NORMAL COVERINGS OF LINEAR GROUPS

JOHN R. BRITNELL AND ATTILA MAROTI

ABSTRACT. For a non-cyclic finite group G, let v(G) denote the smallest num-
ber of conjugacy classes of proper subgroups of G needed to cover G. In this
paper we show that if G is in the range SLy,(¢) < G < GLn(q) for n > 2, then
n/n? < v(G) < (n+1)/2. This result complements recent work of Bubboloni,
Praeger and Spiga on symmetric and alternating groups. We give various
alternative bounds, and derive explicit formulas for v(G) in some cases.

1. INTRODUCTION

1.1. Normal coverings. Let G be a non-cyclic finite group. We write v(G) for the
smallest number of conjugacy classes of proper subgroups of G needed to cover it.
In other words, v(G) is the least k for which there exist subgroups Hy, ..., Hy < G

such that .
¢= U H".
i=1 geG
We say that the set of conjugacy classes {Hl-G |i=1,...,k} is a normal covering
for G.

Bubboloni and Praeger [7] have recently investigated v(G) in the case that G is
a finite symmetric or alternating group. They show, for example, that if n is an
odd composite number then

o(n) n—1
5 +1<~(Sp) < 5
where ¢ is Euler’s totient function. Similar results are established for all values
of n, and for both S,, and A,,. Part of the motivation for their work comes from
an application in number theory.

It is a well-known theorem of Jordan that no finite group is covered by the
conjugates of any proper subgroup. A paraphrase of this statement is that y(G) > 1
for any finite group G. It is known that there exists a finite solvable group G with
v(G) = k for every k > 1 [9]. Tt has been shown in [4] that if G is one of the groups
GL,(q),SL.(q),PGL,(q) or PSL,(q), then v(G) = 2 if and only if n € {2,3,4}.
(Notice that v is undefined for n = 1, since the groups are cyclic in this case.)
Other groups of Lie type possessing a normal covering of size 2 have been studied
in [5] and [6].
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In this paper we give bounds on 7(G), where SL,(q) < G < GL,(q), for all
values of n. In some cases we are able to give an exact value. Our bounds extend
without change to G/Z(G).

We introduce some notation. We write || for the integer part of a real number z.
As already noted above, ¢ denotes Euler’s function. We shall also use Lehmer’s
partial totient function, which we define here.

Definition. Let k& and ¢ be such that 0 <t < k < n. We define the partial totient
¢(k,t,n) to be the number of integers x, coprime with n, such that
nt e n(t+1)
—<r< —".
k k
We give two separate upper bounds on v(G).

Theorem 1.1. Let n € N, and let v = v(n) be the number of prime factors of n.
Let py,...,py be the distinct prime factors of n, with py < py < --- < p,. Let G be
a group such that SL,(q) < G < GL,(q). Then

(1) If v > 2 then
@ (1-5) (15,

¥(G) < LgJ + ¢(6,2,n) + 1.

+ 2.

o3

(2) If n > 6 then

A great deal of information is given in [14, §6] about the function ¢(6,t¢,n), from
which the following statement can be derived.

0 if n is divisible either by 9, or by a prime
é(n) of the form 3k + 1 for k € N,
i #(6,2,n) = ¢ 15A(n)2” otherwise, if n is divisible by 3,

%)\(n)?’ otherwise, if n is not divisible by 3,

in which A(n) = (—1)¢, where £ is the number of prime divisors of n counted with
multiplicity.

1.2. Independent sets of conjugacy classses. Let k(G) be the size of the largest
set of conjugacy classes of G such that any pair of elements from distinct classes
generates G. We call such a set an independent set of classes. Guralnick and Malle
[12] have shown that x(G) > 2 for any finite simple group G. It is clear that
whenever v(G) is defined, we have the inequality

#(G) < (@),

since if C is a normal covering of GG, and if 7 is a independent set of classes, then
each element of C covers at most one element of 7.

We establish two lower bounds for x(G). By the observation of the previous
paragraph, these also operate as lower bounds for v(G).

Theorem 1.2. Let n € N, and let v = v(n) be the number of prime factors of n.
Let py1,...,p, be the distinct prime factors of n, with py < ps < --- <p,. Let G be
a group such that SL,(q) < G < GL,(q).
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(1) If v > 2 then
@ +v(n) < k(G).

(2) Ifv >3, and if n is not equal to 6p or 10p for any prime p, then

L";;GJ +6(12,1,3n) + v < k(G).
Furthermore, if hef(n,6) = 1 then
V;;GJ +6(12,1,3n) + 6(12,0,n) + v < K(G).

The values t = 0,1 are not amongst those for which the function ¢(12,¢,n) is
evaluated explicitly in [14]. However, Theorem 10 of [14] gives the following general
estimate,

lp(n) — kp(k,t,n)| < (k—1)2",

where v is the number of prime divisors of n. This yields the lower bound

¢(n) 11,
(12,t,n) > 12 52 .

There are certain cases in which an upper bound for v(G) coincides with a lower
bound for £(G). In these cases we must have v(G) = k(G), and we obtain a precise
formula.

Theorem 1.3. Let G be a group such that SL,(q) < G < GL,(q).
(1) If n = p®, where p is a prime and a € N, and if n > 2, then

1(G) = K(G) = (1— ) 3+1L

(3) If n = 6p where p is a prime, then v(G) = k(G) =p + 2.
(4) If n = 10p where p is a prime, then v(G) = k(G) = 2p + 2.

Certain cases of Theorem 1.3 will require independent treatment, as they arise
as exceptional cases in the proof of Theorem 1.2.

1.3. Linear bounds. Theorem 1.1 (1), Theorem 1.2 (2), and Theorem 1.3, taken
together, imply that

(1) < (@) <1(G) < i

for all n > 2. The upper bound is exact when n is an odd prime. (When n = 2 it
is known that v(G) = 2; see [4], or the remark after Proposition 4.1 below. It is
also easy to show that x(G) = 2 in this case.) It follows immediately that

. G _ 1
(2) lim sup . = 3

The lower bound for v can be improved, as the following theorem indicates.

Theorem 1.4. Let G be a group such that SLy,(q) < G < GL,(q). Then 75 < v(G).
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From the first part of Theorem 1.1 and from Theorem 1.4, it is easy to show that

(3) % < liminf% < é

It follows from the theorems which we have stated, that v(G) and x(G) are
bounded above and below by monotonic functions which grow linearly with n. It
appears that the situation for symmetric groups is similar. It has been announced
in [3, §1.1], and will be demonstrated in a forthcoming paper [8] now in preparation,
that v(S,) and v(A,) are bounded above and below by linear functions of n. In
fact the numbers (S, ) and v(GL,,(q)) seem to be closely related; in all cases where
both are known exactly, they differ by at most 1. It is not hard to show, and it
is worth remarking in this connection, that the upper bounds stated for v(G) in
Theorem 1.1 are also upper bounds for (.S, ), improving marginally on those of [7,
Theorem A]. It should also be noted that all of our bounds are independent of the
field size q.

We establish the upper bounds of Theorem 1.1 in Section 2, by exhibiting explicit
normal coverings of the necessary sizes. This builds on work described in [2], in
which coverings of GL,(q) by proper subgroups are constructed. The two lower
bounds of Theorem 1.2 are proved in Section 3. Both are proved by exhibiting
an independent set of classes. This requires an account of overgroups of certain
special elements in GL,,(q). For such an account we rely on [11], which provides a
classification of subgroups whose orders are divisible by primitive prime divisors of
q?—1, for all d > n/2. The remaining cases of Theorem 1.3 are brought together in
Section 4. Finally, Theorem 1.4 is established in Section 5. Its proof relies on work
from the doctoral thesis of Joseph DiMuro [10], which extends the classification of
[11] to cover all d > n/3.

The classes of subgroups in our normal covering remain distinct, proper and
non-trivial in the quotient of G by Z(G). This is true also of the classes of maximal
overgroups which cover the conjugacy classes in our independent sets. It follows
that the bounds which we have stated for v(G) and for x(G) hold equally for
v(G/Z(@)) and for k(G/Z(G)).

2. NORMAL COVERINGS OF G

We shall write V for the space F,". Throughout the paper, we assume that
SL(V) <G < GL(V).

We begin by introducing the classes of subgroups which we shall need for our
coverings. Proposition 2.1 below contains standard information about certain sub-
groups of GL,(q), and we shall not prove it here.

Proposition 2.1. (1) Let d be a divisor of n. There exist embeddings of
GLy/4(q?) into GLy(q). All such embeddings are conjugate by elements
of SLy,(q), and each has index d in its normalizer in GLq(q). If d is prime
then the normalizer is a mazimal subgroup of GL,(q).

(2) Suppose that 1 < k < n, and let U be a k-dimensional subspace of V.. Then
the set stabilizer Gy of U in G is a maximal subgroup of G. If W is another
k-dimensional subspace, then Gy and Gy are conjugate in G.

It will be convenient to have concise notation for these subgroups.
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Definition. (1) We refer to the maximal subgroups of Proposition 2.1 (1) as
extension field subgroups of degree d, and we write efs(d) for the conjugacy
class consisting of the intersections of all such subgroups with the group G.
(2) We refer to the subgroups of Proposition 2.1 (2) as subspace stabilizers of
dimension k, and we write ss(k) for the conjugacy class consisting of all

such subgroups.

The following technical lemma will be useful.

Lemma 2.2. (1) Suppose that X € GL(V), and that X stabilizes a k-dimensional
subspace of V. Then X stabilizes a subspace whose dimension is n — k.
(2) Let X € GL(V), and let p be a prime dividing n. If X lies in no extension
field subgroup of degree p, then it stabilizes a subspace of V' whose dimension
s coprime with p.

Proof. (1) Suppose X stabilizes a space U of dimension k. Then the transpose
X! acts on the dual space V*, and stabilizes the annihilator of U, which
has dimension n — k.

(2) If X stabilizes no subspace whose dimension is coprime with p, then every
irreducible divisor of its characteristic polynomial has degree divisible by p,
and must therefore split into p factors over Fy». Suppose that the elemen-
tary divisors of X are fi',..., f{'*. For each i, let g; be an irreducible factor
of fi over Fyp, and let Y € GL,,/,(¢?) have elementary divisors g7*,.. ., g;".
Then it is not hard to see that any embedding of GL,,/,(¢”) into GLy(q)

must map Y to a conjugate of X.
|

We are now in a position to exhibit some normal coverings of G.

Lemma 2.3. (1) Let p be a prime dividing n. Then there is a normal covering
Cp for G given by

C, = {els(p)} U fss(k) | 1 < k <n/2, ptk}.

The size of Cp is
1\ n
ICol = Kl—p) 2J +1+e,

{ 1 ifp=2andn/2 is odd,

where

0 otherwise.

This is minimized when p is the smallest prime divisor of n.
(2) Let p1 and ps be distinct prime divisors of n. Then there is a normal
covering Cp, p, for G given by

Cpy ps = {efs(pr),efs(pa)} U {ss(k) | 1 < k <n/2, p1,p21k}.

The size of Cp, p, 5

1 1 n
Coml=(1-=)(1- =) 2o
Coval ( p)( p2>2

This is minimized when p1 and pa are the two smallest prime divisors of n.
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Proof. The sizes of the sets C, and C,, ,, are easily seen to be as stated. That C,
is a normal covering follows immediately from Lemma 2.2. So it remains only to
prove that Cy, ,, is a normal covering.

Let X € G, let fx be the characteristic polynomial of X, and let g1,...,gs be
the irreducible factors of fx over F,, with degrees di,...,ds respectively. Then
clearly there exist X-invariant subspaces Uy, ..., Us such that dim U; = d; for all 4,
and such that U; N U; = {0} whenever ¢ # j. If any d; is divisible by neither of
the primes p; and po, then X is contained in a subspace stabilizer from one of the
classes in Cp, p,. So we assume that each d; is divisible by at least one of p; or pa.
Suppose that d, is divisible by p; but not by ps, and that d; is divisible by py but
not by p;. Then U, & U, is an X-invariant subspace, and its dimension is coprime
with p; and po; so again, X is in a subspace stabilizer from C,, ,,. But if no such d,
and d; can be found, then either all of the d; are divisible by py, or they are all
divisible by ps. In this case, X lies in an extension field subgroup either of degree p;
or of degree ps. O

We note that the argument of the last paragraph of this proof does not extend
to the case of three primes, p1, p2, ps. It is possible to find matrices whose invariant
subspaces all have dimensions divisible by one of those primes, but which lie in no
extension field subgroup. In the case that the primes are 2,3 and 5, for instance,
there are 30-dimensional matrices whose irreducible invariant spaces have dimen-
sions 2, 3 and 25. (Another example is used in the proof of Proposition 4.4 below.)
This is the explanation for the appearance of the two smallest prime divisors of n
in the first upper bound of Theorem 1.1, which may at first seem a little curious.

The second upper bound of Theorem 1.1 is proved in a somewhat similar fashion.

Lemma 2.4. Let py,...,p, be the distinct primes dividing n. Then there is a
normal covering D of G given by

D={ss(k)|1<k<n/3}
U {ss(k) | n/3 <k <n/2, hef(k,n) =1}
U {efs(p;) |1 <i<v}.
For n > 6, the size of D is

L%J + ¢(6,2,n) + 1.

Proof. Let X € G. Suppose that X is reducible, and that its smallest non-trivial
invariant subspace has dimension k. If k¥ > n/3 then it is not hard to see (for
instance, by considering the irreducible factors of the characteristic polynomial)
that X stabilizes at most one other proper non-trivial subspace, of dimension n— k.
It follows that if p is a prime dividing both n and k, then X is contained in an
element of efs(p). It is now a straightforward matter to show that D is a normal
covering, and we omit further details. The size of D follows immediately from its
definition. O

3. LOWER BOUNDS FOR k(G)

Recall that GL,,(¢) contains elements of order ¢" — 1, often known as Singer
elements. Such elements stabilize no non-trivial proper subspace of V. The deter-
minant of a Singer element generates the multiplicative group of F.
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In order to handle all groups G in the range SL,(¢) < G < GL,(q) together, we
define a parameter a € N as follows.

fo0 if G = SLn(q),
“7\ —|GLn(q): G| otherwise.

Let ¢ be a generator of the multiplicative group of F;. Then we have
G o
SLa(g) .

Definition. (1) Ford=1,...,n, let Ty be a Singer element with determinant
C in GLd(q).
(2) For k < n/2, define

Yy = diag(Tp* 1 Th_p).
(3) For j < (n—2)/4, define
T; = diag(I';* 2, 1, Tng;-1).
The reasons for defining a as above will be clear from the following remark.

Remark. (1) Since det X = det T; = (%, we have Xy, T; € G.

(2) It is clear from the definition of « that (1 —¢) < o < 0, and hence that
lo — 2| < g+ 1. Tt follows easily that the actions of the matrices Ty !
and T';*~? are irreducible for all k and j. Therefore the module F,(%;,) de-
composes into precisely two irreducible summands, and F(T};) decomposes
into precisely three irreducible summands.

Lemma 3.1. Suppose that n > 4. Let k < n/2, and if ¢ = 2 then suppose that
n—k#6. Let j < (n—2)/4, and if ¢ = 2 then suppose that n — 2j — 1 # 6.

(1) If M is a mazimal subgroup of G containing T, then M is an extension
field subgroup of prime degree.

(2) If M is a mazimal subgroup of G containing Xy then M is either an exten-
sion field subgroup whose degree is a prime divisor of ged(k,n), or else the
stabilizer of a subspace of dimension k or n — k.

(3) Let n have at least 3 distinct prime divisors. If M is a mazimal subgroup
of G containing T}, then M is the stabilizer of a subspace whose dimension
isoneofj,j+1,2j+1,n—-2j—1,n—j—1o0rn—j.

Proof. Part (1) of the lemma is a result of Kantor [13].

For (n,q) # (11,2), part (2) of the lemma follows from part (2) of Theorem 4.1
of [2]. However a few comments are to be made about this assertion. The matrix
that we have called X, is referred to as GLk in [2]. The result in [2] is stated only
for the groups GL,(q) and SL,(q), but the proof given there applies equally to
intermediate subgroups. Finally, the proof in [2] relies on the existence of primitive
prime divisors of ¢"* — 1 (where n — k > 2), which is given by Zsigmondy’s
Theorem [17] for all pairs (¢,n — k) except (2,4) and (2,6); the second of these
exceptions accounts for the excluded case in the statement of the present lemma.
The argument uses the classification in [11], of subgroups of GL,,(¢) whose order is
divisible by a prime divisor of ¢° — 1, where e > n/2.

To finish the proof of part (2) of the present lemma, we must consider the
exceptional case of the group GLi1(2). In this case we require a reference directly
to the lists of [11]. We find that there are several irreducible subgroups whose
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order is divisible by a primitive prime divisor 11 of 2'© — 1; we must show that
none of these contains ;. All of these subgroups are almost simple, and have
a socle which is isomorphic either to one of the Mathieu groups Msz or May, or
to the unitary group PSU;(2), or to a linear group SL2(11) or SLy(23). (These
subgroups may be found in Table 5 (lines 12 and 14) and Table 8 (lines 2, 7 and 9)
of [11].) Information about these groups may be found in [1]. None of these groups
themselves, nor any of their outer automorphism groups, have order divisible by 31.
Therefore an almost simple group of one of these types can contain no element of
order 2! —1 =311 - 31, which is the order of the element ;.

For the proof of part (3) of the lemma, we refer once again to the classification of
[11], this time for matrix groups whose order is divisible by a primitive prime divisor
of ¢"™%~1 — 1. It is not hard to see that T; has no overgroups of classical type.
The condition that n has 3 distinct prime divisors rules out the small dimensional
sporadic examples contained in Tables 1-7. Other examples are ruled out because
their order is less than ¢"~2/~! — 1, which is the order of the summand | I P
Of Tj. |

We define a set of classes which will help us to establish the first of our lower
bounds for «(G).

Definition. Define a set ® of classes of G by
® ={[%,] | pln, p prime, p <n/2} U {[Ex] | k <n/2, hef(n, k) =1},
where [g] denotes the conjugacy class of g.

Lemma 3.2. Let n > 2, and let v(n) be the number of prime factors of n. Then

@] = ¢(n)/2+v(n) —¢,

where
1 if n=2p for some odd prime p,
€= }
0 otherwise.
Proof. This is immediate from the definition of ®. (I

Lemma 3.2, together with the following two lemmas, will imply the first part of
Theorem 1.2.

Lemma 3.3. ® is an independent set of classes.

Proof. Suppose that ¢ # 2, or that [X,_¢] ¢ ®. Then Lemma 3.1 provides full
information about the maximal subgroups of G which contain elements of ®, and
it is easy to check that the result holds in this case.

Next suppose that ¢ = 2 and [X,,_¢] € ®. (This implies that n € {7,8,9,11}.)
Lemma 3.1 gives full information about the maximal subgroups of G covering ele-
ments of the classes in ® other than [X,,_¢]. No class of subgroups contains elements
of more than one such class, and it is easy to check that none covers the element
Yin_g itself. [l

Lemma 3.4. Let n = 2p where p > 2 is a prime. Then k(G) > |®|+ 1.

Proof. The proof of Lemma 3.3 shows that in any normal covering of GG, the distinct
classes in @ are covered by distinct classes of subgroups. We add an extra conjugacy
class to ®, namely the class represented by 3, = diag(I‘po‘fl,lﬂp)7 where I', is a
Singer element in GL,(q). This element stabilizes no subspace of dimension k for
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any k coprime with n; nor does it stabilize a subspace of dimension 2 or n — 2.
Therefore, by part (2) of Lemma 3.1, if ® U {[£,]} is not an independent set of
classes, then ¥, must lie in a subgroup in efs(2).

Note that since 2 and p are coprime, Ep2 has two irreducible summands of
dimension p. It is not hard to show that these submatrices are not conjugate, and
neither of them is reducible over Fg2; it follows that EPQ is not contained in any
embedding of GL,(¢?) into G. Hence %, itself is not contained in an embedding of
GL,(¢?) - 2. O

Lemmas 3.2, 3.3 and 3.4 complete the proof of part (1) of Theorem 1.2.

We define a second independent set of classes which yields the second lower
bound of Theorem 1.2. We shall require the following lemma.

Lemma 3.5. Let p be a prime divisor of n. Suppose that n has at least 3 distinct
prime divisors, and that n is not equal to 6g or 10q for any prime q. Then there
exists an integer wy such that (n —2)/4 < w, < n/2, and such that wy, is divisible
by p, and by no other prime divisor of n. If p # 3 then w, may be chosen so that
it 1s not divisible by 3.

Proof. Bertrand’s Postulate states that for every k > 3 there is a prime r such that
k < r < 2k —2. The conditions on n imply that n > 12p. So there is a prime r > 3
such that

If r is not itself a prime divisor of n, or if it is equal to p, then we may take w, = pr.
On the other hand, if r is a prime divisor of n other than p then clearly n = 3pr,
and since we have assumed that n > 12p, we have r > 5. Now we see that there
exists m equal either to r + 1 or to r 4 2, such that m is not divisible by 3, and we
may take w, = pm. O

Definition. Let n be a number with at least 3 distinct prime divisors, and not
equal to 6p or 10p for any prime p. We define a set ¥ of classes of G by
U= {[T3] | j < (n—2)/4,j = 1 mod 3}
U {[Zk] | n/4 <k <n/2, hef(3n,k) =1}
U {[Z6s] | b < n/12,hcf(n,6b) = 1}
U {[Sw,] | pln, p prime},
where w), is as constructed in Lemma 3.5, and where [g] denotes the conjugacy class
of g.
To describe the size of the set ¥ we use Lehmer’s partial totient function ¢(k, ¢, n),

which was defined before the statement of Theorem 1.1 above.

Lemma 3.6. Let n have v distinct prime divisors, where v > 3, and suppose that
n 1s not equal to 6p or 10p for any prime p.

(1) If 2 or 3 divides n, then

6
10| = V; J +¢(12,1,3n) + v.
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(2) If hef(n,6) =1, then

= {n;;(aJ +6(12,1,3n) + ¢(12,0,n) + 1.
Proof. We write [x] for the least integer not less than x. The size X of the set
{IT;] 17 < (n—2)/4,5 = 1 mod 3} is [N/3], where N = |[(n—2)/4]. By examining
residues modulo 12, it is not hard to show that X = |(n+ 6)/12], the first term in
our sum.

It is immediate from the definition of the function ¢(k,t,n) that the size of the
set {[Zx] | n/4 <k <n/2, hef(3n, k) = 1} is ¢(12,1,3n). We observe that the set
{[Z6p] | b < n/12,hef(n,6b) = 1} is empty if hef(n,6) # 1; otherwise it has size
#(12,0,7n). And clearly the set {[pr} | p|n, p prime} has size v as required. O

To establish the second lower bound in Theorem 1.2, it will suffice to show that
any normal covering for G has size at least |¥|. This is done in the following lemma.

Lemma 3.7. Let n have at least 3 distinct prime divisors, and not equal to 6p or
10p for any prime p. Then V¥ is an independent set of classes.

Proof. Lemma 3.1 describes the maximal subgroups of G which contain elements
of the classes in ¥. The elements T; lie only in members of ss(¢) or ss(n — ¢),
where ¢ € {j,7 + 1,25 + 1}. Notice that if £ > n/4 then £ = 25 + 1, and hence
¢ = 3mod 6. The elements X;, where k is coprime with n, lie only in members
of ss(k) or ss(n — k). And the elements ¥,,, lie in subspace stabilizers and also
in elements of efs(p). It is easy to check that the values permitted for j, k, b
and w, ensure that no two elements of distinct classes in ¥ stabilize subspaces of
the same dimension. Therefore no two classes in ¥ can be covered by a single class
of subgroups. O

4. SEVERAL EQUALITIES

In this section we establish the various claims of Theorem 1.3. We do this simply
by comparing upper and lower bounds from earlier parts of the paper.

Proposition 4.1. If n = p®, where p is a prime and a € N, and if n > 2, then

(@) = K(G) = (1—;) Sl

Proof. Lemma 2.3 and Lemma 3.3 together tell us that
] < K(G) <AG) < G-

But it is easy to check, using Lemma 3.2, that |®| = |C,|, and that this number is
as claimed in the proposition. O

Remark. If n = 2, then the covering Cs has size 2. Since no finite group is covered
by a single class of proper subgroups, it follow that v(G) = 2 in this case.

Proposition 4.2. If n = p®¢® where p and q are distinct primes and a,b € N,

" (@) = K(G) = (1 _ ;) <1 _ i) S+2
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Proof. As in the proof above, Lemma 2.3 with Lemmas 3.3 and 3.4 yield that
@] + € < K(G) <(G) < [Cpgl,

where ¢ = 1 if n = 2p (or n = 2¢), and ¢ = 0 otherwise. But we see that
|®| + € = |Cp,q|, with this number being as claimed in the proposition. O

Proposition 4.3. If n = 6p where p is a prime, then
1(G) = k(G) =p+2.
Proof. In this case we have
@] < K(G) <7(G) < [Casl,

and it is easy to calculate that |®| = |Ca 3| = p+ 2. O

Proposition 4.4. If n = 10p where p is a prime, then
v(G) = k(G) =2p+2.

Proof. If p is 2 or 5 then the result follows from Proposition 4.2; if p = 3 then it
follows from Proposition 4.3. So we may assume that p > 5. Then we have

|P| < K(G) < (GQ) < |Casl,

but in this case we see that |®| = 2p + 1 whereas |C2 5| = 2p + 2. To prove that the
upper bound is sharp for k(G), it will be sufficient to exhibit an element Y of G
which cannot be covered by any class of subgroups containing an element of any
conjugacy class in ®. We define

Y = diag(rpa_Za F5a Fn—p—5)-

Notice that n — p — 5 is even, and coprime with 5 and with p. It follows that Y
does not stabilize a subspace of dimension coprime with n. But certainly Y lies in
no extension field subgroup, and so it satisfies the required condition. O

5. PROOF OF THEOREM 1.4

For a positive integer n, let f(n) be the number of partitions of n with exactly
three parts. By an elementary counting argument the following formula can be
found for f(n).

Lemma 5.1.

f) 5(n—=1)(n—2)+3[(n—1)/2] if 31 n,
HEn—1)n-2)+3[(n-1)/2] +% if3|n

It follows from Lemma 5.1 that

n2
‘f(n) 19

We define €, = f(n) — n?/12.
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Let P(n) be the set of partitions of n into three parts having no common divisor
greater than 1. Let g(n) = [P(n)[. Then we have f(n) = 3_,, g(d). By the Mdbius
Inversion Formula, we obtain

g(n) = u(d)f(n/d) = Y u(d) n/d Zu Jen,a
d|n d|n
n? p(d)
12 2 | T Z#(d)ﬁn/d
d|n d|n
n2
SO (%)) Sl
p prime
Since
(-5)-%
Im(-5)-2
2 27
p prime p &
we have

o) > (1) + | Sntdrena
dln

Now since the number of divisors of n is less than 2/n, we obtain the following
lemma.

Lemma 5.2.
2

n 2
92 g\/?l <g(n).

The next lemma is the principal step in our proof. It gives information about
the maximal overgroups in G, of an element of the form diag(I'y* 2, T, T.), where
the degrees a, b and ¢ are coprime. The proof relies on knowledge of the subgroups
of GL,(q) whose order is divisible by a primitive prime divisor of ¢¢ — 1, where
d > n/3. An account of such subgroups has been given in the doctoral dissertation
of Joseph DiMuro [10]; this work extends the classification of [11], which deals with
the case d > n/2.!

Lemma 5.3. Letv(n) > 3 and let n > 98. For A = (a,b,c) € P(n), witha < b <c,
and with a,b,c coprime, let g = g = diag(Ty* 2, T, T.). Then every mazimal
overgroup M of g in G is a subspace stabilizer, except possibly in the following
cases.
(i) 2|n, c=n/2, and M = G N (GL,,/2(q) 1 C2);
(i) 4|n, (a,b,c) = (2,(n—2)/2,(n—2)/2), and either M = GN(GL,/2(q)1Cs),
or M = G N (GLy/2(q) o GLa(q)). (Here o is used to denote a central
product.)

IDiMuro’s dissertation aims to classify elements of GLy(q) of prime power order which act
faithfully and irreducibly on a subspace of dimension n/3 or greater. However we have been
informed by its author that there is at present a gap in the argument concerning those elements
whose orders are prime powers but not prime. For our purposes, only the results concerning
elements of prime order are required.
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Proof. We observe that V' may be decomposed as V, & V;, & V., where V,, V3 and
V. are g-invariant subspaces of dimensions a, b and c respectively. The action of g
on each of these summands is irreducible. It follows that ¢ lies in the stabilizers of
proper subspaces of at least 4 different dimensions; and so g is covered by the class
ss(k) for at least 4 values of k.

Note that ¢ > n/3, and that ¢° — 1 divides the order of g. Hence a maximal over-
group M of g must belong to one of the classes of groups mentioned in Section 1.2
of [10]. We observe firstly that owing to our assumption that v > 3 and n > 98,
the subgroup M cannot be any of those in Tables 1.1-1.9 of [10]; this immediately
rules out several of the Examples listed there. We shall go through the remaining
Examples.

Example 1. Classical examples. The determinant of g is a generator of the quotient
G/SLy(q), and so M cannot contain SL,,(q).

Any element of a symplectic or orthogonal group is similar to its own inverse;
an element g of a unitary group is similar to its conjugate-inverse ¢~ 7, where 7 is
induced by an involutory field automorphism. (See [16], Section 2.6, or (3.7.2) for
groups in characteristic 2.)

If M normalizes a symplectic or orthogonal group H, then g7~ ! lies in H itself,
and so g9~ ! is similar to its own inverse. Then it is clear that I'.9"! is similar to
its own inverse (it does not matter here whether or not b = ¢). But this cannot be
the case since ¢ > 2.

Similarly, if M normalizes a unitary group U then g9t lies in U, and it follows
that g97! is similar to its conjugate-inverse. But then it follows that I';9™! is similar
to its conjugate-inverse, and it is easy to show that this is not the case.

Example 3. Imprimitive examples. Here M preserves a decomposition V = U; &
<@ U for t > 2. Let dimU; = m, so that n = m¢. Recall that the (g)-module
V is the direct sum of 3 irreducible submodules V,, Vj, V. of dimensions a, b, ¢
respectively. So (g) has at most 3 orbits on the set of spaces U;.

Let r be the smallest integer such that V. is contained in the direct sum of r of
the spaces U;. We observe that n/3 < ¢ < rm, and so m > n/3r. Without loss
of generality, we may assume that V., < W =U; & --- ® U,.. It is clear that W
is g-invariant. Let g be the restriction of g to W. Then (g) acts transitively on
{U1,...,U,}. Since §" acts in the same way on each U; for i < r, an upper bound
for the order of g is (¢ —1)r. But since m < n/r, and since n > 98 by assumption,
we see that (¢™ — 1)r < ¢"/3 — 1 if r > 4. Therefore we must have r < 3.

It follows that V. is a simple F(g")-module. Now since §" commutes with the
projections of W onto its summands U;, we see that at least one of the spaces U;
contains an g"-invariant subspace of dimension ¢. So m > n/3, and hence r # 3.

Suppose that r = 2. Since g" has two fixed spaces of dimension m, we see that
b=c=m,and that V; @V, < W. If W <V, then W =V, ® V.. Now we see
that m divides each of a and b+ ¢ = 2¢. Since a, b, ¢ are coprime, it follows that
m = 2. But this implies that n < 6, which contradicts the assumption that n > 98.
So we may suppose that W = V. Then it is not hard to show that V, has two
irreducible summands as an (g 2)-module. But this can occur only when a = 2, and
this accounts for the first of the exceptional cases of the lemma.

Finally, if » = 1 then m > ¢ > n/3, and so t = 2. It is easy to see, in this case,
that ¢ = m = n/2, and this accounts for the second exceptional case of the lemma.
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Example 4. FExtension field examples. If g stabilizes an F,--structure on V, then
g" lies in the image of an embedding of GL,,,.(¢") into GL,(g). Now if this is the
case then it is not hard, by considering the degrees of the eigenvalues of g over the
fields F; and F4r, to show that r must divide each of a, b, c. But this implies that
r =1, since a, b, ¢ are coprime.

Example 5. Tensor product decomposition ezamples. Here M stabilizes a non-trivial
tensor product decomposition V = V; ® V5. There is an embedding of the central
product GL(V1) o GL(V2) into GL,(g), and M is the intersection of this group
with G. For x; € GL(V;) and 25 € GL(V2), we write (x1, 22) for the corresponding
element of GL(V}) o GL(V3).

We shall suppose that V; and V5 have dimensions n; and ngy respectively, with
ny1 < ng. Then since ¢ > n/3, it is not hard to see that we have n; = 2.

Suppose that ¢ € M, and let g7 € GL(V;1) and go € GL(V2) be such that
g=1(g1,92). Let h = ng’l. Since the order of g is coprime with g, we see that the
element gfz_l is the identity on V7, and so h = (1, he) for some hy € GL(V).

The largest dimension of an irreducible (h)-subspace of V is ¢, and there are
at most 2 such subspaces. We obtain the (h)-subspace decomposition of V' up to
isomorphism by taking two copies of each summand of the (hg)-subspace decompo-
sition of V5. It follows that there must be at least two summands of dimension c,
and hence that b = ¢ and that a < b. It follows also that the a dimensional sum-
mand of g splits into two summands as an F,(h)-module. But it is not hard to see
that this can occur only if @ = 2, and so we have a = 2 and b = ¢ = (n —2)/2. This
is the second exceptional case of the lemma.

Example 6. Subfield examples. These cannot occur, since g is built up using Singer
cycles, which do not preserve any proper subfield structure.

Example 7. Symplectic type examples. This class of groups exists only in prime-
power dimension, and cannot occur in the cases we are considering since we have
assumed that v > 3.

Example 8.(a) Permutation module examples. In this case S is an alternating
group A,, for some m > 5. Then it is known that the order of an element in M
is at most (¢ — 1) - e?vmloem where ¢ = 1.05314, by a result of Massias [15].
Here n = m — 1 or m — 2. But a routine calculation shows that the inequality
eIV (D) log(n+2)  (gn/3 _ 1) /(g — 1) holds for all ¢ > 2, and for all n > 98. (This
inequality fails when ¢ = 2 and n = 97.)

Example 11. Cross-characteristic groups of Lie type. The examples not yet ruled
out are contained in Table 1.10 of [10]. But the order of an element of M is less
than n3, which is less than ¢"/® — 1 for n > 98. O

We are now in a position to complete the proof of Theorem 1.4.

Proof. Define a set 2 of classes of G by
Q= ALy} U{lga] : A € P(n)}.

Let C be a set of conjugacy classes of subgroups of G which covers {2, of the smallest
size such that this is possible. Then clearly |C| < v(G). By the theorem of Kantor
[13] mentioned in the proof of Lemma 3.1 above, and by Lemma 5.3, we see that C
must contain a single class of extension field subgroups. If n > 98 and v > 3
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then each remaining elements of C is either a class of subspace stabilizers, or else
one of the classes of subgroups mentioned in the exceptional cases of Lemma 3.1.
Each subspace stabilizer contains at most n/2 of the elements gy, and each of the
exceptional classes contains at most n/4. Now, using Lemma 5.2, we see that

2¢g(n) S

1G) > Iel > 1+

w2’
as required for the theorem.

To remove the conditions that n > 98 and that v > 3, it is enough to observe
that the lower bound for x(G) given by Theorem 1.2 is larger than n/7? in any
case where either of these conditions fails. [l
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