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Summary. Let F, () denote the empirical distribution function of a sample

of ii.d. random variables with uniform distribution on [0,1]. Define
t 1 1

¥ (w) = ]/Z[Fn (1) — u], and consider the integrals I(e) = | [ ... | f(uy, ..., u,)
00 ¢
¥ (duy) ... uf (dug), where fis a bounded measurable function. We give a

good upper bound on the probability P < sup |1(¢)] gx>. An analogous

0=<t=1

estimate is given for multiple integrals with respect to a Poisson process.

Introduction

The main results of this paper are the following two theorems: Let £,, &,,... be
a sequence of i.i.d. random variables with uniform distribution on the interval

[0,1], define the empirical distribution function F, (u) =% Y I(£;<u) and its
i=1

standardization g (1) = V;Z(F,, (u) — ). We shall prove the following.

Theorem 1. If f(u,,...,u) is a bounded measurable function, |f(u,,...,u)| K
then there exist some universal constants C; >0 and a;> 0 depending only on the
dimension s such that

t 1 1
P( sup | oo [ Sy, uy) @i (duy) ... i (duy) >x>
0=t1100 0
x2/s
< (exp (— o W) (1.1
for all x> 0.

Let P,(u) denote a Poisson process on [0, 1] with parameter #, i.e. let P,(u),
0<u=1, be a process with independent increments such that P,(0)=0 and
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P,(v)—P,(u), 0=u<wv<1,is Poisson distributed with parameter n (v —u). Set

wi(uy= 1—1/; (P,(u) — nu). We shall prove the following.

Theorem 2. Let f(u,,...,u,) be a bounded measurable function | f(uy, ..., u)| < K.
There exist some universal constants C;> 0 and a,> 0 depending only on the
dimension s such that

> x)

x2/s
=G exp (— oy W) {1.2)

for all 0L x < Kn*%.

r11
P< sup gg...gf(ul,.‘.,us) w¥(du)) ... u¥(duy)

0<t<1

The investigations leading to the proof of Theorem 1 were motivated by paper
[1]. Here an estimate of this type was needed to bound an error term. We could
prove Theorem 1 only by first proving Theorem 2 and then applying a Poisson
approximation.

We wrote sup in formulas (1.1) and (1.2) because we needed such an
0=t=21

estimate in [1]. It is natural to expect that the estimates would not improve
considerably if the sup were dropped in formulas (1.1) and (1.2). This is really so,
but we had to overcome several technical difficulties when we proved that the sup
can be inserted into formulas (1.1) and (1.2). Actually the greatest part of the paper
deals with this problem.

The need fora sup in formulas (1.1) and (1.2) arose in [1] in a natural way.
ost=s1
We had to show that a process defined by a multiple stochasticintegral of the same

type as in (1.1), and multiplied by a small number can be considered as a small
error term. The sup in Theorems 1 and 2 guarantees that also this process is small,
and not only its values at a fixed time 7. We expect that similar problems arise in
other investigations. It seems very likely that the sup could be taken in a more
general way. But since this would make the paper more complicated we do not
investigate this question.

The following simple example gives somesinformation about the sharpness of

Theorems 1 and 2. Choose f(uy,...,u;) = [ I(u;<3). In this case
j=1

1 1
P (f ] ) ﬂf(du1>.../z;*<dus>>x)=P(ﬂ:‘([o,%])nm), (1.3)

0
2/s

and the expression at the right hand side of (1.3) is of order exp (— * 3 ) by the

central limit theorem. This means that in this case Theorem 1 gives a good
estimate. The same can be told about Theorem 2. Moreover, one can understand
with the help of this example that the condition x < Kn¥? in Theorem 2 is
essential. Indeed, since P (u*([0,3]) > xﬂ) > exp (— cnxlogx) > exp (—cnx?)
if x > 1, the same choice of the function f as in (1.3) and a simple calculation show
that for x = x, > n*? relation (1.2) does not hold any longer.
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It is natural to ask whether in (1.1) and (1.2) the constant K = sup| f(u,, ..., uy)|
1

1 1/p
can be replaced by K,= [f v |1y ug) | Pduy ...dusjl with some
0 0

o0 > p > 0. The norm K, would be a natural candidate. The following simple

example shows that the answer to this question is in the negative. Set s =1 and
fw=Iuze,). 2x1/1; with g, = n"#, where > 1 is appropriately chosen. Then

1
P<§ S @k (du) > x> = P (one of the sample points &;, 1 £i<n,
0

belongs to the interval [0,¢,]) >¢,=n""~. (1.4

2 28
On the other hand K, = 2x|/ne,’” hence ¢ exp (%) =cexp (— %— noor ), and
this expression does not bound (1.4) if f>p. " *
We shall prove Theorems 1 and 2 in a slightly different formulation. Let us
introduce the measures

fn ) = (B, (1) — ) (1.5)

and
4 (0) = P, () — nu. (1.5

We formulate the following

Theorem 1”. Let | f(uy,...,u,)| = 1. There exist some universal constants ¢, > 0,
¢, >0, C>0 and o > 0 depending only on the dimension s such that

2/s
>x>§Cexp<~ocxn )

(1.6)

J._f g]r(ulw'wus) ﬂn(dul)"'lan(dus)

00

P< sup

o<r=1

for ¢ nr <x<cynt.
and

Theorem 2'. Let | f(u,,...,u,)| £ 1. There exist some universal constants ¢, >0,
¢, >0, C>0 and o > 0 depending only on the dimension s such that

t1 1 2/s
x
P< sup | § oo § Sy ug) po(duy) .o, (dug) >x>§Cexp<—o¢~—>
0sr<1 {0 0 0 n
1.7
for ¢ n** <x<c,nt.

Theorems 1" and 2" imply Theorems 1 and 2. This can be seen with the help of a
natural rescaling and the following two observations: 1) The condition x > ¢, n%/?
can be dropped if C is chosen sufficiently large. Indeed, if Cis chosen sufficiently
large in Theorems 1" and 2’ then the right-hand side of the inequalities will be
larger than 1 for x < ¢, %2, and the inequalities hold in this case trivially. 2) The
condition x < ¢, n® can be dropped from Theorem 1'if o > 0 is chosen sufficiently
small. Indeed, since /i, is the difference of two measures with total volume », hence

[ § fuy, . ug) G (duy) .. fi (dug)| <2578
00 0
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with probability 1, and Theorem 1’ holds for x> 2°n°. Since it holds for
x = ¢, n*, it also holds for ¢, n* < x < 2*n®if & is chosen in (1.6) sufficiently small.
The paper consists of four sections. In Sect. 2 we prove an inequality which is
important in the proof of Theorem 2’. This inequality implies immediately a
weakened version of Theorem 2’, where the sup is omitted from (1.7). Section 3
contains the proof of Theorem 2’ and Sect. 4 the proof of Theorem 1'.

Remark. We define the integrals with respect to y,, f,, etc. as usual Lebesgue
integrals with respect to the product measure induced by the processes u, () and
i, (). There is no problem with this definition, since g, (¢) and f, (¢) have finite
total variation with probability 1. In probability literature one often defines
integrals with respect to Poisson processes differently, namely the diagonals
u; = u; are deleted from the domain of integration. Our results easily follow for
such integrals if we consider such functions which vanish at the diagonals.

2. Some Estimates
Let us introduce the random variables
t 1 1
ﬂf(t): j j j f(ul,“':us) lun(dul)"':un(dus)a (21)
00 0
where u, is the same as in (1.5)".

Our main task in this section is to give a good upper bound on the probabilities
P(In;(t+v) —n,@®)| > z). Obviously

En (+0) —n, @) 2.2)

P(lny(t+o)—n, (0| >2) < "

for arbitrary z > 0 and positive integer k. Inequality (2.2) gives us a good estimate,
if we can make a good estimate on the moments of 7, (¢4v) —#,(v), and choose
the number & in (2.2) appropriately. For this sake first we prove the following two
lemmas. In the sequel we use the letters C, C,, «, etc. for some appropriate
constant. The same letter may denote different constants in different formulas.

Lemma 1. Let & be a Poisson distributed random variable with parameter A. Then

a) E(E—EEY20 foral k=01,2,...
b) There exists some C > 0 such that E(¢ — EEY < C*(k)"? for all k<.

Lemma 2. Let f(uy,...,u) and g(u,, ..., u;) be two bounded measurable functions
such that |g(u,,...,u ) Zf(uy,...,u,) for all u;,...,u,. Then

1 1 k-
B [ f 2 n) @)y )|
0 4]

11 k
§E|:§ j;f(ul,...,us) ,u,,(dul)...,un(dus):| (2.3)

0

forallk=0,1,2,....
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Remark 2. Lemma 2 enables us to estimate the moments of #,(¢+u) — 1, (u).
Actually it is Lemma 2 which makes the proof of Theorem 2’ simpler than that of
Theorem 1'. If the measure g, is replaced by 4, in (2.3) then Lemma 2 does not
hold any longer. This can be seen with the help of the following observation: For

fluy,...,u)=1

1

1
[ § SO, iy (duy) . 1, () =0
b 0
with probability 1.
Proof of Lemma 1. The moment generating function of £ — E¢ is

F(0)=E exp [1(6 — EE)] = exp {4 (' — 1 — 1)}
o df |

and E@E-E& = 45 fOlmo. @4
Smce d - (/1 (f—1—1))=0 for all k=0,1,2,..., it is not difficult to see that

t" f()];,=0 = 0. This implies part a) of Lemma 1.

Let us consider f(¢) as a complex valued analytic function. Then we get by
Cauchy’s formula that

k
O] = |y § skt wp r01E  @9)
forallr>0.
We have p2
sup 1/(0)| =exp (" —r —1) Sexp (z_,_ef) 2.6)

choose r = ﬁ <1. Then (2.4), (2.5) and (2.6) imply that

_k
)

E(E—E&F<k! <§) exp<§§e><C"k" <;§) exp<§k>§ < (k2)?.

Lemma 1 is proved.

_k
z L2
2

Remark 3. Part b) of Lemma 1 can be interpreted in the following way. The k-th
moment of £ — E¢& is smaller than the k-th absolute moment of a normal random
variable with expectation zero and variance const. 2. Some calculation would
show that for & > 1 this relation does not hold, i.e. the restriction k < A in partb) of
Lemma 1 is essential.

Proof of Lemma 2. First we restrict ourselves to the special case when fand g are

step functions. More precisely we assume that there are some constants

O0=a(l)<a2)<...<a(p)=1 such that both f and g are constants on all
s

rectangles [] [a (zj), a(i;+1)]. Then
i=1

jf(ul>"'5us) Aun(dul) :un(dus)—_ZAf Hﬂn Cl(l) a(l +1)])

j=1
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with
Aif =f(uil,...,uis), uije[a(ij)ﬂ (l(lj‘l’l)],]: 1:---359
and '
E[§ Sy, eeostts) py(duey) ... py (duiy)]* ' 2.7

Y A ALE ]]1 ta([a (i), aliy, + DD ... p, (@ (Gy,), @iy, + D).

SR Jj

A similar formula can be written for the k-th moment of the integral of g, only 4/
must be replaced by A4?. Observe that the terms E( ) on the right-hand side of (2.7)
are non-negative because of part a) of Lemma 1 and the independence of the
random variables u,([a(i), a(i+1)]), i=1,...,p—1. Since |A4¢| <A/ by the
conditions of Lemma 2, the above fact together with formula (2.7) and its version
for the integral of the function g imply Lemma 2 in this special case. Then a simple
limiting procedure supplies the proof in the general case.
The main result of this section is the following

Proposition 3. Ler [ be a measurable function such that |f(u,,...,u)| =1, and
s+1

define n,(¢) by formula 2.1). [f0Sv<t+v<1,d t"2n2<z<dyt 2 n® with
appropriate d, > 0, dy > 0 then there exist some o> 0 and o, > 0 such that

Z2/s
&) Py +0)~n,@)1>2) S exp(—ar5)

2/s
) Plny(t4+0) =1, 01> By Sexp( ~ G, log B) s )

for arbitrary B> 1.
The constants d, , d,, a; and « depend only on the dimension s.

Proof of Proposition 3. We prove part a) with the help of (2.2). We want to
estimate E[y,(1+v)—n,(©)]**. To this end let us introduce the function
huy, .. u)=h (... u)

ht,v(ula"'sus): {

1 fo<u, <t+v
0 otherwise

Then because of Lemma 2 and the Schwarz inequality

1

E[nf<z+v)~nf<v>]“§E[j ) m(dul).‘.u,,(dus)]

0

= E {1, [0, 1D***V g, ([v, t+0])*"}
< E(u, ([0, AD*C7 Y2 E (p, (v, 1+ 0 )2 (28)

2/s
Choose k= [ﬁ%}, where > 0 is a sufficiently small fixed number, and [ ]

denotes integer part. If the constants d; > 0, d, > 0 and § > 0 are appropriately

chosen then 1 £k < Z—é for sufficiently large #.
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On the other hand g, ([v, t+v]) = P, ([v,v+1]) — EP, ([v, t+v]), and P, ([v, t+v])
is Poisson distributed with parameter #¢. A similar statement holds for u, ([0, 1]).
Hence we can apply part b) of Lemma 1 to estimate the right-hand side of (2.8). In
this way we get that

Eln,(t40)—n,)** < C** (kn)*s (2.9)
with our choice of . Since

Cikw 1 Ci2fnt 1,
z? —2 ?nst icﬂ’

formula (2.2) and (2.9) imply that if > 0is chosen so small that1 C f* < 1 (first we
choose f§ then d; and d, during the proof) then
1 k 2/s
P+ -0 > 295 (308) sew(—a ).

Part a) is proved.
The proof of part b) is the same. In this case we get with the same choice of k

that E((i+1)— 1 ()"
P(ln(t+v)—n()|>Bz) < BIF 2%
ZZ/S Z2/s
<exp<—am 2klogB>—exp<— (oc—l—ocllogB)W).

Remark 4. Parta) of Proposition 3 with =1 and v =0 implies that P (|, (1)| > z)

2/s
<exp<—oc Zt1/5> if d,n¥* <z <d,n’ i.e. Theorem 2’ hold if the sup in (1.7) is
dropped. Theorem 1’ without the sup in (1.6) can also be deduced from this result.
Itis enough to apply the same Poisson approximation of an empirical process asin
Sect. 4, only the argument of the proof becomes much simpler.

3. The Proof of Theorem 2’

First we formulate the following

Proposition 4. Let | f(u;, ..., u)| <1 be a measurable function, and define n, (1) by
Sormula (2.1). Let ¢, nf? < x < ¢, n® with some appropriate ¢, >0, ¢, >0 which

depend only on the dimension d and define the number to = to (x, n) by the relations
2s 2s

5“ n stt §10<2x5+1 n StL. The following ine-

1
to= 35 J is integer, and x

qualities hold true:

b) P < max sup

0Zi<t lSt<(i+1)1,

dul Ha (dMZ) oy (dus) >
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[ (j)f(ul,...,us) P, (du,)

It O

x x2s
>% )< —

The constants ¢, and c, are the same as in Theorem 2 (we shall choose ¢, < 1, so that
I <1).

) P( max sup

0SI<h Irg<t<(+1)t

Hu (duZ) oo My (dus)

Let us observe that Theorem 2’ follows from Proposition 4. Indeed, part a)
reduces the proof of Theorem 2’ to the estimation of

P s 0 -n 0> ).
O<i<g Ig<i<{i+)t
and this is done in parts b) and ¢} with the decomposition
. (duy) = P,(du,) — ndu, . Parta) of Proposition 4 will be proved with the help of
part a) of Proposition 3 with the same halving procedure, as it is done e.g. is the
proof of Kolmogorov’s continuity theorem.
But in this way we can give a good bound on the tail behaviour of

sup |#,(Ity)| only if ¢, is not to small. This is the reason why part a) had to be

I=12,...

treated separately. On the other hand, when we want to bound |, (z) —#,(¢)],
|t —t'| <t,,then we can make the decomposition u, (du,) = P, (du,) —ndu, ,asit
is done in the formulation of parts b) and c¢), i.e. we do not have to exploit the
cancellation which is caused by the fact that u, is a signed measure.

Proof of Proposition 4
Part a).
! x Ut ! I-1\| _x(4—1)
— )< S
Pl ol >3)2 5 7 ()= (5] 55)

(3.1)

where 4 > 1is arbitrary. To see why relation (3.1) holds one has to observe that if

Ny <~2l—p> — 1y <12—p1> < %:—}) for all pairs (/, p) such that p<j, /<2? then
lryf (253) < % for all k=0,1,...,2/. Indeed, in this case we can write

k ! I—1 x(4-1) & 1 _«x

= ) S | B i Sl <z

() ) - (5) 25 L =s

We shall estimate the terms at the right-hand side of (3.1) with the help of part a) of
Proposition 3. First we have to check that the conditions of Proposition 3 are

27

< Y sup

p=0 [£2r

satisfied with 1 = % and z= (12414_—111_2?, i.e. we have to show that
ks _ _ st
4,2 Tpt< UZDx ot (3.2)

2Ap+1
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The left hand side of (3.2) holds if we choose 4 < ]ﬁ andc¢; > A4—1 i

2 2s
hand, since 277>277/2x*"! n s*1 the right hand side of (3.2) holds if 4 is
chosen so that 4 — 1 < d,. Hence relations (3.1), (3.2) and Proposition 3 imply
that

/ X j A—1)2s x2sppls
Pl (z)23)= 2,2 (== )
=l=s p=1 2/SA s K
d & AP xS g x*
= p — < ¢
p; 2 exp( - ) :exp< 5= ) (3.3)

. - A_l 2s 1/s _g : s/2
with & = i and 1=2"4 >1(becauseofA<ﬂ)1fx>cln , and

¢, >0 is chosen sufficiently large. The last inequality in (3.3) holds since

D 2/s
2pexp<- % 4 - ) <27Pif ¢, is sufficiently large. Part a) is proved.

Partb). We apply a halving procedure similarly to the proof of part a). But this
method works only when g, (du,) is replaced by ndu,, as it is done in part b).
Similarly to the proof of (3.1) one gets that

t 1

1
ff...jf(ul,...,us) duy p, (duy) ... p, (dug)| >

ltg O 0

I=P< sup sup

0=1<2 tost<(+1)t,

lto+(p+1)tg- 27

T
| fo§ fluy, . uy)
o 0

ltg+prg2 -7
x A—1
A) (3.4)

with arbitrary 4 > 1. Let us introduce the function G (us, ..., u) = G, , (U5, ..., )

S35 e

=0 r=0 p=0

s duy py (duy) . g, (dug)| >

2 lto+(p+1)tp - 277

Gy, ..., u) = = j Fuy,... u)du, .

fo L+ pio-2-7

Then we have |G (u,, ..., u,)| <1, and a general term 1n (3.4) can be written in the
form

II=P< g (j; G Uy, ... ug) th(duy) ..., (dug)| >

xA—12

8 A1 ni,

We estimate the expression in (3.4) with the help of part b) of Proposition 3 with
= M and B= <%> , 1 < A4 < 2. First we have to check that the conditions

8 Ant,
of Proposition 3 are satisfied. A simple calculation shows that

_U=Dx _

dln = 8 Ant,

s—~1
<dyn
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if ¢; >0 is sufficiently large, and ¢, > 0 is sufficiently small in the condition

e n’? < x<c,yn'. Since 1 < A <2, hence B= (%) > 1. Thus we get that

2
= 2 s—1
II§exp< (atoyr)= (;;) )gexp< (4o, 1) x5 n ”1>,
0

and the expression in (3.4) can be bounded as

© 2 s—1
I< Z 2% exp( (a+o,r) x*1n S“). (3.5)

We estimate (3.5) with the help of the following inequalities:

s—1

© 2 _ © 2 1
Y. 2"ex ( ayrxstlia S“)g > 2 exp(—ocrcl”lns+1 < B,
r=0 r=0

2 s=1

s 2 1
i exp(—%x”l n s+1>§ Cnitt exp(—% Ccp ns+1> <B,.

These inequalities together with (3.5) imply that

o —= -t x2is
I<B, B, exp(—ﬁx”ln s“)gexp(—o? n)

if ¢, n¥* < x < ¢, n*. Part b) of Proposition 4 is proved.

Part c). Let us first observe that if £, is a Poisson distributed random variable
with parameter 4, A = 1, then

P(£;>24) sexp(—al)

with some o> 0. Since P,((/+1)#,) — P, (I t,) is Poisson distributed with para-
meter nt,, nt, > 1, the above inequality implies that

P(P ((l+1)lo) P (1[0)>2n10)<exp( omto) exp< —X;/S>.

The last inequality enables us to reduce the proof of part ¢) to the verification of
the inequality
t 1

| ..vgf(ul,...,us) P, (du;) (3.6)

ito O

P( sup

lig<t(+1) 1,

x O x2/s
>ZPn((!+1)20)_Pn(lZ0)<2nZ0 é? Xp —

Hn (duz) Sy (dus) n

for arbitrary /=0,1, ..., ti —1.
0
The main point in (3.6) is that we can assume that the P, measure of the interval
[11, (1+1) t,] is less than const. n1, when investigating the integral in (3.6). Hence
we can expect that the probability in (3.6) has the same order as in the case when
P,(du,) is replaced by ndu,, and this was investigated in part b). The main
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difficulty in the proof of (3.6) is that P,(du) is a random measure. We shall
overcome this difficulty by exploiting that the random measure P,(du) in
[{1o, (I+1)t,] s independent of this measure outside this interval. We exploit this
independence with the help of some conditioning. We also make a decomposition
of the measure u,(du), which appears naturally when carrying out this
conditioning.

Let us introduce the event 4, (¥1,....¥n) = AnimxB1s- s Vm) Am(V1seos Vi)
= {the Poisson process P, has exactly m jumps in the interval [/z, ({+1)¢,] and
they are in the points y, <y, < ... <y,}.

We claim that

t 1 1
P( sup [ Sy, ) Py(duy) phy (duy) ... p, (dug)
ltg=t<(+1)1, |l O 0
A 1) < expl — Xt 3.7
4 m yl:"'sym = 2 p n .

for all m<2nit, and t, <y, < ... <y, <(l4+1)1,. Relation (3.7) implies (3.6).
Let us write

w, (du) = i (du) + P, (du) — nl (du), (3.8)

where p1 denotes the restriction of u, to the complementary set of the interval
Uto,(I+1) 1], P, and 1 the restriction of the Poisson measure P, resp. the
Lebesgue measure to the interval [/¢,, (/4 1) ¢,]. Let us decompose the measure
i, (du;) in the integral (3.7) for all 2 <i=<s by formula (3.8). In this way we
decompose the integral in (3.7) as the sum of 3~ ! integrals. To prove (3.7) we are
going to estimate for each such integral the conditional probability that it is larger

X 41— -
than 1 31~ under the condition 4,,(y;, ..., ¥,). Let us observe that the measure

wV is independent of 4,,(:,...,*), and P, is measurable with respect to it. This
enables us after the above decomposition of the integral in (3.7) to rewrite the

conditional probability that a term is larger than %31‘3 in the form of an

unconditional distribution. After rewriting these conditional probabilities we
have to prove inequalities of the following type to prove (3.7).

t 1 1
P( sup { o f fluy,...,u) P(duy)... P,(duy,)
Ity <t<({+1)t5 | ltg O 0 -
Tl ) o T i ) 1 Gt 1) o )| > 530
Iy ax?s
_2 5 exp( p ) (3.9)

for all m=<2nty, ltoy, <...<y,<(+Dty, ky 21, k,; 20, k=k +k, <35,

where P, (du) = Y. d(»,), and & (x) denotes the point mass concentrated in the

r=1
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point x. A general term which we have to bound is similar. We have to bound the
distribution function of the integral of the function f with respect to a (random)
product measure, where the first component of this product is P, (du), and the
other components can be either P, or 4!V or 1. All such terms can be estimated in
the same way as we shall estimate the left hand side of (3.9), and the same upper
bound can be obtained. Only the notation would become more complicated in the
general case.

In the integral in (3.9) let us first integrate with respect to the coordinates
Uy,...,u, (in this case this means summation). We get that (3.9) would follow
from the following inequality:

1 1
I"'j‘f(yplv--"ypkl?uk1+1a"'aus)
0 0

p=1 P, =1
’ z(dukﬁ-l) cor () gD (duty ) - D (dug) | >
x ‘ X
> i) S g e <o) (3.10)

under the same conditions as in (3.9). We shall bound each term at the left-hand
side of (3.10) by first integrating with respect to the k£, + 1-th, k, + 2-th ... and k-th
coordinates, and then estimating the integral arising in this way with the help of
Proposition 3. Introduce the functions

Fluy, . ug_ ) =Fuy,...,u,_y, Voss-s Vpys Lty)

F(ula-"’us—k)
(+1)t0  (+1)10

= [ § SO Vs Okgtts oo Ups Uys oy th_y) A0 yq .. dy
ltg Itg

and

s—k

F(”l!'--aus—k):t(;—kz F(ula"'>us—k)n1(uiélt0 or ”i>(l+1)t0)=
i=1

where 1(A4) denotes the indicator function of the set 4.
Then we have B
[F(ulﬂ"wus—k)‘ é 1 3

and a general term at the left hand side of (3.10) can be rewritten in the form

g
In the case s =k the integral in (3.11) is defined as the number 1. In this case the

probability in (3.11) equals zero if ¢, in the conditions of Proposition 4 is
sufficiently small, since the relation m < 2n¢, in this case implies that

X
T BCRE)

1 1
£ (J)F(uu-uaﬂs—k) o (dtty) ..ty (A )

s—1

s\s+1
X > Cx(nty) > C' (%) >1.

T4 3 gk (nty)*2

=1
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Tobound (3.11)in thecase 1 <k < s — 1 let usintroduce the number z = z (k, x, n),
s—k

s~k (p¥\2ss+1) - s~k -
Z=Xs (;) . Some calculation shows that d,n"z <z<d,n**, and
sincem < 2nty, X > zif ¢, n¥* < x < ¢,n°, and ¢, > 0 is sufficiently large, ¢, > 0 is
sufficiently small. This implies that we increase the probability in (3.11) by
replacing X with z in it, and the latter probability can be estimated with the
help of part a) of Proposition 3. This estimation gives the upper bound

2 1
=% 2/s SNSGF DY . . .
exp <— aZ p k> = exp <— . (n_) ¢ “)) for the expression in (3.11). Since

n X
the left-hand side of (3.10) consists of m* < (2nt,)* such terms we get the
1

s/2

2 (P \sG+ 1) :
upper bound C{nt,)® exp —o:xn (’;)“Ll)) for it. Observe that

X

1 1
. o/ \sG+1) x3° x2/s S \s6+1)
n > ny(K), since —(—) . < —¢ + (= < —K logn.
2\ x n n X

2/s S\
o X N \s(s+1) . .
exp <— = : <—> ) <nk for arbitrary K> 0 if ¢, n¥* <x<c,n*, and

Thus we get that the left hand side of (3.10) can be bounded by

1
1ex a xz/s I’l_s s(s+1) < [0 ex _g x2/s
n P\ T X =73 %P 2 n )

Thus we verified (3.9), which implies (3.7) and hence also (3.6). Part ¢) is proved.

4. The Proof of Theorem 1’

Our aim in this section is to construct a Poisson process and an empirical process
simultaneously which are close to each other. More precisely we want to construct
the measures y, and , in such a way that the relation

t 1
( sup | § oo [ S gy ug) p, (duy) oo, (duy) 4.1)
01100 D

st

z=1 xz/s
ff >x>§Cexp<——cx )
00 n

hold for all | f(uy,...,u)| 1, ¢, n¥* <x <c,n*, where C>0,¢; >0, ¢, >0and
o > 0 depend only on the dimension s. We make the following construction: Let
Y1, 72, -.. beasequence of independent uniformly distributed random variables on
the interval [0,1], and let #, be a Poisson distributed random variable with
parameter n, which is independent of the sequence {y}/2,

1

gf(“l’“'aus) Ho(duy) ... oy (duy)

Set
= Z 5()}1) —nA
i=1
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and "
=Y. 6(y)—ni,
i=1

where 4 denotes the Lebesgue measure on [0, 1] and J (x) the point mass measure
concentrated in the point x. Then f, and g, have the prescibed distributions.
Moreover, we claim that they satisfy relation (4.1). It is clear that relation (4.1) and
Theorem 2’ together imply Theorem 1'. Let us first observe that there exists some
A >0 such that

1 /s x2/s
P |77,,—re|>§x S2exp|l — 4 ) (4.2
Because of (4.2) it is enough to show that
1 x2s
P(B,,m{[n,,—n|<3x”s}>§Cexp<—a p ) 4.3)
with
t1 1
By sup [ ] ) s ds) -y ()
0=t=1100 0

—M gf(ul,...,us) i, (duy) - .. fi, (du) >x} (4.4)

in order to prove (4.1).
For s = 1 the condition |, — n| £ % x implies that the difference of the integrals
in (4.4) is less than |5, — n| < 1 x hence the left hand side of (4.3) equals zero. For
s = 2 we shall prove (4.3) by induction. Our inductive hypothesis is that for s’ < s
Theorem 1’ holds. Moreover, as the argument at the end of Sect. 1 shows, the
condition ¢, n¥? < x < ¢, n* can be dropped from Theorem 1’. Then if we prove
(4.3) with the help of our inductive hypothesis then we we also prove (4.1) and
hence Theorem 1’ for s. We shall prove (4.3) by applying a conditioning argument.
Namely, we are going to prove that
2/s

X
P(Bn‘nn=n+la ))n+1zylf"'7yn+l=yl)§cexp<_a n

), (4.5)

and
2/s

X
P(Bn‘”nzn_h ynl+1:yl""’ynzyl)é(jexp<_oC n

) 4.5y

forall 0</< $x'and 0<y; 1,1 << /. Relations (4.5) and (4.5)" imply (4.3).
First we prove (4.5). Let us introduce the measure v, = v, ()

i
v, = ,-; (v (4.6)

where y,,...,y, are the same as in (4.5). Then under the conditions appearing at
the left-hand side of (4.5) u,, = @, + v,, and the conditional distribution of i, under
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this condition agrees with its unconditional distribution. Hence, by applying the
decomposition y, = j, + v, we can write

PBn,=n+L pys1=p1s s Pusr=0)

, t 1 1 x
<X P( sup | [ ... §fQuy, ... u) v, (duy)my o, (duy) ... my (dug) | > f)
0=t=1(00 0
t 1 1
" — X
+2Z P( sup | [ .o (fCuys.n uy) g, (duy)my, (duy) ... my g (dug) | > ?>
0=t£1100 0

=2, +2%,, 4.7)

where e(j)=0 or 1, j=2,...,s, my(du) =v,(du), m, (du) = i,(du) in 2, the
summation is taken for all possible sequences e(j)=0o0r1,j=2,...,s, and in X"
again it is taken for all such sequences with the exception of the term where & (j) = 1
for all j=2,...,s. The terms in %, and X, were separated, because their
estimations require a slightly different argument.

. 2, contains the term where f is integrated with respect to the measure

[] vu(du,). This integral is less than /< 37°x, hence this term equals zero. To

lezstlimate the other terms in X, we define a partition I;, =[t; 4, ;r+1)
k=0,1,... k()= [1 ;1:' , of the interval [0, 1] for all j < log, ! in the following

way: £0=0, .2 <t;, <Vy.2041 for 12k 2k()), ygyys1=1. We made this
partition in such a way that for fixed j all intervals /; , , with the possible exception
of the last one, contains exactly 27 points y (the last interval may contain less
points). Then, by using a halving procedure similarly to the start of the proof part
a) of Proposition 4 we get the following estimate for a general term of X, :

Ik:P( sup | ... gf(ul,...,us) v, (duy) ... v, (duy) i, (dug ) ... 1, (dug) >%€>

0=t=1(00
j g E‘;f(ula"':us) vn(dul)"'Vn(duk)ﬂn(duk+1)"'tan(dus)
I

Jvm

x |/2—1/27\1?
= = . 4.
-5 )) )
We get, by integrating with respect to the first & coordinates that
1 1
| (j) (j)f(ul, v ty) v (duy) ...v, (du)
Ij,m -

Now we can estimate (4.8) with the help of Theorem 1’ for s'=s5—k in the
following way:

1
log, ! ] . xZ/s / s—k>
< — — —
sd ool (1)

1
log,{ ~j 2/s s—k
gCZ 2Texp(—%xn <§l-j> >§2Cexp<—%xz/s>,

tog, ! [5H+1 <

) 24
gz;lkAl§7 B xk/s.
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2

if x> ¢, n** with a sufficiently large ¢, >0 and 1 <k <s, since in this case

n n \2/ [
same way, and one gets that

I, <C exp(— Zx2/s> . 4.9)

1
2/s oy A
exp( *x ( l) k> < (2 > All other terms of 2, can be estimated in the

Let us estimate a term of the following type in 2, :

t1 1
II:=P<OSUP1 gg--- (j)f(“u---sus) fn (dus) vy (duy) .. vy (duy 1 1) 1, (dtig )
- X
:un(dus) >?)

By integrating first with respect to the coordinates u,, ..., u,,,; we get with the
function

k
s

L1
("E (f)f(ul,...,us) Vo (duy) ... v, (dug s 1)

Flu iy p9,...,u) =X

that .
s

|F(Uy s, td)| < IFx S<1, and

0

t 1 1 1‘%
7 - - _ X
Ik < p _g E‘; jF(ulaukJrZa---’us) .un(dal) ﬂn(duk+2)“‘#n(dus) > 25 )

IV\ m

The term n be estimated with the help of Theorem 1’ for 5" = s — k. One gets
2/s
LsC exp<—cxxn >

The general terms in X% can be estimated in the same way, and one gets that

X2/s
22§Cexp<—oc - > 4.9)

Relations (4.9) and (4.9)" imply (4.5). The proof of (4.5)’ is similar. In this case we
define v, again by (4.6), only Yiseeerypare the y;, — s appearing in (4.5)". Then we
get that under the conditions in formula 4.5) j,= u,+v,, and the conditional
distribution of u, agrees with the unconditional distribution of i, _,,

A= =1 4, (.10)

where /i, _, is defined by (1.5), only » is substituted by #—/, and 4 is the Lebesgue
measure. Then (4.5)' can be proved in the same way as (4.5), only one has to prove
that Theorem 1’ remains valid for s’ < s if /i, is replaced by ji,_,. Since n— 1> %n,
we prove this statement if we show that for all | f(u,,...,u)}| =1

P(Os;tlgl ff.. gf(ul,...,us) i (@uy) ... i (dug) (4.11)

b
_ii (jl)f(ul,... ) fn—1(duty) .. ><C6Xp< w::/s>
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forallx >0,/ < $x!%, s <5 — 1, where C and « are universal constants depending
only on s.

By applying the decomposition (4.10) of j,_, we get that (4.11) follows from
the following type of inequalities:

t 1 1
. , _ x
P( sup R[Sy ) gy (duy) o (duwg) digy g . dug | > is—)
0=t=1 00 Q0
x2/s'
gCexp<—fx p ), (4.12)
and
t 1 1
P(sup M [T [t it () . )
0<t51 00 0
x x2/s
cdiy .. dugy >F>§Cexp<~cx . ) 4.12y
By integrating first with respect to the coordinates u, , ¢, ..., 4, and exploiting

that / < $x*, we get (4.12) from Theorem 1’ for the dimension s — k. The proof
of (4.12)" is similar, first we integrate with respect to the coordinates where
Lebesgue measure stands, and then apply Theorem 1'. But here we must apply,
because of the sup in (4.12) a halving procedure in the first coordinate in the same
way as it is done at the beginning of the proof of part b) in Proposition 4. We have
to estimate the probability of the event that the integral in (4.12)’ is larger than

x .
zs‘ ls' —k
the interval [k2 77, (k+1)27). Then the same argument which is done in formula
(3.4) leads to the proof of (4.12)". We get in this way that formula (4.11) and hence
also (4.5)" holds true. Theorem 1’ is proved.

2—1 _.,. . . . .
]/ 5 - 27412 if we integrate with respect to the first coordinate only in
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