MINIMAL LENGTH FACTORIZATIONS OF FINITE SIMPLE
GROUPS OF LIE TYPE BY UNIPOTENT SYLOW SUBGROUPS
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ABSTRACT. We prove that every finite simple group G of Lie type satisfies
G = UU-UU~ where U is a unipotent Sylow subgroup of G and U~ is its
opposite. We also characterize the cases for which G = UU~U. These results
are best possible in terms of the number of conjugates of U in the above
factorizations.

1. INTRODUCTION

Let G be a finite simple group of Lie type with defining characteristic p. We
address the problem of finding the minimal number m such that G is equal to the
product of m Sylow p-subgroups (unipotent Sylows) of G. This question has already
been considered by several authors before us. Liebeck and Pyber had proved [8,
Theorem D] that G is a product of no more than 25 Sylow p-subgroups. In [1]
it was claimed that the 25 can be replaced by 5, however no complete proof has
been published. A sketch of a proof of this claim for exceptional Lie type groups
can be found in a survey by Pyber and Szabé [10, Theorem 15]. Smolensky, Sury
and Vavilov [16, Theorem 1] considered the problem of unitriangular factorizations
of Chevalley groups over commutative rings of stable rank 1. When specializing
their results to elementary Chevalley groups over finite fields, they get that any
non-twisted finite simple group of Lie type is a product of four unipotent Sylows.
Later on, these results were extended by Smolensky in [11] to cover some twisted
Chevalley groups over finite fields or the field of complex numbers.

Here we give a unified self-contained treatment of the problem of finding minimal
length products of unipotent Sylows for all finite simple groups of Lie type, by
exploiting their split BN-pair structure. Our main result is the following theorem.
Theorem 1 Let G be a simple group of Lie type with defining characteristic p.
Let U be a Sylow p-subgroup of G and U~ its opposite. Then G = (UU‘)Q, and
moreover, G = UUU if and only if U is self-normalizing. In both cases these
factorizations are of minimal length.

After the completion of our work, and in parallel to its publication in preprint
form [6], Smolensky made available a preprint in which he shows that every Suzuki
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and Ree group is a product of four unipotent Sylow subgroups [12]. Thus, the
results in [14], [15], [16], [13], [11] and [12], combine to give a different proof of the
four Sylow claim of Theorem 1.

2. PRELIMINARIES

The proof of Theorem 1 consists of two main steps: 1. A reduction to the case
where the Weyl group is Zs (i.e., to groups G of rank 1), which is carried within
the framework of groups with a split BN-pair, and some extra assumptions to be
detailed in the sequel. 2. A derivation of a general necessary and sufficient criterion
for rank 1 groups satisfying an extended set of split B/N-pair assumptions, that is
then verified to hold for the special case of groups with a o-setup, using a result
from [5].

We would like to point out that although the proof of [16, Theorem 1] also uses
a “reduction to rank 1 argument” which is due to Tavgen’ [14], we do not know if
there is a more direct relation between this approach and ours.

We treat simple groups of Lie type in the setting of groups with a o-setup as in
[7, Definition 2.2.1]. For this fix a prime p, a simple algebraic group K defined over
F, and a Steinberg endomorphism o of K, and consider K - the subgroup of Cz(0)
generated by all p-elements. All groups K obtained in this way are said to have
a o-setup given by the pair (K, o). The set of all groups possessing a o-setup for
the prime p is denoted by Lie(p). Set Lie : = ULie(p) where the union is over all
primes p. We have surjective homomorphisms K, — K — K, with central kernels
[7, Theorem 2.2.6], where the groups K, K, € Lie(p) are called the universal and
the adjoint version of K, respectively. Any finite simple group of Lie type can be
realized as the adjoint version K, of some K € Lie [7, Definition 2.2.8] (note that
the Tits group 2F4(2)’ is not in Lie). For G € Lie we have [3, Chapter 2]:

(i) G is a group with a split BN-pair (B, N) and a finite Weyl group W, where
B=HxU,
(ii) U is a Sylow p-subgroup of G,
(i) G is generated by its p-elements.

3. REDUCTION TO THE CASE |W| =2 FOR GROUPS WITH A SPLIT BN-PAIR

For our purposes we will call a triple (H,U, N) a split BN-pair for a group G
if (H x U, N) satisfies the axioms of split BN-pairs in [3, §2.5] with respect to H
and U. We assume that the Weyl group W = N/H of the BN-pair is finite (this
certainly holds for finite groups), and so the longest element wy = noH of W exists
and defines subgroups U~ := U™ and B~ := B™. For w € W we sometimes use
w to denote an arbitrary choice of an element of N such that w = wH. We use the
notation U~, X;, U;, X_;, Uy, from [3, §2.5] for the BN-pair (B, N) and we label
with the upper-script ‘=’ the corresponding subgroups for (B, N), i.e. when U
and B are replaced by U~ and B~ everywhere: (U7)~, X, U, X_,, U, . Note
that (U~)” =U, X; = X_;, X_, = X, and that X; = Uy and X_; = U, for some
simple reflection s. In addition, define L := (Us,U;, H) and Gy := (Us,U;") for
any simple reflection s € W. Furthermore, we assume that the root subgroups X4,
a € O (P is the set of roots associated with W) satisfy the commutator relations
[3, p.61].



Lemma 3.1. Let G be a group with a split BN -pair (H,U,N). Suppose that G
is a product of k = 2m + & > 3 conjugates of U where m > 1 is an integer and
e €{0,1}. Then G = (UU~)" U®.

Proof. By assumption, G = U**U*2-.-U% for some elements xy,...,xr € G.
This is equivalent to G = Ug1U - - - Ugg—1U for some g1,...,gxk—1 € G [2, §2 Lem-
ma 1]. By the Bruhat expression of elements (w.r.t. H and U) we may assume
that g; € N for all i. Indeed, by [3, Theorem 2.5.14], for each 1 < i < k — 1,
we have g; = u;h;w;u), where u; € U, h; € H, w; € W and u, € U, < U. S-
ince the h; lie in Ng(U) we have Ug U - - - Ugr—1U = UhqunU - - - Uhg_1p—1U =
UdinU - U1 U (hy" """ -~ hg_1). Thus we have proved that G is a product of
k conjugates of U if and only if G = Ug1U ---Ugp_1U for some g1,...,9x—1 € N,
which is equivalent to G = UU9 U9% ' ... U% 1 (same g; - see proof of [2, §2
Lemma 1]).
Let n € N be arbitrary, and let w = nH. By [3, Proposition 2.5.12] we have

U = UnguUs = (U 0 U0 ) (@ A Um"),

which gives
= (U A Uno(non))"fl (U Nyt = (U”’l n U) (U"’l n U"“) <UU".

However, since U, Uy,w, Uy are all subgroups, U = Uy Uy implies U = Uy U g w,
and hence we also get U n~! < U~U. Therefore

G=UUs'U%" ..U CUUUT) (UU) (UUT) (UU) - =UUUU U ---
where we have used U? = U and (U~)” = U~, and the claim follows. O

In the following lemma we collect known results about minimal (non-abelian)
Levi subgroups which will be used in the sequel. First note that for a fixed split BN-
pair (H,U, N) we have the (split) BN -pair opposite to (B, N) given by (H, U™, N).
Clearly, for any g € G, (B9, N9) is a split BN-pair, and if g € N then BéNN = H
so B9 = H x U9. In particular this applies to g = ng.

Lemma 3.2. Let G have a split BN -pair (H,U, N). Let wq be the longest element
of the Weyl group N/H and s = nsH a simple reflection with respect to (H,U, N).
Then

(a) U=UsUpys = UyysUs and U~ = U U, . = U, U,

(b) Ls € Na(Uuwgs) N Na(Uyys)-

wopsS

Proof. Any s = nsH in W is simple with respect to (H,U, N) if and only if it
is simple with respect to (H,U~,N). This follows from [3, Propositions 2.2.6
and 2.2.7] and the fact that the positive roots with respect to (H,U~, N) are the
negative roots with respect to (H,U,N). So I := {s1,...,5}, the set of simple
reflections for (H,U, N), is a set of simple reflections for both of these BN pairs
and s = s; for some i € {1,...,l}. Since Ly is the subgroup X;H U X;Hn; X; =
(Xi, X_i, H) [3, Corollary 2.6.2], X, = X_; and X_, = X,, it follows that Ly =
(X;,X~,, H) is a (minimal) standard Levi subgroup with respect to both (B, N)
and (B7,N).

Now (a) follows from [3, Proposition 2.5.11] and (b) is a particular case of [3,
Proposition 2.6.4]. O



The following lemma is [16, Lemma 4].

Lemma 3.3. Let G be a group and let X C G satisfy X = X1 and G = (X). If
0 #£Y C G is such that XY CY thenY = G.

Proposition 3.4. Let G be a group with a split BN -pair such that the conjugates of
U in G generate G. Let k > 2 be an integer and assume further that G, = (UsUs’)k
for every simple reflection s then G = (UU‘)k.

Proof. Set X := {u9u € U,g € G}. Then X = X! since U is a subgroup of G,
and G = (X) since G is the normal closure of U. Set Y := (UU*)k. By Lemma
3.3 our claim will follow if we show that XY C Y. Thus it suffices to show that

wY C VY for any u € U and g € G. By [3, Theorem 2.5.14], for any g € G
there exist v’ € U, h € H, w € W and v” € U, < U such that ¢ = u'hn,u".

/ " ’ MU ’ .. .
Hence u9 = y¥ hrov’” = (q¥h . But u*" € U, so it is sufficient to prove that

u™Y CY forall u,v € U and n € N. Now we claim that the last statement follows
if we prove that N normalizes Y. For suppose that N normalizes Y = (UU _)k.

We have:

u™? (UU_)]C = v 'n"lunw (UU‘)k = v In"tun (UU_)}C
v in"ty (UUf)k n=uvtn"t (UUf)k n
— v (UU ) = (UU).

Thus we prove that N normalizes (UU *)k. Since H clearly normalizes (UU *)k,
and N is generated by a set I of representatives for simple reflections together with
H, it is sufficient to prove that (UU ’)]C is normalized by all n in I. Fix a simple
reflection s = nH. By Lemma 3.2.(a), UU™ = UgUy,sU,, U; . By Lemma 3.2.(b),
each of Us and Uy commutes with both U,,s and Uy, . This, and the assumption

Gs = (USUS’)k, give:
(UUi)k = (USU;)k (UHIUSU7 )k == Gs (UwosUi )k .

woSs wos
Since Ly = G4H we can assume n € G4 and hence nGs = Ggn. Since n € G4 <
Lg, Lemma 3.2.(b) gives n (UwosUu‘ms)k = (UwosUu_,os)kn. Combining everything
together yields:

n (UUi)k = nGs (Uwosquos)k =Gsn (UwoSUuTos)k
= Gy (UuysUy,) " n = (WU )"0,
and the proof that N normalizes (U U‘)k is concluded. O

Remark 3.5. If G is generated by U and U~ then the use of Lemma 3.3 in the
above proof can be avoided as follows. If N normalizes (UU‘)]C then (UU_)]C is

stable under conjugation by noH and so it is equal to (U’U)k. It is easy to see
that if this equality holds then G = (UU)F.

4. THE CASE |W| =2

In this section we prove (Lemma 4.2) a criterion for a group G of rank 1 to
satisfy G = (UU ).



Lemma 4.1. Let G be a group with a split BN-pair (H,U, N) and a Weyl group
W ={1,s1}. Set (U™)" := U~ —{1}. Fiz an arbitraryn, € N such that s; = n, H,
and set

Hi={neHEu e (U)", UuU=UnhU}.
Then:
(a) U(U™) ' U=UnHU.
(b) UU-UU~ = UU~ ({1} U nlﬁnlf[) UUnA.
Proof. (a) Since W = {1, 51} we have
G=BUBnB=UHUUHnHU =UHUUn1HU,
where the union on the right is disjoint. By [3, Proposition 2.5.5(1)], BNU~ = 1.

Hence (U~)" C UnyHU. Thus, for every u~ € (U~)" there exists h € H such that
Uu~U = Un,hU. But, by definition, h € H, so this proves U (U~)"U C Un;HU.

The reverse inclusion is also clear and hence U (U~)" U = Un, HU.

(b) Note that since each element of H normalizes both U and U, the set H
commutes with U. Also, wy = s; and hence nlUnl_l = U~ and nlU*nl_1 =U.
Given this and the relation in (a) we get:

vu-uUu- =U (U_)*UU_ UUU~ =Un HUU- UUU~
=UU nHU- UUU~ =UU U HUUU~
=UU)" UnnHUUn HUUU™
= UnHUnHUUn HUUU~
=UU niHnHUUn HUUU~

—UU~- ({1}Un1fm1f1) UUnH. O

Lemma 4.2. Let G be a group with a split BN -pair (H,U, N) and Weyl group W =
{1,s1}. Using the notation of Lemma 4.1, the following conditions are equivalent:

(a) (U NUnyhU #0 for all h € H. Equivalently H = H.
(b) U(U™)"U =Un,HU.
(c) G = (UU).
Proof. By definition H C H and by Lemma 4.1 (a), U (U~)" U = Un,HU. Hence
(a) and (b) are equivalent. To finish the proof observe that
G=BUBnB= (B U BnlB) ny = Bny U BniBny = Bny UBB™
=UnHUUU H,

where the union on the r.h.s. is disjoint. Since the sets H and nlflnl are both
contained in H, we have Un H C UniH, and UU~ ({1} Unlﬁnlﬁ) CUUH.
Since G = Un1H UUU™H is a disjoint union, Lemma 4.1 (b) implies that G =
(UU)? if and only if Uny H = Uny H and UU~ ({1} U nlﬁnlﬁ) — UU~H. Thus,

by Lemma 4.1 (a), we get that (c¢) implies (b), and it is also clear that (a) implies
(c). O



5. GROUPS WITH A 0-SETUP

Any K € Lie has a split BN-pair (H,U, N), where U is a Sylow p-subgroup for
the defining characteristic p, descending from the algebraic group K [7, Theorem
2.3.4]. More precisely, if T C B is a pair of o-stable maximal torus and Borel
subgroup of K then B = BNK and N = N%(T)N K form a BN-pair for K and if
U is the unipotent radical of K, i.e., B=T x U, then B = Hx U where H =TNK
and U = U N K is a Sylow p-subgroup of K (as in [7, Section 3.4]).

Remark 5.1. 1.) Some groups in Lie have split BN -pairs for different primes p,
e.g. A1(4) = A1(5) [7, Theorem 2.2.10].

2.) For any simple reflection s, if K € Lie(p) then Ky € Lie(p), and if K is
universal then so is K by [7, Theorem 2.6.5.(f)].

3.) Note also that if K is universal [7, Theorem 1.10.4] then, by a result of
Steinberg [9, Theorem 24.15]|, K, = C%(0) so B, N, H and U are the centralizers
of o in B, N, T and U respectively.

Lemma 5.2. Let K,, € Lie(p) be universal of rank 1 and let U be a Sylow p-
subgroup of K. Then K, = (UU*)Z.

Proof. First note that since K, is universal, the corresponding algebraic group K,
is universal (or simply connected in a different terminology [7, Definition 1.10.5]).
By Remark 5.1.3, K, is a finite group of Lie type. The possible types for rank 1
are Ay, 2As, 2By and 2G4 (see for example [9, Table 23.1]) and the possibilities for
K, can be read off from [7, Theorem 1.10.7].

Let p be the defining characteristic of K. By [3, §1.19], we need to consider, for
all powers g of p, the groups SLa(q), SUs(¢?), 2Ba(¢?) if p = 2 and ¢® = 22"~! for
some n > 0 and 2G5 (¢?) if p= 3 and ¢ = 32"~ for some n > 0.

Now K, satisfies the assumptions of Lemma 4.2, so, in particular we use the
notation of Lemma 4.2. For K, = SLy(q) condition (a) of the lemma is easi-
ly verified - for the calculation see [4, §6.1]. For the remaining cases we use [5,
Proposition 4.1]. By this result, for every h € H there exists y € U such that

yny € UTRU = nl_lUnth. Multiplying by nl_l on the left, and using (nl_l)2 € H,
we obtain ny 'yn; € Uny ((nfl)Qh) U. Observe that 1 ¢ Uny ((nfl)Qh) U, and

hence nflynl € (U7)". Moreover, as h varies over H, so does (11{1)2 h. Hence,
condition (a) of Lemma 4.2 holds for this case, and the claim follows. (]

Remark 5.3. Note that the groups denoted by SU, (¢?) in [3, §1.19] are denoted
by SU,(q) in [9, Example 21.2]. Note also that for the groups ?Bo(2*"~1) the
universal and the adjoint versions are isomorphic [3, §1.19]. Moreover since the
center Z(Ky) lies in Cyz (o) 9, Corollary 24.13] it follows that Z(K,) = 1
except if K, = SLa(q) and q is odd (here Z(K,) = Z3) or K, = SU3(¢?) and 3
divides g+ 1 (here Z(K,) = Z3). Excluding these exceptions, K, is isomorphic to
its adjoint version, i.e. K, = K, and condition (a) of Lemma 4.2 can be checked
with the calculation in [4, §13.7].

The next lemma is an analogue for the split BNN-pair setting, of an observation
of [16].

Lemma 5.4. If G is a group with a split BN -pair (H,U), then HNUU~U = {1}.



Proof. Let h € HNUUU. Then h € uwU ug, with uj,us € U. Equivalent-
ly, uy thuy' = h(ufl)hugl € U”. But h(ufl)hugl € B = HU, and hence

h (ufl)hugl € BNU~ = {1} [3, Proposition 2.5.5(i)]. Using H NU = {1} this
gives h = 1. O

Proof of Theorem 1. We will show that G = (UU~)? for each G € Lie. As
explained in Section 2, this set of groups includes all finite simple groups of Lie
type (and some more). Since G satisfies the assumptions of Proposition 3.4, we
can assume that G is in Lie of rank 1. Moreover, since there is a surjective homo-
morphism K, — K which maps unipotent Sylows onto unipotent Sylows, we can
assume that G is universal. A universal G in Lie of rank 1 satisfies G = (UU~)?
by Lemma 5.2.

Suppose H # 1. By Lemma 5.4, HNUU ~U = {1} and so, employing Lemma 3.1,
G is a product of at least four unipotent Sylow subgroups, and hence G = (UU~)?
is of minimal length. Suppose now that H = 1. By [2, Theorem 5], G = BB~ B,
where B =UH and B = U~ H. Substituting H = 1 gives G = UU~U. Moreover,
H =1 if and only if U is self-normalizing. O
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