Intr oduction to Extremal Graph Theory

Mikl 0s Simonaits

Alfr edReryi Mathematicalnstitute
Budapest
Slidesof my Chorin Summer SchoollLectures,2006
slightly polished:
smallerletters,slightly moreexplanation,
someextratopicsincluded
More exercises

Theslideswill slightly beupgradedn October!
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Part |. ClassicalExtremal Graph Theory

This seriesof slides/lecturesovereda hugearea.lt contains
somerepetitions:otherwisdt would behopeless.

New parts(i.e. partsplannedto be mentionedn my lecturefor
which | hadnotenoughtime:)

#® Cubereductiontheorem

o Erdos-Frankl-Rddtheory

#® Somenew exercises
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Intr oduction

ExtremalgraphtheoryandRamsg theorywereamongthe earlyandfast
developingbranche®f 20thcenturygraphtheory We shallsurwey theearly
developmentof ExtremalGraphTheory includingsomesharptheorems.

[Ramsey Theor;}
\\ \\_’[Turan Theory]

Random Graphs

Stronginteractions

Algebraic Pseudo-rando
betweertheseelds: Constructions| ™% | structures
Hereeverythingin uenced

everything
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General Notation

® G, Znk, Thp, Ho...the(rst) subscriptn will almostalways
denotethe numberof vertices.

K, = completegraphon p vertices,

P / C¢ = path/ cycleonk vertices.

+(X) Is thedegreeof thevertex x.

v(G) / ¢(G) = # of vertices/ edges,

HG) = mindgy, ¢( G) = maxde

A(G) = thechromaticnumberof G.

N (x) = setof neighboursf thevertex x, and
G[X ]=thesubgraplof G inducedby X .
e(X;Y) =#of edgedetweenX andy.

© oo 00000l
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Specialnotation

Turantype extremalproblemsfor simple(?) graphs

# SamplegraphL, L

# ex(nL)= extremalnumber = max e(Gh):
If  LoL

# EX(n;L)=extremalgraphs.
® T,,=Turangraph, p-chromatichaving mostedges.
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THE TURAN GRAPH
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The Turan graph

o°oo”o)

/
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Tn;p:(°°‘,°°>

Ifn" r(modp),0- r < p,then
v 1.
1 1 ¢
&(Thp) = 5 1i 5 n; r? + -

Sowe cancalculatee(T,.,) but mostlywe do notcarefor the formula!
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Turan type graph problems

MANTEL 1903(?) K3
Erdos: C4: Applicationin combinatoriahumbertheory
The rst nite geometricactonstructionEszterKlein)

o°oo”°)

I

e o>

|

UTRUT

Turan theorem. (1940)
e(Gn) > e(Thp) =)

Kp+1 lJ. Gn

UniqueextremalgraphT ,.p.

L2 L7

GENERAL QUESTION: Givena family L of forbiddengraphs
whatis the maximumof e(G,) If G, doesnot containsubgraph!
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Main Line:

Many centraltheoremsasserthatfor ordinarygraphghegenera
situationis almostthe sameasfor K .1 .

Put

p:= anzlp A(L) 1

# TheextremalgraphsS, arevery similarto Tp.p.

o thealmostextremalgraphsarealsovery similarto Tp.p.
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The meaningof “VERY SIMILAR”

o Onecandeleteandaddo(n?) edgesof anextremal
graphS, to getaTy..

# Onecandeleteo(n?) edgesof anextremalgraphto
getap-chromaticgraph.
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Stability of the classsizes

Exercisel. Amongall then-vertex p-chromaticgraphsr,, is the (only)
graphmaximizinge(T,).

Exercise2. (Stability)If A(G,) = pand
&(Gn) = &Thp) i S

thenin a p-colouringof G,,, thesizeof thei" colourclass,

;i —<Cc s+ 1.
P
Exercise3. Provethatif n; isthesizeof theit" classof Thp andGy is
p-chromaticwith classsizesmy;:::;my, andif s; := jn; | m;j, then
X Usiﬂ

e( G n ) - e(Tn P ) | 2 . Introductionto ExtremalGraphTheory—p.10



Extremal graphs

The “metric” £G,; H,) Is the minimum numberof edgesto
changedo getfrom G, agraphisomorphicto H .

Notation. EX (n; L): setof extremalgraphdgor L.

Theorem 1 (Erd os-Simonwits, 1966). Put

p:= anzlp A(L) 1

If S, 2 EX(n; L), then

AThp; Sn) = o(n?):
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Product conjecture

Theoreml separatethecasegp = 1andp > 1.

ex(n;L)=on%) () p=plL)=1
p= 1. de enerat@xtremalgraphproblem#

Conjecture 1 (Sim.). If

ex(n;L) > e(Typ) + nlogn

addingedges

Thiswould reducethe generalcaseto degeneratextremalgraphproblems:
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The product conjecture, Reduction

Be nition 1. Given the vertex-disjoint graphs Hq;:::;Hy, their product
", Hy, is the graph H,, obtainedby joining all the verticesof H,, to all
verticesofH, ,forall1- 1< - p.

Exercise4. Provethatif Qf’zl H,, Is extremalfor L thenH,, Is extremal
for someM ;. (Hint: Provethis rst forp= 1))

—

De nition 2 (Decomposition).M = M (L) is thefamily of decompositior
graphsof L, whereM is adecompositiorgraphfor L if somel 2 L canbe
p + 1-coloredsothatthe rst two colorsspananM © containingM .

Exercise5. Provethatif Qf’zl H,, Is extremalfor L thenH,, Is extremal
forsomeM ; u M andp(M ) = 1. theproblemof M is degenerate.
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Example: Octahedron Theorem

Erdos-Sim.theorem. For Og, theextremalgraphsS, are“products™

Un - Wh m WhereUy, is extremalfor C, andW,. n, Is extremalfor P3. for
N> No. I | ErdSimOcta

LN AR

S £

EXCLUDED:. OCTAHEDRON EXTREMAL = PRODUCT
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Decompositiondecidesthe error terms

De nition (Decomposition, alternative def.). For a given L,
M = M (L), M is the family of all thosegraphsM for which thereis

anL 2 L andat = t(L) suchthatL p M - K, 1(t; :::;1):
We call M thedecompositionfamily of L.

>

If B contains a G, then G contains
an octahedron: K(3,3,3).
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The product conjecture, Il.

Conjecture (Product). If nop-chromaticL. 2 L canbep + 1-
coloredsothatthe rst two colorclassespanatree(or aforest)

thenall (or atleastoneof) the extremalgraphsareproductsof p
subgraph®f sizeYs % .

Introductionto ExtremalGraphTheory—p.16



Structural stabllity

Erdos-Sim. Theorem.

Put
p:= anzl[lA(L)i 1.
Forevery" > Othereisax> 0Osuchthatif L 6uG, forany L 2 L and
e(G ) ul 1ﬂ unﬂ . +n2.
nJ) s | p 2 | =,
then

%Gn; Top) = "'N°
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Structural stabllity: o(:) form

Erdos-Sim. Theorem.

Put i
p:= anzl[lA(L)i 1.
If G, Is almostextremal:
® [tisL-free,and
* i T
e(Gn), 1 IS i o(n®);

then
Y4Gn; Top) = O(N?):

Corollary: Thealmostextremalgraphsarealmostp-colorable
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Impr oved error terms, dependingon M .

Erdos-Sim.Theorem.
Put i
p:= anzl[lA(L)i 1.
LetM = M (L) bethe decompositiorfamily. Let ex(n;M ) = O(n% ).
Then,if G, Is almostextremal:
® |tisL-free,and

o
H 1ﬂu‘ﬂ

&Gn), 1j . 2 i O(n” );

thenwe candeleteO(n? ") edgedrom G, to getap-chromaticgraph.

Remark:For extremalgraphs4S,; Tn.p) = O(n% 7).
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Applicable and givesalsoexactresults

Examples:
Octahedron, Icosahedron, Dodecahedron,Petersemgraph, Grotzsch

iy

In all thesecasedhe stability theoremyields exact structurefor
N > No.
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Original proof of Turan'sthm

o WemayassuméhatK, pu Gy.
o Wecutoff K.
# Weuseinductiononn (fromnj p).

A D
o Gn-Kp { /A (.BQ:I?Q-

# Weshav theunigueness

This “splitting off” method can be usedto prove the structural stability
and mary otherresults. However, therewe split of, say a large but x ed
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Zykov's proof, 1949

...andwhy dowelike it?

X y

Assumedegx) . dedy):
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Zykov's proof, 1949.

...andwhy dowelike it?

X y

Lemma.lf G, 6K and
we symmetrizethe
resultinggraphwill neither
containak-.

We replaceN (x) by N (y):
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How to usethis?

We canusea parallelsymmetrization.
e — Max degree

/

# FUREDI provedthestability for K ;1 , analyzingthis

proof: If therearemary edgesamongthe nonneighboursf the
basex; thenwe gain alot.

Uniqueness?
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Other dir ections

Prove exactresultsfor specialcases

Prove goodestimatedor thebipartitecasep = 1
Clarify the situationfor digraphs

Prove reasonableesultsfor hypeilgraphs

L N

# Investicate elds wherethe problemshave otherforms,
yetthey arestronglyrelatedto theseresults.
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Examples: 1. Critical edge

Critical edgetheorem. If A(L) = p+ 1 andL containsacolor-
critical edge,thenT,, is the (only) extremalfor L, forn > n;.
[If andonly if]

SiM., (Erdos)

Completegraphs ° .
Oddcycles GROTZSCH GRAPH
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Examples: 2. A digraph theorem

We have to assumaanupperbounds onthe multiplicity. (Otherwisewe may
have arbitrarymary edgeswithouthavingaK3.) Lets = 1.

AvA\vi

ex(n; L) = 2ex(n; K3) (N > ng?)

Many extremalgraphs:We cancombinear-
bitrary mary orienteddoubleTurangraphby
joining themby singlearcs.
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Example 3. The famous Turan conjecture

Consider3-uniformhypegraphs.
Conjecture 2 (Turan). Thefollowing structue (ontheleft) is

the (? asymptoticallyextremalstructue for K f’):

et 1ot o |

[\

AL

For K é?’) oneconjecturedextremalgraphis justtheabove
“completebipartite” one(ontheright)!
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Examples: DegreeMajorization

ERDOS

For every K 11 -free G, thereis a p-chromaticH , with

dr (Vi) , do(vi):

(I.ethedegreean thenew graphareatleastaslarge asoriginally.)

BOLLOBAS-THOMASON, ERDOS-T. SOS

If &(Gn) > e(T,.p) edgesthenG,, hasavertex v with
e(G[N(v)]) ., ex(d(v);Ky):

(l.e theneighbourhoodhasenoughedgedo ensurea K .)
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Application of symmetrization

Exercise6. Provethatsymetrizatiordoesnot producenen complete
graphsif theoriginal graphdid not containK -, thenew onewill neither

Exercise’/. Provethedegree-majorizatiotheoremusingsymmetrization.

Exercise8. (BoNDY) ProvetheBollobas-Thomasorkrdos-T. S6s
theoremusingsymmetrization.

Exercise9. Isit truethatif agraphdoesnotcontainC, andyou
symmetrizethe new graphwill neithercontainaC,?
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Examples:

ERDOS:

Prove thateachtriangle-freegraphcanbeturnedinto a bipartite
onedeletingat mostn?=25edges.

Theconstructiorshaovs thatthisis
sharpif true.

Partial results:ERDOS-FAUDREE-
PACH-SPENCER

ERDOS-GYORI-SIM.
GYORI
FUREDI
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Intr oduction, history, somecentral theorems

o Ramsg theory(ERDOS-SZEKERES)
—The ESZTER KLEIN problem

—TheLemma:EitherG,, or G,, containsalargeK -.
o Extremalgraphtheory(TURAN/ERDOS)
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The Eszter Klein problem:

Exercisel0. Provethatamongb pointstherearealways4 in a
convex position.

Problem1. Letf (k) denotethe smallestnteger for which

amonganyf (k) pointsin theplanethere are k in corvex
position.

® |Istheresudaninteger at all?
o |If YESestimatat.

Proof of statementof Ex 1.
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Erd os-Szelkresconjecture

f(k)- 29%+ 1

Two proofsof awealer result:
ReinventingRAMSEY theorem:

Theorem 2 (Erd os-Szeleres).
If R(k; ") istheRAMSEY threshold then

M 20

R(k; ") - o1

Exercisell. Provethis,usinginductiononk + .

Exercisel2. Canyouprove somethingsimilarfor 3 colours?
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Proof of E-Szthm, using Ramsey

ThehypelgraphRAMSEY Is needed.
colortheconvex 4-gonsRED, theothersBLUE

arein corvex position.

Remark 1. Onecanimprove this proof: apply RAMSEY to 3-uniform
hypemgraphs:Colorthetrianglesin RED-BLUE: Clockwise¢ P,PyP. RED,
theothersBLUE (a< b< ¢

position.

A
‘QAQ B Shaw thatif all the 3-tuplesareRED
AT for Pq;:::; Pg, thenthey arein convex
W
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Turan'sapproach

In which otherway canwe ensurealargeK u1 G,?

E.q.if &(G,) Islarge?

Later TURAN usedto say: RAMSEY andhistheoremsre
applicablebecause¢hey aregeneralizationsf the
PigeonHole Principle

Turanaskedfor severalothersamplegraphs. to determineex(n; L):
Platonicgraphs:lcosahedrongube,octahedrondodecahedron.
pathPy
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Exercises:

Exercisel3. Let Cdenotethefamily of all cycles.Determineex(n; C).

Exerciseld. Determinesx(n;P,).

Exercisel5. Provethatif dmin(G,) , ki 1thenG, containsall treesonk
vertices.

Exercisel6. Provethatfor ary treeT,,

ex(n; Ty) - (ki 1)n:
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Erd os-Sosconjecture

ex(n; Ty) - %(ki 1)n:

AJTAI-KOMLOS-SIM.-SZEMEREDI: Trueif k > k.
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C fi m g php b m
d w b d

Theasymptoticstructureof extremalgraphs

Degeneratextremalgraphproblems:
— L containsa bipartitelL :

—ex(n; L) = o(n?):

Lower boundsusingrandomgraphsand nite
geometries:

— Hererandommethodsareweak
— Finite geometrysometimegivessharpresults.
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The Erd os-Stonetheorem (1946)

ex(n; Kpep (8 ::151)) = ex(n; Kpep) + o(n?)

Motivationfrom topology
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General asymptotics

Erd os-Stone-Sim. ' [ErdSimLim
If )
anziP AlL)=p+1
then T
ex(n;L)= 1; 5 2 + o(n?):

Sotheasymptoticsiepend®nly onthe
minimumchromaticnumber
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Erdos-Stone-Simihm

ex(n;L) = ex(n; K p+1) + o(n?):

How to prove thisfrom ERDOS-STONE?
—pickL 2 L with A(L) = p+ 1.
—pickt withL p Kpeq (81205 t).
—apply ERDOS-STONE:

ex(n;L), e(Tnyp)
but

ex(n;L) - ex(n;L) - ex(n Kpa(t;:::t))
e(Thp) + ‘n’ o

Introductionto ExtremalGraphTheory—p.42



Classi cation of extremal problems

nond@enerate: p> 1

degenerate

stronglydec

; L containsa bipartiteL

enerate: To 2 M (L)

whereM Is thedecompositioriamily.
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Importance of Decomposition

Thisdeterminegherealerrortermsin ourtheoremsk.qg.,if M
Is the family of decompositiomgraphs.

&(Tnhp) + ex(n=p;M ) - ex(n;L) - &(Thp) + cCex(n=p;M )

forany c > p, andn large.

Exercisel7. Whatis thedecompositiortlassof K .1 ?

Exercisel8. Whatis thedecompositiortlassof the octahedromraph
K3(2;2;2)? More generallyof K (p;q;r)?

Exercise19. Whatis thedecompositiortlassof the Dodecahedrograph
D,o? And of theicosahedromraphl ,,?
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The correspondingtheorems

Def. eis color-critical edgeif A(L j €) < A(L).

Critical edge,(Sim.) theorem. If A(L) = p+ 1andL contains

a color-critical edge,thenT,., Is the (only) extremalfor L, for

A\~ 4

n> nNnji.

+ Erdos

Completegraphs
Oddcycles
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Dodecahedon Theorem (Sim.)

DodecahedronD 5q

T

7"\

>

[/ \

(l /

\\>

H (n; 2; 6)

Ks-1

- //// L - >
C// 77 ,,>Cz

Q 7 . >
H(n;d;s)

For Dyo, H(N; 2;6) Is the (only) ex-
tremalgraphforn > ny.

(H (n; 2; 6) cannotcontaina D ¢ Sinceonecan
delete5 pointsof H (n; 2; 6) to geta bipartite
graphbut onecannotdelete5 pointsfrom D 5
to malke it bipartite.)
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Example 2: the Icosahedion

4 /> -
\"V/ If B contains a R, then G contains

2 an icosahedron
Thedecompositiortliassis: Pg.
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Application iIn combin. number theory

Erdos (1938): '

condition:a;a; 6 axa, unlessti; jg= fk; g7

ErdTomsk

Maximumhow mary integersa; 2 [1, n] canbefoundunderthe

ThisleadERDOS to prove:

ex(n;Cy) - cn

The rst nite geometricconstructiorto prove thelowerbound

(ESzZTER KLEIN)

Crookstube
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First “attack™:

Theprimesbetweenl andn satisfyErdos' condition.

Canwe conjecture
ag(n) ¥a¥4n) Ya

Iogn

YES!

Proofidea:If we canproduceeachnon-promen 2 [1; n] asaproduct:
m=Xxy; where x2 X;y2Y,

then
g(n) - ¥An) + exg(X;Y;Cy):

whereexg (U; V; L) denotegshe maximumnumberof edgesn a subgraptof

G(U; V) without containinganL .
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The number theoretical Lemma:;

Considemonly integers.Let P = primes,
N R _
B:=[1n"°] [n“>n]\ P and D := [1n%:

Lemmal (Erdos,1938).[1;n]u B¢D = (B1¢D)[ (B, ¢D):

Lemma 2 (Erd0s,1938). Repesentingead a; = hd;, the
obtainedbipartite graphhasno C..
b, b,  b;

N

e(G(B;:D)) - 3m" m = 3n.
as=hq B, isjoinedonly to [1; n*]:
&(G(B,: D)) - ¥{n) + h?

= Y{n) + n%=,
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Kovari-T. S6s-Turan theorem

Oneof theimportantextremalgraphtheoremss that of
KOVARI, T. SOS AND TURAN, ' [Kovsostr

solvingthe extremalgraphproblemof K »(p;g).

Theorem (Kovari—T. Sos—Turan). Let2 - p - (be x ed
Integers.Then

1P R |
ex(n; K (p;q)) - 5 P gj 1n% P+ SPn;
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Is the exponent2 (1=p) sham?

Conjecture (KST Sharp). Foreveryintegersp;q,

ex(n; K (p;0)) > cyqn?

Known for p= 2andp = 3: Finite geometricconstructions
ERDOS, RENYL V. T. Sf)S, | | ErdRelryiSos
W. G BROWN | BrowmnThom
Randommethods: | | ErdReryiEvol

2i i L,
I'p! q-

ex(n; K (p;g)) > cn

Furedion K »(3; 3): TheBrown constructions sharp.
Kollar-Roryai-Szaboqg > p!. Commutatve Algebraconstr

Alon-Rdryai-Szaboqg> (pi 1)!.

Introductionto ExtremalGraphTheory—p.52



Unknown:

Missinglower bounds:Constructionsxeeded

*Randomconstructions’do not seento give theright

orderof magnitudevhenL Is nite

We do notevenknow if

ex(n; K (4;4)) |

no=3

1:

Partial reasorfor thebadbehaiour:

Lenz Construction
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Lenz Construction

Exercise20. ProvethatE* containgwo circlesC, andC, sothateach
X 2 C Is atdistancel from eachpoint of C,.

Exercise2l. Isthereary bipartiteL which canbeexcludedfrom theunit
distancegraphin E*?

Exercise22. FindanL of chromatichumber3 which canbe excludedfrom
the unit distancegraphin E*.
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Sketch of the proof of KST Thm

i C
Lemma (Convexity). Extendinglg toallx > 0 by

unT 2
o RN fory | opi L

P 0 otherwise

we geta corvex function.

Proof of the Lemma. Rolletheorem
1/ |
X(Xj 1)p$X| pt+1) fOI‘ X b p | 1’
0 otherwise

Isalsocorvexin (j1 ;1 ). 0 /

+0.4 -
Introductionto ExtremalGraphTheory— p.55



Needed:

Exercise23. u T
(nj p+ 1) N nP

p! P p!

Exercise24. Whenis
(nj pt 1)P n nP
P! P P!

almostsharp?

Exercise25. ForaA cA b, estimate
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Proof of KST Thm

i ¢
@P - (@i 1)} .
(b) If dy;:::;d, arethedegreesin G,, thenP = di .

p
Jensers Inequality:if E := ¢(G,), then
nHZE:nﬂ . X lJ.d|ﬂ _ (q 1)unﬂ _) nIJZ_E . pﬂp (q 1)np.
0 5 | 0 m | :
M 1
P i P ten

Rearranging:

27Ei|o- Poi i ) E

=

qi 1h? v+ Spn:
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Degenerateproblems

Givenafamily L of forbiddengraphs,
ex(n; L) = o(n?):

If andonly if thereis abipartitegraphin L.
Moreover, if Lo 2 L Is bipartite,then

ex(n; L) = O(n% #ULo))y:

Proof. Indeed,f agraphG,, containshoL 2 L, thenit contains

no L o andthereforat containsno K »(p;v(Lg) i p), yieldingan
L u Gy.. 0
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Strongly degenerateproblems

Givena nite family L of forbiddengraphs,
ex(n;L) = O(n):
If andonly if thereis atree(or aforest)graphin L.

Proof.

—If thereis atreein L thenex(n;L) = O(n).

— By Erdos'slower bound,if thereis notreein L andthe
largertL hasv vertices,we maytake a G, with girth> v and

&(Gp) > ntte:

Exercise26. Shawv thatthe nitenesscannotbe omitted.
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Mader type theorems:

Let> (L) bethefamily of topologicallL's. Then

ex(n;>(L)) = O(n):

Mader theorem. (1967) There exists a constantc, > 0 for

which, If
e(Gn) > ¢yn

thenG,, containsatopologicalK .

I | Mader67
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Further Mader theorems(1998,2005)

Conjecture (G. Dirac). EveryG, (n, 3)withe(G,) ., 3nj 5
containsa subdvision of K s.

WOLGANG MADER: YES.

Conjecture (C. Thomassen)Every non-planad-connected
graphwith atleast3n | 6 edgescontainsa subdvision of K s.

MADER alsoprovedthis, by characterizing

graphswith 3n | 6 edgesotcontaininga subdvisionof K s.

I | Mader05
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SupersaturatedGraphs: Degenerate

Prove thatif
E = ¢(Gp) > con® P

thenthenumberof K ,.'sin G,

Themeaningof thisis thatanarbitraryG, having moreedgeshanthe (con-
jectured)extremalnumber musthave — up to a multiplicative constant- at
leastasmary K .4 asthe correspondingandomgraph,

seeconjectureg&rdosandSim. andof Sidorenlo
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Supersaturated,Non-Degenerate

If
e(G,) > ex(n;L) + cn?;

thenG,, contains, c¢_nY(~) copiesof L

This extendsto multigraphs hypemgraphsdirectedmultihypergraphs.

BROWN-SIMONOVITS | [BROWNSIMDM
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Bondy-Simonovits

Theorem (EvenCycle: Cx). ex(n; Cy) = O(nt+(1=hy.
More explicitly:

Theorem (Even Cycle: Cyx). ex(n;Cyx) - cknt*d=h),

Conjecture (Sharmness). Isthissharpatleastin theexponent:
Thesimplestunknavn caseas Csg,

t Is sharpfor C,4,Cg, Cio

Couldyoureducek in c;knt* 1=k 7
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Sketch of the proof:

Lemma 3. If D Istheavelage dggreein G,,, thenG,, containsa
subgaph Gy, with

1 1

Exercise27. Canyouimprovethislemma?

Sowe mayassumehat G, is bipartiteandregular.
Assumealsothatit doesnot containshortercycleseither
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Sketch of the proof: Expansion

W

AN = =——

JaSs=

gl e Z

[ T~—— ;

*\\ -~ p<

NSZ =

~ [~

N <
A =

Startwith cheating:girth > 2k:
| The ith level containsat least
D' differentpoints.
D'<n,i=12:::k.
SoD < n¥¥k,
eG,) - cDn - initi¥k

2

We still have the dif culty thatthe shortercyclescannotbetrivially elimi-

nated.Two methoddo overcomethis:
BONDY-SIMONOVITS and
FAUDREE-SIMONOVITS

BondySim

I | FaudreeSim.
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Both proofsuseExpansion:

X isa x edvertex, S; is thei™ level, we needthat

jSi+1j
JSi)

> ¢ Cdnin(Gn) for 1=1;:::;k:
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Faudree-Simoneits method:

This givesmore: ex(n; £ ) = O(nt*=k):

\\

A

<~

<O

NS
<
TS
U

To prove the expansionwe distinguishrich andpoorvertices:
Rich = connectedo mary differentcolours
Poor:connectedo few differentcolours.
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Cube-reduction

Theorem (Cube, Erd0s-Sim.). ex(n; Q3) = O(n®).

New Proofs:PINCHASI-SHARIR, FUREDI, ...

A A
e

Thecubels obtainedrom Cg by addingtwo vertices,and
joining two new verticesto this Cg asabove.

We shallusea moregeneralde nition: L(t).
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Generalde nition of L(t):

Take anarbitrarybipartitegraphL andK (t; t). 2-colorthem!
join eachvertex of K (t; t) to eachvertex of L of the oppositecolor

'--

-------

L(t)

Theorem (Reduction, Erd os-Sim.). Fix abipartiteL andanintegert.
If ex(n; L) = n% ®andL(t) is de ned asabose thenex(n; L(t)) - n% for

1 1
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Examples

TheESreductionincludedmary (most?)of the earlierupperboundson
bipartiteL . Deletinganedgee of L, denoteby L ;| etheresultinggraph.

Exercise28. Deducethe KST theoremfrom the ReductionTheorem.
Exercise29. Show thatex(n; Qg €) = O(n®3?):
Exercise30. Shav thatex(n; K,(p;p) i €) = O(n?% =P):

OpenProblem:
Find alower boundfor ex(n; Qg), betterthancn3=2.
Conjectured: ex(n; Qg) > cn®>>.
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What is left out?

ThegraphFq; below is full of C,4's.

w
Erdosconjecturedhatex(n; F11) = O(n**?). Themethodknown tosedays
did notgive this. Furediprovedthe conjecture. | |Fur11CCA
Thegeneralde nition: InF,, (<) W IS joinedto k verticesx;:::; Xy, and

i ¢
“" furtherverticesarejoinedto each’ -tuplex;, ::: X;..

F11= Frage ()
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An Erdosproblem: Compactness?

We know thatif G, is bipartite,C,-free,then
1 _
e(G,) - P=n>?+ o(n*?):
2 2
We have seenthatthereareC,-freegraphsG, with

1 . _
&(Gp) Ya éng"2 + o(n>):

Is it truethatif K3; C, 6uG, then

&(G) - Eé—éne’zz + o(n>7?) ?

This doesnot hold for hypegraphs(BALOGH) or for geometriographs
(TARDOS)
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Erd os-Sim.,Cs-compactness:

|f C5, C4 6|J.Gn then I | ErdSimComp

e(Gy) - Eé—zn3:2+ o(n>2):

Unfortunatelythisis muchwealer thanthe conjectureon Cs; C4: excluding
a Cs IS amuchmorerestrictve condition.
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Erd os-Gallai:

ex(n; Py) - %(ki 2)N:

BOO&®

FAUDREE-SCHELP
KOPYLOV
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Erdos-T. SOs:

Conjecture (Extremal number of the trees). For ary treeTy,
ex(n; Ty) - 2(kj 2)n:

Motivation: Truefor thetwo extremecasespathandstat
ght for 3
Partial results

Theorem (AndrewMclLennan). TheErdos-Ssconjectureholdsfor
treesof diameter, (2003)

Theorem (Ajtai-K omlos-Sim.-Szemegdi). If k > kq thentrue:

ex(n; Ty) - %(ki 2)N:
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Lower boundsfor degeneratecases

Why is therandommethodweak?

Why is the Lenz constructionmportant?
Finite geometries

Commutatve algebramethod

— Kollar-Roryai-Szabd
— Alon-Roryai-Szabo

Margulis-Lubotzk/-Phillips-Sarnakmethod ' [Margu

I | LubPhilSar

Lazebnik-Ustimen&-\Woldar
— Evencycle-extremalgraphs
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Why Is the random method weak?

' LetA(L) = 2,v:= v(L),e= ¢gL).

ThesimpleRandommethod(threshold)givesanL -freegraphG,

with cn? (V=8 edgesFor C thisis too weak.

Improved method( rst moment):

2i Viz2

cn— el

For Cy thisyields

22k2 1+ 1 ]

cn®' ki1 = cn" 2k ¢t

Conjectured:

ex(n; Cy) > cnttk
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Random method, General Case:

Theorem (General Lower Bound). If a nite L doesnotcon-

tain trees(or forests) thenfor someconstants
c=¢c >0®=® >0

ex(n;L) > cn*®

Proof (Sketch).
Discardthenon-bipartitel's.
Fix alargek = k(L). (E.g.,k = maxv(L).)
Weknow ex(n; fCy;::::Cx@) > cn? &t 3

SinceeachL 2 L containssomeCy> (" - k),

g [ p——

ex(n;L) ., ex(n;Cy;:::;Cxx) > cCcn ™ &i1;
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Constructionsusing nite geometries

p¥' n=prime(n = p?)
Verticesof thegraphF, arepairs: (a;b) modnp.

Edges:(a;b) isjoinedto (x; y) If ac+ bx=1 modnp.

Geometryin the constructionsthe neighbourhoods a straightline andtwo
suchnighbourhoodsntersectin - 1 vertex.

=)

loopsto

mostdegreesarearound

nedeleted

pﬁ:

o(Fy) ¥4 n"

Introductionto ExtremalGraphTheory— p.80



Finite geometries:Brown construction

Vertices:(X; y; z) modp
Edges:
(xi XY+ (yi Y)Y+ (zi 2)°=®

ex(n; K (3;3)) > %nzi =3 + o(:):

I | BrownThom
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The rst missingcase

Theabore methodsdo notwork for K (4; 4).
We do notevenknow if

ex(n; K2(4;4))

ex(n; K2(3;3)) L

Onereasorfor thedif culty: Lenzconstruction|
E# containstwo circlesin two orthogonalplanes:

C = fx+y® = %;Z:O;W:Og and G, = fz°+w? = %;X=0;y:09

andeachpoint of C; hasdistancel from eachpoint of C,: theunit distance
graphcontainsaK,(1 ;1 ):
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Other similar constructions

E. Klein

Reiman
Hylten-Cavallius
MOrs construction

Singleton
Bensonconstruction

Wengerconstruction

Lazebnik-Ustimen&
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Algebraic constructions

Margulis

Margulis|l.
Lubotzky-Phillips-Sarnak

Lazebnik-Ustimen#
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Mar gulis construction

Simplestcase I [ Margu

Find a4-regulargraphwith girth clogn.

Take the Cayley graphgeneratedy

|~l1 211 “1 O‘IT
= and B = ;

A =
0 1 2 1
They areindependentNo (long) productof thesematricesandtheir inverses
IS | unlesgt trivially simpliestol.
) Innite Cayley = 4-requlartree. Take everythingmodp.
G, n ¥ p3 verticesg(G,) > clogp
Generakasegvendgyree:

In Lubotzky-Phillips-Sarnakguaternionsmatriceswith Gaussianntegers
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The Universe

Extremalproblemscanbeaslked (andareasked)for mary other
objecttypes.

Mostly simplegraphs

Dlg raphS | | Brown-Harary Brown, Erdos, Simonawits
Mu |t|g raphS | | Brown-Harary Brown, Erdos, Simonwits
Hypewgraphs ' [Turan,...
Geometriggraph | [Pach Téth, Tardos

| nteg ers I | Erdos,Sidon,Szemerédi,.
groups

otherstructures
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The generalproblem

Givenauniverse andastructureA with two (natural
parametersh ande onits objectsG.
GivenapropertyP .

ex(n;P) = max &G):
n(G)=n
Determineex(n; P) and

describehe EXTREMAL STRUCTURES
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Examples: Hypergraphs,...

We returnto this later;
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Examples: Multigraphs, Digraphs,...

BROWN-HARARY: boundedmultiplicity: r

BROWN-ERDOS-SIM. i [BrownSimDM

r = 2s: digraphproblemsandmultigraphproblems
seemto beequvalent:

— eachmultigraphproblemcaneasilybereducedo
digraphproblems

—andwe do notknow digraphproblemshatare
really moredif cult thansomecorresponding
multigraphproblem
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Examples: Numbers,...

Tomsk

Sidonsequences
Letry(n) denotethe maximumm suchthattherearem integers

Szemekedi Theorem. Forary x edkry(n) = o(n) asn! 1 :

History (simpli ed):
K. F. ROTH: r3(n) = o(n)
SZEMEREDI
FURSTENBERG: Ergodicproof
FURSTENBERG-KATZNELSON: Higherdimension
Polynomialextension HALES-JEWETT extension
GOWERS:. muchmoreeffective Inroductionto ExiremalGraphTheory—p.90




On the number of L -freegraphs

J.Balogh,B. Bollobas,andSimonaoits
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Erd os—Kleitman—Rothschildtype results

Below P (n; L) Isthefamily of n-vertex L -freegraphs.
Erdos,KleitmanandRothschildiP (n; L)j =?forL = Kp,1.

(1) iP(n;L)j, 2,

Conjecture (Erd os).

iP(n;L)j = 2(1+o(1))ex(niL).
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Erd os-Kleitman-Rothschild

Let' (n) = o(nPi ') bea x edfunction,andwrite
P(n;Kp;' ) for thefamily of graphscontainingatmost' (n)
copiesof K ;+1. Then

JP(N; Kpers" )] 2(1i %)(3)*0(”2);
In particular

P (MK peg)j - 208 5)(2) e,

TheoremEKRY] is sharp.
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Erdos-Frankl-Rodl Theorem

Let L beagraphwith A(L) . 3: Then

jP(n;L)j = 2(1+o(1))ex(nL)
— (i zxhi1)(3)+o(n?).

ErdFraRo

If L isatreethenERDOS' conjecturdails:
chnlogn _ jP(n; L)j _ 2c2nlogn;

for somepositve constants; andc,.

If L = C,: |dif cult
(seeKLEITMAN andWINSTON)

KLEIWIN | .
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Starting point: Erd os-Frankl-Rodl Theorem

(2)  jP(n;L)j = 2tra@exnt) = o1 5)(2)+ o),

where
+ 1= minA :
(3) p+ 1 min A(L):
mproved || BalBollSim

Theorem (Balogh-Bollobas-Sim). Foreverynon-trvial family
L of graphsthereexistsa constanpositve® = ° | suchthat,for
p+ 1= min . A(L),

iP(n:L)j - 20t HE)ro(e ).
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Sharper estimates?

Theorem (Balogh-Bollobas-Sim: “Sharp form”).  Assumethat
L Iis nite. Thenfor almostall L -free graphsG, we candeleteh = O, (1)

Thereareevensharperesults | [BalBolisimB
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Problems,Exercises

Exercise31. Lettheverticesof agraphbepointsin E2 andjoin two points
by anedgeif theirdistancas 1. Showv thatthis graphcontainsno K (2; 3).

Exercise32. Lettheverticesof agraphbepointsin E3 andjoin two points
by anedgeif theirdistancas 1. Shav thatthis graphcontainsnoK (3; 3).

Exercise33. If wetake n pointsof generabositionin thed-dimensional
Euclideanspacqi.e.,nod of thembelongtoad 1-dimensionahbfne
subspaceandjoin two of themif theirdistancas 1, thentheresultinggraph
G, cannotcontainK g5 .

pairwisedistance$4a;; b ) = 1, thenthetwo af ne subspacede ned by
themareeitherorthogonako eachotheror oneof themreducedo onepoint.
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Problems,Exercises.cont.

Exercise35. Shaw thatif we join two pointsin E* whentheir distances 1,
thentheresultinggraphcontainsaK (1 ;1 ).

Exercise36. Letv = v(L). Provethatif we putmorethann'i *=Y) edges
Into someclassof T,., thentheresultinggraphcontainsL. Canyou sharpen
this statement?

Exercise37. (Petty'stheorem)lf we have n pointsin E? with an arbitrary
metric¥x; t) andits “unit distancegraph”containsaK , thenp - 29, (Sharp

for thed-dimensionactubeandthe ;-metric.)

Introductionto ExtremalGraphTheory—p.98



Erdoson unit distances

Many of theproblemsn theareaareconnectedvith the
following beautifulandfamousconjecturemotivatedby some
grid constructions.

Conjecture (P. Erdos). Forevery" > 0 thereexistsanng(")
suchthatif n > ng(") andG, is theUnit DistanceGraphof aset

of n pointsin E? then

e(Gn) < n*":
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Part |I: Regularity Lemma for graphs

Origins/connection$o the existenceof arithmetic
progressioni densesequences

Connectiorto the guantitatve Erdos-Stonéheorem

FirstgraphtheoreticapplicationgRuzsa-Szemerédi
theorem RAMSEY-TURN problems)

Countinglemma,removal lemma,colouredregularity
lemma
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Regular pairs

Regularpairsarehighly uniform bipartitegraphsnamelyones
in which the densityof any reasonablysizedsubgraphs about
the sameasthe overall densityof thegraph.

De nition (Regularity condition). Let" > 0. Given a graph G
and two disjoint vertex sets A %2V, B Y2V, we say that the pair (A; B)
IS "-regular if for every X 2 A and Y %2 B satisfying

IX1>"jA] and jY|> "|B]

we have
Jd(X;Y) i d(A;B)j <
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The Regularity Lemma

The Regularity Lemmasaysthat every densegraphcanbe par
titioned into a small numberof regular pairsanda few leftover
edges.Sinceregular pairsbehae asrandombipartitegraphsin
mary ways, the R.L. providesus with an approximationof an
arbitrary densegraphwith the union of a constantnumberof
random-lookingpipartitegraphs.
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Regularity Lemma

Theorem (Szemekdi, 1978). For every"™ > 0 andm there
areM ("; m) andN ("; m) with thefollowing property:for every

graphG with n | N("; m) verticesthereis a partition of the
vertex setintok classes

V=V+ W+ .+ V
suchthat
*m- k- M m),
* OV Vi< LA i< k)
> all but atmost'k 2, of thepairs(V;; V;) are" -regular

See |

SzemRgu, KomSim
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Theroleof m

IS to make the classed/, sufciently small,sothatthenumber
of edgednsidethoseclassesarenagligible. Hence the
following Is analternatve form of theR.L.

Theorem (Regularity Lemma — alternative form). For every
" > 0thereexistsanM (") suchthatthe vertex setof ary

k- M("), sothat

1Vi] - d'nefor everyi,

BVili M- Lforalli g,

(Vi; V) is"-regularin G for all but at most'k? pairs
(51).

For &(G,)) = o(n?), theRegularity Lemmabecomesrivial.

Introductionto ExtremalGraphTheory—p.104



Clusters, ReducedGraph

Theclasses/; will becalledgroupsor clusters
GivenanarbitrarygraphG = (V; E), apartitionP of thevertex-setV into

joinedto V; If (Vi;V;) Is "-regularwith densitymorethand.

Most applicationsof the Regularity Lemmause ReducedGraphs,andthey
dependuponthefactthatmary propertienf R areinheritedby G.
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Defectform of the Cauchy-Schwarz

Lemma 1 (Impr oved Cauchy-Schwarzinequality). If for the
iIntegers0< m < n,

xn m X
Xk=— Xgt %
k=1 N =1
then ~
X 1A><1 2 2
+n
X, = Xk
n m(ni m)
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How to prove Regularity Lemma?

Usethe Defectform of Caucly-Schwarz.
Index:
1 X 1

1(P) = 2 d(Vi;Vj)2<§:

Improving the partition
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Coloured Regularity Lemma

If we have severalcolours,say Black, Blue, Red,then
we have a Szemeredpartitiongoodfor eachcolour
simultaneously

How to applythis?
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Inheritance

Gy, Inheritsthe propertieof the clustergraphHy.
sometimesn animprovedform!

Throughasimpli ed example:

If H, containsaC; thenG, containsmary: cn’.
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Counting Lemma

Throughasimpli ed example:
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Removal Lemma

Throughasimpli ed example:

Forevery" > Othereisax> O:
If a G, doesnot containn'® copiesof the Petersemgraph,then
we candelete'n? edgedo destry all the Petersesubgraphs.

somethingsimilaris applicablen PROPERTY TESTING.
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The Cluster graph, illustrated:




The Cluster graph, illustrated:

tional
set
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The Cluster graph, illustrated:




The Cluster graph, illustrated:




The Cluster graph, illustrated:




How to prove Erd os-Stone?

No K y+1 In theReducedyraphH

Apply Turan'stheorem
Estimatethe edgesof theoriginal graph:

e(Gp) - e(Hy)m?+ 3'n?:
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How to prove Stability?

No K y+1 In theReducedyraphH

Apply Turan'stheoremwith stability (Ftredi)
Estimatethe edgesof the original graph
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Ramsey-Turan problems

Theorem (Szemeredi). | [szemAr
If G, doesnotcontainK 4, and®(G,) = o(n) then
r]2
&(Gn) = 5 + o(n’);

How to prove this?
UseReggularity Lemma
Shaw thatthereducedyraphdoesnot containK s.
Shaow thatthereducedyraphdoesnot contain

AV ) > 5+
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Blowup Lemma

KoMLOS, G. SARKOZY, SZEMEREDI: . [Browur
Goodto prove the existenceof spanningsubgraphs
Posa-Sgmourconjecture,..

(A; B) Is ("; ¥)-superregular if for every X %2 A andY %2 B
satisfying
1X]>"JA] and Y] > "|B]
we have
e(X;Y) > HXJY];
and
dega) > 4B forall a2 A;

and dedb) > HA] forall b2 B:
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Blowup Lemma

Theorem 2. GivenagraphR, and+ ¢ > 0, ther existsan" > 0 sud
thatthefollowing holds.N = arbitrary positiveinteger,

replacetheverticesof R with pairwisedisjointN -sets

Constructiwo graphsonthesameV = [ V;. R(N) Is
obtainedby replacingall edgesof R with copiesof K y -,
anda spaisergraphG is constructedy replacingthe
edgesof R with ("; £)-superregular pairs.
If H with¢(H) - ¢ isembeddablento R(N) thenit Is
alreadyembeddablento G.

I '
¥ y
6 Q .
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Other Reqgularity Lemmas

FRIEZE-KANNAN
Backgroundn staticticsmoreapplicablan algorithms

LovAsz-B. SZEGEDY: Limit objects,continuous
version

ALON-FISCHER-KRIVELEVICH-M. SZEGEDY:.
Usedfor propertytesting

ALON-SHAPIRA: propertytestingis equwvalentto using
Regularity Lemma
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Szemeredis Lemma for the Analyst

Thisis thetitle of apaperof L. LovAsz andB. SZEGEDY
Hilbert spacescompactness;overing
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Hypergraph regularity lemmas

Thistopicis importantbut completelyneglectedhere.

—rankl-Rodl

—rankl-RodI2.

~. Chung

A. Stgger

Rddl, Skokan,Nagle,Schacht,..
Gowers, Tao,...
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Part lll: Somerecentresults

Erdos-Sosconjectureontrees
3-colouredRAMSEY theorenfor cycles
Somehypegraphresults
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Hypergraph extremal problems

3-uniformhypemgraphs:H B) = (V;H)

AHS):  theminimumnumberof colorsneededo have in
eachtriple 2 or 3 colors.

Bipartite 3-uniformhypeimgraphs:

L

THE EDGES INTERSECT BOTH CLASSES
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Complete4-graphjj Fanocon guration,jj octahedromgraph
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The famous Turan conjecture

Conjecture 2 (Turan). Thefollowing structue is the (?
asymptoticallyextremalstructue for K f’):

? o |

@/l-'§>

° o
\ /] \
® o

For K é?’) oneconjecturedxtremalgraphis justtheabore
“completebipartite” one!
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Two important theorems

Kovari-T. Sos-Turantheorem. Let2 - a- bbe x edintegers.

Then .
ex(n;K (a;b)) - =°bj 1In% i+ Zan:

£ I | KovSosur

NI

Erd ostheorem.
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How to apply this?

Call a hypegraphextremalproblem(for k-uniform
hypelgraphs)degenerataf

ex(n:L) = o(nX):
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Degeneratehypergraph problems

Exercise38. Provethattheproblemof L Is degenerateff it
canbek-coloredsoat eachedgemeatseachof thek colors.
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The T. Sosconjecture

Conjecture (V. T. S0s). Partitionn > ng verticesinto two
classedA andB with jJA] i |BJ] - 1 andtake all the triples

IntersectingbothA andB . The obtained3-uniform hypemlgraph
IS extremalfor F-.

Theconjecturedextremalgraphs:B(X ; X)
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Flredi-Kindgen Theorem

If M, Is anarbitrarymultigraph(without restrictionon the edge
multiplicities, exceptthat they are nonngative) and all the 4-
vertex subgraphsf M, have atmost20 edgesthen

Lln‘ﬂ
e(Mp) - 3 5 + O(Nn):

I | FureKund

Theorem 2 (de Caenand Furedi). | [FureCaen

SHnﬂ
ex(n; F7) = 2 3

+ O(n?):
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New Results: The Fano-extremal graphs

Main theorem. IfHY IS atriple systenonn > ni verticesnot
containingF 7 andof maximumcardinality thenA(H §,3)) = 2.

“nﬂ llbn:ZC.”_ Lldn:2e.”_

— F-) = :
) exs(n; F7) 3 | 3 3
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Remarkl. The same result was proved independently, in

a fairly similar way, by
Peter Keevash and Benny Sudakov 1 [keesud].

Theorem?2. Thereexista®°, > 0 andann, sud that:
If F; 6uH Y and
M T

n
i ° foreach x 2 V(H®);

deg) > i 2

W

thenH 513) IS bipartite, H 513) I H S]S) (X : Y) I | FureSim@&no
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What to read?

Bollobas:ExtremalGraphTheory
Handbookof CombinatoricsBollobas,Alon,...
Flredisuneys (London,Zurich)
Erdosvolumes(e.q.1999)
Erdospaperse.g.Art of Counting(a collectionof
Erdos' combinatoriapapers.
downloadsurwey papers
—from my homepage: www.reryi.hu/ miki
—from Yoshi's homepage,
—from Alon's homepage,
—from Lovasz'homepage,..
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Exercises

Exercise39. Provethatif youattachatreeto anL containing
acycle,thenfor theobtained\M , for largen,

ex(n;L) = ex(n; M)

Exercise40. ProvethateachG containsabipartitesubgraph
with atleasthalf theedges.

Exercised4l. (Gyori) Provethatif G, doesnotcontainCg then
It hasa subgraphwith roughly%e(Gn) edgesnot containingC4
either
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Referenceson Extremal Graph Theory

Thereferencedelonv arenot the onesthe authorcountsthe mostimportant
onesbut the onesneededor this surey themost.

Art of Counting:Collectedpapersof Erdosin GraphTheoryand
Combinatorics
[AIRoSza] Alon, Noga; Roryai, Lajos; Szabo,Tibor Norm-graphs:
variationsandapplications.J. Combin. TheorySer B 76 (1999),no0. 2,
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BollEX] B. Bollobas:ExtremalGraphTheory AcademicPress(1978).
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