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This text is an enlarged version of my inauguration talk to the Hungarian
Academy of Sciences. First I formulate the problems discussed in this
talk and briefly indicate the questions which inspired me to work on this
subject. Then I write down the main results, discuss their background
together with some pictures and mathematical ideas which explain them
better.

1. Introduction. Formulation of the problems.

To formulate the problems first I introduce some notations.

Let &1,...,&, be a sequence of independent and identically distributed random
variables with some probability distribution p on a measurable space (X, X) and
let 1y,

1
pn(A) = —#{j: & €A 1< <n}, A€k,

denote its empirical distribution. Let a measurable function f(x1,...,xx) of k-
variables be given on the product space (X*, X*). Take the k-fold direct product
of the normalized version /n(u, — p) of this empirical measure p, and consider
the integral of the function f with respect to it. More explicitly, the (random)
integral

nk/2

Dl = [ Fns o)l o) =l d) . o doe) — (),

where the prime in f/ means that the diagonals x; =27, 1 < j <l <k,

are omitted from the domain of integration

(1.1)

will be considered.
The following two problems will be studied in this paper:

Problem A). Give a good estimate on the probabilities P(J, x(f) > u) under
appropriate conditions for the function f.

(The omission of the diagonals z; = x;, j # [, from the domain of integration
turned out to be natural in possible applications.)

The second, more general problem is the following one.

Problem B). Let a nice class F of functions f(x1,...,xx) be given on the space
(Xk, &X%). Give a good estimate on the probabilities P | sup J,, x(f) > u |,

fer
where J, 1 (f) denotes the integral of the function f defined in formula (1.1).
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It turned out useful to study these two problems together with their U-statistic
analogues. To formulate them first I recall the definition of U-statistics.

The definition of U-statistics. Let a sequence &1, ...,&, of independent and
tdentically distributed random variables be given with values on some measurable
space (X, X) together with a function f(x1,...,xx) on the k-fold product space
(X*, XF%) with some k <n. The expression

Lp(f)=7 >, (&8 (1.2)

T 1<5,<n, s=1,....k
JsFjer if s#s’

is called a U-statistic of order k with kernel function f.

I formulated the following versions of the above two problems.

Problem A’). Give a good estimate on the probabilities P(n=*/21, ,(f) > u)
under appropriate conditions for the function f.

Problem B'). Let a nice class F of functions f(x1,...,xy) be given on a (prod-
uct) space (X%, X*) together with a sequence of independent and identically
distributed random variables 1, . . . , &, with values in (X, X). Give a good es-

timate on the probabilities P <sup n~*/21, 1. (f) > u |, where I, x(f) denotes
fer

the U-statistic of order k with kernel function f defined in formula (1.2).

It may be useful to remark that a U-statistic of order k£ with the kernel
function f can be rewritten as

kol
In,k(f) = %/ f(a:l; S 7~’L’l~s)ﬂn(d~”31) . ,un(d.%'k),

where u,, is the empirical distribution of the sequence &1, ...,&,. This shows that
the essential difference between the random integrals introduced in formula (1.1)
and the U-statistics is that in the random integrals .J,, 1 ( f) integration is taken with
respect to the ‘normalized” measures p,, — p, while in the integral representation
of the U-statistics I, ,(f) with respect to the ‘non-normalized’ measures fi,.

I met the above problems when tried to adapt a simple method applied in
the study of the asymptotic behaviour of maximum likelihood estimates to the
investigation of harder problems. In the study of maximum likelihood estimates
the root of the so-called maximum likelihood equation has to be well estimated.
This can be done by means of a good approximation of the function in the maxi-
mum likelihood equation which is obtained with the help of its Taylor expansion if
the high order terms of this expansion are omitted. It has to be shown that such
an approximation causes only a negligibly small error. But this can be proved
relatively simply.



I tried to apply a similar method in the study of some so-called non-parametric
maximum likelihood estimation problems. Such a problem arises for instance if
we want to estimate an unknown distribution function by means of some partial
information. In the study of the error of such an estimate in a fixed point a
version of the Taylor expansion can be applied together with the omission of the
higher order terms. But in this case it is much harder to show that such an
approximation causes only a negligibly small error. To prove this a good solution
of Problem A is needed. If we want to bound the error of the estimation in all
points simultaneously, then we need a good solution of Problem B.

In the investigation of general non-parametric estimation problems several
additional difficulties have to be overcome, but the solution of Problems A and B
is especially important. Beside this, these problems are related to a better under-
standing of some fundamental probabilistic phenomena. Hence I found useful a
detailed study of the above questions.

2. An overview of the problems. The study of the one-variate case.

Before a detailed discussion it is worth thinking over what kind of results can
be expected. Let us observe that the normalized signed measures \/n(u, — i)
converge to a Gaussian field as n — co. Hence it is natural to expect that under
very general conditions such results hold both in the solution of Problem A and
Problem B which their Gaussian counterparts suggest. But we have to understand
the answer to the following two questions.

1.) What kind of estimates do the Gaussian counterparts of these problems sug-
gest?

2.) What does the expression ‘under very general conditions’ mean?

To clarify the above questions it is useful to study first Problem A in the case
k = 1 when the distribution of sums of independent random variables has to be
bounded. Such a bound is given in the following classical result called Bernstein’s
inequality.

Bernstein’s inequality. Let &,...,&, be independent random variables which
satisfy the relations P(|¢;| < 1) = 1 and Ef] =0,1< 5 <n. Let us introduce

the notation 07 = EE;, 1 < j<n, S, = Z & and V2 = Var S, = Z oF. The

j= j=
inequality

u2

P(S, >u) <exp{ — (2.1)
2V (1+ 57

holds for all numbers u > 0.

Bernstein’s inequality yields an estimate on the distribution of sums of inde-
pendent random variables suggested by the central limit theorem, although the
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coefficient 1 + 57 in the denominator of the upper bound slightly modifies the
picture. In the next remark the effect of this factor is considered in different cases.

a) If u < V2 with some small number & > 0, then P(S,, > u) < e~ (1=9)v*/2V;},
This is almost such a good estimate as the estimate obtained by a formal
application of the central limit theorem.

b) If u < 3V2, then P(S, > u) < e~nst%*/2V.7 Thig is a bound similar to that
suggested by the central limit theorem, only it has a worse constant in the
exponent.

c) If u>> V2 then

P(S, >u) <e " (2.2)

This is a very bad bound. In particular, it does not depend on the variance
of the sum.

The question arises whether Bernstein’s inequality can be improved in the
‘bad case’ u > V2. To this question a positive answer can be given. Bennett’s
inequality formulated below yields a slight improvement of Bernstein’s inequality
in this case.

Bennett’s inequality. Let &1,...,&, be a sequence of independent random vari-
ables which satisfy the relations P(|{;| < 1) =1 and EX; =0, 1 < j <n. Put

0} =E&,1<j<n, S, = 21 & and V2 = Var S, = '21 oF. Then the inequality
i= j=

P(S, >u) < exp{—Vn2 {(1 + %) log (1+ %) — %}}

holds for all numbers u > 0.
Hence there exists a constant B = B(g) > 0 for all € > 0 such that

P(S,, >u) <exp {—(1 —¢)ulog %} if u > BV?,

and there exists a number K > 0 such that

u

V2

n

P(S, > u) <exp {—Kulog } if u > 3V2, (2.3)

Formula (2.3) yields a slight improvement of formula (2.2), but even this
bound is very far from the estimate suggested by the central limit theorem. On
the other hand, as the next example shows, this estimate cannot be improved.

Lower bound for the distribution of sums of independent random vari-
ables in an appropriate example. Let us fiz a positive integer n together with
two positive numbers u and o® which satisfy the relations 0 < o2 < %, n>3u>6
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and u > 3no?. Let us introduce the quantity V2 = no?, and consider a sequence

of independent and identically distributed random variables &1,...,&, such that

P& =1)=P(=—-1)=9% and P(§; =0) = 1 — o> Put S, = Y. &. In this
j=1

example ES,, =0, Var S,, = V.2, and

P(S,, > u) > exp {—Ku log %} (2.4)

with some appropriate number K > 0.

In formula (2.4) that probability is bounded from below in a special case
which is bounded from above in (2.3). These two estimates are very similar. The
only difference between them is that they may contain a different constant K > 0.
The above results can be summarized in the following way.

For small numbers u > 0 the probability P(S,, > u) satisfies a good estimate
suggested by the central limit theorem. Such a situation holds if u < V2. This
probability satisfies a slightly weaker estimate for not too large numbers wu (if
eV?2 < u < CV? with some fixed number C' > 0), and it satisfies only very weak
estimates for large numbers u (if u > V?).

3. Some results useful in the study of the general case.

In the solution of Problem A) in the general case & > 1 similar results hold as in
the special case k = 1 discussed before. To understand their similarity better it is
useful to study first the following two questions.

Question 1. In the case kK = 1 the sum of independent random variables with zero
expectation was considered. What kind of normalization corresponds to this zero
expectation in the case k > 27

Question 2. In the case k = 1 the central limit theorem and the behaviour of the
normal distribution function were in the background of the estimates. What kind
of limit theorem and estimation take their part in the case k > 27

Discussion of the first question.

It is useful to consider first the second moment of the expressions we are investi-
gating. In the case k = 1 independent random variables of expectation zero are
summed up. In this case the identity

Var (Z fk) = ZVarfk,
k=1 k=1
holds because of the identity F¢;{; = 0 for all pairs ¢ # j.
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The multivariate version of this identity (in the case of U-statistics) would be
the identity

1
L i (f) = Var | > F&roe &)

T 1<js<n, s=1,...,k,
JeAdu if s#s'

1
:E Z Varf<£j17"'7§jk)

" 1<js<n, s=1,...,k,
G if s#s
This identity holds if
Ef(€j17"‘7§jk)f(§j{7 s 75]’,;) =0

for all pairs of k-tuples such that {j1,...,j5x} # {Jji,-.-,J.}. The above relation
holds for the degenerate U-statistics introduced below.

Definition of degenerate U-statistics. Take a U-statistic I, ;(f) determined

by a sequence of independent and identically distributed random variables &1, ..., &,
with distribution p and a kernel function f(x1,...,x). This U-statistic is degen-
erate if

E(f(fl, . ,5]6)‘51 = T1,... >€j—1 = xj—17§j+1 = .’L'j_|_1,. .. ,fk = .fﬂk) =0
for all indices 1 < j <k and values x5 € X, s € {1,...,k}\ {j}.

A U-statistic is degenerate if its kernel function is canonical, i.e. it satisfies
the following property.

Definition of canonical functions. A function f(x1,...,xx) defined on the
k-fold direct product (X*,X*) is canonical with respect to a probability measure

on the space (X, X) if
/f(xl, ey Tl Uy g1, -, T ) du) =0
for all indices 1< j <k and values zs € X, s€ {1,...,k}\ {j}.
The notion of degenerate U-statistics is useful, because in some sense such
U-statistics behave so as sums of independent random variables with expectation

zero. Beside this, the study of general U-statistics can be reduced to the study of
degenerate U-statistics by means of the following Hoeffding-decomposition.

Hoeffding decomposition of general U-statistics. All U-statistics I, (f) of
order k can be written in the form of linear combination

k
Lx(f) =Y nF L, ;(f;) (3.1)
=0
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of degenerate U-statistics I, ;j(f;). The (canonical) kernel functions f; (of j vari-
ables) of the degenerate U-statistics I, j(f;), 0 < j < k, can be calculated explicitly.
It can be shown that they satisfy the inequality

/sz(:cl,...,xj)u(dxl)...,u(dzz:j)g/f2(:1:1,...,xk)u(dxl)...u(da:k)

for all indices 0 < j < k.

The problems about the behaviour of the multiple random integrals J,, »(f)
defined in formula (1.1) can also be reduced to problems about the behaviour
of degenerate U-statistics by means of their appropriate decomposition. Such
expressions can be written as the linear combination

k
Tnk(f) = cln, j)n =721, ;(f;) (3:2)

=0

of degenerate U-statistics with the same kernel functions f; which appear in for-
mula (3.1) and with some appropriate coefficients ¢(n, j) such that c¢(n,j) < K(j)
with some universal constant K (7).

In the definition of the random integral J,, x(f) integration is taken with
respect to the signed measure p,, — p, and this ‘normalization’ diminishes the
value of the integral. This diminishing effect is reflected in the relatively small
value of the coefficients c(n,j)n~7/2 in formula (3.2).

Discussion of the second problem.

The previous results suggest that in the study of U-statistics and multiple random
integrals the limit distributions of appropriately normalized degenerate U-statistics
take the role of normal distributions. The limit theorems about degenerate U-
statistics are known, and they can be formulated by means of multiple Wiener-
It6 integrals with respect to a white noise. To formulate them first I recall the
definition of white noise.

The notion of white noise. Let a measure p be given on some measurable space
(X, X). A system of jointly Gaussian random variables indexed by the measurable
sets A C X such that p(A) < oo is a white noise with reference measure u if

Epw (A)pw(B) = (AN B) and Epw(A) =0
for all measurable sets A, B C X such that u(A) < co and u(B) < 0o.

If a white noise uy is given with some reference measure p together with a
function f(z1,...,2x) square integrable with respect to the k-fold product p* of
the measure p, then the k-fold Wiener—Ito integral

Zunlf) = %/f(xl,...,xk)uw(dxl)...uw(d:ck) (3.3)
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of this function f with respect to the white noise py can be defined in a natural
way. (First this integral is defined for simple so-called step functions which take
a constant value on finitely many rectangles, and disappear outside them. Then
the integral can be extended to general functions by means of an appropriate
Ls-isomorphism.)

The following result holds.

Limit distribution theorem for degenerate U-statistics. Let us consider
such a sequence I, 1 (f), n = k,k+ 1,..., of degenerate U-statistics which is
determined by a sequence of independent and identically distributed random vari-
ables &1,&a, ..., on a measurable space (X, X) with distribution p and a (canonical)
function f(xq,...,x1) square integrable with respect to the measure u*. The nor-
malized degenerate U -statistics n_k/QInyk(f) converge in distribution to the k-fold
Wiener—Ito integral

1
Zuw(f) = g/f(ﬂfh--.,&?k)/vbw(dfﬁ)-.-MW(dSIsz)
of the function f with respect to a white noise pyw with reference measure p if
n — oQ.
A heuristic explanation of the previous result.

If I, ,(f) is a degenerate U-statistics, then the identity

nk/2

ML) = T /f(a:l,...,xk)un(dxl)...un(dxk)

nk/2 !
= / f(@, . zr) (un(day) — p(dar)) ... (pn(dag) — p(dzy))

holds, where p,, denotes the empirical distribution of the sequence &1, ...,&,. Be-
side this, the normalized empirical distributions v/n(p, () — u(+)) have a Gaussian
limit as n — oo. This suggests a limiting procedure, and as more detailed con-
siderations show (see e.g. [1]) the normalized empirical measures /n (g, () — u(+))
can be replaced by the white noise py () in the limit process. The proof consists
of the justification of this heuristic argument.

It is natural to extend the problems formulated in the introduction with their
appropriate counterpart about Wiener—Ito integrals. Their solution indicates what
kind of results can be expected in the original problems.

Let us consider the Wiener-It6 integral Z,, (f) of a function f(z1,...,zy) of
k variables with respect to a white noise s with reference measure p introduced
in formula (3.3) and study the following problems.

Problem A" ). Let us give a good estimate on the probability P(Z, (f) > u)
for all numbers u > 0.



Problem B"). Let a nice class F of functions f(z1,...,x) of k variables
be given. Take the Wiener-It6 integral Z, ;(f) of all functions f € F
with respect to a white noise py. Give a good estimate on the distri-
bution of the supremum of these random integrals, i.e. on the probability

P (sup Zui(f) > u) for all numbers u > 0.
feF

4. Results about the distribution of random integrals and U-statistics.

It is worth considering first Problem A”) about the estimation of Wiener—It6
integrals. I present a result in this direction.

Estimation about the tail distribution of Wiener—It6 integrals. Let
a white noise uw be given with reference measure p together with a function
f(z1,...,2K) of k variables on a measurable space (X, X) such that

/f2(1171, oo xp)p(dey).op(drg) < o2

with some number 0% < oco. The Wiener—Ité integral

Zuslf) = g5 [ Forse o (dm) . pu(do)

introduced in formula (3.3) satisfies the inequality

PR Z,(F)] > w) < Cexp{—% @)M}

for all numbers u > 0 with some constant C = C(k) > 0 depending only on the
multiplicity k of the integral.

The next example shows that the above estimate is sharp.

Lower bound on the tail distribution of a special Wiener—It6 integral.
Let a o-finite measure p be given on a measurable space (X, X) together with a
white noise py on (X, X) with this reference measure . Let fo(x) be a real valued
function on the space (X,X) such that [ fo(x)*u(dz) = 1. Let us introduce the
function f(x1,...,25) = ofo(x1) -+ folxr) with some number o > 0, and consider
the Wiener—Ité integral Z,, i (f) introduced in formula (3.3). Then the identity

/f(ﬂfl,...,xk)zu(dxl)... p(dxy) = o?

holds, and the Wiener—Ité integral Z,, 1 (f) satisfies the inequality

P(ENZ, k()] > u) > ﬁ;_ﬂexp{—% (E)Wk}

g
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for all numbers v > 0 with some appropriate constant C > 0.

The integral 0 = [ f(z1,...,2x)% u(dz1)... p(dzy) in the above results
agrees with the variance of the random integral (k!)~'/2Z, »(f). Hence these
results can be interpreted so that

P(Zk,u(f) > u) < const. P(on® > u)

for all numbers v > 0, where 7 is a standard normal random variable, and 02 =
(kN~Y2EZ, x(f)?. Furthermore, this estimate is sharp.

Similar, but slightly weaker estimates hold for degenerate U-statistics and
multiple random integrals with respect to normalized empirical distributions.

Estimate on the tail distribution of degenerate U-statistics. Let &q,...,&,
be a sequence of independent and identically distributed random wvariables on a
measurable space (X, X) with distribution u. Take a function f(zq,...,xE) on
the space (X%, X*) canonical with respect to the measure j which satisfies the
conditions

flloo=  sup  [f(zn,...,m) <1 (4.1)
r;€X,1<5<k
12 = / P, ) p(dey) . p(day) < o (4.2)

with some number 0 < 02 < 1, and consider the (degenerate) U-statistic defined
in formula (1.2) with the help of these quantities. Then there exist some constants
A= A(k) >0 and B = B(k) > 0 depending only on the order k of the U-statistic
such that the inequality

u2/k

952/ k (1 + B (un—k/2a—(k+1))1/kz)

P(kn™"2|L, x(f)] > u) < Aexp § — (4.3)

holds for all numbers 0 < u < nk/2gk+1,

The above estimate can be considered as a multivariate generalization of Bern-
stein’s inequality. For multiple integrals with respect to normalized empirical dis-
tributions the following similar estimate holds.

Estimate about the tail distribution of random integrals with respect to
normalized empirical distributions. Let a sequence &1, ...,&, of independent
and identically distributed random variables be given with distribution p which take
their values on a measurable space (X, X) together with a function f(x1,...,xx)
on the k-fold product space (X*, X*) which satisfy relations (4.1) and (4.2) with
some constant 0 < o < 1. Then there exist some constants C = Cp > 0 and
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a = ag > 0 depending only on the multiplicity k of the integral J,, 1(f) defined in
formula (1.1) such that the inequality

u

2/k
P (|Jnk(f)] >u) < Cexp {—a <;) } for all numbers 0 < u < n*/2g++1

holds.

In the case k = 1 we have seen that the tail distribution P(n=/2S, > u) of
the normalized sum n~'/2S,, of n independent, identically distributed, bounded
random variables with expectation zero satisfies only a very weak estimate if u >
n'/202, an estimate which is very far from the bound suggested by the central
limit theorem.

Similarly, in the case k& > 2 the tail distribution P(k!n=*/21, »(f) > u) of de-
generate U-statistics satisfies a much weaker estimate than the bound suggested
by the behaviour of Wiener-It6 integrals if v > n*/26%*1. This means that the
previous estimates about the tail distribution of degenerate U-statistics and inte-
grals with respect to normalized empirical distributions are sharp also in that sense
that they give the domain where the sharp estimate suggested by the behaviour
of Wiener—Ito integrals holds.

For the sake of completeness I present in the case £k = 2 such a degener-
ate U-statistic whose tail-distribution satisfies only a much weaker estimate than
formula (4.3) if u > no?3.

Lower bound for the tail distribution of a special degenerate U-statistic
in the case k = 2. Let &,...,&, be a sequence of independent, identically dis-
tributed random wvariables with values on the two-dimensional Fuclidean space.
Let & = (mj1,m52), 1 < j < n, where nj1 and n;2 are independent random

variables, P(njn = 1) = P(nj1 = —1) = %27 and P(nj; = 0) = 1 — %27
P(nj2 = 1) = P(nj2 = —1) = % for all indices 1 < j < n. Let us introduce

the function f(x,y) = f((z1,22), (Y1,y2)) = T1y2 + 22y1, © = (x1,72) € RZ,
y = (y1,92) € R%, and define the U -statistic of order 2

Lis(f)= > (jamka+me1ms2)
1<j,k<n, j#k

with this kernel function f and the independent random variables &1, ...,&,. The
expression I, o(f) is a degenerate U-statistic. Furthermore, if w > Bino® with
some appropriate constant By > 0, B;ln > u > Bon~? with some sufficiently
large number By > 0, and % < o <1, then the inequality

P(n_lfn,z(f) > u) > exp {—Bn1/3u2/3 log <L3>}

no

u 710'3 1/3 u
= exp {—B; (7) log (W)}

holds with some constant B > 0, which depends neither on the number n nor on
the parameter o.
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5. A brief explanation of the results.

It is worth showing that the high even order moments E1I,, 1 (f)?* of a degenerate
U-statistic I, (f) of order k satisfy such estimates as the moments En?M of g
Gaussian random variable n with expectation zero and appropriate variance. Such
estimates (together with the Markov inequality) imply the inequalities we want
prove, and beside this there is a method which enables us to bound such moments.

Such moments can be estimated by means of the so-called diagram formula
about random integrals. This formula makes possible to express the moments we
are interested in as the sum of certain integrals defined with the help of some
diagrams. To give a good estimate on the moments we want to bound it has
to be shown that the “diagrams corresponding to the Gaussian effect” yield the
main contribution to them. In such a way we can get an explanation why the
tail distribution of degenerate U-statistics and random integrals satisfy such an
estimate which the behaviour of Wiener—It6 integrals (i.e. the Gaussian case)
suggests.

The explanation of the details in the estimation of multiple random integrals
or degenerate U-statistics of order £ > 2 demands the application of rather com-
plicated notations. This requires much work which cannot be done in a short
summary paper. Hence I omit its discussion. On the other hand, I consider a spe-
cial case of this problem, the estimation of the moments of sums of independent
random variables. This may explain very much also about the general case.

Let &1, ..., &, be asequence of independent and identically distributed random
variables such that E¢; = 0, Varé; = o2, and let us estimate the even moments

n

of the sum §,, = &;. The identity

Jj=1

2M __ jl s
ES2M — Y EE)! - B} (5.1)
(jl?"‘7j37l17“‘7l$)
Ji+-+js=2M, j,,>2, for all indices 1<u<s
Lu#l, if uu’

holds.

Simple combinatorial considerations show that in the sum at the right-hand
side of the identity (5.1) most terms are indexed with such a vector

1 sdms by )

for which j, = 2 for all numbers 1 < u < M. The number of such terms equals
(" ) CM M 2M - Hence it is natural to expect that in typical cases ES?M ~

M) 20 ;2
(naQ) é?}ﬁ,, This consideration suggests the estimate
2 o _ (n\(ECM)! 5y  (2M)! 2NM _ 1 2M
Z Eﬁzl"'E&M—(M)Q—MU NW(WT) = En

1I<lhi<la<---<lpy<n
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for the quantity £S2M, where 7 is a Gaussian random variable with expectation
zero and variance Var .S,,.

The above heuristic argument shows why we can expect such estimates for
the moments of sums of independent random variables as in the Gaussian case. In
nice cases this argument yields the right estimate.

But at working out the details some finer considerations have to be applied.
It is not enough to give a good estimate on the number of the terms of different
type, their magnitude has also to be taken into consideration. It is possible that
relatively few summands with a large value yields the main contribution in the
sum at the right-hand side of formula (5.1).

Let us consider for instance the following example. Let the terms of the sum
be of the following form: P(§ = 1) = P(§ = —1) = &, P(¢& = 0) = 1 — o2 If
0? is very small and the number M is large, then

- 2M)!
ZE{?M =no? > Z E{lgl ESZQM ~ (2M) nMaM
j=1

2M M
1<lhi<la< <l <n

It can be seen by working out the details of the above example in the general
case that we can get a good estimate for high moments of sums of independent
random variables only if the variance of the summands is not too small, and not
too high moments are bounded. The restriction we have to impose to give good
moment estimates is related to the fact that the tail-distribution of degenerate U-
statistics and random integrals satisfy good estimate only at not too high levels.

6. Estimation of the supremum of random integrals and U-statistics.

Let us consider the random integrals of a class of functions with respect to a
normalized empirical distribution or a system of degenerate U-statistics defined
with the help of a class of kernel functions and a sequence of independent and
identically distributed random variables. We want to give a good estimate on
the supremum of such integrals or U-statistics. It can be expected that in nice
cases almost such a good estimate holds for this supremum as in the case when all
but one random integrals or U-statistics are omitted from this class, and only the
‘worst’ integral or U-statistic is preserved, that one for which the weakest estimate
holds. In the subsequent discussion such results will be given. To get them first
the definition of good classes of functions has to be found for which good and
substantial results hold.

It is useful to look for such classes of functions from which such a subclass
with relatively few functions can be selected which is dense in the original class in
an appropriate sense. The introduction of the following two notions proved to be
useful.

Definition of Lo-dense classes of functions with respect to some measure.
Let a measurable space be (Y,)) be given together with a o-finite measure v and a
class G of Y-measurable, real valued functions on this space. This class of functions
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G is called an Lo-dense class with respect to v with parameter D and exponent L if

for all numbers 1 > € > 0 there exists a subclass Ge = {g1,...,9m} C G in the space

Lo(Y, Y, v) consisting of m < De~L elements such that in(fj [lg —gjl?dv < &
i€ IS

9j

for all functions g € G.
The other useful notion is the following one.

Definition of Ls-dense classes of functions. Let us have a measurable space
(Y,Y) and a set G of Y-measurable real valued functions on this space. We call G
an Lo-dense class of functions with parameter D and exponent L if it is Lo-dense
with parameter D and exponent L with respect to all probability measures v on

Y, D).

It is useful to consider first Problem B”) about the supremum of Wiener—Itd
integrals, then to describe the results on Problems B) and B’) about the supre-
mum of random integrals with respect to normalized empirical distribution and
degenerate U-statistics and to compare these results.

Estimate about the tail distribution of the supremum of Wiener—It6
integrals. Let us consider a measurable space (X,X) together with a o-finite
non-atomic measure j on it, and let puy be a white noise with reference measure
won (X, X). Let F be a countable and Lo-dense class of functions f(x1,..., k)
on (X* XF) with some parameter D and exponent L with respect to the product
measure ¥ such that

/fQ(.fcl,...,xk)u(da:l)...u(dxk) < o? withsome 0 <o <1forall feF.

Let us consider the multiple Wiener integrals Z,, 1,(f) introduced in formula (3.3)
for all f € F. The inequality

u

P <Jsclel£)r | Zk(f)] > u> < C(D+1)exp {—a <;)2/k}

holds with some universal constants C = C(k) > 0 and o = a(k) > 0 if

<ﬁ)z/k > MLIog% (6.1)

o

with some appropriate constant M = M (k) > 0.

In the above result — disregarding the value of the universal constants appear-
ing in it — the same estimate is obtained about the tail distribution of Wiener—It6
integrals (under appropriate conditions) as in the estimate about the tail distri-
bution of a single Wiener—Ito integral. The only essential difference between these
two results is that in the present case an additional condition formulated in for-
mula (6.1) had to be imposed. It is not difficult to present such an example which
shows that such a condition is really needed. But here I omit its description.
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The next result is an estimate on the tail-distribution of the supremum of
random integrals .J,, 1 (f) defined in formula (1.1).

Estimate on the tail distribution of the supremum of multiple integrals
with respect to a normalized empirical distribution. Let us have a probabil-
ity measure p on a measurable space (X, X') together with a countable and Lo-dense
class F of functions f = f(x1,...,xr) of k variables with some parameter D and
exzponent L, L > 1, on the product space (X*, X*) such that

||f||00: Sup |f(l'1,,(lfk)|§1,
w;€X, 1<5<k

and

1 = B ) = [ Plor ol dan)..op(dn) < o°

for all functions f € F with some constant 0 < o < 1. Then there exist some
constants C = C(k) > 0, a = a(k) > 0 and M = M(k) > 0 depending only on
the parameter k such that the supremum of the random integrals J, x(f), f € F,
defined by formula (1.1) satisfies the inequality

P (sup | Jn k()] = “) < CDexp {_a <E>2/k} 7
feF 7

provided that

2/k 2
no? > (2)7 = M(L+ 8)*log =,
g g

log D
logn

where [ = max ( 0) and the numbers D and L agree with the parameter and

exponent of the Lo-dense class F.

A similar estimate holds for the supremum of degenerate U-statistics I,, x(f),
f € F. The only difference in comparison with the above result that in the case
of the supremum of U-statistics the additional condition has to be imposed that
the U-statistics I, 1 (f) must be degenerate.

An essential difference between the results about the estimation of the supre-
mum of Wiener—Ito integrals Z,, (f) and integrals with respect to normalized
empirical distribution J, x(f) is that in the first case the class of functions F had
to be Lo-dense with respect to the product measure p*, while in the second case
a more restrictive condition was imposed. In the case of supremum of integrals
with respect to a normalized empirical distribution the class of functions F had to
satisfy the Lo-property, i.e. it had to be Lo-dense with respect to all probability
measures. The question arises what the cause of this difference is.

The supremum of Wiener—It6 integrals can be bounded by means of a simple
and natural method, the so-called ‘chaining argument’. In the case of the random
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integrals J,, x(f) this method is not strong enough to solve the problem, it only
yields some partial results. To get a complete solution some additional methods
have to be applied, and their application demands some additional restrictions.
The elaboration of the details would demand much work and the application
of methods essentially different from previous ones. Hence I shall present only a
brief sketch of the main ideas. The main emphasize will be put on the explanation
of the main problems and methods. First I briefly explain the ‘chaining argument’.

The ‘chaining argument’, and the boundary of this method.

Let us apply the notation worked out in the formulation of the results about
the supremum of Wiener—It6 integrals. Let us take for all indices N = 1,2,...
such a system of increasing subsets 1 C o C --- C Fny C --- C F of the class of
functions F with relatively small cardinalities which satisfy the relation

geFN

inf /(f(xl,,a?k) —g(wl,...,xk))Qu(dxl)...u(da:k) < 272N52,

for all functions f € F.
The probabilities

P ( sup Z,k(g) > u (1 - 2—N))

geFN

can be well estimated by means of a recursion for N = 1,2,..., since for all
functions g € Fy 41 there exists a function ¢’ € Fn (close to it) for which

/ (g('rb SRR xk) o g,(ajla s 7xk))2 /’L( d'rl) Tt :u(dxk) < 2_2NU2‘
Hence the probability
P(|1Z1(9) = Zui(9")] > 27%u) = P(1Zux(9 — ¢')| > 27N u)

can be well estimated by means of the previous results about the tail distribution
Wiener—It6 integrals. By working out the details the result about the tail distri-
bution of the supremum of Wiener—It6 integrals can be relatively simply proved.

The above considered ‘chaining argument’ is not strong enough to estimate
the supremum of integrals with normalized empirical distribution or of degenerate
U-statistics. It only makes possible to reduce the problem to the case when the
expressions 02(f) = [ f2(z1,...,z5)p(dxr) ... pu(dzy) are small for all functions
ferF.

The ‘chaining argument’ is a weak method in the study of this problem for
the following reason.

There are only very weak estimates on probabilities of the form

P(L,k(f)>wu) or P(J,rx(f)>u)
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if o2(f) is very small, and the number u is relatively large. This is the consequence
of the previously discussed fact that there cannot be given such a good estimate for
the tail distribution of degenerate U-statistics or random integrals with respect to
a normalized empirical distribution function with small variance as the Gaussian
comparison would suggest.

This difficulty can be overcome by means of a different method, by means of
a symmetrization argument. This method consists of reducing the estimation of a
probability of the type

P lsup Z f(€j17""€jk)>u

k!
F€F1<j.<n, s=1,...k,

GeFar it s’
to a probability of the type
1
P Esup Z 5j1'~'8jkf(€j17-"7€jk) >u |, (62)
CTEF I <ji<n, s=1,...k,
JeAdar it s’
where €1, ..., &, are independent random variables with distribution P(e; =1) =

Plej=-1)= % for all indices 1 < j < n. Beside this, they are also independent
of the random variables &1, ...,&,.

The probabilities in formula (6.2) can be well estimated by means of a ‘con-
ditioning argument’. In the application of this method the conditional probability
of the investigated event has to be bounded under the condition & = x4, ...,
&, = x, for all possible values x1,...,x,. There are good methods to estimate
such type of conditional probabilities, but they are not discussed here. On the
other hand, these methods work only if the class of functions F is La-dense. This
is the reason why this property appears in this problem.

There is a point which should be emphasized even in this sketchy discussion of the
problems. In the study of the supremum of random integrals with respect to a
normalized empirical distribution or of degenerate U-statistics a different method
was applied in the estimation of random variables with relatively large and small
variance. In the case of relatively large variance the ‘chaining argument’ works,
while in the case of small variance an appropriate symmetrization argument was
applied. Behind the different approaches in these two cases there is a deeper
reason.

The ‘chaining argument’ works well only in the study of the supremum of
degenerate U-statistics or random integrals with respect to a normalized empiri-
cal measures with not too small variance; in the case when the U-statistics and
random integrals satisfy such estimates which their ‘Gaussian type limits’ suggest.
There can be defined some ‘irregular events’ whose appearance implies that the
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U-statistics or random integrals take extremely large values. But in the case of
random variables with not too small variances the probability of such irregular
events is very small, and their effect can be disregarded. The case of U-statistics
or random integrals with a small variance is different. In this case the probabil-
ity of these irregularities (compared to the events of regular events) is relatively
large, and in the estimation of the probabilities we are interested in their effect is
dominant.

The ‘chaining argument’ works well in the case when the effect of the ir-
regularities is negligible, and nice ‘Gaussian type estimates’ hold. On the other
hand, if the effect of the irregularities is non-negligible, then it is useful to apply
symmetrization type arguments.

In this work I tried to describe briefly the result of an important subject together
with the heuristic picture behind the results. A more detailed discussion of this
subject can be found in my work [1]. Beside this, I plan to publish a Lecture Note
which also contains a complete discussion of the technical details. For the time
being this Lecture Note [2] can be found only on my homepage. Both works [1]
and [2] contain a more detailed list of references.
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