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Summary: In the third part of this work we prove the sufficiency part
of the main result proved in the second part with a different method.
We make a good coupling of the independent random variables for
whose sums we want to prove a limit theorem with independent ran-
dom variables with so-called associated distributions to the distribu-
tions of the original random variables. This coupling shows that the
sums of the original random variables and the sums of the random
variables with these associated distributions have the same limit be-
haviour. This proof helps us to understand better the picture behind
the limit theorem we discuss. Beside this, its method enables us to
prove a functional limit theorem version of this result.

1. Introduction. Formulation of the results.

In Theorem 1 of Part II of the work Limit theorems and infinitely divisible distributions
we gave the necessary and sufficient condition for the convergence in distribution of
the appropriate normalized sums of the random variables in a triangular array which
satisfies the uniform smallness condition. We recall the sufficiency part of this result
and give a new proof of this result which is based on a good coupling. Then, by applying
this coupling argument again, we also prove a functional limit theorem version of this
result. This functional limit theorem, whose exact formulation will be given later, states
that under natural weak conditions not only the sums of the random variables in a row
have a limit distribution, but also the distributions of the random broken lines, made
from the partial sums in a natural way converge in distribution to a probability measure
in the space of functions.

We will investigate the following result of Part II.

Theorem 1. Let & j, be a triangular array with distribution functions Fy ;, k =
1,2,..., 1 <7 < ng, which satisfies the uniform smallness condition. Let us introduce
the canonical measures

Nk
My(dz) = a’Fj(dz), k=1,2,..., (1.1)
j=1

fix some number a > 0, and define the function

r  iflz|<a
T(x) =7.(z) =< a ifx>a . (1.2)

—a ifx < —a
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Let us assume that the random variables & ; satisfy the identity ET(& ;) = 0 for all
indices k = 1,2,..., 1 < j < ng, and that the measures My converge to a canonical
measure My on the real line.
np
Then the sums Sy = Y &k converge in distribution to a distribution function
j=1
whose characteristic function o(t), or more explicitly its (existing) logarithm, is given
by the formula

log p(t) = /OO L Mo(du), (1.3)

u2

—0

where the canonical measure My is the limit of the canonical measures My, and the
function T was defined in formula (1.2).

To understand better the above result we recall some notions. A o-finite measure
M on the real line is called canonical if

1
M([—a,a]) < 0o, and / — M (dx) < oo
{|z|>a} ¥
for all real numbers a > 0. A sequence of canonical measures My, k = 1,2,..., (weakly)

converges to a canonical measure M if

oo

1
lim M, (z) = lim EMk(dU) = My () :/

k—o0 k—o0

<1
EMO(CZU),
lim M, (z) = lim EMk(du) =M, (x) :/ EMo(dU),

k—oo k—oo oo oo

for all such numbers = > 0 where the function M (-) or M} (-) is continuous, and
Tim My {fa, b} = Mo{[a. b))

for all numbers — < 00 < a < b < oo where the limit measure My is continuous. (The
continuity of the measure M in the points a and b means that My({a}) = My({b}) = 0).

A triangular array & 5, k = 1,2,..., 1 < j < ny, consists of random variables from
which the random variables with fixed first index k£ are independent. It satisfies the

uniform smallness condition if for all € > 0 the relation lim sup P(|x ;] >¢) =0
k=00 1< <ns

holds.
To give a complete formulation of Theorem 1, or more explicitly of formula (1.3)
we have to define the integrand in the integral of formula (1.3) also in the point u = 0.
We do this by continuity arguments in the following way:
itu_l_'t itu_l_' 2
e itT(u) — lim & itT(u) _ _t_.
u? u—0 u? 2
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The above formulated Theorem 1 contains only one part of Theorem 1 in Part II
of this work, the sufficiency part which stated the existence of a limit distribution if
the conditions of the theorem are satisfied. Moreover, even this result is formulated
in the special case when the condition E7(£; ;) = 0 holds for all indices k = 1,2,...
and 1 < j < ng. But the general case can be reduced simply to this special case with
the help of Lemma 2 in Part II. The formulation of the result is simpler in the special
case considered here. Now the more complicated conditions about the behaviour of the
measures M} can be expressed as the weak convergence of the canonical measures My,
introduced in Theorem 1 to an appropriate canonical measure Mj.

In the problems of probability theory we often take from the terms of the random
sum we investigate the expected value of these terms and in such a way we work with
the sum of random variables with expectation zero. The condition ET(§; ;) = 0 is a
modified version of this property in the general case when the random variables we are
working with may not have a finite expectation.

The proof of Theorem 1 applies a method essentially different from the method of
Part II. We shall apply the following relatively simple result whose proof will be given
at the end in the Appendix.

Theorem A. Let Sy and Ty, k = 1,2,..., be sequences of such random variables
for which the sequence of differences Sy — Ty stochastically converges to zero as k —
0o. If the sequence of random wvariables Sy converges in distribution to a distribution
function F, then the sequence of random wvariables T} converges in distribution to the
same distribution function F.

Also the following generalization of this statement holds. Let a separable metric
space (X, p) be given together with two sequences of random variables S and Ty, k =
1,2,..., on a probability space which take their values on the space (X, p), and their
distance p(Sk,Ty) tends to zero stochastically if k — oo. It the sequence Sy converges
weakly to a measure p on the space (X, p), then the sequence of random variables Ty,
converges weakly to the same measure .

In the proof of Theorem 1 we only need the first statement of Theorem A. Its second
statement is formulated because that will be needed in the proof of the functional limit
theorem version of Theorem 1. The proof of Theorem 1 given here will be similar to
the second proof of the Poisson limit theorem in the Appendix of Part I. We shall make
a good coupling of the random variables considered in Theorem 1 with independent
random variables with infinitely divisible distributions. We can make this coupling in
such a way that the sums of the original and the sums of the coupled random variables
are close to each other, and the sums of the counting measures of the Poisson measures
whose (normalized) sums determine the infinitely divisible random variables we con-
struct in this coupling construction is also convergent. Then Theorem A enables us to
reduce the proof of Theorem 1 to the proof of the convergence of the coupled random
variables in distribution. This latter statement can also be proved by means of a good
coupling procedure and Theorem A.

To carry out the program sketched above it is useful to decompose the measures
M, appearing in the formulation of Theorem 1 to two terms in such a way that the first
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term is responsible for the convergence of the Gaussian and the second term for the
convergence of the Poissonian part in the limit theorem we consider. The subsequent
Lemma 1 supplies such a decomposition.

Lemma 1. Let &, k = 1,2,..., 1 < j < ng, be a triangular array satisfying the
uniform smallness condition. Let F}, ; denote the distribution function of the random
variable & ;, and put Gy j(dz) = x*Fy j(dz). Let us assume that the canonical mea-

n
sures My = Zk Gy,; converge weakly to a canonical measure My as k — oo. Let us
j=1
write the limit measure My in the form My = M} + M{/, where M{ is the restriction of
the measure My to the origin, i.e. for all measurable sets A C Rt Mj(A) =0, if 0 ¢ A,
and M{(A) = My({0}) if 0 € A. Furthermore M} = My — M{. Then there exists
such a sequence of numbers €, > 0, e, — 0 if k — oo, for which the measures M],
M (A) = M(ANI({|x] < er}) converge weakly to the canonical measure M, and the
canonical measures Mj, M]'(A) = Mp(ANI{|z| > er}) converge weakly to the canoni-
cal measure M/, where I(B) denotes the indicator function of the set B. Furthermore,

lim sup (1—Fk,(ex)) =0, and lim sup Fj j(—er) =0, and even the relation
k—00 1< j<ny k—oo1<j<ny

lim zk:[(l — Fk’j(sk)) + de(—{:“k)]Q =0 (15)

k—o0

71=1
holds.

We describe the coupling construction which enables the reduction of Theorem 1
to the proof of the convergence of appropriate infinitely divisible distributions. Then we
shall also give the ideas behind this construction and formulate Proposition 1 which tells
the most important properties of this coupling construction. Because of some reason of
convenience we shall work in the coupling construction not with the random variables
&k,; considered in Theorem 1, but we shall construct instead new (for fixed index k
independent) random variables with the same distributions.

Let the random variables & ;, k = 1,2,..., 1 < j < ny, of the triangular array
we consider satisfy the conditions of Theorem 1. For all pairs of indices £ = 1,2, ...,
1 < j < ny, let us consider the random variables £, ; and define the probability measures
Uy,; and vy ; given by the formulas vy ;(A) = P(&k,; € Al €k, | < ex) and vy ;(A) =
P(&; € Al &k ;] > ex) together with the numbers py ; = P(|&k, ;| > ex) where A € R!
are arbitrary measurable sets and the numbers ¢, are chosen in such a way that the

results of Lemma 1 hold with them. Let nfm-, Jj=1,...,n%, be v ; distributed random
variables which are independent for fixed index k. Let us also consider a sequence
of Poisson distributed random variables (i ; with parameters p; ;, k = 1,2,..., 1 <

J < ng, where the number pj ; is the solution of the equation 1 — e P+ = py ;. Let
us also assume that these random variables (i ; are independent for a fixed index k,
and they are also independent of the random variables 772, ;- Furthermore, let vk ;1
k=1,2,...,1<j5<ng 1=1,2,..., be random variables with distribution v} ; which
are independent both from each other and the random variables defined before.
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Let us define, beside the already constructed random variables 7, ; the random

Ck,j -

variables ny i = > Y1, & = Mo i LGk = 0), &5 = Mgl (Chy > 1), &pyj = &4y +
=1

o and gy =mp ; +my, k=1,2,..., 1 < j < n,. We shall see that the random

variables g;w- and 7 ; constructed in such a way give a good coupling which satisfy
Proposition 1 formulated below. This enables us to reduce the proof of Theorem 1 to
the study of the sums of the random variables 1y ; which is a simpler problem.

The idea behind the above construction is the following. As we shall see the random
variables §, ; and ék:,j = 5;“ ;T 52’7 ; have the same distributions. The random variables
f,’cy ; and 77;;, ; are close to each other, hence they satisfy the central limit theorem with a
Gaussian limit with the same expected value and variance. The reason we defined them
in a slightly different way is that we wanted to achieve that the random variables 772:7 j
and n” be independent, because this allows to study their behaviour separately. The
random variables f - and 77 ; are also sufficiently close to each other, but this closeness
has a different reason We can observe that both probabilities P(n;, ; # 0) and P(ny ; #
0) are small for large indices k, but we need more knowledge about their behaviour.
Our construction guarantees that & ;(w) = ny ;(w) on the set {w: ( j(w) < 1}, and
the set {w: (,j(w) > 2} has very small probability for large indices k. This fact will
guarantee that the above constructed coupling is good for our purposes.

Let us also observe that the sequence of random variables v j 1, - -, Vk,j,¢.; (With a

random number of elements) is a Poisson process with counting measure py, ;v ;. Hence,
Ck ,J
as we have seen in Part I the random variable n;/ ; Z Yk,5,1 is infinitely divisible, and

the logarithm of its characteristic function can be glven by the formula

. ) 3 eitu -1
log 1. (1) = log Ee's = / (1~ 1)pi () = 22 / —r— G (du),
Pjk J{lu|>er}y U
(1.6)
where Gy j(du) = u?Fy j( du) agrees with the measure Gy ; defined in Lemma 1.

We formulate the most important properties of the above constructed coupling in
the following Proposition 1.

Proposition 1. Let the triangular array &5, kK = 1,2,..., 1 < j < ny, satisfy
the conditions of Theorem 1. Then the above coupling construction formulated after
Lemma 1 has the following properties: The distribution of the random variables &, ; =

&+ &, and & j agree. The triangular arrays ny ; and n,’C'J, k=1,2,...,1<j< nk
are mdependent i.e. for a fized index k the random vectors nk , 1<y < nk, and 77
1 < j < ng, are independent. Also the identities P(|§,€j| < ep) = P(lng ;1 <ex) = 1
hold with the same sequence of numbers e, k = 1,2,..., which appears in Lemma 1.
Furthermore,
ng
klggog B¢, ; — Byl =0, (1.7)
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and also the relations

P
sup Z(gk,j Efl/c,j) - (n;c,j - Enk,j) =0,
1<p<ne |2
(1.8)
p
sup 2(5 Br( I/clj)) - (U}Z,j - ET(’IIZ,;‘)) =0
1<p<ni S

hold where = denotes stochastic convergence. The logarithm of the characteristic func-

ny
tion of the sum ) (ny ; — ET(ny ;) can be expressed by means of a canonical measure
-

M;j! close to the canonical measure M;! as

& it — 1 — itr
log Fexp [ it Z(nZJ — E1(n;. 4)) :/ = (u )M '(du), (1.9)
j=1

where M'(du) = M}!'(du) + Z p’” p’”G’ ;(du), and Gy ; is the restriction of the

measure Gy, ; to the set R\ [ 5k,5k].

The triangular array 77;3,]' — En,’w-, k=1,2,..., 1 <j < ng, satisfies the central
limit theorem with a Gaussian limit which has expectation zero and variance Mo({0}).

We formulate a result about the convergence of infinitely divisible distributions
which enables us to complete the proof of Theorem 1. Let us recall the following
result discussed in Part I of this work. If M is a canonical measure on the real line, &,,

n=1,2,...,is a Poisson process on the real line with counting measure p(du) = %,

oo o0
then the appropriate regularized version of the sum n =ny = > &, — FE (Z T(fn))
n=1 n=1
of the points of the Poisson process, where 7(-) is the function introduced in formula
(1.2) is convergent, and the random variable 7y, has infinitely divisible distribution.

More precisely, we can define the regularized sum by the formula

= Jim >, &|-E| D (&)

n: [§n|>2—1 n: |€n|>2-L

and this limit is convergent with probability one. The distribution of the so defined
random variable 75, has such a characteristic function whose logarithm equals

v —1—idtr(u)
2

M ( du). (1.10)

u

o8 0(1) = log pur (1) = [ -

We shall call the random variable 7, defined in such a way the infinitely divisible
random variable determined by the Poisson process &1, &2, ... with counting measure p.
Now we formulate the following result.
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Proposition 2. Let My, k = 1,2,..., be a sequence of canonical measures which
converges weakly to a canonical measure My. Let us also assume that the relations
Mo({0}) = 0 and My({0}) = 0, k = 1,2,..., hold. Put p(du) = ()} —
0,1,2,.... Then we can define Poisson processes i 1,Ek 2,... with countmg measure
ur and Poisson processes §k71,§k72, ... with counting measure py in such a way that
the random variables ny, with infinitely divisible distribution determined by the Poisson
processes Ex.1,Ek,2, ... (introduced e.g. before formula 1.10) and the random variables
M, with infinitely divisible distribution determined by the Poisson processes £x.1,&k.2, - - -
satisfy the relation n — M, = 0 where = denotes stochastic convergence. (Let us remark
that the distributions of the random variables T do not depend on the index k.)

Remark: Proposition 2 and Theorem A together imply that if the measures My, k =
0,1,2,..., satisfy the conditions of Proposition 2, then the distributions of the random
variables 7y defined in Proposition 2 converge in distribution to the distribution function
whose characteristic function is given in formula (1.3). We also remark that with the
help of some additional work a stronger version of Proposition 2 could also be proved. It
is possible to make such a construction in which 7 = 7, that is these random variables
(and the Poisson processes determing them) do not depend on the index k. Further,
it can be achieved that also the relation n; — 7y — 0 hold with probability one. But
for our purposes the weaker result formulated in Proposition 2 is as good as its above
mentioned stronger version.

We show that Propositions 1 and 2 together with Theorem A imply Theorem 1. Let

us consider the random variables 7; , nkj, and n; =np ;+my, k=12,...,1<j <

ng, defined in the coupling construction given after Lemma 1 together with the sums
ng n ng

T = > (e, — ET(nw5)), Ty, = Zl(né,j — Eny, ;) and T}/ = Zl(nfé,j — E7(n; ;) defined
J=1 J= j=

with their help. First we claim that the sums T} converge in distribution to an infinitely
divisible distribution function whose characteristic function has a logarithm given by
formula (1.3). Indeed, T}, = T}, + 1}/, the random variables T} and 7}’ are independent,
and the random variables T}, converge in distribution to the Gaussian distribution with
expectation zero and variance My ({0}) by Proposition 1. On the other hand, the random
variables T} converge in distribution to an infinitely divisible distribution determined by
the canonical measure M{' because of Proposition 2, formula (1.9) and the convergence
of the canonical measure M} to the canonical measure M{/. (The measure M is the
restriction of the measure My to the set R\ {0}.) The convergence of M to M" — 0
follows from the form of the measures M, the convergence of the measures M, to

M" — 0 by Lemma 1 and the convergence of the measures Z Pra=Phi Gy o (du) to the
71=1
measure identically zero on the real line. The last convergence holds, since % > 0,
3J
and lim sup Phoj=Phai _, (), Indeed, by the identity 1 — e Pxi = py ; defining the
k—0o 1< j<n, Pk
quantity pi.; we have py ; = —log(1 — pg, ;). Hence we have py; < pr; < pij +p%7j
for large indices k. (Here we exploit that for a large index k all numbers py ; are very
small. Hence the relations formulated for the quantities py ; and py ; really hold.
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Finally Proposition 1 and Theorem A enable us to prove Theorem 1, i.e. the state-

ng
ment that the random sums S, = > & ;, or what is equivalent to it, the random sums

j=1
~ neg . Nk ~ ~ ~
Sk =&k = >, (fk,j — ET(fk’j)) of the random variables ¢ ; defined in the cou-
j=1 j=1

pling construction described after Lemma 1 satisfy the statement of Theorem 1. Indeed,
formula (1.8) implies that Sy — Ty = 0 where = denotes stochastic convergence. Hence
the random variables S} or S r converge to the same distribution function as the random
variables T}, and this implies Theorem 1.

Let us make some comments about the proof of Theorem 1 explained in this paper.
This approach also may explain that although Theorem 1 supplies many cases when
the normalized sums of independent random variables have a limit distribution, the
central limit theorem, i.e. the case when the limit is Gaussian deserves its name, the
limit theorems with a Gaussian limit really play a central role in the theory of limit
theorems for sums of independent random variables. Let us observe that in the cou-
pling construction applied in this proof we approximated each term which contributes
to the non-Gaussian part of the limit individually by a random variable with an in-
finitely divisible distribution. Then we showed the sum of the errors caused by these
approximations is negligible. This fact can be interpreted in such a way that limit
theorems with a non-Gaussian limit must have a very special form, in a certain sense
the distributions of the terms in the sum must resemble to the limit distribution. The
picture in the case of the central limit theorem is quite different. In this case, — and
this is one of the most remarkable facts in probability theory — the distribution of the
individual terms in the sum may be quite general, the distribution of the sum “forgets”
the distribution of the individual terms. In such a case a term by term approximation
of the summands independently of each other, — and this was done in the coupling
construction for the non-Gaussian part — would cause a non-negligible error.

The method of proof given here and in Part I was quite different. Here we ap-
plied the so-called coupling method and proved the result by means of a probabilistic
argument. In the proof of Part II the characteristic function technique, a useful method
of analysis was applied. Nevertheless, it may be useful to understand that these two
approaches are not so far from each other as it may seem at first sight. The coupling
argument is also present in a hidden way also in the proof by means of characteristic
functions.

Indeed, let us consider a triangular array & ;, £ = 1,2,..., 1 < j < nj which
satisfies the uniform smallness condition. Let ¢ ;(t) denote the characteristic function

ng
of the random variable & ;. Put Sp = > & ;. If the sums Sy have a limit distribution

=1
then the relation

Jim Hl P (t) = ¥(1)
=

holds with an appropriate characteristic function v (t). We have seen the (non-trivial)

8
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fact that in the last formula logarithm can be taken, i.e. this relation is equivalent to

the formula
nk

lim log @i ;(t) = log(t)
k—o0 4
7j=1
Another important step of the proof was to show that since the random variables & ;
are relatively small the replacement of the term log ¢y, ;(t) by ¢ ;(t) — 1 is allowed, i.e.

we can write
Ngk

lim Y ~(pn,;(t) — 1) = log 1) (t).

k—o0 =
Let us also observe that, as we have seen in Part I, the function ¢y ;(t) — 1 is the
logarithm of the characteristic function of the infinitely divisible random variable which
is determined by the Poisson process whose counting measure is the distribution function
Fy, ; of the random variable £, ;. In such a way the replacement of the function log ¢y, ; (%)
by ¢ ;(t) — 1 corresponds to the coupling construction made in this part of the work.

Finally, we remark that the above coupling method enables us to approximate

N
not only the sums Sy = ) & ; by means of random variables with infinitely divisible
j=1
!
distribution, but under some natural conditions the partial sums Si; = > &g, 1 <
i=1
k < ng, can be approximated simultaneously by means of sums of independent random
variables with indivisible distribution. This argument leads to the investigation of the

so-called functional limit theorems, a result which deserves a more detailed discussion.
A) FUNCTIONAL LIMIT THEOREMS FOR GENERAL TRIANGULAR ARRAYS.

An interesting and important result of probability theory, called the functional
central limit theorem or invariance principle in the literature, states that if a triangular
array satisfies the central limit theorem, then the broken line processes made from the
partial sums of these random variables in a natural way converge weakly to a Wiener
process. More explicitly, let & ;, & = 1,2,..., 1 < j < ng, be a triangular array

ng
such that B¢, ; =0, k=1,2,...,1 < j < ng, klim > E&, =1, and the Lindeberg
— 00 j=1 ?
n
condition klim > B, I(Ijk] > €) = 0 holds for all ¢ > 0. Define the partial sums
—00 j=1 ’
! l
Sk = > &k, k=1,2,..., 1 <1 <ny, the numbers ui o =0 and uy,; = DLI;: > Ef,ij,
j=1 j=1

n
1 <1 < ny, in the interval [0,1] where Dy = > E{',%’j. Then we can define with
j=1

the help of these quantities the random broken lines Si(t), 0 < ¢t < 1, in such a way
that Si(0) = 0, Sk(uk,;) = Sk, 1 <1 < ng, and the functions Si(t) are linear in all
intervals [ug;—1,ug], 1 < 1 < ng. The functional central limit theorem states that
the distributions of the stochastic processes Si(t), 0 < ¢t < 1, considered as C(|0,1])

9
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valued random variables, converge weakly to the distribution of a Wiener process. Let us
emphasize that this result states in particular that the necessary and sufficient condition
of the central limit theorem implies at the same time a stronger result.

The question arises whether the general limit theorems considered in this work
have a similar functional limit version. There is a positive answer to this question. The
limit theorem formulated in Theorem 1 holds if and only if an appropriately defined
sequence of canonical measures on the real line converges to a canonical measure M.
We shall show that we can introduce and define an appropriate sequence of canonical
measures on the strip R x [0, 1] which are closely related to the canonical measures
considered in Theorem 1, and their convergence implies a functional limit theorem for
the appropriately defined random broken lines made from the sums of partial sums
of the random variables in the triangular array. We shall formulate such a result in
Theorem 2. But to do this first we have to introduce some definitions and notations.

To formulate Theorem 2 first we introduce the appropriate function space where
we shall work. This space is called the D([0,1]) space in the literature.

We say that a function z(¢), 0 < t < 1, is a cadlag function (continue a droite,
limite a gauche) if the function x(¢) is continuous from the right, and it also has a
left-hand side limit in all points. The space D([0, 1]) consists of the cadlag functions in
the interval [0, 1], and an appropriate distance is introduced in it. A possible definition
of this metric is the distance d(-,-) defined in the following way: Let x,y € D([0,1]) be
two cadlag functions and € > 0 a real number. The relation d(z,y) < € holds if there
exists a strictly monotone function A(¢) which is a homeomorphism of the interval [0, 1]
into itself, sup |\(t) —t| <e, and sup |y(t) —z(A(t))| <e.

0<t<1 0<t<1

The space D([0, 1]) is a separable metric space with the above distance, but it is not
a complete metric space. The property that two cadlag functions x(-) and y(-) are close
to each other with respect to the metric d(-,-) means that although these two functions
may be far from each other with respect to the supremum norm, but they can put close
to each other with respect to the this norm if the argument of one of these functions is
slightly perturbed in an appropriate way. We introduced the space D([0, 1]) because we
need this notion in the formulation of Theorem 2. Here we only formulate the results
about this space but omit the proofs. All of them can be found in P. Billingsley’s book
“Convergence of probability measures”. We had to introduce this notion, because the
possible limit processes in Theorem 2, — the Poisson process is a typical example, —
do not have continuous trajectories, hence we have to work in a different function space.

Let us remark that the above metric is not the only possible good metric which can
be introduced in the space D([0, 1]). For instance the following metric dy(-, -) in the space
D(]0,1]) is often applied in the literature. Let z(-), y(-) be two cadlag functions. We say
that do(z,y) < ¢ if there exists such a homeomorphism A(-): [0,1] — [0, 1] of the interval

[0, 1] into itself for which A(0) = 0, sup log A= | < ¢ and |z(t) —y(A(t))| < e for all
t#£s

t—s

numbers t € [0,1]. It can be proved that the metrics d(-,-) and dy(-,-) define the same
topology on the space D([0, 1]). This means that sequences of probability measures on
the space D([0,1]) simultaneously converge or do not converge with respect to these
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metrics. Hence they are equivalent for our purposes. The essential difference between
these two metrics is that the space D([0,1]) is a separable complete metric space with
respect to the metric dy(-, -), but this relation does not hold for the metric dy(-,-). Some
proofs are simpler in complete metric space, and this is the main reason why the metric
do(+,-) is applied in several cases.

Let us remark that in the formulation of Theorem A we only assumed that the
metric space (X, p) we have considered is separable, but did not demand that it has to
be complete. This makes possible to apply the metric d(-,-) in subsequent proofs, and
this simplifies certain arguments.

Now we define the stochastic processes and canonical measures which will appear
in Theorem 2. Let a triangular array & ;, 1 < j < ng, be given, and let F}, ; denote the
distribution function of the random variable & ;. Let us define the partial sums

l
Sko=0, Sku=> &y, 1<1<my (1.11)
j=1

Then let us fix for all numbers £ = 1,2,... an appropriate sequence of numbers 0 =
Ugo < Uk < Up2 < -0 < Ugp, = 1 and define the random cadlag functions in the

interval [0, 1] as
Sk(t) = Sk(t, uk,05 - -+ s Ukng ) = Ska—1, i ugi—1 <t <wugy, 1<1<ng, (1.12)

Sk(1) = Sk

k=1,2,..., with their help. (These numbers 0 = Uk S Uk S Ug2 < oos S Uy, =1

are needed to define the appropriate scaling in the definition of the random cadlag
functions. We cannot give them in such an explicit way as in the functional central
limit theorem.) Furthermore, let us define certain o-finite measures Ny on the direct
product of the real line and the interval [0, 1], on the set R! x [0,1], in the following
way: Let 0 = upo < up1 < upo < -+ < upy, = 1 be the same sequence of numbers
which appeared in formula (1.12).

ng

The measure Ni(-) is concentrated on the set R! x U{uk,l}, (1.13)
=1

and the restriction of the measures N(-) to the lines {(t,u): t € R, u =y}, 1 <1<
nk, equals the measure x%Fy ;(dx), i.e.

Nig(B x{ug,;}) = / 22 Fy (dz), if 1 <1<mny, and B C R' is a measurable set.
B
(1.14)

Let us define the notion of canonical measures on the strip R x [0,1] and their
convergence. The measures Ny defined in formulas (1.13) and (1.14) also satisfy the
properties of canonical measures.

11
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The definition of canonical measures and their convergence. We call a o-finite
measure N(-) on the strip R x [0, 1] canonical if for all numbers s > 0

N(du, d
N([—s,s] x[0,1]) < o0, and / # < 0.
{(u,v): |u|>s, 0<v<1} u
Let a sequence Ny, k = 0,1,2, ..., of canonical measures be given on the strip Rt x [0, 1].

We say that this sequence of canonical measures Ny converges (weakly) to a canonical

measure Ny on the strip R x [0,1] as k — oo if for all such numbers 0 < a < b <1

which are points of continuity of the limit measure Ny, i.e. for which liH(l) No([-R, R] x
E—

. o . B B . . Ny (du,dv) _
l[a—e,a+e]) =0, lim No([-R, R]x[b—¢,b+e]) = 0 and 611_r)%f‘u|>R’ o—aj<e —ar =0,
. No (du,dv)
gl_rf(l)ﬁupz%, oobl<e W
k=1,2,..., on the real line defined by the formula My q(B) = Ni(B X [a,b]) for all
measurable sets B € R converge to the canonical measure Mo o(B) on the real line,
where My ,.1,(B) = No(B % [a,b]), for all measurable sets B € R!.

= 0 for all numbers R > 0, the canonical measures My, 4.,

Now we formulate Theorem 2. It says that if the canonical measures Nj on the
strip R x [0,1] defined in formulas (1.13) and (1.14) converge to a canonical measure
Np on the strip R! x [0, 1] then the stochastic processes Si(+) defined in formula (1.12),
considered as D([0, 1]) space valued random variables, converge weakly to a random
process with cadlag trajectories which is determined by the limit canonical measure Ny
in a natural way.

Theorem 2. Let &, k = 1,2,..., 1 < j < nyg, be a triangular array satisfying the
uniform smallness condition and such that ET(&k ;) =0 far allk =1,2,...,1 < j <mny
with the function 7(x) = 14(x) defined in formula (1.2) where a > 0 is some fized
number. Let us fix for all numbers k = 1,2,... a sequence of numbers 0 = upo <

ug1 < ugo < - < upyp, = 1 satisfying the relation lim sup |uk; — uki—1| = 0,
k—oo1<i<n,

and let us consider the canonical measures My, defined on the strip R' x [0,1] defined
by formulas (1.13) and (1.14) with the above sequences of numbers 0 = up o < up1 <
Ug2 < - < Uy, =1 and the distribution functions Fy; of the random variables &,
k=1,2,..., 1 <1 < ng. Let us assume that these canonical measures Nj on the
strip R x [0, 1] converge weakly to a canonical measure No which satisfies the relation
No(R! x {0}) = 0. Furthermore, let us also assume that

a.) The function A(t) = No({0} x [0,t]) defined with the help of the canonical measure
Ny is continuous in the interval [0, 1].

b.) For all numbers b > 0 the function

N()(dill', dy)

w(t) = /
((@): a|>b, 0<y<ty 27

defined with the help of the limit canonical measure Ny is continuous in the interval
[0, 1].

12
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Then the stochastic processes Si(t), 0 <t < 1, defined in formula (1.12) considered
as D([0,1]) valued random variables converge weakly to a stochastic process S(t), 0 <
t <1, which can be considered as a D([0,1]) valued random variable. This process S(t)
1S a stochastic process with cadlag trajectories, it has independent increments, and it is
determined by a Poisson field on R x [0, 1] with counting measure w m a natural
way. The distribution of this stochastic process can be described in the following way.
We have So =0, and since S(t) is a process with independent increments, it is enough
to give the distribution of the increments S(v) —S(u), 0 < u < v < 1. The distribution
function of such a difference is an infinitely divisible distribution determined by the
canonical measure %”‘x’—;’wgﬁ) with Moy »(dx) = No(dx x (u,v]). The characteristic
function @, (-) of the random variable S(v) — S(u) has a logarithm which is given by
the following modified version of formula (1.3):

< eitr 1 —ijtr(x)

2

log @y (1) = / Moy o(dx). (1.15)

— 00

Remark 1. We showed in Lemma 2 in Section 5 of Part I that a stochastic process with
the properties demanded for the limit stochastic process appearing in Theorem 2 really
exists. The Poisson process with counting measure W defines with the help of
appropriate regularized sums investigated in Part I a stochastic process S(t), 0 <t <1,
with the required properties. In our discussion we sometimes regard a stochastic process
with cadlag trajectories as a random variables D([0, 1]). This is legitimate, but to justify
our right to do this we have to solve a non-trivial measure theoretical problem. We have
to show that the measurability of a stochastic process with cadlag trajectories in the
usual way is equivalent to its measurability as a function in the space D([0,1]) with
respect to the o-algebra determined by the topology of the space D([0,1]). The proof
of this result can be found for instance in Billingsley’s book Convergence of Probability
Measures Theorem 14.5.

Remark 2. The conditions a.) and b.) imposed for the limit canonical measure Ny can be
formulated in a unified way as No(R! x {t}) = 0 for all 0 < ¢ < 1. This condition cannot
be dropped. We show this with the help of an example explained in a rather sketchy

way. Let us consider a triangular array & ;, k =1,2,...,1 < j <k, (i.e. ny = k) which

is defined in the following way. Consider a sequence of numbers ¢, k = 1,2, ..., such

that khm g = 0 and klim ke = oo. Let & = Crj + M, if (% —2ep)k <j< (% —e)k
— 00 — 00

or (3 —dep)k <j < (5 —3er)kand & ; = Gj if 5 € [LA]\ (((53 — 2ep)k, 3 — ex)k] U

((3 — 2ex)k, 5 — €x)k]) where the (j ; are independent Gaussian random variables with

expectation zero and variance %, and 7, ; are independent random variables, P (7 ; =

1) =1~ P(ng,; = 0) = 5 which are also independent of the random variables (x ;.
Define the numbers uy; appearing in the formulation of Theorem 2 by the formula
Up,] = é, 0 <1 <k. (Actually, it was not necessary to take a Gaussian part (j ; in this
example, we only introduced it to make the choice of the numbers uj ; more natural.)

It is not difficult to see that in this case the canonical measures Nj introduced before

13
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the formulation of Theorem 2 converge to the canonical measure Ny = Nj + N[/, where
N is the Lebesgue measure on the set {0} x [0, 1], and the measure N{ is concentrated
in the point (1, 3), NJ'({(1,3)}) = 1. We show that, as the limit measure Ny does not
satisfies condition b.), the processes Si(t) do not converge to the processes determined
by the measure Ny. To see this observe that if we disregard the Gaussian part of this
!
example, i.e. we consider the partial sums ,’c”l = > Mkj, 1 <1 <k, the stochastic
j=1
processes S}/ (t) = Sk, if ur; <t < t, and the candidate for the limit process is the
process determined by the measure N{/. This limit process Sy(t), 0 < ¢t < 1, is defined
as So(t) =0if 0 <t < 1 and So(t) = nif £ <t < 1 where 5 is a Poissonian random
variable with parameter 1. The distributions of the processes Si(-) do not converge
to the distribution of the process Sy(-). Indeed, the random variables Sy (3 — 4deg),
Sk(% — 3ek), Sk(% — ¢y ) take three different integer values with a positive probability,
while the process S{j(-) can take at most two values with probability one. This excludes
the convergence of the distributions of the processes Si(-) to those of the process Sy(-)
in the D([0,1]) space. Since the Gaussian part of the processes Si(-) have very small
fluctuation in the interval [% —4ey, %] the original example also yields a counter-example.

The proof of Theorem 2 will be similar to that of Theorem 1. We can split the
stochastic processes S (-) with the help of Proposition 1 and Lemma 1 to two parts,
one of them responsible for the Gaussian the other one for the Poissonian part of the
limit. The convergence to the Gaussian part of the limit follows from the functional
central limit theorem. Then the converge to the Poissonian part of the limit process
can be investigated by a refined version of the coupling argument applied in the proof

of Theorem 1. Let us remark that the expression sup appeared in formula (1.8)
1<j<ny
because it was appropriate in this form in the proof of Theorem 2.

14
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2. The proof of Theorem 1.

In this section we prove the results applied in the proof of Theorem 1, Lemma 1 and
Propositions 1 and 2.

The proof of Lemma 1. Let us choose a monotone decreasing sequence of positive
numbers 7,, p = 1,2,..., such that lim 7, = 0 and the numbers +7, are points
p—o0

of continuity of the measure My. Then lim My((—np,np)) = Mo({0}). Beside this,
p—00

there exists a threshold index ko(p) for all numbers p = 1,2,... such that for all & >

ko(p) the inequality |Myi((—np,np)) — Mo(—np,mp))| < ]lj holds, and if the origin is

a point of continuity of the measure My, i.e. My({0}) = 0, then also the inequality
| M ((0,1,)) —Mo(0,n,))] < ]lo holds. We may also assume that |M0i(77p)—Mki(np)| < ]lo

if k > ko(p) where M (-) and the functions M;=(-) are the functions defined in formula
(1.4). Because of the uniform smallness condition we can guarantee that

1
sup (1 — Fyj(np)) + sup Fij(—np) < =
1<j<ny, P Gien, T (M () + My () + 2

if K > ko(p), and the threshold index ko(p) is chosen sufficiently large. We may also
assume that the sequence of threshold indices ko (p), p = 1,2, ..., is monotone increasing.
Put e = np if ko(p) < k < ko(p + 1). With such a choice of the numbers ¢, the
statements of Lemma 1 hold. Indeed,

Tim M ([a,b]) = lim M=o, o)) = Mo({0}) = Mg ([a, b])

if the interval [a, b] contains the origin in its interior, and klim Mj ([a,b]) = 0= M([a,b])

if the interval [a,b] does not contain the origin in its interior and the points a and b
are points of continuity of the measure M, (in particular also in the case if 0 is a
point of continuity of the measure My, and a = 0 or b = 0). These relations together
with the fact that the measures M, k = 1,2,..., and M| are concentrated in a finite
interval [—A, A] imply that the measures M, weakly converge to the measure Mj. As
the sequence of measures M}, converges (weakly) to the measure My and the sequence of
measures M} converges (weakly) to the measure M) also the measures M, = M;, — M],
converge (weakly) to the measure M| = My — M{,. Furthermore,

S 11— Fiy(e0) + Fog(—e)
< sw (1 — Fk,j(ek)) + Fi,j(—ex)] i[(l — Fij(ex)) + Fr,j(—ck)]
= sup (1= Fyj(er)) + Frj(—er)|(M] () + My (x))

< 1
B p(MS—(np) + My (7719)) + 2

<MJ(€]€) —I—MO_(Ek) + I%) < ]1?

15
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if £ > ko(p). From here we get formula (1.5) by taking the limit procedure k — oo.

Proof of Proposition 1. As ék,j = N ;L (Ckj = 0) + Yk,j,11(Ck,; > 1), and the random
variables ¢, ; are independent of the other random variables, hence

P(€pj € A) =P € Al =0)P(Cry =0) + P&y € Al > 1)P(Grj > 1)
P(ny,; € A)P(Crj = 0) + P(vk,j1 € A)P(Crj > 1)

(A) (1 = pr,j) + V(A)pr,;

(Ery € AN{z: |z| <ep}) + Py € An{a: |z| > ex})

(k,j € A),

Il
<

Il
el

for all measurable sets A C R!, that is the random variables ék,j and & ; have the
same distribution. The coupling construction also implies that for a fixed index k the
random variables fk,j, 1 < 5 < ng, are independent. This construction also implies
that for a fixed k the random variables nfw., ng’j, 1 < j < ng, are independent, and

n
P(|&. ;1 < ex) = P(|n; ;| < ex) = 1. To prove the relation klim > B, — Emy ;1 =0
) 9. _)wjzl b b
let us observe that

1— P(Ck,; =0)

|E€l/g,j - Ené,ﬂ =(1-P(Ck,; = 0))|E77;c,j| = P(Ck,j —0) |E§1/€,j|
P f,' > " "
— LS Br(E)| < 2P = 20lET(EL)

if k > ko with an appropriate constant kg, since 0 = ET(fk,j) = Ef,’w» + ET(S,’C',J-),
and P(Ck; > 1) = 1 —ePvi = pp; = P(|€,;| > ex), where py; is the solution
of the equation py; = 1 — e Pri, pp; = P(|&k;] = ex), and pp; < 3 if k > ko.
As |ET(§]/€/J)| < aP(|&k,j| > €) this implies that ]Ef;w- — En;w-| < 2aP(|& ;] <er)? =
2a[(1 — Fyj(ex)) + Fk,j(—ek)]Q. We get relation (1.7) by summing up these inequalities
and applying formula (1.5).

We can prove the first relation of formula (1.8) with the help of the Kolmogorov
inequality. Indeed, for all numbers € > 0

n

=

. Var (f}lg,j - ﬁé,j)

p
P sup Z(flﬁ;,j - Efllc,j) - (771;,3' - Enllc,j) >e | < d

1<p<ns |2 g?
(1= PGy = 0) Ve w
= = <3 1§s;lgpnk(l — P(Ck,j = 0))2;En2,j
= éMk([—ek,ék]) sup P(|¢ ;] > er)? — 0 if k — oo,

1<j<ng

16
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because limsup My ([—ek,ex]) < Mo({0}) < oo in the construction of Lemma 1, and

k—o0

sup (P(|&;| > er)? — 0if k — oco.
1<j<ng

To prove the second statement of formula (1.8) first we show that

Dk,j Dk,j
ET(U%,;’) == T(U)Fk,j(du) = _JET(éllf/,j>7 (2.1)

Pk,j J{|u|>ex} Pk,j
where py ; = P(|&k,;| > ex) = [(1 — Fy j(ex) + Fi,j(—ex)], and pg,; is the solution of
the equation 1 —e P+ = py ;. Indeed, by exploiting that if 7,72, ..., are independent,

identically distributed random variables, 7 is a random variable taking non-negative
integer values which is independent of the random variables n;, then E(n; +---+1n;) =
ETEmn,. Further, since E( j = pr,j = 1 — e P*i we get that

Ckz,j

E .
E(> il <a) | = &/ 7(u) Fy ;(du)
1=1 Dk,j J{ep<|u|<a}
= Iﬂ/ 7(u)F ;(du),
Pk,j J{ex<|u|<a}
and similarly
Ck,j
E > Il > a) | =k ((—00, —a] U [a, 00)) B¢ ;
=1
_Phip_ F(—ay,
Pk,j
Since
Ck,j Ch,j
Er(ni ;) = E D> sl (kjal <a) | +aB | Y Ikl > a) |,
=1 =1

the above two identities imply formula (2.1).
To prove the second relation of formula (1.8) let us also observe that
Cr,j Ck.j
ki~ My =&hj— Z%,j,z = I(Ck,j > 2) Z'Yk,j,l»
1=1 1=2

. . "o . . —
b,(?cause by the coupling construction & ; = ny ; = 0, on the set {w: (4 ;(w) = 0} and

ki ="kj = Vg1 on the set {w: (j j(w) > 1}. "With the help of these relations we get
that

p p -
P Zf;c/,j — an’j # 0 for some number 1 <p <ny | < ZP(CM > 2)
Jj=1 =1

j=1

g
< Z [(1 — Fk,j(é‘k) + Fk’j(—&‘k))]Q —0 ifk— o0
j=1

17
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by the formula (1.5). Hence to prove the second relation of formula (1.8) it is enough
to show that

ny,
Jim Y |Er(g) ;) - BTy ;)| = 0.
j=1
But by formula (2.1)

pkj pkjE (6 )

|E7(8k ;) — Em(ni )| = e

< 2ap}; = 2aP* (&) = <)

if k > ko. (Observe that |1 — e Pks —py. 5| < pj ; and |E7 (&) ;| < 2apy, ;) This implies
that

Nk Nk
D OIBT(E ) — Er(ni )l <20 (1= Fij(en) + Frg(—er)]* = 0 if k — oo
j=1 7j=1

by formula (1.5). The above relations imply also the second part of formula (1.8).

Finally, we get by summing up the identities in formula (1.6) for the numbers
1 < j < ny for a fixed integer k£ and by applying the definition given in Lemma 1 that

Nk eftu _ 1 _
log £ it v :/ M (d
0g L eXp § ;(Uk,g u2 k( u)a

and athe summation of the identity (2.1) in the variable j yields the identity

ZET%J /Tu—”‘wu)

These relations imply formula (1.9). The random variables n; ; — En 5, 1 < j < ny,
ng

are independent, [n; — En;| < e, hence the sums Ty = > (n; ; — Eny, ;) satisfy the
j=1

central limit theorem Beside this, ET}, = 0, and we complete the proof of Lemma 1 if

we show that lim Z Varn;, ; = Mo({0}). This follows from the identity

k—oo ;
- 2 & 2 2
. / . / /
kh_)rgozjl (Eng;)” =0, klirgoz; Eng ;" —E& ;7| =0 (2.2)
j= j=

to be proved below, since lim Z E{'k ;= Mo({0}).

—>OO

We get similarly to the proof of formula (1.7) that

1B, 1ET(E)]
Pk =0)  P(l&;l <er)

18
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if k > ko with an appropriate constant ky. Then formula (1.5) implies the first statement
of formula (2.2). On the other hand,

1-— P(de = 0)
P(Ck,; =0)

2 2 2 2
B¢, — By | = (1= PGy =0))Em, ;- = B¢y, ;

< 2P(|&k, 5| > €k)E€2,j2-

This inequality together with the Schwarz inequality imply that

1/2
Nk

Nk Nk 2
S ‘Eggf — Enfwz‘ < [ S 4Pyl z e > (Eg;m?) 0, ifk — oo,
j=1 j=1

j=1
Nk
since klim > P?(|& ;| > ex) = 0 by formula (1.5), and

Nk

2 Tk
Z <Ef;€,j2> < const. ZES;W»Q < const.

j=1 j=1
with an appropriate constant for all numbers £ > 1.

The proof of Proposition 2. As the canonical measures M} converge to the canonical
measure My and My({0}) = 0 for all numbers € > 0 there exist such numbers § =
d(e) > 0, R = R(e) and threshold index n = ni(e) for which

Mi((=5,8)) < &%, and / L (dwy <e itk>n).  (23)
{u: |u|>R} U

We may also assume that the numbers 6 = +46(¢) and +R = +R(e) are points of
continuity of the measure Mj.

Let us introduce the measures py(dz) = %zdx), E=1,2,... and po(dx) = %
on the real line. Let us choose such numbers § = 21 < 29 < --- < 4y = R with an
appropriate index s for which +x; are points of continuity of the measure My, 1 <1 < s,

and % <z—x-1 < %, 1 <l <swith L =suppu ((—R,—0) U (4, R)). Actually the
k>0

above defined sequence § = 1 < x9 < -+ < s = R also depends on the number ¢
although we have not indicated this dependence.

Let us consider the sequence of numbers ¢; = 277, 7 =1,2,..., We shall choose an
appropriate sequence of numbers n; = n;(e;) > n(e;), j = 1,2,... and construct the
random variables 7, and 7 with the help of the same sequence of numbers § = 7 <
g < --- < xs = R considered in the previous paragraph (which depends on ¢ = ¢;)
for all indices n; < k < nj;q1. We shall show that in the case of a good choice of the
sequence n; and a good construction of the random variables 7, and 7, & = 1,2,. ..
we can satisfy the statement Proposition 2.
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We shall construct the random variables 75 and 7 with infinitely divisible distri-
butions by first constructing two Poisson processes i 1,&k,2, ... and Ek,g, ék,g, ... with
counting measures up and g respectively. Then we define the random variables 7y
and 7 as the regularized sums of these Poisson processes described in Part 1. More
explicitly, we put

nk(w) = lim Y. W -E > @) | |
pi €k, p(w)| 227N pi €k, p(w)| 227N

(2.4)
Me(w) = lim > Ekp(w) —E > T(ErpW)) | |

N —o0 _ _
P |Ek,p(w)[>27 N p: €k p(w)[227N

where the function 7(z) = 7,(z) was defined in formula (1.2). In Part I we have seen
that the limits in formula (2,4) exist with probability 1, and the random variables 7y
and 7 they define have the prescribed distributions.

To construct the Poisson processes & 1,&k,2,... and §k72,g]€’2, ... with counting
measures py and o respectively first we construct some Poisson distributed random
variables (i, and (i), 1 <1 < s, from which the random variable {7, and {f,. | =

1,2,..., tell us that the Poisson processes &, and fk,n, n=1,2,..., how many points
have in the interval [z, 2;41). Similarly, the random variables a (., and (, tell that
these Poisson processes how many points have in the intervals [—z;41, —2).

To construct the above random variables and C,jfl and @fl let us first define in-
dependent Poisson random variables ozki’l, ﬁ,;t,l, 1 <1 < s, with Poisson distribution
such that the distribution of O‘z,l has parameter min(ug((zy, 2141)), p((z1, 2141))) and
the distribution of ﬁlj, ; has parameter

max (pur, (21, 141)), to (21, 21,))) — min(pe (21, Tig1), po(@1, T141)))-

Similarly, let the distribution of «; ; have parameter

min(pg ((=2i41, —21)), po((=T141, —21))),

and let the distribution of 3, , have parameter

max (pr ((=z141, —21)), po (=141, —21)))
— min(pe (=241, —21)), po((—=Zi41, —21)))-

If pr((z,2141)) < po((z1,2141)), then put C,Il = al‘;l, E,jl = ozlj’l + ﬁ;&, and if
pe((@1, z141)) > po((@1,2141)), then put C_u]j,l = a;:,p Clj,l = a",:l +ﬁ2:la 1 <1 <s.
Let us define similarly the random variables ¢, ; and ¢, , only in this case we replace
the interval (x;,x;41) by the interval (—x;41,—x;) and the random variables a;l and

51—:,1 by the random variables o ; and ﬁk_’ ;-
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The random variables ¢ ,j ; and ¢, ; are Poisson distributed, and their parameters are

e ((z1,2141)) and pg((—2141, —21)). Similarly, the random variables (", and (,, are
Poisson distributed with parameters po((z;, z1+1)) and po((—zi41, —ml))’. This means
that the distributions of the above constructed random variables agree with the distri-
butions of the number of points in the appropriate intervals of the Poisson processes to
be constructed. This property makes possible the application of these random variables
in the construction. Let us also observe that these random variables also satisfy the
identity

BlG -Gl = B (G = Go) | = I @) = mul @z
-

_ _ (2.5)
ElGe = G| = |B (G = Gor) | = (=1, —20) = (=1, =)l
Now we turn to the construction of the Poisson processes f k,n and 5 ks =1,2,.

with the help of the above constructed random variables Ckl and Ckl Let us throw

Ck’l number of points to the interval (z;, z;41) and CM number of points to the interval

(=241, x;) independently of each other so that these points fall into a set A C (x, x;41)
: 3F p(A) K(A)

or A C (xj, z141) with probability (o) (CETEyEmE

Similarly, let us consider the Poisson distributed random variable (; o with parameter

pik(—x1,21) and the Poisson distributed random variable ¢, + ¢, , with parameter

pk((—o0, —z5)U(zs,00)), and let us throw (j, o number of points to the interval (—x1, x1)
pi(A)

pr((—z1,21))”

throw ¢, + ¢, number of points to the set (—oo,—z;) U (z5,00) so that a point

falls into a set A C (—o0,—z,) U (xs,00) with probability “k((_m’ﬁk£SL(IS,m)). Let
the above considered random variables (j; together with all point throws made in the
above construction be independent of each other. Then the union of the points thrown
to different intervals is a Poisson process & 1,8k 2, ... with counting measure pug. We
can construct similarly a Poisson process fk 1, (Sk 2,... with counting measure pg on the

real line. Only in this case we replace the Poisson distributed random variables Ck b

and

1 <1 < s, respectively.

so that a point falls into a set A C (—z1,x1) with probability and let us

0 < [ < s, by the Poisson distributed random variables (;° PRTLURS [ < s, whose parameters
can be given similarly, only the measure uy is replaced by the measure py.

In such a way we have constructed the underlying Poisson processes and the random
variables n, and 75 determined by them. (Only the threshold index n; = n;(e;) is
still not fixed.) We want to show that the above construction satisfies the stochastic
convergence 1 — 7, = 0. The proof of this statement will be based on the observations
that the underlying Poisson processes have almost the same number of points in the
intervals (z;_1, z;), (the relation (2.5) expresses such a fact). Beside this, these intervals
are very small, hence the precise position of the points falling to them has a very small
influence on the value of the random variables n; and 7. To simplify further notations
let us denote by B the interval (z;,x;41) if 1 < [ < s and the interval (x;_1,;) if
—1>1> —s.

First we consider the contribution of those points of the Poisson processes to the
random variables 7, and 7, which take a large value, more explicitly whose absolute
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values are larger than R with the number R introduced in formula (2.3). If £ > n; >
n(g;), then the measure My, satisfies relation (2.3) with e; = 277, This relation also
holds if the measures M}, are replaced by the limit measure M. By the second relation
of formula (2.3) the parameters of the Poisson distributed random variables (i s =
C;S + (. and E;m = 52_,5 + fk_s are less than 277. Hence the probability of the event
that the corresponding Poisson processes ¢, ,, and fk,n, n =1,2,..., contain no point
such that |&.,| > R or || > R is greater than 1 —2-27J. Furthermore, the expected
number of the points of the Poisson processes with absolute value larger than R is less
than 2-277, and |7(z)| < a for all points x € R!. The above relations imply that

P > &n-E Y (&) || €202 | <2-277 ifk>ny,
{n: |€k,n|>R} {n: |€k,n|>R}
P > &Gn-E S rEn) || <2027 | <2277 itk >y
{n: || >R} {n: || >R} (2.6)
For a Poisson process §,, n = 1,2,..., in the interval [a,b] with a finite counting

measure p the variance of the random sum ) &, equals f; u?p( du), (see e.g. Lemma 1

in Part I.) Hence the Chebishev inequality and the first part formula (2.3) imply that
for all sufficiently large 6 > 0 (observe that 7(z) = 7,(z) = x if |z| < §.)

P Z gk,n - b Z T(ék,n) Z 2_j

{U: 27N <[€k,n|<5} {l: 27N <€k n <6}

< 2% Var > o | <2%e) =277
{1: 27N e, p|<5)

P Z é.k,n -k Z T(gk,n) Z 27j

{1: 27N <€k, | <5} {1: 2= N <€y | <6}
< 22 Var Z Eom | < 223'5? — 9
{n: 27N <& 0] <6}
if k> n; and 27N < 4. (2.7)

Further we claim that if the indices n; are chosen sufficiently large, then

P( > S Gn-B| > (&) (2.8)

I:1<|l|<s \n: €k n€B; n: Ek,pE€BI

- Yo Gan-E|l D G| ] > 2]‘) <277 ifk>n;

n: {x n€B; p: Ek,n€DB;
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First we show with the help of formulas (2.4), (2.6), (2.7) and (2.8) that n; —7, = 0.
Indeed, by summing up formulas (2.6), (2.7) and (2.8) we get that of all integers N such
that 27V <4

P( Y. Ga-E > k) (2.9)

n: ‘fk,n‘22_N n: |£k,n|22_N

- > &n—E > T(Gm) || > (4a+3)- 2—j> <5.27J

n: |g—k,n|22_N n: ‘5k,n‘22_N

if k 2 nj.
Let us consider the liminf of the events whose probabilities were investigated in
formula (2.9) in the variable N. (We recall that 1}\rfninf Ay = U ( N AL>.) By
—00 N=1 \L=N

applying formula (2.4) we get that P (|, — x| > (4a+3)-279) < 5-277 if k > n;.
Hence formula(2.8) implies the relation n; — 7 = 0 as we claimed. To give the still
missing proof of formula (2.8) first we show that

P Z Z §kn — E Z T(&kn) | — CGeazr +7(x)px(By) | >27%

I 1<|l|<s \n: &x,n€B; n: €k n €8
<2-27% and

P Z Z &k — E Z (&) | = Goazr + 7(x)po(By) | >27%
l: 1§|l|<8 mn: gk,neBl n: gk,'neBl
<2.27%
(2.10)

The first inequality of formula (2.10) bounds the error we commit if those points
of the Poisson processes &k », n = 1,2, ..., for which & ,, € B, are replaced by the end-
point x; of the interval B;, and sum up these errors for all such points of the Poisson
process for which § < €] < R. As

4
e
|€en — 21| < sup |xg — 1] < fj,
1<ij<s
0 &}
E E T(en) | = T@)pe(B)| < sup |z — 2|pk(Br) < fjuk(Bz)

n: €x,n€B) 1<fl<s
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if k > n;, the first inequality of relation (2.10) follows from the relations

SoEl S @) ] - ) (B)

I: 1<|l|<s n: £, n €Dy

1 1<l|<s

and

P Z Z ko — Croat| > €

l: 1§‘l|<8 n: fk,neBl

2 .
<P (#{n: § < |rn| < R} > L) < EE G 6L< el < R})

2
25].

. 25?:“16 ((_Rv _6) U (57 R))
B 2L

<27=2-27% ifk>nj

The second inequality of formula (2.10) can be proved similarly, only in this case we
have to consider the Poisson process &, n = 1,2,..., instead of the Poisson process
&km,n=1,2,..., and the measure p; has to be replaced by the measure .

By formula (2.10) to complete the proof of formula (2.8) hence of Proposition 2 it
is enough to show that if the threshold indices n; > n; are chosen sufficiently large,
then

_ o 2=7
Pl Y |2i(Cer = o) — 7(@) (ux(Br) — po(Br))| > 27% | < — Hk2mny
I: 1<|l|<s
(2.11)
or to prove the following slightly stronger inequality:

> (@l Bl — Geal + Ir@)| e (B) — po(By)]) <274 if k >n;. (212)
I 1<|l|<s

But formula (2.5) implies that E|Cx; — (k1| = C;|ux(B1) — po(By)|. Beside this, the
identities klim pr(By) = po(B;) hold because of the (weak) convergence of the canonical

measures M and My. As the sum in formula (2.12) contains only finitely many terms
(the number of terms depends only on the index j), and each term tends to zero as
k — oo by the above observations the expression at the left-hand side of formula (2.12)
can be made an arbitrary small positive number by choosing the threshold index n;
sufficiently large.
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3. The functional limit theorem. The proof of Theorem 2.

First we shall show with the help of Lemma 1 and Proposition 1 that also the stochastic
processes Si(t), 0 < t < 1, appearing in Theorem 2 can be split to two parts, one of
them responsible for the convergence of the Gaussian and one of them responsible for
the convergence of the Poissonian part. The convergence of the Gaussian part can be
deduced from the functional central limit theorem and the convergence of the Poissonian
part can be reduced to a simpler statement about the convergence of infinitely divisible
processes. This will be the content of Part A in Section 3. In Part B we prove the
convergence of the Poissonian part with the help of two Propositions. The first of them,
Proposition 3, enables us to discretize the time parameter of the stochastic processes we
investigate. Proposition 4 gives a good coupling of infinitely divisible processes whose
canonical measures (on the strip R! x [0, 1]) are close to each other. It can be considered
as a generalization of Theorem 2 where the coupling of infinitely divisible processes is
considered instead of the coupling of infinitely divisible random variables. Finally in
Part C we prove Propositions 3 and 4, and this completes the proof of Theorem 2.

A.) POISSON APPROXIMATION. SEPARATION OF THE NORMAL AND POISSON PART OF
THE LIMIT PROCESS.

We reduce the proof of Theorem 2 to that of a simpler statement with the help of
Lemma 1, Proposition 1 and the coupling construction described after Lemma 1.

Let us consider the random variables &, ,, & i, L > M §l~c,g =&, &, an
Mh,j = 77 ;T . 4+ 1 <j < ny, introduced in the coupling constructlon described after

Lemma 1 together with the partial sums S} ; = Z s Sk = Z ki Sky = Sea Sk
=
l I
Ty =2 (g — Emy ), Tyl = 32 (%g Er(ny ;) Ty =Ty, + Ty, 1 <1< ny. Let

J=1 Jj=1
us also introduce the stochastic processes Si(t), S¥(t), S(t), TL(t), TV (t) and Tk (t),
0 <t <1, with cadlag function trajectories which we define similarly to the stochastic
process S(t), 0 <t < 1, introduced in formula (1.12) with the difference that we replace
the random variables Skl in formula (1.12) by the random variables S} ;, Sy, Sk
and Ty ;, 17/}, Tj,. It follows from formula (1.8) and the identity E§} ; + ET(S i) =

ET(&]CJ) = 0 that
sup |Ti(t) — Sk(t)] = 0, if k — oo, (3.1)
0<t<1
where = denotes stochastic convergence. The distributions of the stochastic pro-

cesses Si(t) and Si(t) agree. Furthermore, if x;(-) and yi(-) are such functions in

the space D([0,1]) for which hm sup |mk( ) — yx(t)] = 0 then also the relation
k—00 0<t<1

hm d(zk(-),yx(-)) = 0 holds with the metric d(-,-) introduced at page 10 to metrize

the space D([0,1]). Thus by Theorem A and formula (3.1) to prove Theorem 2 it is
enough to show that the stochastic processes Tj(t), 0 < ¢t < 1, converge weakly to the
limit stochastic process described in Theorem 2.
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The identity Ty (t) = T}.(t) + 1}/ (t) holds, and the stochastic processes T} (t) and
T/ (t), 1 <t <1, appearing in this formula are independent. We shall show that the
stochastic processes T7,(-) converge to the Gaussian and the stochastic processes T}/(-)
converge to the Poisson component of the limit process as k — oo. To prove these
statements first we have to clarify how the convergence of the canonical measures Ny
on the strip R! x [0, 1] to a canonical measure Ny is reflected in the behaviour of the
canonical measures corresponding to the stochastic processes 77 (-) and 7}/ (-).

Let us consider a sequence of positive numbers e, with which Lemma 1 holds.
Let us define, by using the notation of Lemma 1, the measures N, on the interval
[0,1] concentrated in the points 0 < ug1 < ugo < -+ < ugy, = 1 introduced in the
formulation of Theorem 2, for which Nj (ux,;) = Gri(ex) — Gri(—¢ex), k = 1,2,...,
where Gy (dx) = x?Fy(dz), similarly to the formulation of Lemma 1. Let us also
define the canonical measures N}/ on the strip R' x [0, 1] which are concentrated on the
union of the lines R' x ug,, 1 <1< ng, and

N,;'(Bx{uw}):/ u2Fk7l(du), lﬁlénk, k=1,2,....

BN{u: |u|>er}

We claim that under the conditions of Theorem 2 the measures N; weakly converge to
the measure N defined by the relation N/(B) = No({0} x B) if B C [0,1]. Beside this,
the canonical measures N}’ on the strip R! x [0,1] converge weakly to the canonical
measure N}/ defined by the relation NJ/(B) = No(B \ ({0} x [0,1])) if B ¢ R! x [0,1].

To prove the above statements let us observe that if B C [0, 1] is a set with boundary
OB such that A\(OB) = 0 and C C R! is a bounded set such that My(0B) = 0,
then under the conditions of Theorem 2 klingo Ni(C x B) = Nyo(C x B). Furthermore,

klim N;.([0,1]) = M ({0}) by Lemma 1. First we show that for an arbitrary set B C [0, 1]
whose boundary satisfies the relation A\(0B) = 0, limsup N (B) < No({0} x B) =
k— oo

N{(B). Indeed, for all numbers 6 > 0 there exists an interval [—n,n] with some > 0
such that 47 is a point of continuity of the measure M and My([—n,n]) < My({0}) +4,
and this implies that No([—n,n]x B) < No({0}x B)+4. Since ¢, — 0if k — oo, it follows
from the above facts that limsup N, (B) < klg{)lo Ni(B x [-n,n]) = No([-n,n] x B) <

k— o0

No({0} x B) + . As this relation holds for all numbers § > 0, hence limsup N/ (B) <

k—oo

N{(B). By applying this inequality for both sets B and [0, 1] \ B we get that

No([0,1]) =Mo({0}) = lim Ng([0,1]) < limsup Ny (B) + limsup N ([0, 1]\ B)

k—o0 k—oo
< No(B) + No([0,1]\ B)) = Np([0, 1]).
This series of inequalities may be valid only if also the identity klim N.(B) = Ny(B)
holds.

Let us also introduce the canonical measures ]\_f]’g, k= 1,2,... and N(’)_ on the
strip R x [0, 1] with the help of the formulas Nj(A) = Ni(A N [—eg,ex]), Nj(A) =
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No(AN {0} x[0,1]), A € R' N [0,1]. (In these formulas we lifted the measures N},

k =1,2,..., to the strip R! x [0,1].) Then the convergence of the measures N to
the measure N{, implies the convergence of the canonical measures N, ;. to the canonical
measure Ny. Furthermore, N;! = Ny — N/, k = 1,2,..., and the convergence of the

canonical measures N}’ on the strip R! x [0, 1] follows from the facts that the canonical
measures [V converge to the canonical measure Ny and the canonical measures converge
to the canonical measure N}.

!
Let us define the random variables T,;l = > nfw-, 1 <1< nyg, T,;O = 0 and the
j=1

stochastic processes T}, (t), T}.(t) = T,g,l if ug -1 <t <ugg, Tri(l) = Témk. Let us also
consider the continuous function \(¢) = No({0} x [0,¢]), 0 < ¢ < 1 introduced in Part a)
of Theorem 2. We claim that the stochastic processes T}.(t), 0 < t < 1, weakly converge
to the stochastic process W(A(t)), 0 <t <1, as k — oo, where W (t), 0 <t < M({0}),
is a standard Wiener process.

To prove the above statement let us introduce the numbers uro = 0, ur; =
l Nk
UL}@ jgl Var n;ﬁjv 1 <1 < ng, k=1,2,..., where Uy = ];1 Var nl/€,j7 together with

the stochastic processes T,;() which will be defined similarly to the stochastic processes
T} (-) with the only difference that the numbers wuy; are replaced by the numbers wy; in
the definition. Then we can state on the basis of the functional central limit theorem
that the stochastic processes T} (t), 0 < t < 1, converge weakly to a standard Wiener
process W(t) as k — oc.

Let us define the monotone increasing and continuous functions A\ (t), k =1,2,...,
so that A\g(ug;) = akg, 0 < I < ky, and the function A\i(-) is linear in the intervals
[uk -1, uk 1], 1 <k < ng. We shall show that

klim Ur = My({0}), lim sup |\g(t) — ———=|=0, (3.2)

k—oo g<t<1

and this implies that the stochastic processes T}(t), 0 < t < 1 weakly converge to the

stochastic process /My ({0})W (%) whose distribution agrees with the distribu-

tion of the stochastic process W (A(t)), 0 <t < 1.
Indeed, Lemma 1 and formula (2.2) imply that

ng
. . 2
i, U = lim 3 B, = MU0).
j:

We get similarly that lim sup = 0, that is

k—oo 1<i<n,

l
_ 2
up Uk = >- EE
j=1

lim sup ’ﬂk’lMQ({O}> — Nk([—ék,ék]) X [O,UkJ])‘ =0.

k—oo 1<i<ny
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The monotone functions h(t) = Nk ([—¢ek,ex]) x [0,t]) converge to the monotone, con-
tinuous function A(t) = No({0} x [0, ¢]) for all numbers 0 < ¢ < 1, and because the above
functions are monotone, and the limit function is continuous the above convergence is
uniform. Hence lim sup |ug,;Mo({0}) — A(ug,)| = 0. Thus

k—oo1<i<n,,

Alu
Ak (1) — Alei) ’ =0.

Mo({0})

lim sup
k—o0 1<i<nyg

This implies relation (3.2).

To prove the weak convergence of the stochastic processes T}.(t) = \/}TkT’; (A (1))
to the stochastic process W (A(t)) it is enough to show that

VBT (0) - VBT (1005 = o (33

My (0)

where = denotes stochastic convergence. Indeed, Theorem A and relation (3.3) imply

the desired statement, since the stochastic processes /U, kT,; (%) converge weakly to

the stochastic process W(A(t)). On the other hand, relation (3.3) follows from relation

(3.2) and the result of the general theory by which the weak convergence of the stochastic

processes +/ UkT,g (%) to a stochastic process with continuous trajectories follows

that the distributions of these processes are uniformly tight, i.e. for all numbers € > 0
and 1 > 0 there exists a number § = §(e,n) > 0 such that

v (2) v () ) =

for all indices k = 1,2,.... (The number § = é(¢,n) does not depend on the index k.)

B.) THE METHOD OF THE PROOF. THE STUDY OF THE CONVERGENCE OF THE POIS-
SONIAN PART.

In Part A of Section 3 we defined the representations Ty (t) = T.(t) + 1}/ (t) of the
stochastic processes Ty (-), 1 <t <1, k = 1,2,..., introduced there and showed that
Theorem 2 follows from the convergence of the distributions of the stochastic processes
Ti(t), k=1,2,..., to the process S(t), defined in the formulation of Theorem 2, in the
space D([0,1]). Beside this, the stochastic processes T} (t) and T}/ (t) are independent,
and the stochastic processes T} (t) converge weakly to a Gaussian process with indepen-
dent increments whose distribution can be described similarly to the limit process given
in Theorem 2 with the difference that the measure Ny(,-) on the strip R! x [0,1]) is
replaced by the measure N/(A) = No(AN{0}) in formula (1.15), or more explicitly in
the definition of the measure My, ., appearing in this formula. Hence to complete the
proof of Theorem 2 it is enough to show that the stochastic processes T}/(t) converge
weakly to a stochastic process S{(t), 0 < ¢t < 1, with independent increments de-
scribed by the canonical measure NJ/(-,-) on the strip R! x [0, 1], given by the formula
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N{(A) = No(AN (R \ {0}) x [0,1]). To simplify further discussions let us introduce
the following definition.

The definition of the (time)—discretization of a stochastic process. Let Z(t),
0 <t <1, be a stochastic process on the interval [0,1], and let 0 = to < t; < ta <
<o <ty = 1, be a monotone sequence in the interval [0,1]. Then the discretization of
the stochastic process Z(t), 0 <t <1, determined by the sequence of numbers 0 =ty <
ty <ty < --- <ty =1 is the stochastic process Z(t) = Zt07t17~-~,ts (t), 0 <t <1, given by
the formula

Zt) = Zigay... t.(t) = Z(ti—1), iftii <t<t, 1<i<s, Z(1)=2Z(1).

Let us observe that the stochastic processes T}/ (t) are discretizations (in the points
0=upr <upp <--- <wugn,, =1,) of infinitely divisible stochastic processes determined
by Poisson processes with such counting measures vy (dz,dy) = w for which
the canonical measures Nj on the strip R! x [0,1] converge weakly to a canonical
measure N/, and the identity N ({0} N [0,1]) = 0 holds. Hence we complete the proof
of Theorem 2 if we prove the Statement formulated below. It can be considered as
a generalization of Proposition 2 to random variables taking values in more general
function spaces.

Statement. Let Ni, k = 0,1,2,..., be a sequence of canonical measures on the strip
R! x [0, 1], and assume that these canonical measures Ny converge weakly to a canonical
measure Ny if k — oo, they satisfy condition b.) of Theorem 2, and N({0} x[0,1]) =0,
k=0,1,2,.... (This latter condition means that neither the processes determined by the
measures Ni, k =1,2,..., nor the process determined by the limit measure Ny have a
Gaussian component.) Let us define the canonical measures vy (dzx, dy) = W, k=

0,1,2,..., and consider Poisson fields X, (k) = (Xfll)(k:),Xff)(k:)), X, (k) e R x[0,1],
n=1,2,...,k=1,2,..., on the strip R x [0, 1] with canonical measures vy (dx,dy). Let
us consider the infinitely divisible stochastic processes T(t), 0 <t <1, k=0,1,2,...,
determined by these stochastic fields which can be considered as D([0,1]) space valued
random wvariables. The distributions of the stochastic processes Ty(t), k = 1,2,...,
converge to the distribution of the stochastic process Ty(t) in the space D([0,1]) as
k — oo.

Beside this, let us have for all numbers k = 1,2,... a partition 0 = upo < ug1 <
o < Upn, =1 of the interval [0,1], which satisfy the condition sup |ug; —ug j—1| =
1<j<ng

0, and let us consider the discretizations Tk(t) = Tk7uk,Oauk,1»~-7Uk,nk (t) of the infinitely
divisible processes Ty, (t). The distributions of these discretizations T}, (t) of the stochastic
processes Ty (t) also converge weakly to the distribution of the stochastic process Ty(t) in

the space D([0,1]).

The missing part of Theorem 2 agrees with the second part of the Statement about
the convergence of the stochastic processes Tk,uk,o,u;c,l,..-,w,nk (+) to the stochastic process
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To(-) if the same sequences of numbers 0 = uy o < ug,1 < -+ < Uk, = 1 are considered
as in Theorem 2.

Now we formulate two propositions make some comments about them and give the
proof of the Statement with their help. These propositions will be proved in Part C..
Before their formulation let us recall how an infinitely divisible stochastic process (with
nice trajectories in the space D([0, 1]) can be constructed by means of a Poissonian field
with a counting measure which has some nice properties.

Let X,, = (Xfll),X,(f)), X, e R' x[0,1],n =1,2,..., be a Poisson field with such
a counting measure v on the strip R! x [0, 1] for which v(R! \ [-b,b] x [0,1]) < oo and
f(m W): |z|<b 2?v(dz,dy) < oo for all numbers b > 0. Then this Poisson field determines

an infinitely divisible stochastic process T'(t), 0 < t < 1, defined in the following way:
Let us choose an appropriate sequence of numbers Ay, L =1,2,..., Llim Ap =0, and
—00

put

T (1) = 3 XW_p 3 T (Xfﬁ) L 0<t<1,

ne | XG> A, 002 <t x> An, 0<x P <t

L = 1,2,..., where the function 7(-) was defined in formula (1.2). It is proven in
Lemma 2 in Section 5 of Part I that if the sequence A, tends to zero sufficiently fast,
then the limit T'(t) = Llim TW(t), 0 < t < 1, exists with probability 1, where the

limit is taken in supremum norm in the interval [0,1]. Beside this, the trajectories of
the so constructed stochastic process T'(¢) is an infinitely divisible stochastic process
with cadlag trajectories. If Ny is a canonical measure on the strip R! x [0, 1], then the
distribution of the increments of the above defined stochastic process T'(t), 0 <t < 1,
determined by a Poisson field with counting measure vy (dz, dy) = W is described
by formula (1.15). We shall call the stochastic process T'(t), 0 < ¢t < 1, constructed

in the above way the infinitely divisible process determined by the Poisson field X,, =
XM, xP), X, eR x [0,1], n=1,2,....

Proposition 3. Let a canonical measure Ny be given on the strip R! x [0, 1] such that
No({0} x [0,1]) = 0. Let us also assume that the measure Ny satisfies Condition b.) of
Theorem 2. Let us consider a Poisson field X,, = (Xy(Ll),Xff)), X, e Rt x[0,1], n =
1,2,..., on the strip R' x [0,1]) with counting measure vy(dz, dy) = W, and let
To(t), 0 <t <1, be the infinitely divisible process determined by this Poisson field. For
all numbers € > 0 and n > 0 there exists a number = §(g,n) such that for all sequences

of number 0 = tg < t; < -+ < ts = 1 for which the inequality sup |t; — t;—1] < 0
1<I<s

holds the stochastic process To(t) and its discretization To(t) = To 4y +,...t.(t) satisfies
the inequality

P (d(To(), To()) > n) < e, (3.4)

where d(-,-) denotes the (simpler, not complete) metric introduced in the space D([0,1]).
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Let N, k =1,2,..., be canonical measures on the strip R x [0, 1] which satisfy the
relation Ny ({0} x [0,1]) = 0 and which converge to the canonical measure Ny considered

in the previous paragraph. Let us define the measures vi(dz,dy) = W, k =

1,2,... and consider Poisson fields X, (k) = (Xy(Ll)(k),Xy(Lz)(k)), X, (k) € R x [0,1],
n=12...,k=1,2 ..., on the strip R x [0,1]) with counting measures vy (dz,dy).
Let Ti(t), 0 <t <1, k = 1,2,..., denote the infinitely divisible stochastic processes
determined by these Poissonian fields. Given some numbers € > 0 and n > 0 there
exists a number § = 0(e,n) and a threshold index ko = ko(n,€) such that for all indices
k > ko and sequences of numbers 0 = tg < t1 < --- < tg = 1 for which the inequality

sup |t;—t;_1| < & holds the stochastic processes Ty (t) and their discretizations Ty (t) =
1<I<s

Tk7t07t1,,..7t5 (t) satisfy the inequality
P (d(Ty(-), Te(-)) > n) <e if k> ko, (3.5)

where d(-,-) is the same metric in the space D([0,1]) as that in formula (3.4).

Let us emphasize that the threshold index ko = ko(n,¢) in formula (3.5) can be
chosen independently of the (sufficiently dense) sequence of numbers 0 = tg < t; <
<ty =1,

Proposition 4. Let a sequence of canonical measures N, k =1,2,..., be given on the
strip R x [0, 1] which converges to a canonical measure No as k — oo, and Nj ({0} x
[0,1]) = 0 for all numbers k = 0,1,2,.... Furthermore, let us fix a finite, monotone
increasing sequence 0 = tg < t1 < ty < --- <ty = 1 on the interval [0,1]. Then for all

indices k = 1,2, ... a Poisson field X,,(k) = (Xfll)(k),Xg)(k:)), X, (k) e R'x[0,1], n =

1,2,..., can be constructed with canonical measures vi(dzx,dy) = W together
with a Poisson field X! (k) = (X' M (k), X! @ (k)), X' (k) € R' x [0,1], n = 1,2,...,
Ny (dzx, dy)

with canonical measures vy(dz, dy) = - in such a way that the infinitely divisible
stochastic processes Ty (t) and T}(t), k = 1,2,..., determined by these Poisson fields,
or more explicitly their discretizations, the stochastic processes Ty (t) = Tk,to,tl,...,ts (t)
and T}(t) = T} 4 4, .1.(t), 0 <t <1, satisfy the relation

sup |Tx(t) = Th(t)| =0 if k — oo, (3.6)
0<t<1

where = denotes stochastic convergence. (Let us remark that the distributions of the
stochastic processes T} (-) and of their discretizations do not depend on the index k, since
they are determined by a Poisson field with canonical measure vy.)

Let a sequence of canonical measures N, k = 1,2,..., be given on the strip
R! x [0,1] which satisfies the conditions of the Statement. Then with the help of
Propositions 3 and 4 for all numbers € > 0 and n > 0 a partition 0 =ty < t; < to <
-+« <ty = 1 of the interval [0, 1] can be given together with two sequences of Poisson

fields X, (k) = (X, (k), X, (k)) and X/ (k) = (X. P k), X’ P (k), n = 1,2,...,
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Nk(dﬂg,dy) and
X

k=1,2,... on the strip R! x [0, 1]) with counting measures vy (dx, dy) =

vo(de, dy) = W respectively which satisfy the following property. The infinitely
divisible stochastic processes Ty (t) and T}.(t), 0 < t < 1, determined by the Poisson fields
Xn(k) and X/ (k), n =1,2,..., k = 1,2,..., and their discretizations, the stochastic
processes T (-) = Tk.ty.t,....t.(-) and T,;() = Tl::,to,tl,...,ts(')7 satisfy the relations

P (d(TIQ('% Tl;,to,...,ts(‘)) > 77) < ¢ for all numbers &k > 1
P(d(Te(-)s Thorr. () > 1) <&, if k> ko

P( sup |Tongoo(®) =Ty o (O] > n) <e ifk> ko,
0<t<1

(3.7)

where kg = ko(g,7) is an appropriate threshold index.

Indeed, by Proposition 3 the first two relations of formula (3.7) hold for an appro-
priate partition 0 = tg < t; < tg < --- < tg = 1 of the interval for all indices k > kg
if kg = ko(e,n) is sufficiently large. The validity of these relations does not depend on
the way the Poisson fields X, (k) and X/ (k), n =1,2,..., k =1,2,..., with counting
measures v and v are constructed. Then we can guarantee, because of Proposition 4,
with an appropriate construction that also the third relation of formula (3.7) holds. (In

this step we may increase the threshold index kq if it is needed.)

Let us apply formula (3.7) with numbers ¢; = n; = % Then we can see that

there exists a monotone sequence of positive integers kg G) and for all j =1,2,... a

sequence of numbers 0 = t(()j) < tgj) < téj) << tg? = 1 can be given which satisfy
formula (3.7) for all j =1,2,... with the choice ¢ = n = % where the condition k > ko
is replaced by the condition kg (%) <k < kg (]%), and we write 0 = t(()j) < tgj) <
tgj) < < tg) =1 instead of 0 = tg < t; <ty < --- < ts =1, i.e. the partition of the
interval [0, 1] we consider may depend on the index j. Hence under the conditions of the
Statement two sequences of Poisson fields X, (k) and X/ (k), n=1,2,..., k=1,2,...,
can be constructed on the strip R! x [0, 1] with canonical measures v; and v in such
a way that the infinitely divisible stochastic processes Tj(t) and T} (t), k = 1,2,...,
0 <t <1, determined by them, together with their discretizations given by appropriate

sequences of numbers 0 = t(()k) < tgk) < ték) << tgi) = 1, satisfy the relations

%nm;m>wm0¢0ﬁkﬁw (3.82)
sbg ot s
d (Tk() ,Tk RO ()) =0 ifk— oo, (3.8b)
9 0 EARES Sk
T t) =T’ t‘iO itk — oo. 3.8
0221‘ k,tg’“),...,ti’;)< ) k,tf)’“),..,,tg’“)( ) =00 (3.8¢)

By Theorem A and relation (3.8a) the distributions of the stochastic processes

l;t(’” L) () converge to the distribution of the stochastic process Tp(+) in the space
svg oty Vs
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D([0,1]). (Let us recall that the distributions of the stochastic processes T}.(-) and To(-)

agree.) Then by relation (3.8c) and Theorem A the distributions of the stochastic pro-

cesses T, .y (), and after this by relation (3.8b) and Theorem A the distributions
0 LARAS ] Sk

of the stochastic processes Ti(-) converge to the distribution of the stochastic process
To(-) in the space D([0,1]). Thus we have proved the first part of the Statement. After
this, the second part of the Statement follows from Theorem A and the second part of
Proposition 3. Indeed, by this result

d (Tk() I e ()) =0 if k— oc.

M0k ny,

(We exploit in this step of the proof that the threshold index kg in formula (3.5) does
not depend on the choice of the sufficiently dense partition 0 = tg < t; < - < t, of the
interval [0, 1].)

Let us remark that in Proposition 3 we have estimated the distance of a stochastic
process and its discretization in the metric d(-,-) introduced in the space D([0, 1]) and
not in the supremum norm. We had to do so, since if the original stochastic processes
have jumps, and we have to work with such stochastic processes, then these processes
are far from their discretizations in the supremum norm. On the other hand, if the
points of jumps are not too dense, which means that small intervals contain only at
least one jump, then under general conditions a stochastic process and its sufficiently
dense discretization are close to each other in the metric d(-,-). In the next Lemma 2
we give an estimate for the d(-,-) distance of two (simple) functions. It can help us to
estimate the d(-, -) distance of stochastic processes. In particular, it will be useful in the
proof of Proposition 3.

Lemma 2. Let x(t) and y(t), 0 <t < 1, be two cadlag functions on the interval [0, 1]
with p < oo numbers of jumps. (We assume that two functions have the same number
of jumps.) Let us also assume that the values of the functions x(-) and y(-) agree after
the j-th jump, 0 < j < p. Let there exist a finite monotone sequence of numbers
0=ty <ty < - <tg =1 such that 1i<rl1£s|tl —t;—1| < § with some number 6 > 0,

and the function x(-) is constant in all intervals [t;—1,t;), 1 <1 < s— 1. Furthermore,
we assume that if the j-th point of jumps of the function x(-) is the point t;, with
some l; > j, then the j-th jump of the other function y(-) is in a point of the interval
(ti,_,,t1;;], 1 < j < p. Then the inequality d(z(-),y(-)) < & holds.

J

The proof of Lemma 2. Let uq,...,u, be the points of jumps of the function y(-). Let

us define the following homeomorphism A(-) of the interval [0, 1] onto itself: A(u;) = t;;,

1 <35 <p, A0) =0, A(1) = 1, and let the function A(-) be linear in the intervals

[uj—1, us], 1 < j < p, and [0,u1], [up,1]. (The number #;; is the j-th point of jump of

the function z(-).) Then y(\(-)) = z(+), and sup |A(¢) —t| < J. Hence d(z(-),y(-)) < 4,
0<t<1

as we have claimed.
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C.) THE PROOF OF PROPOSITIONS 3 AND 4.

The proof of Proposition 3. Let us choose a number o« > 0 such that the numbers +« are
points of continuity of the canonical measure M, on the real line, and My(—a, o) < %,
where My(B) = No(B x [0,1]), B € R!. Let us also introduce the canonical measures
Ny (-) = Noa(-) and Nj 4, () = Nf 4, o(-) on the strip R x [0,1] defined by the
formulas Ny (B) = No(B N {(z,y): |z[ > a}), Ny 4, (B) = No(BN{(z,y): AL <[z <
a}) if B € R' N [0,1], and the numbers A, Ar > 0, are chosen in such a way that
they can be applied in the regularized sums which define the stochastic process Ty(t) by

means of a Poissonian field. Let us also introduce the measures v/ ( dz, dy) = %ﬁ’dy)

and v 4, (dz, dy) = M and consider a Poisson fields X!/ = (X;{(l),X{{(z)),
n=1,2,..., with counting measure v/ and the infinitely divisible field

T (t) = S x/W_p 3 HC ) et

n: XM >a, 0<X/1 (<t n: XM >a, 0<X/1 (<t
. . . . . / _ / 1) 5 (2)
determined by it. Let us consider similarly a Poisson field X}, 4 = (X}, 4, ", X}, 4, ),
n=1,2,... with counting measure 1/, 4, and the infinitely divisible stochastic process

T, (1) = > X -k > (2]

n: AL <X/ W<, 0<X <t n: AL <X, W<a, 0<X/ A<t

0 <t <1, determined by this Poisson field. Put Ty a, (t) = Ty 4, (t) + T (t), 0 <t < 1.
The stochastic processes Ty 4, (-) converge with probability 1 to the stochastic process
To(-) in the supremum norm. Hence to prove formula (3.4) it is enough to show that

P (d(To,a, (-)s To,ap 10, 2. (-)) > 1) <& for all numbers L > Ly, (3.9)

where Lo is an appropriate number, and Tp_a; ¢,.- . (+)) denotes the discretization of the
stochastic process Ty 4, (+). Indeed,

{w: d(Tp, (-,w), To(-,w)) > n} C lieriiOIgf {w: d(To,a, (,w), To, Ap 0, 2. (W) > 1},

hence formula (3.9) implies formula (3.4).

We can write

= n
P (d(To,a, (-)s To,ap b0, (1) >n) < P sup [Tg 4, (0)] > 5
0<t<1 2

P (AT O T () > ),

hence to prove formula (3.9) it is enough to show that

P ( sup [Ty 4, ()] > Q) <<, if L > L, (3.10)
1

0<t< 2

ol ™
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and

P <d(Té’(-),Té’tlr__,ts(-)) > ﬂ) < S, i sup [t —ta| <6 (3.11)
’ 2 2 1<I<s

with some appropriate number § > 0.

As T(i AL (t) is a stochastic process with independent increments, and its trajectories
are cadlag functions hence we can write with the help of the Kolmogorov inequality that

17 OA 2
P su T/ 13 >_><’—L———/u du) < M, , <8,
(O§t1§>1| O,AL( )l 5 2 o /LO’AL( ) 2 o[, a])

where the measure yy, 4, is defined by the relation g 4, (B) = v 4, (B x [0,1]) for all
measurable sets B C R!. Hence inequality (3.10) holds.

To prove formula (3.11) let us first introduce the function Ag(t) = Ao o (t) defined

by the formula A\g(t) = v/ (R! x [0,t]) = f{(x ): |z]>a. 0<|y|<t} W, 0<t<1. Let
us remark that because of Condition b.) of Theorem 2 the function Ay(-) is continuous
in the interval [0,1]. We claim that thee exists some number 6 > 0 such that for all

partitions 0 =ty < t; < --- < ts =1 of the interval [0, 1]

S

Z (Mo(t1) = Ao(ti—1))® < e if |ty — ti_1| < 6 for all numbers 1 <1 < s. (3.12)
=1

Indeed, as the function A\g(+) is uniformly continuous, hence there exists a number § > 0
such that [Ao(t) — Ao(s)| < 555 if [t — s| < 0. Furthermore, the function Ag(-) is mono-
S

6D

tone increasing. Hence 3 (Ao(t;) — Ao(ti—1))° < sup |[Ao(t) — Xo(tim1)| 3 [Xo(t) —
=1 1<I<s I=1

Mo(ti—1)| < eif |[t; — t;_1] < ¢ for all numbers 1 <1 < s, i.e. formula (3.12) is valid.

A Poisson distributed random variable with parameter A takes a value more than
or equal to two with probability 1 —e™* — Xe™ < %2 Hence the probability of the
event that a Poisson field X/ = (X;{(l),X{{(2)), n = 1,2,..., on the strip R! x [0, 1]
with counting measure vy contains at least two such points X and X/ whose second
coordinates X, ) and X7 ) are in an interval [s,t], 0 < s < t < 1, is less than
V(R x [s,1])? = $(A(t) — A(s))?. Hence by formula (3.12) for a Poisson field X =
(Xg(l),X,’{(2)), n =1,2,..., with counting measure 1] and a partition 0 < ¢y < t; <
.-+ < ts =1 of the interval [0, 1] the probability of the event

A(ty, ... ts) ={w: #{n: t;_1 < X;L'(2) (w) <t} <1 for all numbers 1 <[ < s}

can be estimated as

S

> (Noltr) = Mo(ti=1))? <

=1

1— P(A(tr,....t) = P(Q\ A(ty,...,t;)) < (3.13)

DN | =
DO ™
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if sup |t; —t;—1| < ¢ with a sufficiently small 6 > 0.
1<I<s

Let us fix a number 6 > 0 with which formula (3.13) holds together with the
inequality 6 < 7. Then formula (3.13) means that on a set of probability greater than
1 — § the cadlag functions x(t) = Ty, 4, .. (t,w) and y(t) = Ty (t,w) together with
the partition 0 = 9 < t; < --- <, = 1 of the interval [0, 1] satisfy the conditions of
Lemma 2, and d(Ty/ (-, w), Ty, ... 4. (-,w)) < 0 < 5 on a set of probability greater than
1 — 5. This fact implies relation (3.11) and as a consequence also relation (3.4).

To prove formula (3.5) it is enough to prove the following analogs of formulas (3.10)
and (3.11).

Pl suwp |TL o ®)>2) <, ifk>koand L> Ly (3.14)
o<t<1 O F 2 2

with an appropriate threshold index kg = ko(e,n), and

P(d(T,;’(.),T,g(tl ,,,,, () > ﬁ) < g if k> ko, and sup |t —ti_1| <6 (3.15)

2 1<i<s

with an appropriate threshold index kg = ko(¢,n) and number 6 > 0.

Formula (3.14) can be proved similarly to formula (3.10). The only difference is
that now we exploit that since the numbers +«a are points of continuity of the measure
My, and My([—a,a]) < % hence also the relation My(—a,a) < % holds if k& > ko
with an appropriate threshold index ko. (We define the measures My, k =1,2,..., on
the real line, analogously to the definition of the measure My, by the formula My (B) =
Ni(B x [0,1]) for all measurable sets B € R1.)

Formula (3.15) can be proved similarly to formula (3.11). The only difference is
that now we have to prove and apply the following analog of relation (3.12).

Let us introduce the functions Ax(t) = A o(t) defined by the formula A;(t) =

V(R x [0,¢]) = f{(x ) |z|>a, 0<|y|<t} W, 0 <t <1 for all indices k = 1,2,....
Then there exists number § > 0 and threshold index kg = ko(d) in such a way that for

all partitions 0 =tg < t; < --- <ts =1 of the interval [0.1]

> (Me(t) = A(tiz1))® <& if k> ko and [t; — 1| < 6 for all numbers 1 <1 < s.
=1
(3.16)
Let us emphasize the threshold index kg in formula (3.16) depends only on the number

d > 0 and not on the partition 0 =ty < t; < --- < t; = 1 of the interval [0, 1].

Let us prove formula (3.16) first in the special case if the partition 0 = tg < t; <
-+ < tg = 1 of the interval [0,1] satisfies not only the inequality |t; — ¢;—1]| < d, but
also the inequality |t; — ;1| > g for all numbers 1 < [ < s. The convergence of the
canonical measures Ni to the canonical measures Ny and the continuity of the measure
Ao(+) imply that the monotone functions A (-) converge in all points of the interval [0, 1]
to the monotone and continuous function Ag(-). The properties of the functions Ag(+)
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also imply that the convergence klim Ae(t) = Xo(t), 0 < t < 1, is uniform. Beside
— 00

this, the sum at the right-hand side of formula (3.16) contains at most % terms. Hence
formula (3.12) implies formula (3.16) with the same number § and a sufficiently large
threshold index kg (6).

Let us now consider a partition 0 = tg < t1 < -+ < tg = 1 of the interval such
that sup [t; —#i—1] < 2 where formula (3.16) holds in the special case considered in
1<s<k

the previous paragraph with the number §. It is not difficult to see that the sequence of
numbers 0 = to < ¢ < --- <ts =1 hasasubsequence 0 =t;, <t; <---<t; =1such
that g < |tju — tju_l‘ < 0 for all numbers 1 < u < p. Let us take such a subsequence.
Then we can write with the help of the already proven case that

S

Z()‘k(tl) Ak(ti—1) Z (Ak(t5,) (tjuil))2<€

=1

if & > ko(6). In such a way we have proved formula (3.16) (with the choice g instead
of the number §.) After the proof of formulas (3.15) and (3.16) formula (3.5) can be

proved in the same way as formula (3.4).

The proof of Proposition 4. The proof of Proposition 4 is based on the following observa-
tion. To determine the difference T}, (-) —17}.(-) of the discretizations of the processes T} (-)

and 77 (-) we need not know the precise values of the Poisson fields Xy, ,, = (X (1) X, (2) )

k,n?

and Xj = (X,’C’n(l),X,’C’n(Q)), n=12..., k=1,2,..., which determine these pro-
cesses. The knowledge of the values of the second coordinates of these fields is not
necessary, it is enough to know in which one of the intervals [t;_1, ;] they lie. Hence in
the first step of the construction we do not decide the precise value of the Poisson fields
we have to define. In such a way in the first step of the construction a coupling problem
has to be handled which can be solved relatively simply with the help of Proposition 2.
Then the construction can be completed by an appropriate randomization.

To work out the details first we introduce some notations. Let us define the
canonical measures Nk,l, k=0,1,2,..., 1 <[ < s, on the real line by the formula
Np1(B) = Np(B x (ti_1,t]), k= 0,1,2,..., 1 <1 < 5. Let us then define the canonical
measures N, ; on the strip R x [0, 1] by the formulas N}, ,(Bx {t;}) = N/ ,(B), B C R,
k=20,1,2,..., 1 <[ < s, ie. let the measure Nl’f’l be the shift of the measure Nk,l
from the real line to the line {(z,y): y = t;} parallel to the coordinate axis in R?. Let
us also define the canonical measures Ny, k = 0,1,2,..., on the strip R x [0,1] as

Ne=3> N, k=0,1,2,....
=1

Let us define the measures vy ;(dz) = w i (dx) = M and g (dx, dy) =

M k=0,1,2,...,1=1,2,...,s. By Pr0p081t10n 2 some Poisson fields & ;(n),
n = 1,2, e, k= 1,2, ..., 1 <1 < s, can be constructed with counting measures 7,
together With some other Poisson fields g,;,l(n), n=12...,k=12,...,1 <1 <s,
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with counting measures 7 ; in such a way that the random variables Uy ; and U, ;, with
infinitely divisible distributions determined by these Poisson fields satisfy the relations
U];l — Ui, = 0 as k — oo for all numbers 1 < [ < s, where = denotes stochastic

. j . j
convergence. Let us also define the random variables Ty ; = > Uy, Ty ; = > Uy,
=1 ’ =1

k=1,2,...,1<j<s. Then also the relation sup |T} ; — T]g]’ = 0 holds as k — oc.

1<j<s

Now we begin the construction of Poisson fields for which the discretizations of
the stochastic processes T} (t) and T} (¢) determined by them satisfy formula (3.6). Let
us consider the measures v, £k = 0,1,2,..., 1 < [ < s, which are restrictions of
the measures vy (dx,dy) = w to the strip R' x (#;_1,#]. Then for all integers
k=0,1,2...,1 <1 <s, points # € R!, and measurable sets B € R! x (t;_1,;] there
exist such “conditional measures” vy ;(B|z) on the interval (t;_1,¢;] for which vy ;(-|z)
is a probability measure in the strip R! x (¢;_1,#] for all numbers z € R, vy (B|-) is
a measurable function on the real line for all measurable sets B C R! x (¢;_1,%], and

vei(B) = /kal(B]a:)D,’ﬁl(dx) for all measurable sets B C R' x (t;_1,t;]  (3.17)

for all numbers £ = 0,1,2,... and 1 < [ < s, where 7 is the measure defined in
the previous paragraph. The existence of a “conditional measure” vy (|- ) satisfying
relation (3.17) is a consequence of a classical result of probability theory about the
existence of regular conditional distributions.

Now we construct Poisson fields Xy, , = (X(l) XIEQBL), n=12...,k=12...

k.n’
with counting measures v, and Poisson fields X, , = (X, n(l),Xé n(z))’ n=12...,
k = 1,2,... with counting measures vy such that the stochastic f)rocesses Tk (t) and
T} (t) determined by them satisfy Proposition 4. Let us consider the already constructed
Poisson fields & (n), n=1,2,..., k=1,2,...,1 <1 < s, with counting measures 7y
and the Poisson fields & ;(n), n = 1,2,..., k = 1,2,..., 1 <[ < s, with counting
measures g ;. For all points & ;(n) and & ;(n) of these Poisson fields we shall construct
random variables 7y ;(n) and n; ,(n) in a random way, and the Poisson fields we want
to construct will consist of the points (§xi(n), k1 (n)) and (&, ;(n),ny,(n)). Let us
construct for all random variables & ;(n) a vy (- |k (n)) distributed random variable
Nk,1(n) and for all random variables &; ,(n) a vg( - £}, ;(n)) distributed random variables
772;,1(”) on the interval [t;_1,;]. Let us construct these random numbers independently

of each other. For a fixed index k let the Poison field Xy, = (X ,E:’li,X ,Eil), n =

1,2,..., k =1,2,... with counting measure v, consist of the previously constructed
pairs of points (§x,1(n), Mk,1(n)), n =1,2,..., and similarly let the Poisson field X; , =
<X,{C’n(1),X,'€’n(2)>, n=12...,k=1,2,... with counting measure v consist of the
pairs of points (&, ;(n),m;,(n)), n = 1,2,..., 1 <1 < s. We claim that the above

constructed Poisson fields satisfy Proposition 4.

We shall prove that if the rectangle B x [t;_1,t;] satisfies the property vy (B X
[ti—1,t1]) < oo, then the points falling to this rectangle B x [t;_1,%;] define a Poisson
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field with counting measure v ; on this rectangle. We shall show this for all numbers k =
1,2,... and 1 <[ < s. Beside this we claim that if the property vy (B X [ti—1,%]) < o0
holds, then the points (§; ;(n),n;,;(n)), n =1,2,..., falling to the rectangle B x [t;1, ]
define a Poisson field with counting measure 1 ; on this rectangle for all numbers k =
1,2,... and 1 <[ < s. These facts imply that we have really constructed Poisson fields
with the right counting measure. These statements can be simply proved with the help
of the following observation. The distributions of these point processes agree with the
distributions of the point process we get in the following way: Let us choose randomly
many number of points with Poisson distribution with parameter vy, ;(B X [t;_1,t;]) and

drop them randomly to the rectangle B x [t;_1,t;] independently of each other with
po, 1 (dw,dy)

v (BX[ti—1,t]) "

counting measure.

distribution Such constructions supply Poisson fields with the right

Finally we remark that the above constructed Poisson fields are such that the
discretizations of the infinitely divisible stochastic processes T (-) and 7T}(-) determined
by them satisfy the inequalitiesﬁ Tk7t07...,ts (t) = T;w;_l and T,;t07._,’~ts (t) = T,::’j_l if
tj_l <t< tj, 1 <5 < s, and Tk:,to,w,ts(l) = Tk,s; Tlé,to,---,ts(l) = Tlé,sﬂ k = 1,2,...,
Hence the processes Tk, ... ¢, (+) and T,;’tofu +. () satisfy formula (3.7). Proposition 4 is
proved.

Appendix. The proof of Theorem A.

The proof of Theorem A. It is enough to prove the statement formulated in general sep-
arable metric spaces. The weak convergence of the random variables Sy to a probability
measure p can be formulated so that the distributions pj of the random variables Sy
satisfy the relation lim sup pg(F) < u(F) for all closed sets F C X. We shall show that

k—oo
under the conditions of Theorem A the distributions fi; of the random variables T}, also

satisfy the relation limsup fig(F) < u(F) for all closed sets F' C X. (Let us remark
k

that the Characterizatio;o of the weak convergence applied in this proof is valid in all
separable metric spaces. We do not have to assume that the metric space is complete.
(See for instance Theorem 2.1 in the book of P. Billingsley Convergence of Probability
Measures.)

Let us fix some number € > 0. As F = () F., where F, = {z: p(z,F) < a},

n=1

hence there exists a number § = d(g) > 0 such that u(F) > p(Fs) —e. Furthermore,
the inequality pr(Fs) < w(Fs) + € holds if & > ko = ko(e,6,F). As p(Sk,T)) tends
to zero stochastically, hence also the inequality g (F) = P(Tx € F) < P(S € Fs) +
P(p(Sk,Tx) > 0) < ux(Fs5) + €, holds if k > ko and the threshold index ko = ko(e, 6, F)
is chosen sufficiently large. The above inequalities imply that g (F) < pp(Fs) +¢ <
w(Fs) + 2 < u(F)+ 3¢ if k > ko(e,6,F). The above inequality holds for all numbers
e > 0, and this implies that lim sup fix(F) < p(F). Thus Theorem A is proved.

k— o0
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