .

Put
p := min

L2L
Â(L) ¡ 1:

TheextremalgraphsSn areverysimilar to Tn;p.

thealmostextremalgraphsarealsoverysimilar to Tn;p.
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The meaningof “ VERY SIMILAR” :

Onecandeleteandaddo(n2) edgesof anextremal
graphSn to getaTn;p.

Onecandeleteo(n2) edgesof anextremalgraphto
getap-chromaticgraph.

Introductionto ExtremalGraphTheory– p.9



Stability of the classsizes
Exercise1. Amongall then-vertex p-chromaticgraphsTn;p is the(only)
graphmaximizinge(Tn;p).

Exercise2. (Stability) If Â(Gn) = p and

e(Gn) = e(Tn;p) ¡ s

thenin ap-colouringof Gn, thesizeof thei th colour-class,
¯
¯
¯
¯ni ¡

n
p

¯
¯
¯
¯ < c

p
s + 1:

Exercise3. Prove thatif ni is thesizeof thei th classof Tn;p andGn is
p-chromaticwith classsizesm1; : : : ; mp, andif si := jni ¡ mi j, then

e(Gn) · e(Tn;p) ¡
X µ

si

2

¶
:

Prove theassertionof thepreviousexercisefrom this.
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Extr emalgraphs

The “metric” ½(Gn; Hn) is the minimum numberof edgesto
changeto getfrom Gn agraphisomorphicto Hn.

Notation. EX (n; L ): setof extremalgraphsfor L .

Theorem1 (Erd �os-Simonovits, 1966).Put

p := min
L2L

Â(L) ¡ 1:

If Sn 2 EX (n; L ), then

½(Tn;p; Sn) = o(n2):
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Product conjecture
Theorem1 separatesthecasesp = 1 andp > 1:

ex(n; L ) = o(n2) ( ) p = p(L ) = 1

p = 1: degenerateextremalgraphproblems

Conjecture 1 (Sim.). If

ex(n; L ) > e(Tn;p) + n logn

andSn 2 EX (n; L ), thenSn canbeobtainedfroma K p(n1; : : : ; np) only by
addingedges.

Thiswould reducethegeneralcaseto degenerateextremalgraphproblems:
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The product conjecture,Reduction

De�nition 1. Given the vertex-disjoint graphs H1; : : : ; Hp, their product
Q p

i=1 Hni is the graph Hn obtainedby joining all the verticesof Hni to all
verticesof Hnj , for all 1 · i < j · p.

Exercise4. Prove thatif
Q p

i=1 Hni is extremalfor L thenHn1 is extremal
for someM 1. (Hint: Prove this �rst for p = 1.)

De�nition 2 (Decomposition).M = M (L ) is the family of decomposition
graphsof L , whereM is a decompositiongraphfor L if someL 2 L canbe
p + 1-coloredsothatthe�rst two colorsspananM ¤ containingM .

Exercise5. Prove thatif
Q p

i=1 Hni is extremalfor L thenHni is extremal
for someM i µ M andp(M ) = 1: theproblemof M is degenerate.
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Example: Octahedron Theorem

Erd �os-Sim.theorem. For O6, theextremalgraphsSn are“products”:

Um ­ Wn¡ m whereUm is extremalfor C4 andWn¡ m is extremalfor P3. for
n > n0. ! ErdSimOcta

=
EXCLUDED: OCTAHEDRON EXTREMAL = PRODUCT
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Decompositiondecidesthe error terms

De�nition (Decomposition, alternative def.). For a given L ,
M := M (L ), M is the family of all thosegraphsM for which there is
anL 2 L anda t = t(L) suchthatL µ M ­ K p¡ 1(t; : : : ; t):
Wecall M thedecompositionfamily of L .

A

B

If B contains a C , then G   contains
an octahedron: K(3,3,3).

n4

Introductionto ExtremalGraphTheory– p.15



The product conjecture, II.

Conjecture (Product). If no p-chromaticL 2 L canbep + 1-
coloredsothatthe�rst two color classesspana tree(or a forest)
thenall (or at leastoneof) theextremalgraphsareproductsof p
subgraphsof size¼ n

p.
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Structural stability

Erd �os-Sim.Theorem.
Put

p := min
L 2 L

Â(L) ¡ 1:

For every " > 0 thereis a± > 0 suchthatif L 6µGn for any L 2 L and

e(Gn) ¸
µ

1 ¡
1
p

¶ µ
n
2

¶
¡ ±n2;

then

½(Gn; Tn;p) · "n 2
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Structural stability: o(:) form

Erd �os-Sim.Theorem.
Put

p := min
L 2 L

Â(L) ¡ 1:

If Gn is almostextremal:
It is L -free,and

e(Gn) ¸
µ

1 ¡
1
p

¶ µ
n
2

¶
¡ o(n2);

then
½(Gn; Tn;p) = o(n2):

Corollary: Thealmostextremalgraphsarealmost-p-colorable
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Impr ovederror terms, dependingon M .

Erd �os-Sim.Theorem.
Put

p := min
L 2 L

Â(L) ¡ 1:

Let M = M (L ) be the decompositionfamily. Let ex(n; M ) = O(n2¡ ° ).
Then,if Gn is almostextremal:

It is L -free,and

e(Gn) ¸
µ

1 ¡
1
p

¶ µ
n
2

¶
¡ O(n2¡ ° );

thenwecandeleteO(n2¡ ° ) edgesfrom Gn to getap-chromaticgraph.

Remark:For extremalgraphs½(Sn; Tn;p) = O(n2¡ ° ).
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Applicable and givesalsoexactresults
Examples:
Octahedron, Icosahedron, Dodecahedron,Petersengraph, Grötzsch

In all thesecasesthestability theoremyieldsexactstructurefor
n > n0.
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Original proof of Turán' s thm

WemayassumethatK p µ Gn.
Wecutoff K p.
Weuseinductiononn (from n ¡ p).

G  -K

Kp

n p

Kp

G  -Kn p

Weshow theuniqueness

This “splitting off ” method can be used to prove the structural stability
and many other results. However, therewe split of, say a large but �x ed
K p(M ; : : : ; M ).
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Zykov'sproof, 1949
.. .andwhy dowe like it?

yx

Assumedeg(x) ¸ deg(y):
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Zykov'sproof, 1949.
. . .andwhy dowe like it?

yx

WereplaceN (x) by N (y):

Lemma.If Gn 6¶K ` and
wesymmetrize,the
resultinggraphwill neither
containaK `.
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How to usethis?
Wecanuseaparallelsymmetrization.

= max degree

Uniqueness?

FÜREDI provedthestability for K p+1 , analyzingthis
proof: If therearemany edgesamongthenonneighboursof the
basexi thenwegaina lot.
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Other dir ections
Proveexactresultsfor specialcases
Provegoodestimatesfor thebipartitecase:p = 1
Clarify thesituationfor digraphs
Prove reasonableresultsfor hypergraphs

Investigate�elds wheretheproblemshaveotherforms,
yet they arestronglyrelatedto theseresults.
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Examples:1. Critical edge

Critical edge theorem. If Â(L) = p+ 1 andL containsacolor-
critical edge,thenTn;p is the(only) extremalfor L , for n > n1.
[If andonly if]

SIM., (Erd�os)

GRÖTZSCH GRAPH
Completegraphs
Oddcycles
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Examples:2. A digraph theorem
Wehave to assumeanupperbounds on themultiplicity. (Otherwisewemay
havearbitrarymany edgeswithouthaving aK 3.) Let s = 1.

L :

ex(n; L) = 2ex(n; K 3) (n > n0?)

Many extremalgraphs:We cancombinear-
bitrary many orienteddoubleTurángraphby
joining themby singlearcs.
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Example3. The famousTurán conjecture
Consider3-uniformhypergraphs.
Conjecture 2 (Tur án). Thefollowingstructure (on theleft) is
the(? asymptotically)extremalstructure for K (3)

4 :

For K (3)
5 oneconjecturedextremalgraphis just theabove

“completebipartite”one(on theright)!
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Examples:DegreeMajorization
ERD �OS

For everyK p+1 -freeGn thereis ap-chromaticHn with

dH (vi ) ¸ dG(vi ):

(I.e thedegreesin thenew graphareat leastaslargeasoriginally.)

BOLLOBÁS-THOMASON, ERD �OS-T. SÓS

If e(Gn) > e(Tn;p) edges,thenGn hasavertex v with

e(G[N (v)]) ¸ ex(d(v); K p):

(I.e theneighbourhoodhasenoughedgesto ensureaK p.)

BothgeneralizetheTuránthm.
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Application of symmetrization

Exercise6. Prove thatsymetrizationdoesnotproducenew complete
graphs:if theoriginalgraphdid not containK ` , thenew onewill neither.

Exercise7. Prove thedegree-majorizationtheorem,usingsymmetrization.

Exercise8. (BONDY) Prove theBollobás-Thomason-Erd�os-T. Sós
theorem,usingsymmetrization.

Exercise9. Is it truethatif agraphdoesnot containC4 andyou
symmetrize,thenew graphwill neithercontainaC4?
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Examples:
ERD �OS:

Prove thateachtriangle-freegraphcanbeturnedinto a bipartite
onedeletingatmostn2=25edges.

Theconstructionshows thatthis is
sharpif true.
Partial results:ERD �OS-FAUDREE-
PACH-SPENCER

ERD �OS-GY �ORI-SIM.
GY �ORI
FÜREDI
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Intr oduction, history, somecentral theorems

Ramsey theory(ERD �OS-SZEKERES)
– TheESZTER KLEIN problem
– TheLemma:EitherGn or Gn containsa largeK `.

Extremalgraphtheory(TURÁN/ERD �OS)

Introductionto ExtremalGraphTheory– p.32



The EszterKlein problem:

Exercise10. Prove thatamong5 pointstherearealways4 in a
convex position.

Problem1. Let f (k) denotethesmallestinteger for which
amonganyf (k) pointsin theplanetherearek in convex
position.

Is theresuch an integer at all?
If YES,estimateit.

Proof of statementof Ex 1.
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Erd �os-Szekeresconjecture

f (k) · 2k¡ 2 + 1:

Two proofsof aweaker result:
ReinventingRAMSEY theorem:

Theorem2 (Erd �os-Szekeres).
If R(k; `) is theRAMSEY threshold,then

R(k; `) ·
µ

k + ` ¡ 2
k ¡ 1

¶
:

Exercise11. Prove this,usinginductiononk + `.

Exercise12. Canyouprovesomethingsimilar for 3 colours?
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Proof of E-Szthm, usingRamsey

ThehypergraphRAMSEY is needed.
color theconvex 4-gonsRED, theothersBLUE

Show thatif all the4-tuplesareRED for P1; : : : ; Pk, thenthey
arein convex position.

Remark 1. Onecanimprove thisproof: applyRAMSEY to 3-uniform
hypergraphs:Color thetrianglesin RED-BLUE: Clockwise¢ PaPbPc RED,
theothersBLUE (a < b< c)

A

B

C

C

A B

D

K

Q

G

B

A

H
R

C T

F
W

Show thatif all the3-tuplesareRED
for P1; : : : ; Pk, thenthey arein convex
position.
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Turán' sapproach
In whichotherwaycanweensurea largeK k µ Gn?

E.g.,if e(Gn) is large?

LaterTURÁN usedto say:RAMSEY andhis theoremsare
applicablebecausethey aregeneralizationsof the
PigeonHolePrinciple.

Turánaskedfor severalothersamplegraphsL to determineex(n; L):
Platonicgraphs:Icosahedron,cube,octahedron,dodecahedron.
pathPk
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Exercises:

Exercise13. Let Cdenotethefamily of all cycles.Determineex(n; C).

Exercise14. Determineex(n; P4).

Exercise15. Prove thatif dmin (Gn) ¸ k ¡ 1 thenGn containsall treesonk
vertices.

Exercise16. Prove thatfor any treeTk,

ex(n; Tk) · (k ¡ 1)n:
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Erd �os-Sósconjecture

ex(n; Tk) ·
1
2

(k ¡ 1)n:

AJTAI-KOMLÓS-SIM.-SZEMERÉDI: Trueif k > k0.

Introductionto ExtremalGraphTheory– p.38



�

�� �

�

� �

�

���

�

�

	



�

�
�


 �

�

�

�

�

�

�


 �

�

�

�
� 


�

�

� �

� �

�

�

�
� �

�

�

�
�

�

�

Theasymptoticstructureof extremalgraphs

Degenerateextremalgraphproblems:
– L containsabipartiteL :
– ex(n; L ) = o(n2):

Lowerboundsusingrandomgraphsand�nite
geometries:

– Hererandommethodsareweak
– Finitegeometrysometimesgivessharpresults.
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The Erd �os-Stonetheorem(1946)

ex(n; K p+1 (t; : : : ; t)) = ex(n; K p+1 ) + o(n2)

Motivationfrom topology
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Generalasymptotics

Erd �os-Stone-Sim. ! ErdSimLim

If
min
L2L

Â(L) = p + 1

then

ex(n; L ) =
µ

1 ¡
1
p

¶ µ
n
2

¶
+ o(n2):

Sotheasymptoticsdependsonly on the
minimumchromaticnumber
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Erd �os-Stone-Sim.thm

ex(n; L ) = ex(n; K p+1 ) + o(n2):

How to prove this from ERD �OS-STONE?
– pick L 2 L with Â(L) = p + 1.
– pick t with L µ K p+1 (t; : : : ; t).
– applyERD �OS-STONE:

ex(n; L ) ¸ e(Tn;p)

but

ex(n; L ) · ex(n; L) · ex(n; K p+1 (t; : : : ; t))

· e(Tn;p) + "n 2: ¤
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Classi�cation of extremalproblems

nondegenerate: p > 1

degenerate: L containsabipartiteL

stronglydegenerate: Tº 2 M (L )

whereM is thedecompositionfamily.
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Importance of Decomposition
Thisdeterminestherealerrortermsin our theorems.E.g.,if M
is thefamily of decompositiongraphs.

e(Tn;p) + ex(n=p;M ) · ex(n; L ) · e(Tn;p) + c ¢ex(n=p;M )

for any c > p, andn large.

Exercise17. Whatis thedecompositionclassof K p+1 ?

Exercise18. Whatis thedecompositionclassof theoctahedrongraph
K 3(2; 2; 2)? Moregenerally, of K (p;q; r )?

Exercise19. Whatis thedecompositionclassof theDodecahedrongraph
D20? And of theicosahedrongraphI 12?
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The correspondingtheorems
Def. e is color-critical edgeif Â(L ¡ e) < Â(L).

Critical edge,(Sim.) theorem. If Â(L) = p+ 1 andL contains
a color-critical edge,thenTn;p is the (only) extremal for L , for
n > n1.

+ Erd�os

Completegraphs
Oddcycles
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Dodecahedron Theorem(Sim.)

3

s-1K

C

C

C

1

2

Dodecahedron:D20 H (n; d;s)
K5

H (n; 2; 6)

For D20, H (n; 2; 6) is the (only) ex-
tremalgraphfor n > n0.
(H (n; 2; 6) cannotcontainaD20 sinceonecan
delete5 pointsof H (n; 2; 6) to geta bipartite
graphbut onecannotdelete5 pointsfrom D20

to make it bipartite.)
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Example2: the Icosahedron

2

41

4 3

1

43

2 3 2

1

A

B

nIf B contains a P , then G   contains6
an icosahedron

Thedecompositionclassis: P6.
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Application in combin. number theory

Erd�os(1938): ! ErdTomsk

Maximumhow many integersai 2 [1; n] canbefoundunderthe
condition:ai aj 6= aka`, unlessf i; j g = f k; `g?

This leadERD �OS to prove:

ex(n; C4) · cn
p

n:

The�rst �nite geometricconstructionto prove thelowerbound
(ESZTER KLEIN)

Crookstube

Introductionto ExtremalGraphTheory– p.48



First “attack”:
Theprimesbetween1 andn satisfyErd�os' condition.

Canweconjecture
g(n) ¼ ¼(n) ¼

n
logn

?

YES!
Proofidea:If wecanproduceeachnon-promem 2 [1; n] asaproduct:

m = xy; where x 2 X ; y 2 Y;

then
g(n) · ¼(n) + exB (X ; Y; C4):

whereexB (U; V; L) denotesthemaximumnumberof edgesin asubgraphof

G(U; V) without containinganL.
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The number theoretical Lemma:
Consideronly integers.Let P = primes,

B := [1; n2=3]
[

[n2=3; n] \ P and D := [1; n2=3]:

Lemma 1 (Erd �os,1938). [1; n] µ B ¢D = (B1 ¢D) [ (B2 ¢D):
Lemma 2 (Erd �os,1938).Representingeach ai = bi di , the
obtainedbipartitegraphhasnoC4.

bb 21 b

d7

3

d2d1

5 3 7a  = b d

n

m

h

e(G(B1; D)) · 3m
p

m = 3n.
B2 is joinedonly to [1; n1=3]:
e(G(B2; D)) · ¼(n) + h2

= ¼(n) + n2=3.
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K �ovári-T. Sós-Turán theorem

Oneof theimportantextremalgraphtheoremsis thatof
K �OVÁRI, T. SÓS AND TURÁN, ! KovSosTur

solvingtheextremalgraphproblemof K 2(p;q).

Theorem (K �ovári–T. Sós–Tur án). Let 2 · p · q be �x ed
integers.Then

ex(n; K (p;q)) ·
1
2

p
p

q ¡ 1n2¡ 1=p +
1
2

pn:

Introductionto ExtremalGraphTheory– p.51



Is the exponent2 ¡ (1=p) sharp?

Conjecture (KST Sharp). For every integersp;q,

ex(n; K (p;q)) > cp;qn2¡ 1=p:
Known for p = 2 andp = 3: Finitegeometricconstructions
ERD �OS, RÉNYI, V. T. SÓS, ! ErdRenyiSos

W. G. BROWN ! BrownThom

Randommethods: ! ErdRenyiEvol

ex(n; K (p;q)) > cpn2¡ 1
p ¡ 1

q :

FüredionK 2(3; 3): TheBrown constructionis sharp.
Kollár-Rónyai-Szabó:q > p! . CommutativeAlgebraconstr.

Alon-Rónyai-Szabó:q > (p ¡ 1)! .
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Unknown:
Missinglowerbounds:Constructionsneeded

“Randomconstructions”donotseemto give theright
orderof magnitudewhenL is �nite

Wedonotevenknow if

ex(n; K (4; 4))
n5=3

! 1 :

Partial reasonfor thebadbehaviour:
LenzConstruction
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Lenz Construction
Exercise20. Prove thatE4 containstwo circlesC1 andC2 sothateach
x 2 C1 is atdistance1 from eachpointof C2.

Exercise21. Is thereany bipartiteL whichcanbeexcludedfrom theunit
distancegraphin E4?

Exercise22. FindanL of chromaticnumber3 whichcanbeexcludedfrom
theunit distancegraphin E4.
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Sketchof the proof of KST Thm

Lemma (Convexity). Extending
¡ n

p

¢
to all x > 0 by

µ
x
p

¶
:=

½
x(x¡ 1):::(x¡ p+1)

p! for x ¸ p ¡ 1;
0 otherwise

wegetaconvex function.

Proof of the Lemma. Rolle theorem
½

x(x¡ 1):::(x¡ p+1)
p! for x ¸ p ¡ 1;

0 otherwise

is alsoconvex in (¡1 ; 1 ).
±0.4

±0.2

0.2

0.4

0.6

0.8

y

±1 1 2 3 4

x
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Needed:

Exercise23.
(n ¡ p + 1)p

p!
·

µ
n
p

¶
·

np

p!

Exercise24. Whenis

(n ¡ p + 1)p

p!
·

µ
n
p

¶
·

np

p!

almostsharp?

Exercise25. For a À c À b, estimate
¡ a¡ b

c¡ b

¢

¡ a
c

¢ :
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Proof of KST Thm
CountP = # K p;1 µ Gn

(a)P · (q ¡ 1)
¡ n

p

¢
.

(b) If d1; : : : ; dn arethedegreesin Gn, thenP =
P ¡ di

p

¢
:

Jensen's Inequality:if E := e(Gn), then

n
µ

2E=n
p

¶
·

X µ
di

p

¶
· (q¡ 1)

µ
n
p

¶
=) n

µ
2E
n

¡ p
¶ p

· (q¡ 1)np;

p
p

n
µ

2E
n

¡ p
¶

· p
p

q ¡ 1 ¢n:

Rearranging:

2E
n

¡ p · p
p

q ¡ 1¢n1¡ 1
p : =) E ·

1
2

p
p

q ¡ 1¢n2¡ 1
p +

1
2

pn:
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Degenerateproblems
Givena family L of forbiddengraphs,

ex(n; L ) = o(n2):

if andonly if thereis abipartitegraphin L .
Moreover, if L0 2 L is bipartite,then

ex(n; L ) = O(n2¡ 2=v(L 0)):

Proof. Indeed,if agraphGn containsnoL 2 L , thenit contains
noL0 andthereforeit containsnoK 2(p;v(L0) ¡ p), yieldingan
L µ Gn. .
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Strongly degenerateproblems
Givena �nite family L of forbiddengraphs,

ex(n; L ) = O(n):

if andonly if thereis a tree(or a forest)graphin L .

Proof.
– if thereis a treein L thenex(n; L ) = O(n).
– By Erd�os's lowerbound,if thereis no treein L andthe

largertL hasv vertices,wemaytakeaGn with girth > v and

e(Gn) > n1+cL :

Exercise26. Show thatthe�nitenesscannotbeomitted.
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Mader type theorems:
Let > (L) bethefamily of topologicalL 's. Then
ex(n; > (L)) = O(n):

Mader theorem. (1967) There exists a constantcp > 0 for

which, if
e(Gn) > cpn

thenGn containsa topologicalK p. ! Mader67

Introductionto ExtremalGraphTheory– p.60



Further Mader theorems(1998,2005)

Conjecture (G. Dirac). EveryGn (n ¸ 3) with e(Gn) ¸ 3n ¡ 5
containsasubdivisionof K 5.

WOLGANG MADER: YES.

Conjecture (C. Thomassen).Everynon-planar4-connected
graphwith at least3n ¡ 6 edgescontainsasubdivisionof K 5.

MADER alsoprovedthis,by characterizing

graphswith 3n ¡ 6 edgesnotcontainingasubdivisionof K 5.

! Mader05

Introductionto ExtremalGraphTheory– p.61



SupersaturatedGraphs: Degenerate
Prove thatif

E = e(Gn) > c0n2¡ (1=p);

thenthenumberof K p;q's in Gn

# K (p;q) ¸ cp;q
E
n2

pq

Themeaningof this is thatanarbitraryGn having moreedgesthanthe(con-
jectured)extremalnumber, musthave – up to a multiplicative constant,– at
leastasmany K p;q asthecorrespondingrandomgraph,

seeconjecturesErd�osandSim. andof Sidorenko
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Supersaturated,Non-Degenerate
If

e(Gn) > ex(n; L) + cn2;

thenGn containş cL nv(L) copiesof L

Thisextendsto multigraphs,hypergraphs,directedmultihypergraphs.

BROWN-SIMONOVITS ! BROWNSIMDM
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Bondy-Simonovits

Theorem(EvenCycle: C2k). ex(n; C2k) = O(n1+(1=k)).
Moreexplicitly:

Theorem(EvenCycle: C2k). ex(n; C2k) · c1kn1+(1=k).

Conjecture(Sharpness). Is thissharp,at leastin theexponent?
Thesimplestunknown caseis C8,
It is sharpfor C4,C6, C10

Couldyou reducek in c1kn1+(1=k)?
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Sketchof the proof:
Lemma 3. If D is theaveragedegreein Gn, thenGn containsa
subgraphGm with

dmin(Gm) ¸
1
2

D and m ¸
1
2

D:

Exercise27. Canyou improve this lemma?

SowemayassumethatGn is bipartiteandregular.
Assumealsothatit doesnotcontainshortercycleseither.
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Sketchof the proof: Expansion

Startwith cheating:girth > 2k:
The i th level containsat least

D i differentpoints.
D i < n, i = 1; 2; : : : k.

SoD < n1=k.
e(Gn) · cDn · 1

2n1+1=k.

We still have thedif�culty that theshortercyclescannotbe trivially elimi-
nated.Two methodsto overcomethis:

BONDY-SIMONOVITS and ! BondySim

FAUDREE-SIMONOVITS ! FaudreeSim.
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Both proofsuseExpansion:

x is a �x edvertex, Si is thei th level, weneedthat

jSi+1 j
jSi j

> cL ¢dmin(Gn) for i = 1; : : : ; k:
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Faudree-Simonovits method:
Thisgivesmore: ex(n; £ k;` ) = O(n1+(1=k)):

x

Rich
Poo

r

Q4,5

k path of length t
joining x and y

To prove theexpansionwedistinguishrich andpoorvertices:
Rich= connectedto many differentcolours
Poor:connectedto few differentcolours.

Introductionto ExtremalGraphTheory– p.68



Cube-reduction

Theorem(Cube,Erd �os-Sim.). ex(n; Q3) = O(n8=5).
New Proofs:PINCHASI-SHARIR, FÜREDI, . . .

Thecubeis obtainedfrom C6 by addingtwo vertices,and
joining two new verticesto thisC6 asabove.

Weshalluseamoregeneralde�nition: L(t).
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Generalde�nition of L(t):

TakeanarbitrarybipartitegraphL andK (t; t). 2-colorthem!
join eachvertex of K (t; t) to eachvertex of L of theoppositecolor

K(t,t)L

L(t)

Theorem(Reduction,Erd �os-Sim.). Fix abipartiteL andanintegert.
If ex(n; L) = n2¡ ® andL(t) is de�ned asabove thenex(n; L(t)) · n2¡ ¯ for

1
¯

¡
1
®

= t:
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Examples
TheESreductionincludedmany (most?)of theearlierupperboundson
bipartiteL. Deletinganedgee of L, denoteby L ¡ e theresultinggraph.

Exercise28. DeducetheKST theoremfrom theReductionTheorem.

Exercise29. Show thatex(n; Q8 ¡ e) = O(n3=2):

Exercise30. Show thatex(n; K 2(p;p) ¡ e) = O(n2¡ (1=p) ):

OpenProblem:
Finda lowerboundfor ex(n; Q8), betterthancn3=2.
Conjectured: ex(n; Q8) > cn8=5.
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What is left out?
ThegraphF11 below is full of C4's.

w
Erd�osconjecturedthatex(n; F11) = O(n3=2). Themethodsknown tosedays
did notgive this. Fürediprovedtheconjecture. ! Fur11CCA

Thegeneralde�nition: In F1+ k+ (k
` )

w is joinedto k verticesx1; : : : ; xk, and
¡ k

`

¢
furtherverticesarejoinedto each̀ -tuplexi 1 : : : xi ` .

F11 = F1+4+ (4
2)

.
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An Erd �osproblem: Compactness?
Weknow thatif Gn is bipartite,C4-free,then

e(Gn) ·
1

2
p

2
n3=2 + o(n3=2):

WehaveseenthatthereareC4-freegraphsGn with

e(Gn) ¼
1
2

n3=2 + o(n3=2):

Is it truethatif K 3; C4 6µGn then

e(Gn) ·
1

2
p

2
n3=2 + o(n3=2) ?

Thisdoesnothold for hypergraphs(BALOGH) or for geometricgraphs
(TARDOS)
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Erd �os-Sim.,C5-compactness:

If C5; C4 6µGn then ! ErdSimComp

e(Gn) ·
1

2
p

2
n3=2 + o(n3=2):

Unfortunately, this is muchweaker thantheconjectureonC3; C4: excluding
aC5 is amuchmorerestrictivecondition.

Introductionto ExtremalGraphTheory– p.74



Erd �os-Gallai:

ex(n; Pk) ·
1
2

(k ¡ 2)n:

Kk-1 K K

K
r

k-1k-1

FAUDREE-SCHELP
KOPYLOV

Introductionto ExtremalGraphTheory– p.75



Erd �os-T. Sós:

Conjecture (Extr emal number of the tr ees). For any tree Tk ,
ex(n; Tk) · 1

2(k ¡ 2)n:

Motivation: Truefor thetwo extremecases:pathandstar.
�ght for 1

2
Partial results

Theorem(Andr ewMcLennan). TheErd�os-Śosconjectureholdsfor
treesof diameter4, (2003)

Theorem(Ajtai-K omlós-Sim.-Szemeŕedi). If k > k0 thentrue:

ex(n; Tk) ·
1
2

(k ¡ 2)n:
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Lower boundsfor degeneratecases

Why is therandommethodweak?

Why is theLenzconstructionimportant?

Finitegeometries

Commutativealgebramethod
– Kollár-Rónyai-Szabó
– Alon-Rónyai-Szabó

Margulis-Lubotzky-Phillips-Sarnakmethod ! Margu

! LubPhilSar

Lazebnik-Ustimenko-Woldar
– Evencycle-extremalgraphs
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Why is the random methodweak?
Let Â(L) = 2, v := v(L), e = e(L).

ThesimpleRandommethod(threshold)givesanL-freegraphGn

with cn2¡ (v=e) edges.For C2k this is tooweak.

Improvedmethod(�rst moment):

cn2¡ v ¡ 2
e¡ 1 :

For C2k this yields

cn2¡ 2k ¡ 2
2k ¡ 1 = cn1+ 1

2k ¡ 1 :

Conjectured:

ex(n; C2k) > cn1+ 1
k :
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Randommethod,GeneralCase:

Theorem (General Lower Bound). If a �nite L doesnot con-
tain trees(or forests),thenfor someconstants
c = cL > 0, ® = ®L > 0

ex(n; L ) > cn1+®:

Proof (Sketch).
Discardthenon-bipartiteL 's.
Fix a largek = k(L ). (E.g.,k = maxv(L).)
Weknow ex(n; f C4; : : : ; C2kg) > cn2¡ v¡ 2

e¡ 1 :
SinceeachL 2 L containssomeC2` (` · k),

ex(n; L ) ¸ ex(n; C4; : : : ; C2k) > cn1+ 1
2k¡ 1 :
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Constructionsusing �nite geometries

p ¼
p

n = prime(n = p2)
Verticesof thegraphFn arepairs: (a;b) mod p.
Edges:(a;b) is joinedto (x; y) if ac+ bx = 1 mod p.

Geometryin the constructions:the neighbourhoodis a straightline andtwo
suchnighbourhoodsintersectin · 1 vertex.

=) No C4 µ Fn
loopsto bedeleted
mostdegreesarearound

p
n:

e(Fn) ¼ 1
2n

p
n
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Finite geometries:Brown construction
Vertices:(x; y; z) modp

Edges:

(x ¡ x0)2 + (y ¡ y0)2 + (z ¡ z0)2 = ®:

ex(n; K (3; 3)) >
1
2

n2¡ (1=3) + o(:::):

! BrownThom
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The �rst missingcase
Theabovemethodsdonotwork for K (4; 4).
Wedonotevenknow if

ex(n; K 2(4; 4))
ex(n; K 2(3; 3))

! 1 :

Onereasonfor thedif�culty: Lenzconstruction:
E4 containstwo circlesin two orthogonalplanes:

C1 = f x2+ y2 =
1
2

; z = 0; w = 0g and C2 = f z2+ w2 =
1
2

; x = 0; y = 0g

andeachpointof C1 hasdistance1 from eachpointof C2: theunit distance
graphcontainsaK 2(1 ; 1 ):
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Other similar constructions
E. Klein
Reiman
Hylten-Cavallius
Mörsconstruction

Singleton
Bensonconstruction

Wengerconstruction

Lazebnik-Ustimenko
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Algebraic constructions

Margulis

Margulis II.
Lubotzky-Phillips-Sarnak

Lazebnik-Ustimenko
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Mar gulis construction
Simplestcase ! Margu

Finda4-regulargraphwith girth clogn.

Take theCayley graphgeneratedby

A =
µ

1 2
0 1

¶
and B =

µ
1 0
2 1

¶
:

They areindependent:No (long)productof thesematricesandtheir inverses
is I unlessit trivially simpli�es to I .
) In�nite Cayley = 4-regulartree.Takeeverythingmodp.
Gn, n ¼ p3 vertices,g(Gn) > clogp
Generalcase,evendegree: . . .

In Lubotzky-Phillips-Sarnak:quaternions:matriceswith Gaussianintegers
Introductionto ExtremalGraphTheory– p.85



The Universe
Extremalproblemscanbeasked(andareasked)for many other
objecttypes.

Mostly simplegraphs
Digraphs ! Brown-Harary, Brown, Erd�os,Simonovits

Multigraphs ! Brown-Harary, Brown, Erd�os,Simonovits

Hypergraphs ! Turán,. . .

Geometricgraph ! Pach,Tóth,Tardos

Integers ! Erd�os,Sidon,Szemerédi,.. .

groups
otherstructures
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The generalproblem
Givenauniverse, andastructureA with two (natural
parameters)n ande on its objectsG.
GivenapropertyP.

ex(n; P) = max
n(G)= n

e(G):

Determineex(n; P) and

describetheEXTREMAL STRUCTURES
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Examples:Hypergraphs, . . .

Wereturnto this later.
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Examples:Multigraphs, Digraphs, . . .

BROWN-HARARY: boundedmultiplicity: r

BROWN-ERD �OS-SIM. ! BrownSimDM

r = 2s: digraphproblemsandmultigraphproblems
seemto beequivalent:

– eachmultigraphproblemcaneasilybereducedto
digraphproblems

– andwedonotknow digraphproblemsthatare
reallymoredif�cult thansomecorresponding
multigraphproblem
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Examples:Numbers, . . .

Tomsk
Sidonsequences
Let r k(n) denotethemaximumm suchthattherearem integers
a1; : : : ; am 2 [1; n] without k-termarithmeticprogression.

Szemeŕedi Theorem. For any �x edk rk(n) = o(n) asn ! 1 :

History (simpli�ed):
K. F. ROTH: r3(n) = o(n)
SZEMERÉDI

FÜRSTENBERG: Ergodicproof
FÜRSTENBERG-KATZNELSON: Higherdimension
Polynomialextension,HALES-JEWETT extension
GOWERS: muchmoreeffective Introductionto ExtremalGraphTheory– p.90



On the number of L -fr eegraphs
J.Balogh,B. Bollobás,andSimonovits
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Erd �os–Kleitman–Rothschildtype results
Below P(n; L ) is thefamily of n-vertex L -freegraphs.
Erd�os,KleitmanandRothschildjP (n; L)j = ? for L = K p+1 .

jP (n; L )j ¸ 2ex(n;L ):(1)

Conjecture (Erd �os).

jP (n; L)j = 2(1+ o(1))ex(n;L ):
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Erd �os-Kleitman-Rothschild
Let ' (n) = o(np¡ 1) bea �x edfunction,andwrite
P(n; K p+1 ; ' ) for thefamily of graphscontainingatmost' (n)
copiesof K p+1 . Then

jP (n; K p+1 ; ' )j · 2(1¡ 1
p )( n

2)+ o(n2):

In particular,

jP (n; K p+1 )j · 2(1¡ 1
p )( n

2)+ o(n2):

Theorem[EKR] is sharp.
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Erd �os-Frankl-Rödl Theorem
Let L beagraphwith Â(L) ¸ 3: Then ! ErdFraRo

jP (n; L)j = 2(1+o(1))ex(n;L )

= 2(1¡ 1
Â(L )¡ 1 )( n

2)+ o(n2):

If L is a treethenERD �OS' conjecturefails:

2c1n logn · jP (n; L)j · 2c2n logn;

for somepositiveconstantsc1 andc2.
If L = C4: dif�cult
(seeKLEITMAN andWINSTON) ! KLEIWIN .
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Starting point: Erd �os-Frankl-Rödl Theorem

jP (n; L )j = 2(1+o(1))ex(n;L ) = 2(1¡ 1
p )( n

2)+ o(n2);(2)

where
p + 1 = min

L2L
Â(L):(3)

Improved ! BalBollSim

Theorem(Balogh-Bollobás-Sim). For everynon-trivial family
L of graphsthereexistsa constantpositive ° = °L suchthat,for
p + 1 = minL2L Â(L),

jP (n; L )j · 2(1¡ 1
p )(n

2)+ O(n2¡ ° ):
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Sharper estimates?

Theorem (Balogh-Bollobás-Sim: “Sharp form”). Assumethat
L is �nite. Thenfor almostall L -free graphsGn we candeleteh = OL (1)
verticesof Gn andpartitiontheremaningverticesinto p classesU1; : : : ; Up so
thatG[Ui ] areM -free(i = 1; : : : ; p).

Thereareevensharperresults ! BalBollSimB
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Problems,Exercises

Exercise31. Let theverticesof agraphbepointsin E2 andjoin two points
by anedgeif their distanceis 1. Show thatthisgraphcontainsnoK (2; 3).

Exercise32. Let theverticesof agraphbepointsin E3 andjoin two points
by anedgeif their distanceis 1. Show thatthisgraphcontainsnoK (3; 3).

Exercise33. If we taken pointsof generalpositionin thed-dimensional
Euclideanspace(i.e.,nod of thembelongto ad ¡ 1-dimensionalaf�ne
subspace)andjoin two of themif their distanceis 1, thentheresultinggraph
Gn cannot containK d+2 .

Exercise34. If a1; : : : ; ap andb1; : : : ; bq arepointsin Ed andall the
pairwisedistances½(ai ; bj ) = 1, thenthetwo af�ne subspacesde�ned by
themareeitherorthogonalto eachotheror oneof themreducesto onepoint.
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Problems,Exercises,cont.

Exercise35. Show thatif we join two pointsin E4 whentheirdistanceis 1,
thentheresultinggraphcontainsaK (1 ; 1 ).

Exercise36. Let v = v(L). Prove thatif weputmorethann1¡ (1=v) edges
into someclassof Tn;p thentheresultinggraphcontainsL . Canyousharpen
thisstatement?

Exercise37. (Petty's theorem)If we have n pointsin Ed with anarbitrary

metric½(x; t) andits “unit distancegraph”containsaK p thenp · 2d. (Sharp

for thed-dimensionalcubeandthe`1-metric.)
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Erd �oson unit distances
Many of theproblemsin theareaareconnectedwith the
following beautifulandfamousconjecture,motivatedby some
grid constructions.

Conjecture (P. Erd �os). For every " > 0 thereexistsann0(")
suchthatif n > n0(") andGn is theUnit DistanceGraphof aset
of n pointsin E2 then

e(Gn) < n1+" :
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Part II: Regularity Lemma for graphs

Origins/connectionsto theexistenceof arithmetic
progressionsin densesequences

Connectionto thequantitativeErdõs-Stonetheorem

Firstgraphtheoreticapplications(Ruzsa-Szemerédi
theorem,RAMSEY-TURN problems)

Countinglemma,removal lemma,colouredregularity
lemma
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Regular pairs
Regularpairsarehighly uniformbipartitegraphs,namelyones
in which thedensityof any reasonablysizedsubgraphis about
thesameastheoverall densityof thegraph.

De�nition (Regularity condition). Let " > 0. Given a graph G
and two disjoint vertex sets A ½ V, B ½ V, we say that the pair (A; B)
is "-regular if for every X ½ A and Y ½ B satisfying

jX j > " jAj and jY j > " jB j

we have

jd(X ; Y) ¡ d(A; B)j < ":
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The Regularity Lemma
TheRegularity Lemmasaysthatevery densegraphcanbepar-

titioned into a small numberof regularpairsanda few leftover

edges.Sinceregularpairsbehave asrandombipartitegraphsin

many ways, the R.L. providesus with an approximationof an

arbitrary densegraphwith the union of a constantnumberof

random-lookingbipartitegraphs.

Introductionto ExtremalGraphTheory– p.102



Regularity Lemma

Theorem (Szemeŕedi, 1978). For every " > 0 and m there
areM ("; m) andN ("; m) with thefollowing property:for every
graphG with n ¸ N ("; m) verticesthereis a partition of the
vertex setinto k classes

V = V1 + V2 + : : : + Vk

suchthat
² m · k · M ("; m),
² jjVi j ¡ jVj jj < 1, (1 · i < j · k)

² all but atmost"k 2, of thepairs(Vi ; Vj ) are" -regular.
See ! SzemRegu,KomSim
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The roleof m
is to make theclassesVi suf�ciently small,sothatthenumber
of edgesinsidethoseclassesarenegligible. Hence,the
following is analternative form of theR.L.

Theorem(Regularity Lemma – alternative form). For every
" > 0 thereexistsanM (") suchthatthevertex setof any
n-graphG canbepartitionedinto k setsV1; : : : ; Vk; for some
k · M ("), sothat

jVi j · d"ne for every i ,
jjVi j ¡ jVj jj · 1 for all i; j ,
(Vi ; Vj ) is " -regularin G for all but atmost"k 2 pairs

(i; j ).

For e(Gn) = o(n2), theRegularityLemmabecomestrivial.
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Clusters,ReducedGraph
TheclassesVi will becalledgroupsor clusters.
GivenanarbitrarygraphG = (V; E), apartitionP of thevertex-setV into
V1; : : : ; Vk, andtwo parameters"; d, wede�ne theReducedGraph(or
ClusterGraph)R asfollows: its verticesaretheclustersV1; : : : ; Vk andVi is
joinedto Vj if (Vi ; Vj ) is "-regularwith densitymorethand.

Most applicationsof the Regularity LemmauseReducedGraphs,and they
dependuponthefactthatmany propertiesof R areinheritedby G.
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Defectform of the Cauchy-Schwarz
Lemma 1 (Impr ovedCauchy-Schwarzinequality). If for the
integers0 < m < n,

mX

k=1

X k =
m
n

nX

k=1

X k + ±;

then
nX

k=1

X 2
k ¸

1
n

Ã
nX

k=1

X k

! 2

+
±2n

m(n ¡ m)
:
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How to proveRegularity Lemma?

UsetheDefectform of Cauchy-Schwarz.
Index:

I (P) =
1
k2

X
d(Vi ; Vj )2 <

1
2

:

Improving thepartition
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ColouredRegularity Lemma

If wehaveseveralcolours,say, Black,Blue,Red,then
wehaveaSzemerédipartitiongoodfor eachcolour
simultaneously.

How to applythis?
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Inheritance
Gn inheritsthepropertiesof theclustergraphHk.

sometimesin animprovedform!

Throughasimpli�ed example:

If Hk containsaC7 thenGn containsmany: cn7.
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Counting Lemma
Throughasimpli�ed example:
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Removal Lemma
Throughasimpli�ed example:

For every " > 0 thereis a± > 0:
If a Gn doesnot contain±n10 copiesof thePetersengraph,then
wecandelete"n 2 edgesto destroy all thePetersensubgraphs.

somethingsimilar is applicablein PROPERTY TESTING.
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The Cluster graph, illustrated:
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Excep-

set

Gn

iV

Vj

tional
Excep-

set

Gn

iV

Vj

tional
Excep-

set

Gn

iV

Vj

tional
Excep-

set

Gn

iV

Vj

Introductionto ExtremalGraphTheory– p.112



The Cluster graph, illustrated:

tional
Excep-

set

Gn

iV

Vj

tional
Excep-

set

Gn

iV

Vj

tional
Excep-

set

Gn

iV

Vj

tional
Excep-

set

Gn

iV

Vj

Introductionto ExtremalGraphTheory– p.113



The Cluster graph, illustrated:

tional
Excep-

set

Gn

iV

Vj

tional
Excep-

set

Gn

iV

Vj

tional
Excep-

set

Gn

iV

Vj

tional
Excep-

set

Gn

iV

Vj

Introductionto ExtremalGraphTheory– p.113



The Cluster graph, illustrated:

tional
Excep-

set

Gn

iV

Vj

tional
Excep-

set

Gn

iV

Vj

tional
Excep-

set

Gn

iV

Vj

tional
Excep-

set

Gn

iV

Vj

Introductionto ExtremalGraphTheory– p.113



The Cluster graph, illustrated:
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How to proveErd �os-Stone?

tional
Excep-

set

Gn

iV

Vj

No K p+1 in theReducedgraphHk
Apply Turán's theorem
Estimatetheedgesof theoriginalgraph:

e(Gn) · e(Hk)m2 + 3"n 2:
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How to proveStability?

tional
Excep-

set

Gn

iV

Vj

No K p+1 in theReducedgraphHk
Apply Turán's theoremwith stability (Füredi)
Estimatetheedgesof theoriginalgraph
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Ramsey-Turán problems

Theorem(Szemerédi). ! SzemRT

If Gn doesnotcontainK 4 and®(Gn) = o(n) then

e(Gn) =
n2

8
+ o(n2):

How to prove this?
UseRegularityLemma
Show thatthereducedgraphdoesnotcontainK 3.
Show thatthereducedgraphdoesnotcontain

d(Vi ; Vj ) >
1
2

+ "
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Blowup Lemma
KOMLÓS, G. SÁRKÖZY, SZEMERÉDI: ! BLOWUP

Goodto prove theexistenceof spanningsubgraphs
Pósa-Seymourconjecture,.. .

(A; B) is ("; ±)-super-regular if for every X ½ A andY ½ B
satisfying

jX j > " jAj and jY j > " jB j

wehave
e(X ; Y) > ±jX jjY j;

and
deg(a) > ±jB j for all a 2 A;

and deg(b) > ±jAj for all b2 B:
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Blowup Lemma
Theorem2. Givena graphRr and±; ¢ > 0, thereexistsan " > 0 such
that thefollowingholds.N = arbitrary positiveinteger,

replacetheverticesof R with pairwisedisjointN -sets
V1; V2; : : : ; Vr .

Constructtwographson thesameV = [ Vi . R(N ) is
obtainedby replacingall edgesof R with copiesof K N;N ,

anda sparsergraphG is constructedby replacingthe
edgesof R with ("; ±)-super-regular pairs.

If H with ¢( H ) · ¢ is embeddableinto R(N ) thenit is
alreadyembeddableinto G.
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Other Regularity Lemmas

FRIEZE-KANNAN
Backgroundin statictics,moreapplicablein algorithms

LOVÁSZ-B. SZEGEDY: Limit objects,continuous
version

ALON-FISCHER-KRIVELEVICH-M. SZEGEDY:
Usedfor propertytesting

ALON-SHAPIRA: propertytestingis equivalentto using

RegularityLemma
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Szemerédi'sLemma for the Analyst
This is thetitle of apaperof L. LOVÁSZ andB. SZEGEDY
Hilbert spaces,compactness,covering
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Hypergraph regularity lemmas
This topic is importantbut completelyneglectedhere.

Frankl-Rödl
Frankl-Rödl2.
F. Chung
A. Steger
Rödl,Skokan,Nagle,Schacht,.. .
Gowers,Tao,.. .
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Part III: Somerecentresults
Erd�os-Sósconjectureon trees
3-colouredRAMSEY theoremfor cycles
Somehypergraphresults
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Hypergraph extremalproblems

3-uniformhypergraphs:H (3)
n = (V; H)

Â(H (3)
n ): theminimumnumberof colorsneededto have in

eachtriple 2 or 3 colors.

Bipartite3-uniformhypergraphs:

THE EDGES INTERSECT BOTH CLASSES
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1

d

a

bc x

xx2 3

Complete4-graph,jj Fanocon�guration,jj octahedrongraph
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The famousTurán conjecture
Conjecture 2 (Tur án). Thefollowingstructure is the(?
asymptotically)extremalstructure for K (3)

4 :

For K (3)
5 oneconjecturedextremalgraphis just theabove

“completebipartite”one!
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Two important theorems

K �ovári-T. Sós-Tur án theorem. Let 2 · a · bbe�x edintegers.
Then

ex(n; K (a;b)) ·
1
2

a
p

b¡ 1n2¡ 1
a +

1
2

an:

! KovSosTur

a

b

Erd �ostheorem.

ex(n; K (r )
r (m; : : : ; m)) = O(nr ¡ (1=mr ¡ 1)):
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How to apply this?
Call ahypergraphextremalproblem(for k-uniform
hypergraphs)degenerateif

ex(n; L ) = o(nk):
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Degeneratehypergraph problems

Exercise38. Prove thattheproblemof L is degenerateiff it
canbek-coloredsoateachedgemeatseachof thek colors.
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The T. Sósconjecture

Conjecture (V. T. Sós). Partition n > n0 verticesinto two
classesA andB with jjAj ¡ jB jj · 1 and take all the triples
intersectingbothA andB . Theobtained3-uniformhypergraph
is extremalfor F7.

Theconjecturedextremalgraphs:B(X ; X )
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Füredi-KündgenTheorem

If Mn is anarbitrarymultigraph(without restrictionon theedge
multiplicities, except that they are nonnegative) and all the 4-
vertex subgraphsof M n haveatmost20edges, then

e(Mm) · 3
µ

n
2

¶
+ O(n):

! FureKund

Theorem2 (deCaenand Füredi). ! FureCaen

ex(n; F7) =
3
4

µ
n
3

¶
+ O(n2):
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NewResults:The Fano-extremalgraphs

Main theorem. If H (3)
n is a triple systemonn > n1 verticesnot

containingF7 andof maximumcardinality, thenÂ(H (3)
n ) = 2.

=) ex3(n; F7) =
µ

n
3

¶
¡

µ
bn=2c

3

¶
¡

µ
dn=2e

3

¶
:
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Remark 1. The same result was proved independently, in
a fairly similar way, by

Peter Keevash and Benny Sudakov ! KeeSud .

Theorem2. Thereexista °2 > 0 andann2 such that:
If F7 6µH (3)

n and

deg(x) >
µ

3
4

¡ °2

¶ µ
n
2

¶
for each x 2 V(H (3)

n );

thenH (3)
n is bipartite, H (3)

n µ H (3)
n (X ; X ). ! FureSimFano
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What to read?
Bollobás:ExtremalGraphTheory
Handbookof Combinatorics,Bollobás,Alon,.. .
Füredisurveys (London,Zurich)
Erd�osvolumes(e.g.1999)
Erd�ospapers,e.g.Art of Counting(acollectionof

Erd�os' combinatorialpapers.
downloadsurvey papers

– from my homepage: www.renyi.hu/ miki
– from Yoshi'shomepage,
– from Alon'shomepage,
– from Lovász'homepage,. . .
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Exercises
Exercise39. Prove thatif youattacha treeto anL containing
acycle, thenfor theobtainedM , for largen,

ex(n; L) = ex(n; M )

Exercise40. Prove thateachG containsabipartitesubgraph
with at leasthalf theedges.

Exercise41. (Gy�ori) Prove thatif Gn doesnotcontainC6 then
it hasasubgraphwith roughly 1

2e(Gn) edges,not containingC4

either.
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